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AbstractLet p be a prime number and X a simply-connected CW-complexequipped with a free Zp-action generated by fp : X ! X and let� : S2n�1 ! S2n�1 be a homeomorphism generating a free Zp-actionon the (2n� 1)-sphere, whose orbit space is some Lens space. Thenwe prove that, under some homotopic conditions on X, there ex-ists an equivariant map F : (S2n�1; �) ! (X; fp). As applications,we derive new versions of generalized Lusternik-Schnirelmann andBorsuk-Ulam theorems.
Keywords: Borsuk-Ulam Theorem, Lusternik-Schnirelmann Theorem, freeactions, equivariant maps.Mathematical subject classi�cation: Primary 55M20; Secondary 55M3055M35.
1 Introduction
Let X be a simply connected CW-complex equipped with a free Zp action (pa prime number) generated by fp : X ! X. Given l = (l1; l2; : : : ; ln) 2 Znsuch that for each j = 1; 2; : : : n; p does not divide lj, consider the free Zpaction on S2n�1 generated by �p;l : S2n�1 ! S2n�1, �p(z1; z2; : : : ; zn) =(e 2�il1p � z1; e 2�il2p � z2; : : : ; e 2�ilnp � zn). Our main result is the following
Theorem 1 Suppose that for each 2 � q < m = 2n� 1
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i) �q(X) = p � �q(X), if q is odd, andii) �q(X) does not have elements of order p, if q is even.Then there exists an equivariant map F : (Sm; �p;l)! (X; fp).
If p = 2, theorem 1 remains valid for any simply connected, paracompact,Hausdor�, locally path connected space X satisfying i) and ii), and for anym odd or even (�2 is the antipodal map in any case).This theorem provides the following versions of the Lusternik-Schnirelmannand Borsuk-Ulam theorems
Theorem 2 Let X, fp : X ! X and m satisfying the same hypotheses oftheorem 1. Then for each family F = fC0; : : : Ckg of k+1 sets covering X,each of which is either open or closed, and such that(1) p = 2 and k � m or(2) p = 3, m is odd and k � m+ 1 or(3) p > 3, m is odd and �p�12 � (k � 2) + 2 � mthere exists Cj0 2 F such that fp(Cj0) \ Cj0 6= ;.

The case (1) remains true if X is a simply connected, paracompact,Hausdor� and locally path connected space, instead of a simply connectedCW-complex.
Theorem 3 Let X, fp : X ! X and m satisfying the same hypotheses oftheorem 1.i) If m � k(p� 1), then for each continuous map f : X ! Rk thereexists x 2 X such that f(x) = f � (fp)j (x), 8 1 � j � p� 1.ii) If m � (k�1)(p�1)+1, then for each continuous map f : X ! Rkthere exists x 2 X such that f(x) = f � fp(x).
Theorem 4 Let X be a paracompact, Hausdor�, locally path connected andsimply connected space and let f2 : X ! X be an involution without �xedpoints, both satisfying the hypotheses of theorem 1. If Y is a separablemetric space with topological dimension dim(Y ) � m�12 , then for any mapf : X ! Y , there exists x 2 X such that f(x) = f � f2(x).
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In [7] M. Izydorek and J. Jaworowski constructed for each k and n � 2k�1 a map f from the n-sphere Sn into a speci�c contractible k-dimensionalcomplex Y such that f(x) 6= f(�x), for all x 2 Sn. Thus the upper boundfor dimension in theorem 4 is sharp for general cases.Theorem 3 generalizes the result of Cohen and Connet [5].Generalizations of the same nature of the Borsuk-Ulam Theorem with"nice" topological spaces X and Y satisfying some homological conditionscan be found in [9] and [4].
Acknowledgements: The authors thank professors P. L. Q. Pergherand P. Zvengrowski for helpful discussions and suggestions.

