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Abstract. Let F™ be a connected, smooth and closed n-dimensional manifold satisfying the
following property: if N™ is any smooth and closed m-dimensional manifold with m > n and
T : N™ — N™ is a smooth involution whose fixed point set is F'™, then m = 2n. In this
paper we describe the equivariant cobordism classification of smooth actions (M™, ®) of the
group G = Zé“ on closed smooth m-dimensional manifolds M™ for which the fixed point set
of the action is a submanifold F™ with the above property. This generalizes a result of F. L.
Capobianco, which obtained this classification for F* = RP2" (P. E. Conner and E. E. Floyd
had previously shown that RP?" satisfies the property in question). In addition, we establish
some properties concerning these F'™ and give some new examples of these special manifolds.

1. Introduction.

Given a connected, smooth and closed n-dimensional manifold F”, one has the twist
involution ¢t : F"XF™ — F"xF" t(z,y) = (y,x), and the identity involution Id : F" — F™,
Id(z) = x. The fixed point set of each of these involutions is F'. We call F™ a manifold with
property H if the only equivariant cobordism classes of involutions fixing F™ are [F™ x F™ ]
and [F", Id].

In [1], C. Kosniowski and R. E. Stong showed that, if (W?2", T) is an involution fixing F™,
then (W?2", T) is equivariantly cobordant to (F™ x F™,t). In this way, the above concept
can be restated in terms of dimensions: F™ has property H if every involution (M™,T') with
fixed set F™ has m = n or m = 2n. The real, complex and quaternionic even dimensional
projective spaces RP?", CP?" and HP?" are examples of manifolds with property H; also
the Cayley projective plane QP? has this property (see [9]).

Now consider the group G = Z8 = Z, @ ... ® Z (k copies). For each r with 1 <r <k
one may construct a twist action of G on the product (F™)?" = F™ x ... x F™ (2 factors),
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which we denote by ¢*, in the following inductive way: considering G as the group generated
by k commuting involutions 71, ..., T, first set ¢t} = ¢t : F™ x F™ — F™ x F™. Supposing
by inductive hypothesis one has constructed tf1, on (F”)Qk = (F“)2k71 X (F”)2k71 let
Ty, ...,T,_1 act as tﬁj X t:j and T} act switching (F")zk_1 X (F”)2k_1. This defines t¥
for any k > 1. Finally, we define t* letting 11, ..., T, act as t” and T}, 1, ..., T} act trivially;
also we extend this definition to r = 0 letting t§ to be the trivial action on F™. The
fixed point set of ¢* is the diagonal copy of F™. On the other hand, given any G-action
(M;®), ® = (T1,...,T), each automorphism o : G — G yields a new G-action given by
(M;o0(T1),...,0(T%)); we denote this action by o(M; ®). In [2], F. Capobianco proved that
every G-action (M;®) fixing RP?" is cobordant to o((RP?")?";t¥) for some 0 : G — G
and 1 < r < k. The main goal of this paper is to generalize this result showing that it is
true for any manifold with property H.

The crucial point of the Capobianco’s argument was the following special property of
RP?" proved by Stong in [9]: if ” — RP?" is an r-dimensional vector bundle over RP?"
which is the fixed data of an involution, then r = 2n and the Stiefel-Whitney class of n" is
W(n™) = (1 + a)* ! where a € HY(RP?", Z,) is the generator. In particular, this fact
implies that RP?" has property H (the same type of argument works for CP?", HP?"
and QP?). The subtle point of our method is that property H , and not the above special
property of RP?", CP?", HP?" and QP?, determines the desired result.

Section 2 will study manifolds with property H and give examples of manifolds with this
property. In Section 3, the proof of the main result will be given; this result is the following

Theorem. Suppose (M;®), & = (T1,...,Tx), is a G-action fixzing F™, where F™ has prop-
erty H. Then (M;®) is equivariantly cobordant to o((F™)?";t*) for some automorphism
c:G — G and some 1 <r <k.

2. On manifolds with property H.

We begin with some general facts concerning property H.
Proposition 2.1. If F™ has property H, then F™ is nonbounding.

