INVOLUTIONS FIXING F»UF?
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ABSTRACT. Let M™ be a closed and smooth manifold with an involution
having fixed point set of the form F"UF?, where ' and F? are submanifolds
with dimensions n and 2, respectively, and where 2 < n < m and F"™ U F?
does not bound. The main result of this paper is to establish the upper
bound for m, for each n. The existence of these bounds is guaranteed by
the famous 5/2-theorem of J. Boardman, which establishes that, under the
above hypotheses, m < 5/2n.

1. Introduction

Suppose M™ is a smooth and closed m-dimensional manifold and 7" : M +—

M™ is a smooth involution defined on M™. The fixed point set of T, F', is a

disjoint union of closed submanifolds of M™, F' = U FJ where F7 denotes the
§=0
union of those components of F' having dimension j. It is well known, from

equivariant bordism theory, that if (M™,T') is nonbounding then F' cannot be
too low dimensional. This fact was evidenced from an old result of P. Conner
and E. E. Floyd (Theorem 27.1 of [4]), which stated: for each natural number n,
there exists a number ¢(n) with the property that, if (M™,T') is an involution

fixing F' = U F7 and if m > ¢(n), then (M™, T) bounds equivariantly. Later
=0
this was explicitly confirmed by the famous 5/2-Theorem of J. Boardman of

. 5
[3]: if (M™,T) fixes F = UF] and M™ is nonbounding, then m < oM A
5=0
strengthened version of this fact was obtained by R.E. Stong and C. Kosniowski
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" 5
in [2]: if (M™,T) is a nonbounding involution fixing F' = U F7, then m < i
=0

In particular, if F' = U FY is nonbounding (which means that at least one F7
§=0

is nonbounding) and (M™,T) fixes F, then m < gn; this follows from the fact
that the equivariant cobordism class of (M™, T') is determined by the cobordism
class of its fixed data. The generality of this last result allows the possibility
that fixed components of all dimensions j, 0 < j < n, occur; in this way, it
is natural to ask whether there exists a better upper bound for m when we
omit some components of F'. This is inspired by the following result of Stong
and Kosniwoski of [2]: if (M™,T) is an involution whose fixed set has constant
dimension n, and if m > 2n, then (M™,T) bounds equivariantly. In particular,
if ' = F™ with constant dimension n is nonbounding, and if (M™, T) fixes
F, then m < 2n. This bound is best possible, as can be seen by taking the
involution (F™ x F™ T), where F™ is any nonbounding n-dimensional manifold
(with the exception of n = 1 and n = 3) and T switches coordinates. Thus
one has a concrete improvement of the Boardman’s bound when we omit all
j-dimensional components with j < n.

The above considerations can be placed in the following general setting: for
each natural number n and each subset X € {0,1,2,...,n—1} (we allow X to
be empty), we define m(n; X) as being the number

m(n; X) = maximum {m | there exists an involution (M™,T') fixing F

such that F' does not bound, n is the dimension of the non-empty com-

ponent of F' of largest dimension, and if F” is a non-empty j-dimensional

component of F' with j < n, then j € X}.

As it was seen above, this number always exists (but it is not defined if we allow
F' to be a boundary, since in this case one has involutions fixing F' with any
codimension); further, if 7 € X, the number of j-dimensional components of F'
has no influence in the value of m(n; X), since any involution is equivariantly
cobordant to an involution with the property that the j-dimensional part of the

fixed set is connected.



Under this setting, the Boardman’s bound is stated as “for every n and every
X c{0,1,2,...,n—1}, m(n; X) < gn”, and the Stong-Kosniowski’s bound is
stated as “for n # 1 and 3, and X = @, m(n; X) = 2n”.

Once the case X = () is established, the next natural step is to consider
X containing a single element, which means to consider fixed sets of the form
F=F"UF/ j<mn. Forj=0, F=F"UFreduces to F = F" U {point}.
Concerning this case, recently Stong and Pergher proved the following result
[5]: for each natural number n, write n = 2Pg, where p > 0 and ¢ is odd, and
set

() (2Pt —Dg+p+1=2n+p—q+1, fp<q+1
m(n) =
(27— 2 0)g £ 279(g 4 1) = 20+ 277, ifp > q.

Then, if (M™,T) is an involution whose fixed set has the form F = F™ U
{point}, m < m(n); further, there are involutions with m = m(n) fixing a point
and some F™.

Together with the case X =0, this result says that
m(n;{0}) = maximum {m(n),2n} if n # 3, and m(3;{0}) = 4.

