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1. Introduction.

In [1], C. Kosniowski and R. E. Stong proved the following result: if M™ is a
closed and smooth m-dimensional manifold with a smooth involution 7" : M™ +—
M™ such that the fixed point set F7 of T has constant dimension n, and if m > 2n,
then (M™,T) bounds equivariantly. Later, in [6], P. Pergher extended this result
to Zk-actions, under the restriction that the fixed set is connected: if (M™, ®) is
a Z%-action whose fixed set Fp has dimension n and is connected, and if m > 2Fn,
then (M™,®) bounds equivariantly. Connectedness is redundant for £ = 1, since
any involution is equivariantly cobordant to an involution with the property that
the p-dimensional part of the fixed set is connected. However, this is not true for
k > 1, since in this case different components of the p-dimensional part of the fixed
set may have different normal representations.

In this paper we start the study of the case where, besides n-dimensional compo-
nents, the fixed point set contains additional (n — 1)-dimensional componentes. We
will focus our attention on Z3-actions; here, G = Z2 will be considered as the group
generated by two commuting involutions T4, T5; set T3 = T1T5. Given a G-action
(M, ®), ® = (T1,T>), the fized-data of ® is (Fg;e1,€2,€3), a closed manifold (the
fixed point set Fg of ®) and a list of three vector bundles, €1,e5 and €3, where ¢;
is the normal bundle of Fg in Fr,, 1 =1,2,3. We will prove the following

Theorem 1. Let (M, ®) be a smooth G-action on a closed smooth manifold whose
fizred set Fg has the form Fg = F™ U F"~', where F™ and F"~' are connected
submanifolds with dimensions n and n — 1, respectively. Let

(F"™ e1,62,63) U (F™ 15, pia, pis)

be the fized-data of ®. Suppose that at least two €;5, and at least two p; s, have
dimension greater than n. Then (M, ®) bounds equivariantly.

As a consequence, we will see that the the Kosniowski-Stong result above men-
tioned is still valid when additional (n — 1)-dimensional components occur:
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Theorem 2. If T : M™ — M™ is an involution whose fized set Fr has the form
Fr = FPUF™ Y, with F™ (and F™"~1) not necessarily connected, and with m > 2n,
then (M™,T) bounds equivariantly.

It is interesting to observe that the above facts are not valid for F™ U F"~2, as
we will see with an example given in the end of the paper.

2. Technical Preliminaries.

Let (M,®), ® = (T1,T>), be a G-action with fixed-data (Fg;e1,€2,€3). Each
s-dimensional component of (Fg;e1,62,63) can be considered as an element of
N (BO(ny) x BO(ng) x BO(ns)), the bordism of s-dimensional manifolds with
a map into BO(ny) x BO(ng) x BO(ng3), where n; is the dimension of ¢; over the
component and BO(n;) is the classifying space for n;-dimensional vector bundles
(this is the simultaneous cobordism between lists of bundles). According to [7], the
equivariant cobordism class of (M, ®) is determined by the simultaneous cobordism
class of (Fg;e1,€2,€3).

Now let Fy C M be any component of Frp,. Write [ = dim(Fy), and denote by
Fi C Fy, 0 < i < I, the union of the i-dimensional components of Fp that are
contained in Fy. Then, for each 0 < i < [, one has that dim(ez2) 4+ dim(e3) is equal
to dim(M) — | over F}; set m = dim(M) — . Consider RP(e1) — F{ the real
projective space bundle associated to g1 — F¢, and denote by & — RP(eq) the line
bundle of the double cover S(e1) — RP(e1), S(e1) the sphere bundle of ;. Then,
for each 0 < ¢ < I, one has the object

(RP(e1); €562 @ (e3 @),

where 1,62 and €3 are considered over F¢. This object represents an element in
the bordism group N;—1(BO(1) x BO(m)).

Lemma 2.1. The object

-1
_U (RP(e1); €62 ® (63 ®€))

bounds as an element of N;_1(BO(1) x BO(m)).

Proof. This follows from the argument outlined in [5; Section 3; pages 88, 89 and
90] (or in [6; Section 2; pages 107 and 108]), particularized to k = 2 and adapted
to the situation in which Fg may have several components. [ ]

Remark. We observe that if (Fg;e1,€2,¢e3) is fixed-data of a G-action, then the
same is true for (Fg;e;,€j,¢€x), where (i, 7, k) is any permutation of (1,2, 3). Then,
in the above lemma, U(RP(e1);£,e2@ (e3®¢&)) can be replaced by U(RP(g;);€,€;®
(e ® &)) for any permutation (i, 7, k) of (1,2, 3).

