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Abstract

Let p be a prime number and X a simply-connected CW-complex
equipped with a free Zy-action generated by f, : X — X and let
a: 5?1 — §2n=1 he a homeomorphism generating a free Zy-action
on the (2n — 1)-sphere, whose orbit space is some Lens space. Then
we prove that, under some homotopic conditions on X, there ex-
ists an equivariant map F : (S*"~! a) — (X, f,). As applications,
we derive new versions of generalized Lusternik-Schnirelmann and
Borsuk-Ulam theorems.
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1 Introduction
Let X be a simply connected CW-complex equipped with a free Z,, action (p

a prime number) generated by f, : X — X. Given | = (I1,l5,...,1,) € Z"
such that for each 7 = 1,2,...n, p does not divide [;, consider the free Z,

action on S*"! generated by a,; : S*"1 — STl (2,29, 2,) =
27ily 2mily 2mily . . .
(77 -z, P +z9,...,e » -z,). Our main result is the following

Theorem 1 Suppose that for each 2 < g <m =2n—1



i) m(X) =p -m(X), ifqis odd, and
i) m(X) does not have elements of order p, if q is even.

Then there ezists an equivariant map F : (S™, apy) — (X, fp)-

If p = 2, theorem 1 remains valid for any simply connected, paracompact,
Hausdorff, locally path connected space X satisfying i) and ii), and for any
m odd or even (v is the antipodal map in any case).

This theorem provides the following versions of the Lusternik-Schnirelmann
and Borsuk-Ulam theorems

Theorem 2 Let X, f, : X — X and m satisfying the same hypotheses of
theorem 1. Then for each family F = {Cy,...Cr} of k+1 sets covering X,
each of which is either open or closed, and such that

(1) p=2 and k <m or

(2) p=3, mis odd and k <m+1 or

(3) p>3, misodd and (55) (k—2)+2<m
there exists C;, € F such that f,(Cj) N Cyy # 0.

The case (1) remains true if X is a simply connected, paracompact,
Hausdorff and locally path connected space, instead of a simply connected
CW-complex.

Theorem 3 Let X, f, : X — X and m satisfying the same hypotheses of
theorem 1.

i) If m > k(p — 1), then for each continuous map f: X — R¥ there
ezists x € X such that f(z) = fo(f,) (), V1<j<p-1.

i) If m > (k—1)(p—1)+1, then for each continuous map f : X — RF
there exists x € X such that f(z) = f o f,(z).

Theorem 4 Let X be a paracompact, Hausdorff, locally path connected and
simply connected space and let fo : X — X be an involution without fized
points, both satisfying the hypotheses of theorem 1. If Y is a separable
metric space with topological dimension dim(Y) < mT’l, then for any map
f:X =Y, there exists x € X such that f(z) = f o fo(x).



In [7] M. Izydorek and J. Jaworowski constructed for each £ and n < 2k—
1 a map f from the n-sphere S™ into a specific contractible k-dimensional
complex Y such that f(z) # f(—=x), for all z € S™. Thus the upper bound
for dimension in theorem 4 is sharp for general cases.

Theorem 3 generalizes the result of Cohen and Connet [5].

Generalizations of the same nature of the Borsuk-Ulam Theorem with
"nice” topological spaces X and Y satisfying some homological conditions
can be found in [9] and [4].
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and P. Zvengrowski for helpful discussions and suggestions.

2 Proof of Theorem 1

Let p be a prime number and [ = (I1,1y,...,1,) € Z, such that p{[; for all

j=1,2,...n. The map ay,; : S? 1 — S?" 1 given by ap(z1,22,...,2,) =
27ily 2mily 2mily . 2 1
(e 7 -z1,e 7 -z9,...,e » -z,)generates a free Z,-action on S*"~', whose

orbit space is the generalized Lens space Ly(l) of type (p;l1,ls,...1,). Let
us denote by &, the principal Z,-bundle Z, - -- 5?1 — L,(I).
We have the following inclusions

Zp Zp Zp t Zp
sto— S? — S° — 0 = 8%
{ 4 4 19
Lp(ll) — Lp(ll,lg) — Lp(ll,lg,lg) — s — Lp(OO)
diagram 1

where the bundle vz, : Z,---S® -2 L,(c0) is the universal principal
Z,-bundle and L,(c0) is the infinity Lens space, which is an Eilenberg-Mac
Lane space K (Zj,,1). So there exists a characteristic class ¢i(vz,) = ¢1 €
H'(L,(00);Z,) corresponding to the inverse of the Hurewicz isomorphism
H, : Wl(Lp(OO)) — Hi(L,(c0)). Thus for every principal Z,-bundle over
a paracompact Hausdorff space B(£), & = fi(yz,) : Zy--- E(§) — B(),
where fé(WZp) is the pull-back of the bundle vz, by the classifying map
fe + B(§) — BZ,, we have the characteristic class ¢(§) = ff(c1) €
HY(B(&);Z,). Tt is well known that this characteristic class satisfies
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Lemma 1 If { and n are principal Z,-bundles over the same CW-complex
base space B, then

£=n = c(f) =al)
In particular ¢ (&) = 0 if and only if € is trivial.