Proof. This follows from the fact that if F bounds, then there are involutions of every di-
mension fixing F™. In fact, consider W"*! an (n+1)-dimensional manifold whose boundary
O(Wnt1) is Fm. For any natural number m > 0, form W"*! x D™ with the involution
(w,z) — (w,—x), where D™ is the m-dimensional disc. Then (W™t x D™) is a closed
(n + m)-dimensional manifold equipped with an involution whose fixed set is ™. [

Proposition 2.2. If F™ has property H, then n is even.

Proof. 1f n is odd it is known that, since the Euler characteristic of F'™ is zero, the tangent
bundle 7" — F™ has a section, that is, there is an (n — 1)-dimensional vector bundle
p»~t — F™ so that 7" is equivalent to u"~! ® R — F™, where R — F™ is the one-
dimensional trivial bundle (see, for example, [3]). Since 7" — F" is the fixed data of the
twist involution (F™ x F™,t), one has from the stability property of [4; Theorem 26.4] that
also u"~! — F™ is the fixed data of an involution. [
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Remark. Obviously the above argument also serves to show that if '™ has property H,
then the tangent bundle 7" — F™ does not have a section. It is interesting to note that
the reverse statement of this fact is not true. The essential point is that 7" — F™, while
not having a section itself, may be cobordant to a bundle over F" with a section. For
example, consider the connected sum RP*#CP? = F* The Euler characteristic of F*
is x(F*) = x(RP*) + x(CP?) — 2 = 1+ 3 — 2 = 2, thus the tangent bundle 7* — F*
does not have a section. One has that H*(F*, Z,) is generated by o € H'(F*,Z5) and
B € H?(F*, Z,), with relations a® = 0, % = 0, o3 = 0 and a* = 3%. The Stiefel-Whitney
class of F*is W(F*) = 1 + a + 3. Over F* there is a real line bundle A — F? with
W(A) = 1+ a and a complex line bundle ¢ — F* with W(£) = 1+ 3, and one has
WADE) =1+a)(1+8)=1+a+p (since aB =0). Thus WA®E) = W(r?), and 72 is
cobordant to A @ ¢ @ R. Then one has an involution (M?®, T) cobordant to (F* x F*,t) with
fixed data A ® ¢ ® R — F*. It follows that A @ & — F* is the fixed data of an involution
and F* does not have property H.

Proposition 2.3. Suppose that F™ is the total space of a differentiable fibering of closed
manifolds, where V" is the base space, K* is the fiber and w : F™ — V" 1s the projection
map, with r,s > 0. Then F™ does not have property H .

Proof. Consider E C F™ x F", E = {(z,y) |n(x) = w(y)}. Then FE is a closed (n + s)-
dimensional submanifold of F™ x F™. On E one has the fiberwise twist involution fixing a
diagonal copy of F™, and since s < n the result follows. [J

A consequence of Proposition 2.3 is that property H is not a cobordism invariant. In
fact, C'P? has property H and is cobordant to RP? x RP? which does not, since it fibers.
As another example, consider the 3-dimensional vector bundle A & R?> — RP?, where \ is
the canonical line bundle and R? is the trivial 2-dimensional bundle over RP?. Then the
projective space bundle RP(A@® R?) is cobordant to RP* (this can be checked by computing
characteristic numbers) and does not have property H, since it is a fibering. However, one
has

Proposition 2.4. Property 'H is a homotopy invariant.

Proof. Suppose F™ does not have property H and is homotopy equivalent to V. Then there
exists a vector bundle " — F™ which is the fixed data of an involution with r < n. Take
f: V™ — F™ a homotopy equivalence. Then the pullback f* (u") — V™ is a vector bundle
having the same Whitney numbers as p”, which implies that f* (u") and p" are cobordant
as elements of the bordism group of closed n-dimensional manifolds with r-dimensional
vector bundles, N,,(BO(r)). It follows that f * (u”) is also the fixed data of an involution
and V" does not have property H. U

The following proposition gives the first new examples of manifolds with property H.
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Proposition 2.5. If F2? is nonbounding then F? has property H.

