BOUNDS ON COINCIDENCE INDICES ON
NON-ORIENTABLE SURFACES

DANIEL VENDRUSCOLO

ABSTRACT. In this work we present several results about bounds
for coincidence indices of Nielsen coincidence classes for maps be-
tween non-orientable surfaces. We consider the definition of coin-
cidence index in the non-orientable case and we prove that when
the domain is not the Klein bottle, is different from the counter-
domain and both maps are not homotopic to a covering map, then
the coincidence class index is not bounded. We also prove that
when the domain is the Klein bottle these indices are bounded.

1. INTRODUCTION

The questions about bounds for indices first appeared in the fixed
point context. The first results appeared in studies of surface homeo-
morphisms ([17], [16] and [11]). In [10], [12] and [13] some results about
bounds for Nielsen fixed point class indices for self-maps of surfaces are
given.

In the coincidence context, bounds for coincidence class indices for
pairs of maps in the torus may be found in [1] and [2] and, more recently,
in [6] we find many results about bounds for coincidence class indices
for orientable surfaces. In particular they studied maps fi, fo : S, +— S,
with h > g and where S; is the compact orientable surface of genus .

Using the notation of [6], we define:

B(g, h,di, dz) = sup{|ind(C)| | |deg(f1)| = di, |deg(f2)| = da2},

where the supremum is taken over all coincidence classes C' of all pairs
of maps (fi1, f2) : Sp +— S, with the given degrees.
We recall the following results:
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Theorem 1.1. B(1,h,dy,dy) = oo for h > 1.[6, Proposition 9, page
83]

Theorem 1.2. When 2 < g < h and 0 < dy,dy < %, hence neither
of f1, fo is homotopic to a covering map, then B(g, h,dy,dy) = oo. [6,
Theorem 10, page 83]

In general, the case dy = Zj remains open, despite the fact that,

under certain conditions on the map f, there is a bound for these
indices [6, page 75 and Proposition 11, page 85].

To obtain similar results for maps between non-orientable surfaces we
need to define an index for Nielsen coincidence classes in this context.

In [3] we find a definition of a semi-index (a non-negative integer)
for smooth manifolds, and in [9] a similar construction is described for
topological manifolds. These definitions are very ”geometric”.

In [4] an index for maps from a complex into a manifold was ob-
tained (without hypotheses on orientation) in an algebraic way, using
obstruction theory.

The equivalence between the two definitions is shown in [5] under the
condition that one of the maps is orientation true. Then a Lefschetz
number is defined with the usual properties.

In this paper we will prove some results about bounds for coinci-
dence class index on non-orientable surfaces. In all cases that we study
fo will be orientation true. Then the Nielsen coincidence class index
(ind(f1, fa, C')) and the Lefschetz number (L(f1, f2)) are defined for a
pair of maps.

We will use the notation deg(f) for the Absolute degree of a map,
as presented in [7, definition 1.3, pages 314 and 315] and, by abuse of
notation, we will call this the degree of f. Then for a map f between
closed manifolds deg(f) is a non-negative integer.

2. MAPS FROM THE KLEIN BOTTLE

We will denote the Klein bottle by K and the non-orientable surface
constructed by a connected sum of n torus with a Klein bottle as K,
In the same way as in the orientable case ([6]), we define:

BK(gvhvdbdQ) - sup{|md(f1,f2,0)| | deg(fl) = dy, deg(fQ) = dQ}?

where the supremum is taken over all coincidences classes C' of all pairs
of maps (f1, f2) : Kj, — K, with given degrees and with f5 orientation
true.
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2.1. Maps between two Klein bottles. Fixing: m(K) =< «a, 5 | a-
B-a-p7t>and p:S; — K the covering map of torus over the Klein
bottle, such that m(S;) =< a,b|a-b-a'- b~ >, then p(a) = a and
p(b) = 3.

Theorem 2.1. BK(0,0,dl,dQ) S 1, A dl,dg Z 0.

Proof: We take f1,fo : K — K with f5 orientation true, then:
fop(a) = " and fou(B) = o’
Case 1 f; is not orientation true.