The objective of this paper is to calculate m(n;{2}). Specifically, we shall
prove that m(n;{2}) = maximum {m(n — 2) + 4,2n} when n > 3.

Concerning m(n; {1}), in her doctoral thesis [6] (and in [7]), S. Kelton studied
bounds for involutions (M™,T) whose fixed set has the form F = F™ U RP/,
where RP’ is the j-dimensional real projective space. Among the results, one
finds: suppose (M™,T) is an involution whose fixed set has the form F' =
F" URP! and the normal bundle of RP' in M™ is nonbounding. Then, if n
is odd, m < m(n — 1)+ 1, and if n is even, m < m(n — 1) + 2; further, these
bounds are best possible. Since ™ U F! reduces to F™ URP!, these results give
(for n > 1):

) = e o



We remark that, in the cases ' = F" U FY and F' = F" U F!, one has an
unique nonbounding stable cobordism class of bundles over F7, j = 0 or 1 (the
trivial bundle when j = 0, and the stable cobordism class of the canonical line
bundle over RP! when j = 1). As we will see, the technical difficulty in the
calculation of m(n;{2}) lies in the fact that one has a lot of possible stable

cobordism classes of bundles over F2.

2. Computation of m(n;{2})

In this section we will show that m(n;{2}) = maximum{m(n — 2) + 4,2n},
where n > 3. By the definition of m(n; X), one needs to consider involutions
(M™,T) for which the fixed set F' does not bound and has the form F =
Fror F = F™U F?, and one knows that F™ and F? can be assumed to be
connected. The first thing to do is to exhibit, for each n > 3, involutions
(M™,T) with m = 2n and m = m(n — 2) + 4, and with I’ having the form
described above. As already remarked, taking any n-dimensional nonbounding
manifold £, the twist involution on F™ x F™ provides an example with m = 2n.
On the other hand, and as remarked in the previous section, in [5] Stong and
Pergher constructed, for each n > 1, a special involution (M™™ T, for which
the fixed set has the form F™ U {point}. Given n > 3, consider the involution
(M™n=2) x RP? x RP?,T'), where T(z,vy, 2) = (T),_2(%), z,y). The fixed set of
T has the form

(F" 2 U {point}) x RP?* = F"? x RP* U RP?,

and since RP? does not bound, this provides an example with m = m(n—2)+4.
Since m(3 — 2) +4 = 6 = 2 - 3, this approach causes no problem when n = 3.
With these examples on hand and taking into account the Stong-Kosniowski’s
bound for connected fixed sets, all that remains is to show the following fact:
if (M™,T) is an involution whose fixed set F' does not bound and has the form
F = F"U F? then either m < 2n or m < m(n —2)+4. Let n — F", p+> F?
denote the normal bundles of F™ and F? in M™. If u + F? bounds, it can be



equivariantly removed to give an involution (N™,T"), equivariantly cobordant
to (M™,T), and with fixed data n — F™. Since F? bounds, F™ does not bound

and so m < 2n. Thus the computation of m(n; {2}) is reduced to the following

Theorem 2.1. Suppose that (M™,T') is an involution having fized set F' which
does not bound and has the form F = F™ U F?. If the normal bundle over the

component F? does not bound, then m < m(n — 2) + 4.

Remark. As we will see, the hypothesis “F does not bound” is really not

necessary to the proof.

As above, denote by (n — F™) U (u — F?) the fixed data of (M™,T). If
p +— F?is cobordant to u' — F?, then there exists an involution (N™,T"),
cobordant to (M™,T) and with fixed data nUy'. Thus, since we will be working
with characteristic numbers, our first task will be to describe a complete list
of explicit representatives for the possible nonbounding cobordism classes of
bundles over 2-dimensional closed manifolds. We need some notations: if ¢ is a
vector bundle and n is a natural number, n¢ will denote the Whitney sum of n
copies of £&. We will use " to denote the trivial r-dimensional vector bundle over
any base space. For any vector bundle over a closed 2-dimensional manifold,
p— F? one lets W(F?) =1+ w; + wy be the Stiefel-Whitney class of F? and
W(p) =14 v; + vy be the Stiefel-Whitney class of u.

Lemma 2.2. For vector bundles as above, one has w? = wy and v? = wyv;.