2 Proof of Theorem 1
Let p be a prime number and l = (l1; l2; : : : ; ln) 2 Zn such that p - lj for allj = 1; 2; : : : n. The map �p;l : S2n�1 ! S2n�1, given by �p;l(z1; z2; : : : ; zn) =(e 2�il1p �z1; e 2�il2p �z2; : : : ; e 2�ilnp �zn) generates a free Zp-action on S2n�1, whoseorbit space is the generalized Lens space Lp(l) of type (p; l1; l2; : : : ln). Letus denote by �p;l the principal Zp-bundle Zp � � �S2n�1 ! Lp(l).We have the following inclusions

Zp Zp Zp � � � Zp... ... ... ...S1 ! S3 ! S5 ! � � � ! S1# # # # gLp(l1) ! Lp(l1; l2) ! Lp(l1; l2; l3) ! � � � ! Lp(1)
diagram 1where the bundle 
Zp : Zp � � �S1 g�! Lp(1) is the universal principalZp-bundle and Lp(1) is the in�nity Lens space, which is an Eilenberg-MacLane space K(Zp; 1). So there exists a characteristic class c1(
Zp) = c1 2H1(Lp(1);Zp) corresponding to the inverse of the Hurewicz isomorphismHp : �1(Lp(1)) ! H1(Lp(1)). Thus for every principal Zp-bundle overa paracompact Hausdor� space B(�); � = f !�(
Zp) : Zp � � �E(�) ! B(�),where f !�(
Zp) is the pull-back of the bundle 
Zp by the classifying mapf� : B(�) ! BZp, we have the characteristic class c1(�) = f �� (c1) 2H1(B(�);Zp). It is well known that this characteristic class satis�es
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Lemma 1 If � and � are principal Zp-bundles over the same CW-complexbase space B, then � � � () c1(�) = c1(�)In particular c1(�) = 0 if and only if � is trivial.
If p = 2 the base space B in the above lemma can be a paracompact,Hausdor�, path connected and locally path connected, instead of a CW-complex.The bundle �p;l is classi�ed by the inclusion Jp;l : Lp(l)! Lp(1).Let � = �(X; fp) be the principal Zp-bundle Zp � � �X ! X=fp and letf� : X=fp ! Lp(1) be its classifying map. To prove theorem 1 we constructa map fm : Lp(l)! X=fp which lifts to a bundle map from �p;l to �(X; fp).

Zp Zp... ...Sm Fm�! X# #Lp(l) fm�! X=fp
diagram 2To do this, we need the following lemma due to P. Olum [11].

Lemma 2 : Let Y be a CW-complex, A � Y be a path connected subcom-plex, Y2 = A[Y (2) (where Y (2) is the 2-skeleton of Y ) and Z any topologicalspace. If f0 : A! Z is a continuous map and  : �1(Y; y0)! �1(Z; z0) is ahomomorphism then, there exists a continuous map f2 : Y2 ! Z such thatf2jA = f0 and (f2)# =  () (f0)# =  � (JA)#, where JA : A! Y is theinclusion.
If the isomorphisms hW : H1(W ;Zp) ! HomZ(H1(W ;Z);Zp), given bythe universal-coe�cient theorem are denoted by hW (z)(!) = hz; !i, thenfor c1 2 H1(Lp(1);Zp) and for each ! 2 H1(X=fp;Z) we have

hc1; (f�)�(!)i = h(f�)�(c1); !i = hc1(�(X; fp)); !iThe total space X of the Zp-bundle �(X; fp) is path connected, hence�(X; fp) is not trivial, so by lemma 1 c1(�(X; fp)) 6= 0, which implies that(f�)� 6= 0.
4