We have fi4(a) = 1, f1(3) = o'4* and fu, fo lift to maps
fifa i S — S such that: fl#( a) = 1, fl#() = a®'p?P,
foy(a) =a", fou(b) = bt

We note that the identity map of the Klein bottle lift to the
identity map or to a map 0 : S; — S; such that 64(a) = a™?
and 0,4(b) = b.

If 7o € Coin(fi, fo) and 7o, 7o' € S; such that p(7y) =
p(#y)) = xo, and if &y € Coin(f1, f2) and 7 is a curve on

(K
S; from Ty to 7', we have p(vy) € pi(jrg(fi))

Coin(fi, f>) if, and only if, fi(7) o f2(7)™' € m(S)) i. e.

Frae((1)) © fos(p(7)) € py(m(S1)),
But 7o and 7" belong to the same fiber of p, then p(y) =

32+ and we have:

fl#(p(’}/)) o f2#(p(")/>)_1 _ Oét(2l+1)ﬂ(2l+1)(2p)ﬂ_(2l+1)(2q+1)05_kr_s
= oV ¢ pu(mi(Sh)).

Therefore 7' ¢ C’om(fl,fg) in fact 7y’ € Coin(f o f1, fo)
because we know f1 (7o) and fg(l’o/) belong to p~*(f1(xo)) that
have only two elements. So the coincidence classes of fi, fo are
in bijection with the coincidence classes of ﬁ, }; by p.

Now p is orientation true and if C' is a coincidence class of

and then 7, €

f1, fo then [ind(f1, fo, O)| = |md(jN’1, ﬁ,p‘l((f)ﬂ but |ind(ﬁ7 J?%p_

1 [1, page 125] and then |ind(f1, f2,C)| < 1.
Case 2 f; is also orientation true.
In this case we have fig(a) = o™, fi(8) = o'f** and

fl, f2 Sy — S hftmgs of f1, fo respectlvely, such that: fl#( a) =
fl#( ) = b, f2#( a)=a’ fz#( ) = b*HL
As in case 1 we obtain: if z5 € C’oin(ﬁ,fg) then 7' €
Coin( fl, fg) further, if 7o and 7’ are not in the same coin-
cidence class of fl, fg and if C' is the class that contains z

Nl <
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then |ind(f1, f2,C)| = ‘an(ﬁ,fg,é)’ where C' is the coinci-
dence class of fl, ]?2 such that 7, € C.

If 7, and 7" belong to the same coincidence class!, all pairs
Z1, T of points such that p(2;) = p(a2) € Coin(f1, f2) are,
both in the same class of fl, ]?2 or of # o ]71, ]?2

p is an orientation true local homeomorphism and if C is
the coincidence class of the pair jN’l,jN’g (or of 0 o fl,jN’g) that
contain o, then |ind(f1, fo, C)| = 2|ind(f1, f2,C)| (or |ind(6 o
f1, 2, O)| = 2lind(f1, f2, O)]).

By [5, Remark 2, page 22|, |ind(fi, f2, C)| is an integer, fur-
thermore, we know that [ind(f1, fo, C)| < 1 and |ind(fof, fo, C)| <
1, so we have ind(fs, f1,C) = 0. O

2.2. Counter-domain with genus greater than 2. We take the
Klein bottle to be the square [0, 1] x [0, 1] with the identification show
in Figure 1.

)

g

FIGURE 1. Klein bottle.

Definition 2.2. Let w € m(K,), s € Z. Define f,s: K — K, by:
(1) fu.s([0,2] x 0) =W (with < W >= w) a local homeomorphism

such that: when we "walk” from (0,0) to (1,0), we cover w in
the positive way, if s > 0, or in the negative sense if s < 0.

(2) For + < q <1 then fu(q,0) = fus(q,0) with0 < ¢ <% and
q=q +% with k € N.

(3) Fory >0 then fus(z,y) = fus(x,0).

'Then there exists a curve v : [0,1] — S; such that v(0) = g, (1) = zo’
and f1(7) o f2(y)~! is homotopic to the trivial curve, but, in this case fox(p(7)) o
f1(p(v))~! is also homotopic to the trivial curve, as p(y) = o* 3%+ we have:

f1#(P(’Y)) ° f2# (p(,y))fl _ akm+tﬂ(2l+1)(2p+1)ﬁ7(2l+1)(2p+1)a7kr
ak(m—r)+t—56(2l+1)(2p—2q) )

We conclude that p = ¢ and Q(ﬁ, f2) = 0. This is enough to show that all
coincidence classes of the pair f1, fo have index zero.