3. Proofs of the Theorems.

We first need the following
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Lemma 3.1. Let (M, ®) be a G-action with fized-data (Fg;e1,€2,€3), and suppose
that V. C M s a n-dimensional component of Fg. Let P be the component of Frp,
that contains V. Suppose that P satisfies the following conditions:

i) dim(P) > 2n;

i1) V is the unique component of Fg contained in P.

Then (V;e1,€2,€3) bounds simultaneously.

Proof. One lets
WV)=14wi+--+wy,

be the Stiefel-Whitney class of V' and
Wi(e)=140v]+-+v)

be the Stiefel-Whitney class of ¢; — V, i = 1,2,3, where n; = dim(e;). Since
g1 +— V is the normal bundle of V' in P, one has n; > n. Throughout this proof
we consider each g; as a bundle either over V' or over RP(e1) +— V, and in this
last case we are suppressing bundles maps. Letting ¢ € H'(RP(e1); Z2) be the first
Stiefel-Whitney class of the line bundle ¢ for the double cover S(e1) — RP(e1),
one knows that the Stiefel-Whitney class of RP(eq) is

W(RP(e1)) = (1+wi+ -+ w ) {1+ )™ +o;(1+e)™  + -+ 1,
the Stiefel-Whitney class of £ is
W) =1+c¢,
and the Stiefel-Whitney class of the bundle 9 @ (g3 ® ) is
W(ex® (s ®¢)) = (14 v + -+ {1+ 0™ + 071+ )™ 4+ }

From Lemma 2.1 (with P = Fy and V = U!Z{ F}) one has that (RP(e1); ¢, 62 @
(e3 ® £)) is a boundary in the bordism group N;_1(BO(1) x BO(na + n3)), where
[ = dim(P). Then any class of dimension [ — 1 given by a product of the classes

w;(RP(e1)),c,wj(e2 @ (€3 ®E))

gives a zero characteristic number for RP(e1). We will apply this using certain
special classes, which are polynomials in the above-displayed ones, and were initially
introduced in [4] and also used in [5] and in [6]. The argument is identical with that
of [6; part (a) of Lemma of Section 3]; to ease the reading and mainly to establish
some notations, we will rewrite it.

For any integer r, one lets

W(RP(e1))

Wir] = W,

and
U] = W((€124€_90()€n3;i®7‘§)).
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These classes satisfy the following special properties:

W{rler—1 = wyp—1¢" + terms with smaller ¢ powers,
W{r]e, = w,c"+ terms with smaller ¢ powers,
Wirler+1 = (Wrg1 + vpy1)c” + terms with smaller ¢ powers,

Wirlarie = vi_i_lcr"'l + terms with smaller ¢ powers,

and in the same way

Ulr]ar—1 = v2_,c" + terms with smaller ¢ powers,
Ulrley = v2c" + terms with smaller ¢ powers,

Ulrlar+1 = (vf_,_l + U?_H)CT + terms with smaller ¢ powers,

r+1

Ulr]er+2 = U? 117 + terms with smaller ¢ powers.

We need some more notations: for a sequence of integers w = (41, jo, - - -

7.j5)7 one

lets |w| = j1+ja2+- -+ Js, and for V = 14v; +-- -+ vy, one lets V,, = vj,v;, - - -v;,
be the product of the classes v;. Our goal is to show that every characteristic
number of (V;e1,e9,e3) is zero. A general number of this type is obtained by
taking sequences w = (j1,J2,...,7s) and w; = (j,4%,...,4%) for i = 1,2,3, with

lw| + Zg’zl |w;| = n; the number is then

3

WV [[W(ew V1.

=1

To show that this number is zero, one forms first the class

X = H Wljla; - H Wij—1]g; - H Ulja; - H Ulj — 1], - Cnl—(n—i—l)’

JEW JEw1 JEw2 JEws

which is possible since n; > n + 1. Since |w|+ Z?=1 |w;| = n, X is a characteristic

class of RP(e1) of dimension 2n+ny —n—1=n+mny — 1 =1—1; thus
X[RP(e1)] =0

From the properties above listed, one has

H Wjlaj = H(chj + terms with smaller ¢ powers)
JEw JEW

=W (V),c®l + terms with smaller ¢ powers,

and
[T Wi =15 = [] Wl — Uag-1)+2
JEwW1 JEwW1

= H (vjl-cj + terms with smaller ¢ powers)
JEwW1

= W(e1)w, ¢! + terms with smaller ¢ powers.
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Similarly,

H Uljl2j = W (€2)w,c?! + terms with smaller ¢ powers,
JEwW2

and
H Ulj — 1]25 = W(€3)wsc?! + terms with smaller ¢ powers.
JEws3
Thus X has the form
3