Since X is simply-connected we conclude that �1(X=fp) �= Zp, so bythe Hurewicz isomorphism Hfp : �1(X=fp) ! H1(X=fp;Z) we can �nd anelement e 2 �1(X=fp) such that (f�)� � Hfp(e) 6= 0.The inclusion J2 : Lp(1)(2) ! Lp(1) of the 2-skeleton of Lp(1) inducesan isomorphism (J2)� : H1(Lp(1)(2);Z)! H1(Lp(1);Z) �= Zp. So there issome u 2 H1(Lp(1)(2);Z); u 6= 0 such that (J2)�(u) = (f�)� � Hfp(e). LetH(2) : �1(Lp(1)(2)) ! H1(Lp(1)(2);Z) be the Hurewicz homomorphism.There is w 2 �1(Lp(1)(2)) such that H(2)(w) = u. Let us denote
 : �1(Lp(1))! �1(X=fp)

the isomorphism such that  (w) =  ((J2)#(w)) = e, where (J2)# is theinduced homomorphism on �1.Applying lemma 2 for Z = X=fp; Y = Lp(1) and A = fpointg the basepoint of Lp(1), we �nd a continuous map f2 : Lp(1)(2) ! X=fp such that = (f2)#, the induced homomorphism on �1 of f2. Therefore
h(f2)�(c1(�(X; fp))); ui = hc1(�); (f2)�(u)i = 
c1(�); (f2)�(H(2)(w))� == 
c1;Hfp((f2)#(w))� = 
c1(�);Hfp( (w)� == 
c1(�);Hfp(e)� = 
(f�)�(c1);Hfp(e)� == 
c1; (f�)� � Hfp(e)� = hc1; (J2)�(u)i == h(J2)�(c1); uiand as 0 6= u 2 H1(Lp(1);Z) �= Zp is a generator, it follows that
(f� � f2)�(c1) = (f2)� � (f�)�(c1) = (f2)�(c1(�(X; fp))) = (J2)�(c1)

Thus, by lemma 1, (J2)!(
Zp) : Zp � � � g�1(Lp(1)(2)) g�! Lp(1)(2) and(f� � f2)!(
Zp) are isomorphic bundles, and we have
Zp Zp Zp... ... ...g�1(Lp(1)(2)) F2�! X F��! S1# # #Lp(1)(2) f2�! X=fp f��! Lp(1)

diagram 3
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To construct the maps Fm and fm of diagram 2, we observe that if
(fm)�(c1(�(X; �))) = J�p;l(c1) = c1(�m) (1)

where Jp;l : Lp(l)! Lp(1) is the inclusion, then by lemma 1 fm is coveredby a bundle map Fm. Since the characteristic classes c1(�) live in the �rstcohomology groups and the formula (1) is valid for f2, we need only toextend the map f2 to the m-skeleton (m = 2n � 1 if p > 2), Lp(1)(m) =Lp(l), of Lp(1) to obtain such an fm with the required property (1).To do this, let (Y;A) be a CW pair and Z an n-simple space, n � 1. Foran abelian group G, let K = K(G; n) be an Eilenberg-MacLane space andin 2 Hn(K;G) an n-characteristic element.Given un 2 Hn(Z;G) there exists a map ' : Z ! K such that '�(in) =un. The induced homomorphism '� : �n(Z) ! �n(K) provides the homo-morphisms
'qun : Hq(Y;A; �n(Z))! Hq(Y;A; �n(K)); 8 q 2 N

Let fA : A! Z be a map, Y (q) the q-skeleton of Y and Yq = Y (q) [ A.With these notations we have the following (see [3])
Proposition 1 If 'n+1un is a monomorphism and gn : Yn ! Z is an exten-sion of fA, then there exists gn+1 : Yn+1 ! Z such that gn+1jYn�1 = gnjYn�1if and only if �f �A(u) = 0, where � is the coboundary operator.
Using proposition 1 with Z = X=fp, (Y;A) = (Lp(1); ;) and starting withg2 = f2 : Lp(1)(2) ! X=fp, since �q(X=fp) �= �q(X) for all q � 2 we havethat if