BOUNDS ON COINCIDENCE INDICES ON NON-ORIENTABLE SURFACES 5

We note that the inverse image of any point of K, by f,, is the
union of a finite number of segments or it is empty.

Theorem 2.3. Bk(g,0,0,0) =0 for all g > 1.

Proof: Let f : K — K, be a map. We know that 7 (K,) may be
presented by 2¢g + 2 generators and only one relation:

g
Wl(Kg) =< a, b17 a2, an -+ Qg bg7 a, ﬁ ‘ H[ai7 bl] Qe ﬁ Qe ﬂil >
i=1
We note that fu(m (K,)) is generated by two elements, w' = fu(«a)
and w” = fx(B3). They satisty the relation:

w/ . w/l . w/ . w/l—l — 1

Now, using Freiheitssatz [15, Theorem 4.10, page 252] we have that
f4(m1(K)) is free with only one generator, so there exists w € m (/)
such that w’' = w" and w” = w?®, r,s € Z and we have, using the
relation above:

wew'w w Tt =1
Then r = 0 and fx(a) = 1, the trivial element. Since K is an Eilenberg-
MacLane space of type K(m,1), then f is homotopic to a map f, s.

Let f1, fo : K — K, be a pair of maps, then f; ~ f,, s and fo ~ fy, ,.
If we choose curves wy, w3 on K, such that: < w; >= w;, < Wy >= w,
and wy Nwy = {p1,p2, -, pn} is finite, we may suppose that

fwl,s(K) C'LU_1 and fwzﬂ“(K) C'LU_2

and, under these conditions:

-

Coin(fuy,s: fuswr) = (f;ll,s(pZ) N f;;,r(pz»

1

In fact, if Coin(fu,.s, fusr) # O then, using a small translation of
fusr in the direction of 8, we obtain Coin(fu, s, fu,r) = 0. This
shows that if C' is a coincidence class of the pair (fu,s, fusr) then
ind( fur sy fuwsrs C) = 0; we know that fi ~ fyu, s and fo ~ fu, ., so the
same occurs for the pair fi, fs. O

3. MAPS TO THE KLEIN BOTTLE
Theorem 3.1. Bk (0,h,dy,ds) = oo with h > 1,V dy,dy > 0.

Proof: We recall that

h
71-1([<h) =< alabbaQ?bQ"'?ah?bh?aaﬂ ‘ H[aHbZ] e 'ﬁ'a'ﬂil >
=1
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Now, we define homomorphisms? f; : 71 (K}) +— 71 (K) such that:
fi fo
ap +— 1 ap +— 1
b1 =« b1 — 1
a; +— 1 a; +— o
bg = 62 bg — 1
az +— 1 az +— 1
bg — 1 bg — 1
a, +— 1 ap, +— 1
b, — 1 b, — 1
a — an a — a®
Bo—= g g = p

Since K}, is an Eilenberg-MacLane space of type K (m, 1) then there
exists f; : Kj, — K such that fiy = f.

Both f; and f, are orientation true and they lift to: f; : Sopiq — 51
between the double orientable coverings.

We may check that f; has degree d; and then,using [7, Definition 1.3,
pages 314 and 315] deg(f;) = d;.

Using the notation of [8] we have: f;(&) = nday + dact, f5(8) = 5
and f7(5) = 2by — (. By [8, Theorem 2.5, page 163], we have:

L(f1, f2) = 2+ (di — n).

We know if w € m1(K) then w = o - 7 and we have:

w=a? B fi(ag?) 0 B (falag") N = a a1 =
Asq=2q¢ or ¢ =2¢ +1 and
B~ f1(BT) B0 (f(BT)) =8B B

Hence if ¢ = 2¢' then 37 ~ 1 and if ¢ = 2¢’ + 1 then we have (57 ~ (.
There exist only two Reidemeister classes and the sum of their indices

is |2 - (dy — n)| (see [5, Theorem 4.5, page 13; Definition 5.1, page 19
and Theorem 5.5, page 21]), which means that By (0, h,d;,dy) = oc.
O

a0 o o p) =1

E:'

27,

(2

I
A
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4. THE GENERAL CASE

4.1. Maps of degree zero.

Theorem 4.1. Bk (g,h,0,0) = oo for h,g > 1.