Proof. First we recall the following result of Stong and Kosniowski of [1]: if an involution
(M™,T) fixes F™ and m > 2n, then (M™,T) bounds equivariantly. Now if (M™,T) fixes
the nonbounding F?, the fixed data of (M™,T) is nonbounding and hence (M™,T) is
nonbounding. It follows that m < 4. But from [4] one knows that an involution with
codimension one fixed set bounds, hence m = 3 is impossible and the result is proved. [

Observe that Proposition 2.5 gives examples not homotopy equivalent to RP2. Other
new examples will be obtained with the following

Proposition 2.6. Suppose F?" is nonbounding and has H7(F*", Zy) = 0 for 0 < j < n.
Then F?™ has property H.

Proof. If (M™,T) fixes F*" and " — F?" is the normal bundle of F'?" in M™, then by
the argument used in the proof of Proposition 2.5 one has r < 2n. Hence we must to show
that 0 < r < 2n is impossible. We need the following fact, which follows from the Conner-
Floyd’s exact sequence of [4; 28.1]: if u” — W is an r-dimensional vector bundle over a
nonbounding and closed manifold W which is cobordant to the trivial r-dimensional bundle
over W, then p" cannot be the fixed data of an involution. If 0 < r < n, the hypothesis says
that the Stiefel-Whitney class of " is W(n") = 1 and thus 1" is cobordant to the trivial
r-dimensional bundle over F?". Hence we can assume n < r < 2n. By Poincare duality,
HI(F?",Zy) = 0 for n < j < 2n, thus the Stiefel-Whitney classes of n” and F?" can be
written as W(n") = 1 + u,, W(F?*") = 1 + w,, + wa,. Also the Wu class of F*" can be
written as V(F?") = 1 + v, and if Sq is the Steenrod operation one has

n
Sq(V(F*)) =14, + Z Sq'(vp) =14+ v, + 8¢ (v,) = 1+ vy, + 02

i=1
From Sq(V(F?")) = W(F?") one gets then v, = w, and wy, = v2 = w2. Since F?"
does not bound, in particular one has ws, = w2 # 0. Our objective is to prove that n"
is cobordant to the r-dimensional trivial vector bundle over F?™. To do this, it suffices to
show that every Whitney number of " involving classes of " vanishes. But the only such
a number which can be nonzero is

Wity [F2] = vpun [F?"] = Sq™ (uy,) [F?"] = u? [F?"]

Denote by A — RP(n") the usual line bundle over the projective space bundle RP(n"), and
write W () = 1+e¢. Since n” — F?" is the fixed data of an involution, A — RP(n") bounds
as an element of the bordism group of manifolds with line bundles, N2, 1,_1(BO(1)). Tt
follows that ¢*"T"~![RP(n")] = 0. Denoting by

W(n") = W(lnr)

=1+ + Wap

the dual Stiefel-Whitney class of 1", one has from [5] that """ ~1[RP(n")] = ug,|[F*"].

But
1 1

W(n) 1 + u,

92 19 ey M

:1—|-un—|-u72I ,




Z§—ACTIONS WITH A SPECIAL FIXED SET 5

For example, simply connected nonbounding 4-dimensional manifolds satisfy the hy-
potheses of Proposition 2.6. In particular, for every k > 1, the connected sum of CP? and
k copies of S? x S?, C P24 (5% x S2)#...4:(5% x §?2), has this property, and the same is valid
for HP2#(S% x S*)#...#(S% x S4) and QP?#(S8 x S®)#...#(S% x ). Observe that these
examples are not homotopy equivalent to the known examples CP?, HP? and QP?. For
an 8-dimensional nonbounding M® with H!(M®, Z5) = 0 and H*(M®, Z3) = 0, the result
is also valid. In fact, in this case any vector bundle v — M?® has w3(v) = 0 and ws(v) = 0,
so the argument is the same. For example, besides $* x S*, we may add handles S® x S°
to HP2. In the same way, a 16-dimensional nonbounding M6 with H’ (M, Z;) = 0 for
1 < j < 4 has property H, which allows one to add handles S° x S, §6 x S19 and S7 x S
to QP2.

Remark. Proposition 2.6 does not give examples of manifolds with property H in dimen-
sions different from 2, 4, 8 and 16. This follows from the fact that if F?" has H’ (F?", Z5) = 0
for 0 < j <mandn # 1,2,4 and 8, then F?" bounds. In fact, from the proof of Propo-
sition 2.6 one has that F?" is nonbounding if and only if wa,(F?"), which is equal to
w2 (F?™) = Sq"(w,)(F?"), is different from zero. But S¢™ is decomposable through the
Adem relations for n # 2°, and is decomposable in terms of secondary operations for
n = 2% > 16.