X=W({V),- H W(gi)w,c™ ™' + terms with smaller ¢ powers.
i=1

Now, if a term (of dimension [—1) has power of ¢ less than n;—1, it necessarily has
a factor of dimension greater than n form the cohomology of V', which is zero. Also
one knows that H*(RP(e1), Z2) is the free H*(V, Z3)-module on 1,¢,c?, ..., c"~1.
It follows that

0= X[RP(e1)] = W(V)o, - [[W(€i)w,c™ T RP(e1)] = W(V) - [[W (€ [V],

i=1 1=1
which completes the proof. [ |

We now proceed to prove Theorem 1. We are then considering a G-action (M, )
fixing F™ U F*"~ 1, where F™ and F™"~! are connected, with fixed-data

(F™;e1,€2,63) U (F™" Y py, o, pi3),

and where at least two €;5 (and at least two p;5) have dimension greater than n.
For + = 1,2, 3, denote by F; the component of Fr, containing F", and by @); the
component containing F”~!. Then either P; = Q; or P;NQ; = 0.

Lemma 3.2. There exist at least one i € {1,2,3} for which P;NQ; = 0.
Proof. Suppose, by contradiction, that P; = @Q; for : = 1,2 and 3. Set
n; = dim(e;),  m; = dim(u;).

Since, for each 7, F' and F"~! belong to the same component, one has m; = n; +1.
Then

dim(M)=n+mn;+ny+ng=mn—1)+my+ms+mz=n+ny+ns+ng+2,

which is impossible. [ |

The above lemma say us that the number of 7 € {1,2,3} such that ,NQ; =0
is 1, 2 or 3. Let us suppose first that this number is 2 or 3. Because of the
hypothesis concerning the number of bundles with dimension greater than n, there
exist 4,j € {1,2,3} so that

PnQ;=0, P,NnQ; =0, dim(e;) >n and dim(p;) > n.
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By applying Lemma 3.1 on the componets F™ C P; and F"~! C (;, one concludes
that (F™;e1,€9,e3) and (F™~1; yy, pia, u3) bound simultaneously, which implies that
(M, ®) bounds equivariantly.

In this way, from now we can suppose that there exists an unique i € {1,2,3}
such that P;NQ; = 0. Set again n; = dim(e;), i = 1,2, 3. By making permutations
on {1,2,3} if necessary, we can suppose with no loss that

P=Qi, P,NQy=0, P3=Q3 and mnqy > n.
Since P; = Q1 and P35 = (Y3, one has dim(p1) = n1+1 and dim(ug) = ns+1. Now
n+ny+ny+ng=(n—1)+(ny+1)+dim(pz) + (ng + 1),
thus dim(p2) = ng — 1.
We will repeat the notation used in the proof of Lemma 3.1 for the suitable

characteristic classes, with F™ playing the role of V. That is, we write

W(F™)=1+wy+ -+ wy,
We)=1+vi+ -+, ,i=1,2,3,
W(E) =1+c,

where £ — RP(e1) is the usual line bundle. As before, one has

W(RP(e1)) = (1 +wi+ - +wp){(1+ )™ +oi(1+ )" 7+ oy |
and
W(ea @ (e3 @) = (L+ v+ + o {1+ )" +0i(1+0)"™ 7 oo oy, )

On the component F"~! we write

W(F" ) =1+4+0,+0x+ -+ 0,_1,
W(u1) = 1+ug +uy -+ oy 4,
W(u2) = 1+ui+uj - +op 4,
W(us) =1+ uj +up - +op 4

Also we denote by A — RP(p1) the line bundle for doubel cover S(p1) — RP(p1),
and by
W) =1+d

its Stiefel-Whitney class. One has
WRP(p1) = (L4 01+ + 0 ) {1+ )™+ ui (L d)™ oty 0}
and

W (p2® (p3@X) = (1+ui+us--+ol,  ){(A+d)™ T +uf(14+d)™ +- - +u), 4}
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From Lemma 2.1 (with Fy = P; and UZ Fi = F™ U F™~1) one has that

(RP(£1);&,e2® (e3®E))

1s cobordant to
(RP(p1); Ay pr2 ® (113 @ A))

in the bordism group
Nitn,—1(BO(1) x BO(ns + ng3)).
Then any class of dimension n + n; — 1 given by a product of the classes
w;(RP(e1)), ¢, wj(ea® (e3®E)),

evaluated on [RP(e1)], gives the same characteristic number as the one obtained
by the correspondent product of the classes

wi(RP(p1)),  d, wj(p2 @ (us ® A))

evaluated on [RP(p1)]. Again we will apply this using some very special classes.
To do this, for any integer r, consider the polynomial

Wgr = W[?" — 1]27« + W[T — 1]2r—1 . W[l]l
associated to RP(e1). One has
W(l]; = ¢+ wy + 1,

Wir —1]a, = vlc" + terms with smaller ¢ powers,

. Wir —1]ar—1 = (w, + v})c" ! + terms with smaller ¢ powers.
Therefore,

Wir —1g,—1 - W[l]; = (w, +v})c" + terms with smaller ¢ powers,
and

Wa, = wyc” + terms with smaller ¢ powers.