Proof:
Case 1 (9 = h = 1) Using the same notation as above we define f1, f5 :
K — K; by
Ji# Jou
a; +— 1 a +— o«
b1 — 6” b1 — 1
a +— 1 a — 1
goo—= 1 g—= p

We observe if w is a Reidemeister class associated to a Nielsen
class, then w is a word in o and 3. Now we have:

k k !

w=w-a"~ filad)-w o (fo(dF) P ~w o aTF

w=uw- 5~ fi(6%)-w - BE (fa(B) T~ BB

Then w ~ 1 and this shows that the pair (f1, fo) has only
one Nielsen class C.
With the notation of [8] we have:

00 00 0 0 01
1 ~oooo a, ~ | 0000
2(7Q>_ 0000 ) 2(7Q>_ 0000
0 0 01 0 00O
0000
N 00 0 n
611(7Q>_0000
0000

and by [8, Theorem 2.8, page 165] we obtain L(fi, fo) = n and
then |ind(f1, f2, C)| = n.

fig(lar,b1] a-B-a-p71) =1
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Case 2 (g =1 and h = 2) As in case 1 we define fi, fo : Ky — K; by:
fiy

ay
b
Qa2
by
o

G

111111

— = = O

foz
aq — aq
b1 = 1
a9 — bl
b2 — 1
a +— 1
6 = p

In this case, if w is a Reidemeister class associated to a Nielsen
class, then w is a word in a1, by and 3. Now we have:

w=w-ad ~ fi(a¥)-w - a

w=w -~ f (b5 w - a

k
1

k
2

(faa))) w0y oyt~

(f2(0)) T~ by b~

w = w/~ﬁk ~ fl(ﬁk) -w/-ﬂk . (fZ(ﬂk))fl ~ w’-ﬂk .ﬁfk ~ .

Again w ~ 1 and there exists a unique Nielsen class with
index L(fi, f2), by [8, Theorem 2.8, page 165] L(f1, f2) = n.
Case 3 (g > 1 and h > 2) This case is a simple generalization of case

2.

In all cases |fiz(m (K}p)) : m(K,)| = oo and then deg(f;) = 0. U

4.2. Maps of non-zero degree.

Theorem 4.2. By(g,h,di,dy) = 0o forh > g >1,1<d; < 2_ 1
and1§d2<§—1.

2n+2

Proof: Denoting: m(K,) =< v1,%2, - sY2nt2 | [ 77 > and 6 =
i=1

Yog+1V2g+2, We define fiu, fou : m(Kp) = mi(K,):

Ifdl%l

fig(vi) =

if
if
if

1=1 or 2dig+4<i<2h+1
2<i<2g+2

1 =29+ 3

29 +4 <1< 2dyg+ 2
1=2h+2.
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where? e(i) = d; — [52] and s(i) = (i mod 2g) — 3.

29
If dl =1:
1 if ¢=1 or 2g4+4<i<2h+1
Yiqr i 2<i<2g+1
fig(i) =9 m i i=29+2
vk if i =2¢+3
v if i=2h+3
If dQ 7£ 1:
i if 1<i<2g+2
67070 2943 < i < 2dag +2
fop (i) = VYD if 2dyg+3 <i<2h
Y2g+2 if 71=2h + 2
where p(i) = [z‘—(227;;+3)] and ¢(i7) = (i mod 2¢g) — 2.
If dg =1:

foy i LSis2g
2= AT 2913 <i<2h 42

2042
We have® fiy( H 72) = 1 for i = 1,2. This is enough to show that

fix are homomorphlsms and can be extended to maps f; : Kj — K.
By construction deg(f1) = dy, deg(f2) = da, and f5 is orientation free.
Observe that if w € m(K},) and w can be written as a word in
< Y1,Y2, e > with £ < 2g 4+ 2 then fou(w) = w, and fix(w) can
also be written as a word in < vy, ya, -+, Ye—1 >.
Now if w € m(K,) then w is a word in < 71,79, -+, Y242 >, We
take w’ € m(K},) to be the same word, and we have:

4[%] denotes the greatest integer less or equal the rational number 7.
"We note that:

2 2 2 —1 dy . —1 d
Fi#t(VgroVogrs) = Vagr172g+1(120+17204+2) " Vagr1 (V2g+172g+2) "
dy—1

= ] (aet172042) Vg4 173940 (V2g 41720 42)"
=0

2 2 do—1,—1 do—1.-1 2
ot (ant1Vant2) = (V20+1720+2) 7 Yagra(V2g+172042) T Vogr2Vag+2
0

H (72g+1729+2)i7§g+1722g+2(72g+1’729+2)7i
i=dy—2
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W ~ fl#wlfl Cw - fg#wlil ~ fl#w/fl.

This word can be written in < 71,72, -+, Y2441 >, by repetition of
the same argument, at most 2¢g+ 1 times, we obtain w ~ 1. This shows
that there exists only one Reidemeister class for the pair (fi, f2). Once
more, we will use the fact that the index of this class is L( f1, f2).Furthermore,
we will show that changing k, that we used in the definition of fi4, we
can obtain L(f1, f2) as big as we want.
To calculate L(f1, f) we need to know how these homomorphisms
act on sets of generators of Hy(K},Z) and Hy(K,,Z) with the proper-
ties described in [8, proof of Proposition 2.2, page 160].
We take a system of generators of Hy(K,,Z) given by:

{7172, 72 Yont2 Y3 V4 Ve Y292, Vo Vaend2s Vi Ve L Vo Ven b 1¥2042, Yanga -

Now we can describe f; : Hi(K},) — Hi(K,) as the transposed
matrix of the product 7! - M, - T where M, in the case d; # 1 is the
(29 + 2) x (2h + 2) matrix:

0 0 1 0 0 0 0

0 0 1 0 0 0

A5 I : Jas iy : S SO

0 0 0 -« 1—-k 0 -+ 0 k

0 -+ 1 d-1 0 -+ 0 «+ -+ 0 -+ 00 -+ 0 0 - 0 0
0O --- 0 d1 0 -+ 0 - .- 0 0o 0 --- 0 0O --- 0 0

and T is the 2h or 2g-square matrix:

10 0 0 0 0 1 O
1 -1 .0 O 0 0 0 O
0 0 1 O 0 0 1 O
0 0 1 -1 0 0 0 O
0 0 0 O 1 0 1 0
0 0 0 O 1 =10 0
0 0 0 O 0 0 1 O
1 -1 1 -1 1 -1 1 -1

In this way we obtain, for d; # 1 (with notation of [8]):
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0 1
0 —-1—-k
Mk,
0 0
0 —-1—-k
1 0 1 0 1 -1 1 0
-1 0 -1 0 -1 —k -1 —-1-k
dq 1 di—1 0 d1—1 0 dy—1 0
-1 -1 0 0 0 —k 0 —-1—-k
0 -1 1 1 0 0 0 0
0 0 -1 -1 0 —k 0 —-1-—-k
0 0 0 0 1 1 0 0
0 0 0 0 -1 —-1-k% 0 —-1—-k
0 0
0 —-1—-k
M5!, : :
0 0
0 —-1—-k
_ 0 0
fl#(vQ) 0 11—k )
M,
0 0
0 —-1—-k
0 0
0 —-1—-k
M : :
0 0
0 —-1—-k
0 0 0 0 0 —-1+k 0 -14+k
0 0 0 0 0 —k 0 —k
0 0 0 0 0 0 0 0
0 0 0 0 0 —k 0 —k
0 0 0 0 0 0 0 0
0 0 0 0 0 —k 0 —k
—2.d; 0 —2.4 0 —2.d; —2k —dy —2k
0 0 0 0 0 k 0 k
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where:

1 1 0 0 0 0

-1 -1 0 0 0 —k

0o -1 1 1 0 0

Myy_o = 0 0 -1 -1 0 —k
0 0 0 0 1 1
0 0 0 0 -1 —-1-%
and for d; = 1 we obtain:
0 0 1 1 0 0 0O 0 o0 1
0 -k -1 -1 0 0 0 0 0 -1-—k
0 0 0 -1 1 1 0O 0 o0 0
0 —k 0 0 -1 -1 0 0 0 -1-k
0 0 0O 0 0 0 1 1 0 0
0 —k 0O 0 0 0 -1 -1 0 -1-k
1 0 1 0 1 0 1 -1 1 0
-1 -k -1 0 -1 o0 -1 0 0 -1—k
1 1 0O 0 0 o0 0 0 0 0
hix(Q) = 1 —-1-k 0 -1 0 0 0 0 0 -1—-k |