Remark. Proposition 2.5 says any 2-dimensional nonbounding manifold has property H.
Now every nonbounding M? is an RP? with handles, that is, RP2# (St x S1)#...#(S1 x S1).
This suggests considering, as in the above examples, F?" = RP?"#(S™ x S™)#...4(S™ x S™)
(k copies of S™ x S™). H*(F?",Z,) is isomorphic to H*(RP?", Z3) except in dimension
n, where we have added cohomology classes a;,b; € H™"(F?",Z5), 1 < i < k, with each
a;b; being the nonzero element of H?"(F?", Zy). The Stiefel-Whitney class of F?" is still
W(F?") = (1 + a)*"*! where o € HY(F?", Z,) is the generator coming from RP?". If
(M™,T) fixes F?" and n™ 2" — F?" is the normal bundle, with W (n™=2") = 1 +uj +us +
..., then one has us: = multiple of a?" except possibly in dimension n. If n is not a power
of 2, then this gives ups = multiple of a?" for each s > 0 and so W (™~ 2") = (1 + a)? for
some t. Summarizing, one has an involution (M™,T) fixing n™ 2" — F?" with W (F?") =
(1+a)?™ ! and W(n™2") = (1 + «)?; this is exactly the situation used in the proof of [4;
27.7) (which established that RP?" has property H), which gives m — 2n = 0 or 2n. Thus
F?" has property H when n is not a power of 2.

3. Proof of the main theorem.

First we need some preliminaries about G-actions, G = Z&¥. Given a G-action (M;®),
o = (T1,...,Tx), the fixed point set of @, F', is a disjoint union of closed submanifolds of M.
The normal bundle of F' in M, 1, decomposes under the action of G into the Whitney sum
of the subbundles on which G acts as one of the irreducible (nontrivial) real representations.
These irreducible and nontrivial representations”of G are all one-dimensional and can be
described by homomorphisms p : G — Zy = {+1, —1} which are onto, and G acts on the
reals so that g € G acts as multiplication by p(g). In other words,

77:@513 )
p

where ¢, is the subbundle of 1 on which G acts in the fibers as p, that is, where each
le a PR DI R L AU 4 & E NS (N, AT A FIR (SR T S IS [ R
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1 € Hom(G, Z3). Alternatively, €, is the normal bundle of F' in the fixed point set Fpy

of the subgroup H = ker(p). Setting P = Hom(G, Zs) — {1}, the fized data of (M;®)

is (F,{e,},ep), a closed manifold (the fixed set) and a list of 2¥ — 1 vector bundles over

it indexed by P. Each s-dimensional component of (F,{c,},cp) can be considered as an

element of N;( [[ BO(n,)), the bordism of s-dimensional manifolds with a map into a
pEP

product of classifying spaces BO(n,) for n,-dimensional vector bundles, where n, denotes
the dimension of €, over the component (this is the simultaneous cobordism between lists of
vector bundles: if P is any finite set, two lists (indexed by P) of vector bundles over closed
n-dimensional manifolds, (F™,{e,},ep) and (V",{p,}pep), are simultaneously cobordant
if there exists a (n + 1)-dimensional manifold W"*! with boundary (W"*+1) = Fruvn
(disjoint union) and a list of vector bundles over W1 (Wn*1 {n 1 p), so that each 7,
restricted to ™ U V™ is equivalent to €, U u1,). According to [8], the equivariant cobordism
class of (M;®) is determined by the cobordism class of (F,{e,},ep).

For example, the fixed data of the twist G-action ((F™)?";t¥) described in Section 1 is
(F,{e,}pep), where F' = F™ and {c,},cp consists of 2" — 1 copies of the tangent bundle
T — F™ and 2% — 2" copies of the zero bundle 0 — F™. More precisely, €, = T when
p(T;) =1 for all i > r 4+ 1, and £, = 0 for the remaining p € P.