Similarly, one considers the polynomial
Usp = Ulr — 1o, + U[r — 1]9,_1 - U[1]1
associated to €2 @ (€3 ® &), which is
Usp = vfcr + terms with smaller ¢ powers.

Now take sequences of integers w = (j1,. .. ,js) and w; = (j},... ,ji ) fori =1,2,3,

with
3
w| 4+ |wi| = n.
i=1
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We form the class

X = HW2j . H W[] - 1]2j . H Uzj . H U[j _ 1]2_7' . cn1—n—17

JEwW JEwW1 JEwW2 JEwW3

which is possible since n; > n + 1. Since |w| + Z?=1 |wi| = n, X is a characteristic
class of RP(e1) of dimension 2n + n; —n — 1 =n+n; — 1, and because of our
previous computations of W, and Us,., X has the form

X=W(F")y W(e1)w, WI(€2)w, - W(e3)w,c™ 1 + terms with smaller ¢ powers.

Again using the fact that if a term (with dimension n + n; — 1) has power of ¢
less than n; — 1, it necessarily has a factor of dimension greater than n from the
cohomology of F'", one has

Thus 5
X[RP(e1)] = W(F")y - H W(ei)w, [F"]

yields a general characteristic number for (F™;e1, €9, €3). Our nest task is to analyze
the class Y over F™~! which corresponds to the previous X. The class over F"~!
which corresponds to W, is

Woar = Wrlzy + Wrlar—1 - W([2)1
assocated to RP(u1). In this case, one has

W[2]1 = 91 —+ ’U,},

W{r]er—1 = 0,—1d" + terms with smaller d powers,

and
W{r]e, = 0,d" + terms with smaller d powers.

It follows that
Wirlar—1- W[2]1 = 0,_1(01 + ui)d" + terms with smaller d powers

and
Wop = (0 + 0,—1(01 + ul))d” + terms with smaller d powers.

Similarly, one considers
ﬁzr = Ulrlar + Ulr]2r—1 - U[2]1,
associated to pa @© (3 ® A), which is

Uy, = (u? +u?_,(u] +u}))d" + terms with smaller d powers.
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Then the wished class Y must be

Y =T We [ Wliles - I U2s- I] Ulile -d™ """

JEwW JEwW1 JEwW2 JEws3

Note that

H sz = H(Qj +0;_1(01 +u1)) d“l + terms with smaller d powers,
JEw JEw

H Wljle; = H 0; dl“tl + terms with smaller d powers,

JEwW1 jEwW1

H ﬁ2j = H (u? + u?_l(uf + u?)) d“2! + terms with smaller d powers,
JEwW2 JEwW2

and

H Uljlzj = H u? d“sl + terms with smaller d powers.
JjEw3 jEws

It follows that

Y= J]@0i 4010 +u)) |- | T1 65| II @} +ufoi(ui+ud)

JEW JjEw1 JEwW2

H u? ~d™~! + terms with smaller d powers.

Jj€Ews

Note that, in Y, the factor which is multiplied by d™ ~! has dimension

3
W+ wil =n
i=1

and comes from the cohomology of F™~1, thus it is zero. The other terms have
factors of dimension greater than n from the cohomology of F™~!, thus they are
also zero. Hence Y = (. Putting together with the calculations on F'™, we conclude
that every characteristic number of (F™;eq,e9,e3) is zero. Thus (F™;eq,e9,63)
bounds simultaneously, which means that it can be equivariantly removed to give a
G-action (N, ¥), ¥ = (51,S2), equivariantly cobordant to (M, ®) and with fixed-
data (F™~1; py, pa, u3). Since, by hypothesis, one has at least one (in fact, two) p;
with dim(u;) > n — 1, we use again Lemma 3.1 to conclude that (F™™1; uy, ps, p3)
bounds simultaneously. It follows that (N, ¥) (and thus (M, ®)) bounds equivari-
antly, and Theorem 1 is proved.
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Now we prove Theorem 2. One are considering an involution 7' : M™ +— M™
with fixed set Fr = F™ U F*~! with m > 2n, and wants to show that (M™,T)
bounds equivariantly. As preveiously remarked, we can assume with no loss that
F™ and F"~! are connected. Suppose that ¢™~" — F™ and p™ "1 F*~1 are
the normal bundles. From [3], it is suffice to show that e™~™ and g™~ "*! bound.
In M™ x M™, consider the Z3-action ® = (T x T, S) where S(z,y) = (y,x). Then
Fg = F"UF" 1 and the fixed-data of ® is