If p = 2 the base space B in the above lemma can be a paracompact,
Hausdorff, path connected and locally path connected, instead of a CW-
complex.

The bundle &, is classified by the inclusion J,; : L,(I) — L,(00).

Let & = &(X, f,) be the principal Z,-bundle Z,--- X — X/f, and let
fe: X/f, = Ly(c0) be its classifying map. To prove theorem 1 we construct
amap fn, : Ly(l) = X/f, which lifts to a bundle map from &,; to £(X, f,).

ZP ZP
gm Im X
\ \

Jm
L,(l) = X/f,
diagram 2

To do this, we need the following lemma due to P. Olum [11].

Lemma 2 : Let Y be a CW-complexr, A CY be a path connected subcom-
plex, Yo = AUY®) (where Y s the 2-skeleton of Y ) and Z any topological
space. If fo: A — Z is a continuous map and ¢ : m (Y, yo) = m1(Z, 20) is a
homomorphism then, there exists a continuous map fo : Yo — Z such that
fala=foand (f2)g =v¢ <= (fo)ue = o (Ja)g, where Joa: A —Y is the
inclusion.

If the isomorphisms hy : HY(W;Z,) — Homz(H,(W;Z);Z,), given by
the universal-coefficient theorem are denoted by hy (2)(w) = (z,w), then
for ¢; € H'(L,(00);Z,) and for each w € H,(X/f,;Z) we have

{er, (Je)«(w)) = ((Je) (er), w) = (1 (E(X, ), w)

The total space X of the Z,-bundle {(X, f,) is path connected, hence
£(X, fp) is not trivial, so by lemma 1 ¢;(£(X, f,)) # 0, which implies that

(fe)« # 0.



Since X is simply-connected we conclude that m(X/f,) = Z,, so by
the Hurewicz isomorphism H;, : m(X/f,) = H1(X/f,;Z) we can find an
element e € m;(X/f,) such that (fe). o Hy,(€) # 0.

The inclusion Js : Lp( )® — L,(c0) of the 2-skeleton of L, (o) induces
an isomorphism (J3), : Hy(L,(00)®;Z) — H,(L,(00); Z) = Z,. So there is
some u € H,(L,(c0)®; ), u # 0 such that (Jo).(u) = (fe). o Hy, (e). Let
Hgy « m1(Lp(o0)@) — H(Ly(c0)?;Z) be the Hurewicz homomorphism.
There is w € m1(Ly(00)?) such that H)(w) = u. Let us denote

2 mi(Ly(00)) = w1 (X/ fp)

the isomorphism such that ¢ (w) = ¥((J2)g(w)) = e, where (J3)4 is the
induced homomorphism on ;.

Applying lemma 2 for Z = X/f,, Y = L,(c0) and A = {point} the base
point of L,(c0), we find a continuous map fs : L,(cc)® — X/f, such that
¥ = (f2)4, the induced homomorphism on m; of fo. Therefore

(f2)" (1 (§(X, o),y = {ea(§), ( —<C1 7{2(w))>
= <c1,pr f2 w))) = <01 (W(w)) =
= (cu(§), Hy, (e > ((fe)*(er) pr €)>
= (e1, (fe)s 0o Hy () = (cr, (Jo)u(u)) =
= {(J2)"(c1), u)

and as 0 # u € Hy(L,(00);Z) = Z, is a generator, it follows that
(feo f2)"(er) = (f2)" o (fe) (1) = (f2) (1 (€(X, ) = ()" ()

Thus, by lemma 1, (J2)'(vz,) : Zp- -9~ (Ly(00)?) 2 L,(c0)® and
(feo fo)! (yzp) are 1somorph1c bundles, and we have

ZP ZP Zp
UL (0)®) 5 xS g
b \ \



To construct the maps F,, and f,, of diagram 2, we observe that if

(fm)"(e1(E(X, 1)) = Jpu(er) = e2(Em) (1)

where J,; : L,(l) = L,(0c0) is the inclusion, then by lemma 1 f,, is covered
by a bundle map F,. Since the characteristic classes ¢; () live in the first
cohomology groups and the formula (1) is valid for f,, we need only to
extend the map f, to the m-skeleton (m = 2n — 1 if p > 2), L,(c0)™ =
L,(l), of L,(o0) to obtain such an f,, with the required property (1).