Remark. For every automorphism o : G — G, a((F”)Qk;tz) is cobordant to ((F”)Qk;t,’j).
However, if r < k, o((F™)?";t*) may or not be cobordant to ((F™)?";tF). If (F™,{e,})
and (F™, {u,}) are, respectively, the fixed data of ((F™)% ;tF) and o((F™)?";t*), these
actions are cobordant if and only if €, = p, for every p € P. Let H C G be the
subgroup of G generated by T,41,...,T;. By the above description of the fixed data of
((F™)?";t*) and the fact that o(H) = H if and only if {p € P|p(T;) =1 forall i >
r4+1} = {p € P|p(c(T;)) =1 forall i > r + 1}, one then has that ((F™)?";t*) and
o((F™)? ;tk) are cobordant if and only if o(H) = H. For example, write ((F™)*;t3) =
((Fn)4; Tl,TQ,Tg, T4) Then ((Fn)4; t%) and ((Fn)4; T2T3, TlTQ, T4,T3) are cobordant, while
(F™)*;t3) and ((F™)*; Ty, Ty T3, T3, Ty Ty) are not cobordant.

Let (M;®) be a G-action with fixed data (F,{c,},cp), and let 2 be a subgroup of
Hom(G,Z3). Our first step will be to show that the part of the fixed data of (M;®)
given by (F,{e,},ennp) can be realized as the fixed data of some subgroup H C G
acting (by restriction) on the fixed point set of the restriction of ® to some appropri-
ate subgroup K C G. First note that there exists a subgroup H C G so that the re-
striction Hom(G, Z2) — Hom(H, Z3) maps {2 isomorphically onto Hom(H, Zs). In fact,
consider the natural isomorphism G — Hom(Hom(G, Z3), Z3) given by T" — ¢r, where
or(p) = p(T) for any p € Hom(G, Z;3). Choose a basis (p1,p2, ..., pt, &1, &2, ooy E—t) for
Hom(G, Z3) so that (p1, p2,...,pt) is a basis for §2, and consider (71,75, ..., T3, 51,52, ...,
Si—t) the basis for G which corresponds to the dual basis (p7, 03, ..., i, &1, &5, ..., &) of
Hom(Hom(G, Z3), Z5) under the above isomorphism. Evidently, (p1, p2, ..., pt, &1, &2, .oy
€k—t) is the dual basis of (71,75, ...,T;, 51,52, ..., Sk—t). Set H =< Ty, T, ...,T; >. Since
pi(Tj) = —1if i = j and p;(T;) = 1 if i # j, one has that (p1m, p2|a, -, Pt|r) 1S & basis
for Hom(H, Z3), thus the restriction maps {2 isomorphically onto Hom(H, Z3). Now set
K =< 51,5,...,5:._: >, Fx = the fixed point set of K and W= the restriction of ® to
H x Fg. One then has the following
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Lemma 3.1. The fized data of the H-action (Fi;¥) is (F,{py}yep’), where for each
p' € P = Hom(H, Zy) — {1} one has p, = €,, where p is the unique element of 2 NP
with pjg = p'. In other words, the fizxed data of H acting on the fived set of K is ' with
the subbundles €,, p € 2 NP, and in terms of P’ = Hom(H, Z5) — {1}, these subbundles
are indexed under the restriction 2 NP — P’.

Proof. The inverse of the restriction 2 — Hom(H, Z5) is the isomorphism Hom(H, Z3) —
(2 given by p' — p, where pjgz = p' and p is the trivial homomorphism on K. The fixed
set of (Fg; V) is F, and if (F, {py }epr) is the fixed data, each p, is equal to ¢, for some
p € P. Thus, to complete the argument, it suffices to show that, when u, = ¢,, then
pig = p' and p is the trivial homomorphism on K. Take 7' € H. Then T acts on i, as
p'(T), and since p, = €, also T acts on ju, as p(T). Hence p(T) = p'(T) and pjg = p'.
Now take T' € K. Note that u, is a subbundle of the normal bundle of F' in Fi, which is
the fixed set of K. Thus T" acts on p,s identically. Since p1,, =€, and T acts on €, as p(T),
we conclude that p(T') = 1, which gives the result. O