(Fn;gm—nvgm—n’ T(Fn)) U (Fn—l; um—n+17 Hm—n+17 7_(1_7171—1))7

where 7() means the tangent bundle. It follows that (M™ x M™, ®) satisfies the
hypotheses of Thorem 1, and thus

(Fn;gm—n’gm—n’ T(Fn)) and (Fn—l; um—n+1, um—n+1’ T(Fn—l))

m—n

bound simultaneously. In particular, ¢ and p™~"*1 bound and Theorem 2 is

proved.

An Example. First we recall the following construction from [3]: starting with
an involution (M™,T) with fixed-data n +— F, we can form the closed (n + 1)-
dimensional manifold

M™ x St

TxA "’
where S! is the 1-sphere and A : S* — S' is the antipodal involution. On J\/[;—><jl
one has the involution ¢[m, z] = [m,Zz], where Z means complex conjuga,tion.>< The

fixed-data of ¢ is
n® R~ F)U(Rw— M™),

where R denotes the trivial one-dimensional bundle over the manifold. If M"
bounds, R — M™" also bounds, thus

M”xSlt
Tx A"’

is equivariantly cobordant to an involution with fixed-data (n @ R — F') in this
case. Call

M"™ x St
T x A

,t) =T(M™,T).

Now take n even, and begin with the involution 7} : RP?**~! — RP?"~! on the
(2n — 1)-dimensional real projective space RP?"~! given by

T1[37073717 7372n—1] = [—330, L1y s T Lny, Tp4lye-- 7372n—1]-

T fixes the disjoint union RP*URP™ 2, and since RP?"~! bounds, I'(RP?"~1,T})
is equivariantly cobordant to an involution (V2" Ty) also fixing RP"URP™~2. We
claim that V2" bounds. It is suffice to see that

RP" 2 x St
Tx A
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RP"2 x St , L.
bounds. But we can see that T A is homeomorphic to the projective space

bundle associated to the vector bundle (n + 1) & (n — 1)R — RP!, where p is
the canonical line bundle over RP!. From [2; Lemma 2.2], every projective space
bundle over RP! bounds, which completes the argument.

In this way, ['(V?",T,) is equivariantly cobordant to an involution (W?2n+1 Tj3)
fixing RP™ U RP™2; call (n"*! +— RP™) U (u"3 — RP™?) the fixed-data of T5.
In W2+l x W2n+1 consider the Z3-action ® = (T3 x T3, S), where S(z,y) = (y, ).
As we remarked before, the fixed-data of ® is

(RP”; 7777,-1-1777n+17 T(RP”)) U (RPn—z; un+3’ Nn+3’ T(RPn—z)).

Since n is even, RP™ (and also RP™~2) does not bound, and thus the fixed-data
of ® (and also the fixed-data of T3) does not bound. Therefore (W2 +! x W2+l @)

and (W?2"*1 T3) are examples showing that Theorems 1 and 2 have not analogues
for F™ U F"2,

Remark. A natural generalization for Theorem 2 (and Theorem 1) to Z%-actions
would be the following result: let (M, ®), ® = (Ty,...,T}), be a smooth Z§-action
on a closed smooth manifold whose fixed set Fg has the form Fg = F™ U F" 1,
where F™ and F™~! are connected submanifolds with dimensions n and n — 1,
respectively. Let (F™;{e,},) U (F" ' {p,},) be the fixed-data of ®, where p runs
over the 2% —1 irreducible and nontrivial (real) representations of Z&. Suppose that
at least 2°~1 bundles €, have dimension greater than n, and at least 28=1 bundles
p, have dimension greater than n — 1. Then (M, ®) bounds equivariantly.

Unfortunately, we are not able to hanle this generalization, even in the case
k= 3.

Another way to generalize Theorem 2 would be an extension of the Pergher’s
result of [6] to F™ U F"~1: if (M™, ®) is a Zk-action whose fixed-set Fp has the
form Fp = F" U F" 1, where F™ and F™! are connedted, and if m > 2%n, then
(M™, ®) bounds equivariantly. Again we are not able to handle this stuation.