0 -1+ 0 0 0 0 0 0 0 -—1+k
0 —k 0O 0 0 0 0 0 0 -1-k
0 0 0O 0 0 0 0 0 o0 0
0 —k 0O 0 0 0 0 0 0 -1-k
0 0 0O 0 0 o0 0 0 o0 0
0 —k 0O 0 0 0 0 0 0 -1-k
-2 2k -2 0 -2 0 -2 0 -1 =2
0 k 0O 0 0 o0 0O 0 o0 k

In this way fo : Hy(K}) — Hi(K,) can be described as the transpose
of the product T=! - M, - T, where M, is the matrix, for dy # 1,
(29 +2) x (2h + 2):

1 -1 1 -1
{1} {2} {3} {dy—1}
I3, I3, I3, o Iy,® 0 0 -~ 0 0
Iogio 0 0 0 0
0 0 0 0 0 0 0 O 0 0 0
0 0 0 0 0 0 0 0 0 0 0

= O
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and for dy = 1, My is the (29 + 2) x (2h + 2) matrix:

12g+2

Then we have, for dy # 1 :

0

0

), :

0

0

10 1 0 0
0 0 00 0
0

0

I, :

0

0

0

0

I, :

0

>1(,Q) = o |,

0

0

0

0

0

0

I} :

0

0

00 -~ 000
11 - 00 0
0 00 0
11 00 0
0 00 1

0
0

0
0
0
0
1§}

1 0 - 1 0
o o - 0 0
35,

3,

d.

I3
o 0 .- 0 0
r 1r .- 0 0
0 0 0
r 1r .- 0 0
-2 0 -~ =20

do—2
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And fordos =1 :
1 0 0 O 1 0 0 0
-1 0 .- 0 O -1 0 0 1
0 0 0 0 0 0
-1 -1 -1 -1 :
12974 : .[2974
0 0 . 0 0 .
a I S | 0 b, o~ | -1 -1 0
f2 (7@)_ 1 0 0 0 ) f2 (aQ)_ 1 0 1 0
-1 -1 0 O -1 -1 0 0
0 0 0 O 0 0 0 0
0 0 0 O 0 0 0 0
0 0 0 0 0 0 0
1 1 0 1 -2 0 -1 0

By calculation, using [8, Theorem 2.8, page 165], we obtain:

-3+ 4k if do=1, di=1 ¢g>2
—2+ 4k if do=1, d1 >1, g>2
L(f1, fo) = do — 144k if do>1, di=1 ¢g>2
’ 72(d27d1)71+4k if di>do—1>1, g=2, dl#h72;
do — dy + 4k if do>dy >1, g>3;
2(d27d1)+4k if (d12d2>1, g23) or (g=2, dy =h72).

d

4.3. Other surfaces. The same results are true under similar condi-
tions for maps between other non-orientable surfaces. We can construct
examples for this using the same technics. Some of then may be found
in [18] but we do not have a simple form including these cases.

5. SOME BOUNDEDNESS RESULTS

5.1. Covering maps. The result that we will show in this subsection
is an adaptation, including the non-orientable case, of [6, Proposition
11, page 86] where one of the maps is a covering map. Under the
same assumptions of [6] we will obtain a boundary for the index of
a coincidence class of surfaces, without the orientable condition. We
need to remember that, in our case, one map will be orientation true.

Theorem 5.1. Let S, and Sp two compact surfaces, f : Sy — Sg
a map and p : Sa — Sp a covering map. If there exists a subgroup
K C m(Sa) such that:

o [m1(S4): K] =n < o0

hd fW(K) CPW(K)
then for all coincidence Nielsen classes C of the pair (f,p), |ind(f,p, C)| <
2nx(Sa) — 1.
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Proof: Let® 2y € Coin(f,p) C Sa, and let be C the coincidence
class such that zy € C.