'q+1uq : Hq+1(Lp(1);�q(X))! Hq+1(Lp(1); �q(K(Zp; q))is injective for all 2 � q < m then we can conclude that there exists a mapfm : Lp(l) ! X=fp such that fmjLp(1)(2) = f2 and therefore satisfying theformula (1). By the universal coe�cient theorem for cohomology we have
Hq+1(Lp(1);�q(X)) �= (HomZ(Zp; �q(X)) if q is evenExt(Zp; �q(X)) if q is odd

but from the de�nitions of Hom and Ext we have
HomZ(Zp; �q(X)) �= f� 2 �q(X) : p� = 0g
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and Ext(Zp; �q(X)) �= �q(X)=p�q(X)Therefore ifX satis�es the hypotheses i) and ii) thenHq+1(Lp(1); �q(X)) =0 thus 'q+1uq is injective for all 2 � q < m and the theorem 1 follows.
3 Proof of Theorem 2
The classical Lusternik-Schnirelmann Theorem says the followingTheorem LS: Let m � k and let H0; H1; : : : ; Hk be closed sets such thatSm = [kj=0Hj, then there exists j0 2 f0; 1; : : : ; kg with Hj0 \ �Hj0 6= ;In 1979, Steinlein in [12] proved the followingTheorem S: Let p be a prime number and �p : Sm ! Sm a continuousmap generating a free Zp-action on Sm. Let m; k 2 N be such that m is oddand m � (k � 1 ; if p = 3�p�12 � (k � 2) + 2 ; if p > 3
Then for each covering Sm = [kj=0Hj of the m-sphere Sm by k + 1 closedsets, there exists some Hj0 such that Hj0 \ �p(Hj0) 6= ;In [6], J. E. Greene proved that in theorem LS each set Hj can be eitheropen or closed. With a similar reasoning theorem S can be improved toTheorem SG Let p be a prime number and �p : Sm ! Sm a continuousmap generating a free Zp-action on Sm. Let m; k 2 N be such that m is oddand m � (k � 1 ; if p = 3�p�12 � (k � 2) + 2 ; if p > 3
Then for each covering Sm = [kj=0Hj of the m-sphere Sm by k + 1 sets,each of which is either open or closed, there exists some Hj0 such thatHj0 \ �p(Hj0) 6= ;Proof: Following the reasoning of Greene we prove theorem SG by in-duction on the number t of closed sets in the cover of Sm. The case t = 0correspond to a cover of Sm by open sets H0; H1; : : : ; Hk. Select a Lebesguenumber for this cover, that is, a positive number � such that for all x 2 Sm,the closed ball �B(x; �) is contained in some Hj. By compacteness, there
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exists a �nite collection of points fxig such that the open balls B(xi; �)cover Sm. For each j, let Fj denote the union of those �B(xi; �) containedin Hj. Then Fj is closed, Fj is a subset of Hj for each j, and togetherthe Fj cover Sm. Therefore, the theorem S implies that there exists someFj0 such that Fj0 \ �p(Fj0) 6= ;, and hence there exists some Hj0 such thatHj0 \ �p(Hj0) 6= ;.Thus we may assume that 0 < t < k+1 and the theorem holds for fewerthan t closed sets. We now show that it holds for t closed sets. Let C be acover of Sm with k+1 sets, of which exactly t are closed and the remainingsets are open. Fix a closed set F in C, and suppose that F \�p(F ) = ;. Bynormality, there exist open sets A and B such that F � A, �p(F ) � B andA\B = ;. Let U denote the set A\��1p (B). Then, U is open, F � U andU \�p(U) = ;. Therefore C 0 = (C �fFg)[fUg is a cover of Sm with k+1sets, of which exactly t�1 are closed and the remaining sets are open, so bythe induction hypothesis some set H in the cover satis�es H \ �p(H) 6= ;and by construction this H must be di�erent from U , and hence some setH in the original cover must satisfy H \ �p(H) 6= ;. This complete theinductive step.Now we are ready to prove theorem 2. Suppose that X = Skj=0Cj is acovering of X by k + 1 sets, each of which is either open or closed, and ksatis�es the condition (1), (2) or (3) of theorem 2.By theorem 1 for each �p;l : Sm ! Sm, generating a free Zp-action onSm, and for each fp : X ! X, generating a free Zp-action on X, there existsan equivariant continuous map from (Sm; �p;l) to (X; fp). Note that, (fp)�1 =(fp)p�1 also generates a free Zp-action onX, and analogously if l = (l1; : : : ; ln)then ��1p;l = �p;l0 (l0 = (p � l1; p� l2; : : : ; p � ln)) generates a free Zp-actionon Sm. Then there exists an equivariant continuous map F : (Sm; �p;l) !(X; (fp)�1). Thus we have that Sm = Skj=0 F�1(Cj) is a covering of Sm byk + 1 sets, each of which is either open or closed.If p � 3 it follows from theorem SG that there exists some Cj0 such thatF�1(Cj0)T�p;l0(F�1(Cj0)) 6= ;. This together the facts that �p;l0 = ��1p;land F : (Sm; �p;l)! (X; fp) is equivariant implies that Cj0 T fp(Cj0) 6= ;.If p = 2, m can be even or odd, and in any case �2 is the antipodal map.The same reasoning applies to the Greene's version of theorem LS.