Proof. F? is either a boundary or cobordant to RP?. Since RP? and any
manifold which bounds satisfy w? = ws, this is also true for F?. Now let
U = 1+ u be the Wu class of F?; one knows that v = w;. Then S¢'(v;) =
uvy; = wyvy, where Sq is the Steenrod operation; but also S¢'(v1) = v?, and the
result follows. U

The cobordism class of u — F? is determined by its characteristic numbers.
By the above lemma, these numbers are reduced to the ones obtained from
w? (= wy), v and v? (= wyvy). This gives at most seven possibilities for

nonbounding classes. Next we describe examples realizing each one of these



possibilities. Denote by & — RP? the canonical line bundle. Then one has the
bundles:

1) the 0-dimensional bundle 0 — RP?, with w? # 0, v, = 0 and v? = 0;

2) € — RP?, with w? # 0, vy = 0 and v? # 0;

3) 2¢ — RP?, with w? # 0, vy # 0 and v? = 0;

4) 3¢+ RP?, with w? # 0, vy # 0 and v? # 0.

Now consider £ @&’ — RP', where again & denotes the canonical line bundle.
Consider RP(¢ @ ¢') +— RP' the real projective space bundle associated to
¢ @ ¢!, and denote by A — RP(£ @ e') the line bundle of the double cover
S(E@el) — RP(E @ el), S(€@e') the sphere bundle of ¢ & ¢!, Note that
K? =RP(( @ el) is a closed 2-dimensional manifold, and one has the following
examples with its respective characteristic numbers, obtained from standard
computations in the cohomology of K?:

5) A — K? with w} =0, vy =0 and v} # 0;

6) 2\ — K? with w} =0, vy # 0 and v} = 0;

7) 3\ — K?% with w? = 0, vy # 0 and v? # 0.

We denote by ;, 1 < i < 7, the stable cobordism classes corresponding to

these examples. The following lemma will be crucial to our purposes:
Lemma2.3. If m > m(n —2) + 4, then w} = v} and vy = 0.

Note that the unique §; satisfying w? = v? and vy = 0 is 5. Thus this lemma

will reduce our task to the following

Theorem 2.4. Let (M™,T) be an involution having fized set F' of the form
F = F"UF?. If the normal bundle u — F? represents 3y, then m < m(n—2)+4.

The following basic fact from [4] will be needed for the proof of Lemma 2.3:
the projective space bundles RP(n) and RP(u), with its standard line bundles
A — RP(n) and v — RP(u), are cobordant as elements of the bordism group
Nm-1(BO(1)). Then any class of dimension m — 1, given by a product of

the classes w;(RP(n)) and w;()), evaluated on the fundamental homology class



[RP(n)], gives the same characteristic number as the one obtained by the cor-
responding product of the classes w;(RP(x)) and wy(v), evaluated on [RP(u)].

We will apply this using some very special classes. Set k = m — n, and write

W(n) = 1+u+---+u and
W) = 1+¢

for the Stiefel-Whitney classes of F™, n and A, respectively. From [1] one knows
that

W(RP(7)) = (1401 + - +0,){(1+ )"+ (1+0)" ur +- -+ (1 Jupr +ug},

where here we are suppressing bundle maps. For any integer r, one lets
W(RP(n))

(]_ + C)k—r

Note that each class W(r]; is a polynomial in the classes w;(RP(n)) and c.

Wir] =

Further, these classes satisfy the following special properties (see [5], Section

2):
[rlo, = 6.¢"+ terms with smaller ¢ powers,
[T]ors1 = (0ps1 + upy1)c” + terms with smaller ¢ powers.

w
w
For n > 3, write n — 2 = 2Pq, where p > 0 and ¢ is odd, and suppose first that

p < ¢+ 1. Consider the list of integers rq,7s,...,7,, where r; = 2P — 2P~* and

take the class
X =W = 10357 - Wi, - WiraJor, - Wrylar,
(if p = 0, this class reduces to X = W[0]?""). The dimension of X is
(g+1—p)2*t — —I—QZ — 2" = (2P — g+ p+1=m(n—2).
From the properties above hsted, one has
X = ((Op +uw)c® ' + terms with smaller ¢ powers )?+1=7.
(0, + terms with smaller ¢ powers )-
+(0,,c” + terms with smaller ¢ powers ) =
= ((9217 + U2p)q+1_p ° 87’1 ° 87"2 e Qrp)c(q+1_p)(2p_1)+ I;:l ri‘i‘