Remark. Suppose (F,{e,},ep) is the fixed data of a G-action (M;®). Denote by A the
set of vector bundles over F' which lie in {¢,}. Then (F,{e,}) gives a map 0 : P — A, and
if 0 : G — G is an automorphism, o(M;®) gives rise to a new map P — A which is 6
composed with some bijection P — P. We note that not every bijection P — P gives a map
P — A which necessarily is derived from some automorphism G — G, since the number of
such bijections may be greater than the number of bases of G. In particular, we cannot in
principle guarantee that all such maps P — A come from G-actions. This is not the case,
however, when G = Z2; if (F;{€,,,€py,€ps }) is a fixed data with map P = {p1, p2, p3} — A,
then all of the other possible maps P — A come from Z3-actions, since they are derived from
automorphisms Z5 — Z3. Therefore the next lemma is independent of the map P — A.

Lemma 3.2. Suppose F™ is a nonbounding, connected and closed n-dimensional manifold.
Let n be any p-dimensional vector bundle over F™ (p > 0) and p a n-dimensional vector
bundle over F™ cobordant to the tangent bundle T — F™. Denote by 0 the zero bundle over
F™. Then (F™;{n,u,0}) cannot be the fized data of a Z3-action.

Proof. If &1, €9, €3 are three vector bundles over F™ and (F"™;{e1,e2,e3}) is the fixed
data of a Z3-action, then the argument outlined in [6; Section 3; pages 88, 89 and 90]
(or in [7; Section 2; pages 107 and 108]) shows that (RP(e1);\,e2 @ (3 ® A)), the pro-
jective space bundle of ¢; with its standard line bundle A — RP(e1) and the bundle
g2 @ (e3 ® \) — RP(e1), bounds as an element of the bordism group N, s, —1(BO(1) x
BO(sy + s3)); here, s; = dim(e;) and we are suppressing bundle maps. In particular,
if we suppose by contradiction that (F™;{n,u,0}) is the fixed data of a Z3-action, by
taking €1 = 7, e2 = p and €3 = 0, one has that (RP(n);\, 1) bounds as an element
of Npip—1(BO(1) x BO(n)). Since F™ is nonbounding, there is a Stiefel-Whitney num-
ber w;, (7)...w;, (7)[F™] which is nonzero. Since p is cobordant to 7, w;, (@)...w;, (u)[F"]
is also nonzero. Denoting W(A) = 1 + ¢, one knows that H*(RP(n),Z2) is the free
H*(F™, Zy)-module on 1,c,c?, ...,cP~1. Therefore ¢ 1w;, (u)...w;, (1) is the nonzero class
of H""P=1(RP(n),Z3). Since P 1w, (u)...w;, (1)[RP(n)] is a characteristic number of
(RP(n); A, i), this gives the contradiction. [
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Lemma 3.3. Let (M™, ®) be a G-action (G = Z%) with fived set F™ being a connected
n-dimensional submanifold, and where m = 2*n. Then (M™, ®) is equivariantly cobordant

to ((F™)2";¢f).
Proof. This is the main result of [7]. O

Now we have on hand the necessary tools to prove our main result. Suppose then
(M™, ®), & = (T1,...,T)), a G-action fixing F", where F'™ has property H. As stated in the
introduction, our aim is to prove that (M™;®) is equivariantly cobordant to o((F™)2";tF)
for some automorphism o : G — G and some 1 < r < k. The essential point is that Lemma
3.1 and Lemma 3.2 allow to find a special subgroup H C G so that Lemma 3.3 can be
applied to the restriction of ® to H x M™. Let (F™,{c,},ep) be the fixed data of ®.

Lemma 3.4. For each p € P, €, is either cobordant to the tangent bundle T — F™ or
cobordant to the zero bundle 0 — F™; in particular, m = pn for some 1 < p < 2* (note that
p — 1 is the number of bundles cobordant to T — F™).