Since [m1(S4) : K] = n < oo, there exist a compact surface Sk and
a covering map ¢ : (Sg, z() — (Sa, xo) such that x(Sx) = nx(Sa) and
4 (m(Sx 7)) = K.

If Z7o = f(x0) = p(xp) then there exists a map f': Sk +— Sk which
makes the following diagram commute:

’

/ f /
(Sk,ry) —— (Sk, 7p)

|o

q (SA,I'())

(S, 0) —L> (SJ, )

We will denote by C” the coincidence class of the pair (f’,id) such
that z(, € C".

Observe that Coin(f’,id) is included naturally in Coin(pogo f’, poq)
and since p o ¢ is a covering map, by [6, Lemma 1(iv), pages 75 and
76,], C" is a coincidence class of pair (pogo f’,poq). Then, using the
commutativity of the above diagram, we have that C” is a coincidence
class of pair (f o q,poq) and |ind(f’,id,C)| = |ind(f o q,poq,C")|.

Since ¢ is a covering map by [6, Lemma 2(iii), page 76|, C’ covers
C, n' times with 1 < n’ < n. Using [3, Lemma 2.1, corolary 2.2 and
Lemma 2.3, pages 77 and 78] and [5, Lemma 5.3, page 20] we obtain
that |ind(f o q,poq,C")| = n'lind(f,p,C)| also in the non-orientable
case’. So we have |ind(f,p, O)| < |ind(foq,pog, C")| = |ind(f’,id,C")|.

Since C” is a coincidence class of the pair (f’,id), C' is a fixed point
class of f’: Sk +— Sk and using [10, Theorem 2, page 477] we obtain
lind(f',id, C")| < |2x(Sk)— 1] and then |ind(f,p, C)| < |2nx(Sa) —1]|.

O

5.2. Self maps. We will denote by P, the non-orientable surface con-
structed by connected sum of n tori with a Projective Plane.
By analogy with Bk (g, h, dy, ds) we define:

Bp(g, h,dy, dy) = sup{lind(f1, fo, C)| | deg(f1) = di, deg(fa) = da},

S1f Cooin(f,p) = 0 we have nothing to do.
"We like to remember the equivalence between the semi-index defined in [3] and
the absolute value of the index used here (see [5]).
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where the supremum is taken over all coincidence classes C' of all pairs
of maps (f1, f2) : P, — P, with given degrees and with f, orientation
true.

Theorem 5.2. Bk(g,9,0,1) =2g—1 and Bp(g,9,0,1) = 2g forg > 1.

Proof: Let M, be the non-orientable surface that admits the surface
Sy, (with genus n) as a double orientable covering. Given a pair f1, fs :
M, — M, such that f, has degree 1, we know that f, is homotopic to
a homeomorphism f4 and the inclusion Coin(fy, f2) — Fiz((f3) o f1)
preserves the Nielsen classes indices. Further |deg(f1)| = |deg((f5) ' o
f1)]- We can take the pair (f1, f2) to be ((f3)~! o fi,id). Now we can
use the definition and the properties of the Nielsen fixed point class
index. For simplicity, we will denote (f5)~' o f; by f.

e First we will show that given C' C Fiz(f), a Nielsen class, then
lind(C)| < n. For this we observe that if deg(f) = 0 then f can
be factored through the 1-skeleton of M,,. By [14, Proposition
6.6, page 53] we have that fu(m(M,)) is a free subgroup with
rank® at most ”T“, then we can describe f as a map between
two wedges of circles, \/ S*, of, at most “:! copies of S'. Now
using the results of [10] and the commutativity property of the
fixed point class we see that |ind(C)| < n.

e Now we will construct an example under the conditions of the-

orem and with |ind(C)| = n. Given n odd, we consider f :
n+1 n+1

\2/ St \2/ S1, the map that sends each loop of St over itself

i i
with degree 2, and having only one fixed point in the intersec-
n+1

tion of all the copies of S*. We can take \/ S' C M, and we

have that f can be extended to a map ]7 : M, — M, with
degree zero and having only one fixed point class C'. By the
Lefschetz theorem, we obtain |ind(C)| = n.

Now we observe:

{ Koo if n odd
M, =

2
Pg if n even

finishing the proof. U

871 (M) has n+1 generators {71,72, -+ ,Ynt1} and they satisfy 7375 ---72,; =
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