To do this, let (Y, A) be a CW pair and Z an n-simple space, n > 1. For
an abelian group G, let K = K(G,n) be an Eilenberg-MacLane space and
in € H"(K;G) an n-characteristic element.

Given u, € H"(Z; G) there exists a map ¢ : Z — K such that ¢*(i,) =
tn. The induced homomorphism ¢, : 7,(Z) — 7,(K) provides the homo-
morphisms

o, HIY, Aymp(Z)) = HY(Y, A;mo(K)), VgeN

Let fa: A — Z be a map, Y9 the ¢-skeleton of Y and Y, = Y@y A.
With these notations we have the following (see [3])

Proposition 1 If QOZ;H s a monomorphism and g, : Y, — Z is an exten-
sion of fa, then there exists gni1 @ Y1 — Z such that gni1ly,_, = Gnly,_,
if and only if 6 f4(u) =0, where § is the coboundary operator.

Using proposition 1 with Z = X/f,, (Y, A) = (Ly(c0), ) and starting with
g2 = fo: Ly(00)@ — X/f, since m,(X/f,) = 7,(X) for all ¢ > 2 we have
that if

Puy  HTH(Lp(00); mg(X)) = HT Ly (00); m4(K (Zy, q))

is injective for all 2 < ¢ < m then we can conclude that there exists a map
fm + Lp(l) = X/ fy such that fu[; o) = fo and therefore satisfying the
formula (1). By the universal coefficient theorem for cohomology we have

Homy(Z,, my(X)) if ¢ is even

HI (L, (00); me(X)) 22 {E:pt(Zp,Wq(X)) if ¢ is odd

but from the definitions of Hom and Ext we have

Homy(Z,, 7,(X)) = {a € m,(X) : pa = 0}
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and
Ext(Zy, my(X)) = m(X) /pmy(X)

Therefore if X satisfies the hypotheses i) and ii) then H4™!(L,(c0); 7,(X)) =
0 thus gpgjl is injective for all 2 < ¢ < m and the theorem 1 follows.

3 Proof of Theorem 2

The classical Lusternik-Schnirelmann Theorem says the following

Theorem LS: Let m > k and let Hy, Hy, ..., Hy be closed sets such that
S™ = U;?:OHJ-, then there exists jo € {0,1,...,k} with H;y N —H,, # ()
In 1979, Steinlein in [12] proved the following

Theorem S: Let p be a prime number and oy, : S™ — S™ a continuous
map generating a free Zy-action on S™. Let m, k € N be such that m is odd

and
k—1 , ifp=3
M2, .
(T)(k—2)+2 , ifp>3

Then for each covering S™ = U?ZOHj of the m-sphere S™ by k + 1 closed
sets, there exists some Hj, such that H;, N a,(Hj,) # 0

In [6], J. E. Greene proved that in theorem LS each set H; can be either
open or closed. With a similar reasoning theorem S can be improved to

Theorem SG Let p be a prime number and o, : S™ — S™ a continuous
map generating a free Zy-action on S™. Let m,k € N be such that m is odd

and
k—1 , ifp=3
mz9 o, 4
() (k—=2)+2 , ifp>3

Then for each covering S™ = U?ZOHj of the m-sphere S™ by k + 1 sets,
each of which is either open or closed, there exists some Hj, such that

Hjo N ap(Hjo) 7& 0

Proof: Following the reasoning of Greene we prove theorem SG by in-
duction on the number ¢ of closed sets in the cover of S™. The case t =0
correspond to a cover of S™ by open sets Hy, Hy, ..., Hy. Select a Lebesgue
number for this cover, that is, a positive number A such that for all x € 5™,
the closed ball B(z, ) is contained in some H;. By compacteness, there
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exists a finite collection of points {z;} such that the open balls B(x;, \)
cover S™. For each j, let F; denote the union of those B(z;,\) contained
in H;. Then Fj is closed, Fj is a subset of H; for each j, and together
the I} cover S™. Therefore, the theorem S implies that there exists some
Fj, such that Fj, N a,(Fj,) # 0, and hence there exists some H;, such that
Hjo N ap(Hjo) 7& @

Thus we may assume that 0 < ¢ < k+1 and the theorem holds for fewer
than ¢ closed sets. We now show that it holds for ¢ closed sets. Let C be a
cover of S™ with k41 sets, of which exactly ¢ are closed and the remaining
sets are open. Fix a closed set F' in C, and suppose that F'Na,(F) = (. By
normality, there exist open sets A and B such that F' C A, o, (F) C B and
AN B = 0. Let U denote the set Aﬂa;l(B). Then, U is open, F' C U and
UNa,(U) = 0. Therefore C' = (C — {F})U{U} is a cover of S™ with £+ 1
sets, of which exactly £ — 1 are closed and the remaining sets are open, so by
the induction hypothesis some set H in the cover satisfies H Ny, (H) # ()
and by construction this H must be different from U, and hence some set
H in the original cover must satisfy H N a,(H) # 0. This complete the
inductive step.