Proof. For each p € P, let V, be the component of the fixed set of the subgroup ker(p)
containing F", and set n, = dim(V,). Taking T' € G — ker(p), one has that (V,,T) is an
involution fixing F". Since F™ has property H, n, =0 or 2n. If n, =0, (V,,T) = (F", Id)
and €, is the zero bundle 0 — F™. If n, = 2n, by the result of C. Kosniowski and R. E.
Stong of [1] cited in the introduction, (V,,T’) is cobordant to (F™ x F™,t) and €, — F™ is
cobordant to the tangent bundle 7 — F™. [

If p = 1, ® is the trivial G-action, that is, ® = t&; in this case one has only zero
bundles. If p = 2%, m = 2*n and Lemma 3.3 says in this case that (M™, ®) is cobordant
to ((F”)Qk;ti) (which is cobordant to a((F”)Qk;tZ) for any automorphism o : G — G); in
this case, one has only bundles cobordant to the tangent bundle 7 — F". Therefore we can
assume 1 < p < 2¥, which means that the two possible cobordism types of bundles occur.
To ease the notation, write €, = 7 when ¢, is cobordant to 7.

Lemma 3.5. Let {2 be the subset of Hom(G, Zs) given by 2 = {1} U {p € Ple, = 7}.
Then §2 is a subgroup of Hom(G, Z2). In particular, the number of bundles €, with e, = T
is 2" — 1 for some 1 < r < k —1 (r is the dimension of {2 as Zs-vector space); that is,
p=2" and m = 2"n.

Proof. Take p1,p2 € 0. Then {1,p1,p2,p1p2} is a subgroup of
Hom(G, Z3). By Lemma 3.1, there exists subgroups H, K C G with H isomorphic to
72 and G = H ® K, so that the fixed data of the Z2-action obtained by letting H act on
the fixed set of K is (F™;{€p,,€pysEp1ps}). Since €,, =7 and €,, = 7, one has from Lemma
3.2 that €,,,, = 7, and {2 is a subgroup of Hom(G, Z3). O

Now we can complete the argument. The desired special subgroup H C G on which
Lemma 3.3 will be applied is any subgroup of G which corresponds to 2 = {1} U {p €
P |e, = 7} through Lemma 3.1. First note that Lemma 3.5 indicates a similarity between
the fixed data of ® and an action of type o((F™)?";t*). We call attention, however, to the
following subtle point: one has a list {€,},conp with each €, being individually cobordant
to 7, but this list might not be simultaneously cobordant to the list {4, },conp with each

t, being equal to 7, and the desired result requires simultaneous cobordism (this obstacle
drne net anneoar whoen T — RDP2S Gree (e ) — (1 L A28+ gifamaticrally sriolde +he
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simultaneous cobordism in this case). In the final remark of the paper we present a example
illustrating this situation. Fortunately, the essence of this point is bypassed already by
Lemma 3.3. In fact, by Lemma 3.1, there exist subgroups H, K C G, with H isomorphic
to Z5 and G = H @ K, so that the fixed data of H acting on the fixed set Fix of K
is (F™,{e,}pennp). More precisely, and in terms of P’ = Hom(H, Z3) — {1}, this fixed
data is (F™,{fty'},rep’), where for each p’ € P’ one has p, = ¢,, with pjg = p’ and
p| k= the trivial homomorphism. In particular, dim(Fg) = 2"n = dim(M™), and thus
Fk is the component of M™ containing F™ (note that each T' € K acts on M™ trivially).
Since (M™ — Fg,®) is a G-action without fixed points, the main result of [8] says that
(M™ — Fg,®) bounds as a manifold with G-action. Thus we can suppose, without loss of
generality, that F'x = M™. Then one has an action (M™; ®|gyarm) With H isomorphic to
Z3 and m = 2"n; by Lemma 3.3, this action is equivariantly cobordant to ((F™)?";t%). In
particular, the list {€,},conp is simultaneously cobordant to the list {1, },conp with each
t, being equal to 7. Now choose a basis (17, ...,T), T}, 1, ..., T}) for G so that (17, ...,T}) is
a basis for H and (7} ,,...,T}) is a basis for K. Consider the automorphism ¢ : G — G
where o(T;) =T/ if 1 <i <rand ¢(T;) =T} if r < i < k, and the G-action @(M™, ®).
To describe the fixed data of this action, note that if p € P is the trivial homomorphism on
K, then p € £2 and thus €, = 7; otherwise, p ¢ {2, which means that ¢, is the zero bundle.
Since the list {e,},c0np is simultaneously cobordant to the list {1, },c0np, the fixed data
of o(M™, ®) then is simultaneously cobordant to the list {¢,},ep given by €, = 7 when p is
the trivial homomorphism on K and €, = 0 otherwise. But then p(M™, ®) is equivariantly
cobordant to ((F™)?";t*) and (M™,®) is equivariantly cobordant to o((F™)? ;t), where
o= ga_l