+ terms with smaller ¢ powers.
7



Note that
(q+1—p)-2p+zp:m= (@+1—p)2P+pP -2 +1=2+1=n—1.
i=1
Thus X has the form
X =A,_q ™27 4 terms with smaller ¢ powers,

where A, is a class of dimension n — 1 coming from the cohomology of F™.
Now suppose p > ¢ + 1, and consider the list 7,79,...,7441, Where again

r; = 2P — 2P~% In this case, take
X = Wlrilar, - Wlra]ar, -+ Wlrgralar, -
The dimension of X is

q+1 g+1
2 Z r, = Z(ZP—H _ 2p—z+1)
i=1 =1

= <;_|_ 1)2p+1 — 2P+l 4 9P=a — gopFl 4 9P
= (2 —2070)g +277(q + 1) = m(n - 2)

and
X =0, -0p,---0,,, - 4 terms with smaller ¢ powers.
Note that
g+1 g+1
S =@ - ) = (g 1) -2
i=1 i=1
=g 42071 =p 2420701 >p 1.

Thus, for every n > 3, X is a class of dimension m(n — 2) which has the form
X = A, - "7 4 terms with smaller ¢ powers,

where A; has dimension [ > n — 1 and comes from the cohomology of F™.
Next we shall introduce some special classes of dimension 4 associated to
line bundles A — B*, where B?® is a closed s-dimensional manifold. Using the

splitting principle, write



and W(A) = 1+ ¢. Consider the symmetric polynomials in the variables

x1,To, ..., Ts, C, of degree 4, given by
fo, = Z zi(x; + c)xj(x; +¢)
i<j
and

fur =D @izt )
Then f,, and f,, determine polynomials of dimension 4 in the classes w;(B?)

and wq(A) = ¢. Returning to A — RP(n), write

W(F™) =14+z1) - 1+z2)---(1+2z,) and
Wmn)  =QQ+wy) - (L+y2) - (1+u)
Then

WRP() = (1 +a1)--- (T + @)1+ cty1) - (14 e+ yp).

It follows that
far M= RP(n) = wi(ws + o)wj(w; + )+

1<j
+ > uy + iy + o)+
t<l

4 Z zi(z; + c)ye(ye + ¢) =

2t

= (Z Tirj + Z Yeyr + Z Tith) - 4
1<j t<l it

+ terms with smaller ¢ powers,

and

fo(X = RP(n)) = Zﬂf?(l’i +)? > Yy +ce)’ =
= Qw4 w4 w4 )

Therefore every term of f,, and f,, has a factor of dimension at least 2 from
the cohomology of F™. We have seen that each term of our previous class X has
a factor of dimension at least n — 1 from the cohomology of F", which means
that, for i = 1,2, f,. - X is a class in H™"=2+4(RP(7), Z,) with each one of its

terms having a factor of dimension at least n + 1 from F™. Thus f,. - X = 0.



Since m > m(n — 2) + 4, one can form the class f,, - X - ™~ 1=(m(n=2+4) “wwhich
yields the zero characteristic number £, - X - "~ 1= (=240 [RP ()]
Our next task is to analyse the class associated to v +— RP(u) which corre-

sponds to f, - X - "1 mn=2+4) - Qetting W(v) = 1 + d, this class is
fo,(v—=RP(u))-Y - dmflf(m(n,2)+4)’

where Y is obtained from X by replacing each W{r]; by W[n + r — 2];. The
Stiefel-Whitney class of RP(u) is

W(RP (1)) = (1 +wy +wa){(1+d)" ™72+ (1 + )" oy + (1 +d)"™ oo}
Writing W(F?) = (1 4+ 21)(1 + 22) and W(u) = (1 +31)(1 + y2), one has

WRP (k) = (14 d)" ™ (1 4+ wi +w){(1 +d)> + (1 + d)vs + v} }
(1+d)" ™41+ 20) (14 22) (1 4+ d + 1) (1 + d + ya).

Noting that the part (1 + d)"**~* does not contribute to f,., we get

for(v = RP(p)) = z1(21 + d)za(z2 + d) + y2(y1 + d)y2(y2 + d)+
+ Z l’z(x@ + d)yj(yj + d) =

i,
= (m1m2+ iy + Y wiyy)d>+
2%
+ terms with smaller ¢ powers,

and

Jn(v = RP(p)) = af(zy +d)* + 25(x2 + d)* + 47 (1 + d)* + 45 (y2 + d)* =
= (z1+ 22 + Y1 + )’ + (21 + 22 + 41 +12)n.

If 7 +— RP(u) is the tangent bundle over F?, the factored form of W(r & ) is
W(r @ p) = (L a1) (1 +22) (1 +y1) (1 +12).