Now we are ready to prove theorem 2. Suppose that X = U?:o Cjis a
covering of X by k + 1 sets, each of which is either open or closed, and &
satisfies the condition (1), (2) or (3) of theorem 2.

By theorem 1 for each a,,; : S™ — S™, generating a free Z,-action on
S™, and for each f, : X — X, generating a free Z,-action on X, there exists
an equivariant continuous map from (S™, o) to (X, f,). Note that, (f,) ! =
(f,)P ! also generates a free Z,-action on X, and analogously if | = (I1,...,1,)
then szzll =a,y I'=(@—l,p—1,....,p—1,)) generates a free Z,-action
on S™. Then there exists an equivariant continuous map F : (S™, a,;) —
(X, (fp) ). Thus we have that S™ = U?:o F~1(C}) is a covering of S™ by
k + 1 sets, each of which is either open or closed.

If p > 3 it follows from theorem SG that there exists some C}, such that
FY(Cjy) Ny (F71(C)) # 0. This together the facts that ay,p = o)
and F : (S™, ap;) — (X, f,) is equivariant implies that Cj, () f,(Cj,) # 0.

If p = 2, m can be even or odd, and in any case s is the antipodal map.
The same reasoning applies to the Greene’s version of theorem LS.



4 Proof of Theorem 3

Here we need the following theorem, which follows from the works of H. J.
Munkholm [10] and E. L. Lusk [8].

Theorem ML: Let p be a prime number, k,m € N and o« : S™ — S™
a continuous map generating o free Zy,-action on S™.

a) If m > k(p—1), then for each continuous map h: S™ — R¥,
there exists an x € S™ with h(z) = h(a?(x)) for all j, 1 < j <p—1.

b) If m > (k—1)(p—1)+1, then for each continuous map h : S™ — R¥,
there exists an x € S™ with h(x) = h(a(x)).

Now, to prove theorem 3 let (X, f,) be a pair satisfying the hypotheses
of theorem 3 and let f : X — R* be a continuous map, then by theorem 1
there exists a continuous equivariant map F' : (5™, a,;) — (X, fp). Thus
h=folF :8™ — RFis a continuous map.

If m>(k—1)(p—1)+1, it follows from item b) of theorem ML that
there exists y € S™ such that h(y) = h(a,,(y)). Then if z = F(y) € X we
have

fx) = hly) = hlapa(y)) = F(Fapi(y) = F(f(F(y)) = f(fp())

If m > k(p—1), it follows from item a) of theorem ML that there exists
y € S™ such that h(y) = h((ayp,)(y)), for all j = 0,1,...p — 1. Then if
x = F(y) € X we have in a simillar way as above that f(z) = f((f,)’(z))
forall yj=1,...p—1.

5 Proof of Theorem 4

Here we use the following theorem due to Aarts, Fokkink and Vermeer [1]

Theorem AFV: Let W be a paracompact, Hausdorff space such that
dim(W) < m. Suppose that « is a fized point free involution of W. Then
there exists a closed cover C = {Cy,Cy,...,Cr} of W with k < m + 1 sets
such that C; N a(Cy) =0 for each j =0,1,...m+ 1.

To prove theorem 3, let us suppose by contradiction that f(z) # f(f2(z))
for all z € X. Let (W, 7) be a pair such that W =Y xY — A where A is the
diagonal, and 7 is the involution 7(z,y) = (y,z), then W is paracompact,
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Hausdorff, dim(W) < m —1 and 7 is a free continuous involution of W. By
theorem AFYV it follows that there exists a covering W = U?:o H; of W by
k +1 closed sets such that H;N7(H;) =0 for all j =0,1,...%k and k < m.
By theorem 1 there exists an equivariant map F : (S™, as) — (X, f2), and
the map g : (X, o) = (W, 7) given by g(z) = (f(2), f(f2(2))) is also an
equivariant map, so h = go F': (8™, ay) — (W, 7) is equivariant, therefore
Sm = U?:o h=(H;) is a covering of S™ by k + 1 closed sets and since H; N
7(Hj) =0forall j =0,1,...k, it follows that h~'(H;)Nas(h 1 (H;)) = 0 for
all 7 =0,1,...k and this contradicts the classical Lusternik-Schnirelmann
theorem (theorem LS). Thus we conclude that there exists € X such that

f(x) # f(f2(x)).
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