Remark. Let (M,T) be an involution. For each r with 1 < r < k, one may form a Z%-
action ® = (71,75, ...,T) on the produt M2 by letting 77 = T' and letting (75, ..., T))
be the twist Z5 '-action t"~1. Denote this action by T*(M,T). Note that if (F x F,t)
is the twist involution, then T*(F x F,t) = (F?";tF). Also if (M,T) and (V,S) are Z-
cobordant, then T'*(M,T) and T*(V, S) are Z}-cobordant (it suffices to look at the fixed
data of T®(M,T): if n — F is the fixed data of (M, T'), then the fixed point set of T*(M, T')
also is F' and the fixed data consists of 2"~ copies of 1, 2"~! — 1 copies of the tangent
bundle over F' and 2¥ — 2" zero bundles).

Now suppose that F™ has property H, and let (M?",T) be any involution fixing F™.
Then (M?",T) is equivariantly cobordant to the twist involution (F™ x F™, t), and thus
oTk(M?",T) is equivariantly cobordant to oT*(F" x F" t) = o((F™)?";t*) for every au-
tomorphism o : Z¥ — Z¥ k > 1 and 1 < r < k. In this way, every Z5-action fixing
F™ is equivariantly cobordant to oT'®(M?" T) for some automorphism o : G — G and
some 1 < r < k. For example, every Z4-action fixing RP?" is equivariantly cobordant to
oT®(CP?", ¢) for some automorphism o : G — G and some 1 < r < k, where ¢ means
complex conjugation on homogeneous coordinates.

Still in this context, let F™* C R™ be a smooth and closed n-dimensional manifold F™
which is a real algebraic variety, and where R™ is an adequate euclidean real m-dimensional
space. Let M2 C C™ be the corresponding complex algebraic variety, with real dimension
2n. One has that M?" is invariant under the complex conjugation ¢ on C™, and the fixed
point set of the involution (M?2", ¢) is F™. Thus if F™ has property H every Z&-action fixing
F™ is equivariantly cobordant to oT'®(M?" | ¢) for some automorphism o : G — G and some
1<r<Ek.

We thank the referee for having inspired this remark.
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Remark. Consider F* = CP?#(S? x §?) = CP?#(CP"' x CP"'). One knows that F'* has
property H. H*(F*4,Z) is generated by «, 3, v € H?(F*,Z,), with o® = 3y being the
nonzero element of H*(F*4, Z;) and where a3 = ay = 3% = 72 = 0. The Stiefel-Whitney
class of F*is W(F*) =1 + a + o?. Denote by & — CP! x CP?! the pullback of the usual
complex line bundle over C P! through the first projection, and by R? — CP! x CP! the
trivial 2-dimensional bundle over C P x C'P!. Then over F'* one has a 4-dimensional bundle
pu* — F* given by forming the connected sum of the tangent bundle 7(C'P?) — CP? and
& @ R? — CP! x CPY. One has W(u*) =1+ (a+ ) + o2, and computing characteristic
numbers it is easy to see that p? is cobordant to the tangent bundle 7(F*4) — F*.

Similarly one has a 4-dimensional bundle n* — F* given by forming the connected sum
of 7(CP?) and R* @ & — CP! x CP!, where & is the pullback of the usual complex
line bundle over CP! through the second projection. One has W(n*) = 1+ (a +7) +
a?, and in the same way n* is cobordant to 7(F*). However, there is no simultaneous
cobordism of (F*; u*, n*) with (F*;7(F*),7(F*)). In fact, one has wo(uH)wa(n?) = (a +
B)(a+7) = a® + By = 0 and wo(7(F*))wa(7(F*)) = aa = o?. This obviously extends
to OP?#(CP! x CPY)#..#(CP! x CP') to get any number of bundles. It also works
for RP?*#(RP' x RP\)#..4:(RP' x RP), HP?#(HP' x HP)#..4:(HP' x HP") and
QP2#(QP' x QPV)#..#(QP' x QPY).
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