Setting W(7 @& ) = 1+ V; + V4 and noting that if a term (with dimension 4)
has power of d less than 2, it necessarily has a factor of dimension greater than
2 from the cohomology of F2, one then has f, (v) = Vad? and f.,,(v) = V32d>.
Denoting by .# the ideal of H*(RP(u), Z;) generated by the classes coming

10



from F? and with positive dimension, one has that f,, - A = 0 for each A € .#.

Thus, in the computation of Y, one needs to consider only that
W(RP (1)) = (1 4+ d)"™ 2 mod &

and for each integer [

Wl = (1 +d)" mod .#.
Forry =20 — 2P~ =12 ... psetly=n+r—2=2Pqg+2420 2w _2=
2Pq + 2P — 2P~ Then

2Pq 20 — 2071\
Wililar, = < op1 _ op it >d2 “mod .¥.

Also, ifr=2P -1, l=n+r—2=2P¢+2? — 1 and

wq+ 2 1\
Willars1 = ( o+l _ 1 >d2 1 mod .

The lesser term of the 2-adic expansion of 2Pg+ 2P is 2P*1. Using the fact that a
binomial coefficient (‘;) is nonzero modulo 2 if and only if the 2-adic expansion
of b is a subset of the 2-adic expansion of a, we conclude that the above binomial
coefficients are nonzero modulo 2. It follows that all classes W[r]; occurring in
Y satisfy Wr]; = d mod .#, which implies that ¥ = d™" 2 mod .#. Since
H*(RP(u), Zy) is the free H*(F?, Zy)-module on 1,d,d?, ..., d" "3 we get

fur(0) Y - "I MOTDIIRP (1)) = A" VL[RP(v)] = Vo[
and
fun(0) Y - a1 MOTDHIRP ()] = VE[F2).

Putting together with the previous calculations on F, we conclude that V5 = 0
and Vi = 0. Since Vi = vy + wy, we get v? = w?, and since
Vo = vjwy + vy + wy = Sq' (v1) + va + Wy = v} + vy + Wy = Wi + vy + W] = v
we get v = 0. Thus Lemma 2.3 is proved. O

Now we prove Theorem 2.4. One is considering an involution (M™,T') with
fixed set F of the form F = F" U F? where the normal bundle pu +— F?

represents (3, and wants to show that m < m(n — 2) + 4. We maintain the

previous notations for the characteristic classes referring to the component F™,

11



and we can suppose with no loss that p — F? = £ @ ™3 — RP% We repeat
the notations v — RP(u) and W(v) = 1 + d for the standard line bundle over
RP(p) and its characteristic class. Let o € HY(F?, Z5) be the generator. Since
H*(RP(u), Z5) is the free H*(F?, Zy)-module on 1,d,d?,...,d™ 3 subject to
the relation ™2 + d™3a = 0, one has that d™ ! = d"2a = d™3a? is the
generator (top) of H™ (RP(u), Z3). Our strategy will consist in showing that,
if m > m(n —2)+4, then it is possible to find polynomials in the characteristic
classes so that the corresponding characteristic numbers are zero on F™ and
nonzero on F2. First consider n odd. In this case, we will obtain a stronger

result, noting that m(n —2) +4 =n + 3.

Lemma 2.5 If (M™,T) is an involution fiting F = F™ U F?, where n is odd
and p— F? = £ ™3 — RP?, thenm <n+1 (hencem =n + 1).

Proof. On F™ one has

Wl=(1460,+0,+---+86,)

1+ h (1+c)k}

(0]t em=1=(n*+D) of dimension m — 1.

If m > n+ 1, one can form the class W
Since W[0]7™! = (0; + uy)™*' comes from F™, this gives a zero characteristic

number. The class over F? corresponding to W10] is W[n — 2. Now
W(RP(1) = 1+ a+ ) {(1+d™ 2+ (1+d)™ 3a}
and
Win-2l=0+a+o®){(1+d)" >+ (1+d)" >al.
Since n is odd,
n—2

W[n—2]1:( :

which gives the nonzero characteristic number

)d+a+a:d,

Wn — 2 am = IRP ()] = & RP ().
O

Now we consider n even, which means in particular that n > 4. Write
n — 2 = 2Pq, where p,q > 1. Over F" one takes the same class X considered

before; that is , X € H™" 2(RP(n), Z;) and each term of X has a factor
12



of dimension at least n — 1 from the cohomology of F". Note that, on F™,
W (0] = 09+ 01u; +uic+uy. Hence every term of W0]3 = 63 + 03u? + u?c? + u3
has a factor of dimension at least 2 from F™. If m > m(n — 2) + 4, one then
has the zero characteristic number

X - W0J3 - ¢t e [RP ().