8



4 Proof of Theorem 3
Here we need the following theorem, which follows from the works of H. J.Munkholm [10] and E. L. Lusk [8].Theorem ML: Let p be a prime number, k;m 2 N and � : Sm ! Sma continuous map generating a free Zp-action on Sm.a) If m � k(p � 1), then for each continuous map h : Sm ! Rk,there exists an x 2 Sm with h(x) = h(�j(x)) for all j, 1 � j � p� 1.b) If m � (k�1)(p�1)+1, then for each continuous map h : Sm ! Rk,there exists an x 2 Sm with h(x) = h(�(x)).Now, to prove theorem 3 let (X; fp) be a pair satisfying the hypothesesof theorem 3 and let f : X ! Rk be a continuous map, then by theorem 1there exists a continuous equivariant map F : (Sm; �p;l) ! (X; fp). Thush = f � F : Sm ! Rk is a continuous map.If m � (k � 1)(p � 1) + 1, it follows from item b) of theorem ML thatthere exists y 2 Sm such that h(y) = h(�p;l(y)). Then if x = F (y) 2 X wehave

f(x) = h(y) = h(�p;l(y)) = f(F (�p;l(y))) = f(fp(F (y))) = f(fp(x))
If m � k(p� 1), it follows from item a) of theorem ML that there existsy 2 Sm such that h(y) = h((�p;l)j(y)), for all j = 0; 1; : : : p � 1. Then ifx = F (y) 2 X we have in a simillar way as above that f(x) = f((fp)j(x))for all j = 1; : : : p� 1.

5 Proof of Theorem 4
Here we use the following theorem due to Aarts, Fokkink and Vermeer [1]Theorem AFV: Let W be a paracompact, Hausdor� space such thatdim(W ) � m. Suppose that � is a �xed point free involution of W . Thenthere exists a closed cover C = fC0; C1; : : : ; Ckg of W with k � m + 1 setssuch that Cj \ �(Cj) = ; for each j = 0; 1; : : :m+ 1.To prove theorem 3, let us suppose by contradiction that f(x) 6= f(f2(x))for all x 2 X. Let (W; �) be a pair such thatW = Y �Y �4 where4 is thediagonal, and � is the involution �(x; y) = (y; x), then W is paracompact,
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Hausdor�, dim(W ) � m� 1 and � is a free continuous involution of W . Bytheorem AFV it follows that there exists a covering W = Skj=0Hj of W byk + 1 closed sets such that Hj \ �(Hj) = ; for all j = 0; 1; : : : k and k � m.By theorem 1 there exists an equivariant map F : (Sm; �2) ! (X; f2), andthe map g : (X; f2) ! (W; �) given by g(x) = (f(x); f(f2(x))) is also anequivariant map, so h = g � F : (Sm; �2)! (W; �) is equivariant, thereforeSm = Skj=0 h�1(Hj) is a covering of Sm by k + 1 closed sets and since Hj \�(Hj) = ; for all j = 0; 1; : : : k, it follows that h�1(Hj)\�2(h�1(Hj)) = ; forall j = 0; 1; : : : k and this contradicts the classical Lusternik-Schnirelmanntheorem (theorem LS). Thus we conclude that there exists x 2 X such thatf(x) 6= f(f2(x)).
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