Our next and final task will be to show that, over 2, the corresponding char-

acteristic number
Y - Win —2]3 - d™ 2D RP (1)

is nonzero. First note that a general element of H'(RP(u), Z3) is of the form
aod +ajad =t +ay0?d=2, where a; = 0 or 1. In particular, for the top-generator

of H"Y(RP(u), Z,), the number of 1’s in {ag, a;,as} is 1 or 3. From

WRP(u) = 1+ a+®){(1+d)™ 2+ (1+d)™ 3a}

we get
Wil=0+a+a){1+ad) +(1+d) ' a}
and
(N I—1 [ i1 -1 [ 9 49
= ()G = (o ()« (o) e
To compute Y, now write r; = 22 — 2/, i = 0,1,...,p — 1, and set as before

li=n+mr —2=2Pq+2° — 2! Then

wq 2w -2
W[li]Qri = ( 2p+1 . 2i+1 )d +

g+ 2P — 20 —1 2Pq + 2P — 2t or1
+{<2p+1_2i+1_1>+<2p+1_2i+1_1)}ad +

Wq 420 — 20— 1 2Pq + 2P — 2! 2 rd
Ao D ) (o T 2y e

By inspection of 2-adic expansions, one gets the following values for the above

binomial coefficients:

13



N (2Pq+ 20 —2
i) op+1 _ 9i+1

)ElmodZ,

Wq+2w —2 — 1
11) 9p+1l _ 9i+1 _ 1

)EOmon,

iii)

op+1 _ 21+1 -1

Mg+ 2P —
0 mod 2, if ¢ > 1,

{ 1 mod 2, if i = 0,

iv) op+1 _ 9i+l _ 9 0 mod 2, if ¢ > 1,

(zpq+2p—2l—1) :{ 1 mod 2, if i = 0,

Wq+ W — 2
V) {gpi1 _gim1 g 0 mod 2, if i > 2.

It follows that

{1mod2,if@':0or1,

d*i + ad®i 7t if i =0,

Wlliar, = d* +a?d?i72 ifi =1,
d*i, if i > 2.
Forr=2?—-1, l=n+r—2=2P¢q+27 —1 and

22 +2P — 1\ 514
Wlllar+1 :< o+l _ )d -

Wq 420 — 2 W+ 20 — 1 .
AT (BT ) o
Wq 420 — 2 Pq+20 =1\ 5 o1
AT (o) e
2pq+2p—2)

In the above expression, the unique binomial coefficient which is zero is ( optl _ 3
Thus W(l]gys1 = d* 1 + o?d? . With these Iy, and [, and for p < ¢+ 1, one
then has that

— (d27‘+1 + a2d2r—1)q+1—p . (d2ro + adZm—l) . (d2r1 + a2d2r1_2) . d2(7«2+...+7«p71)'

14



Because of the rule

d¥ if s is even
t 2 t—1\s __ ) ’
(d"+ o*d )—{dm+M¢#{ﬁsmw¢

and the fact that ¢ + 1 — p = p mod 2, we get that

v d™=2) 4 o dmn=2=1 4 o2@m(n=2)=2 if 5 i even, and
T d™2) 4 adm(=2D-1 i p s odd.

For p > ¢+ 1, one has

p—1
Y = H W[ZZ]QTZ -

i=p—(q+1)
With the values of ¥ on hand, the final step is the calculation of Wn — 2]3 on
F?2. One has

dm(n—2) + 062617’71(71—2)_27 1fp — (q + 1) = 1, and
dm2) i p— (g +1) > 1.

Win—2=1+a+a){(1+d)" 2+ 1 +d)"3a}

v = ("2 (0 (1)) -

. 2pq 4 242 OéQdQ, lfp > 17
—(2>d+ad“ A+ o?d, ifp=1.

Since Y has the form d', d' + ad'™!, d' + o?d'=2 or d' + ad'~' + a?d'2, for p > 1
one has Y - Win — 22 = a2d™" 22 If p =1, Y = d™" 2 4 ad™™ 21 and

Y -Win =25 = (d""? + ad™271) . (d* + Pd*) =
— dm(n72)+4 4 adm(n72)+3 4 O[2dn’L(n*2)+2‘

and

In any case, Y - W[n — 22 - dm~1=(m(=2+H[RP(;)] is a nonzero characteristic

number, and our task is ended.
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