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Abstract In this paper we extend results from Semigroup Theory on existence
and charactarization of attractors in order to include multivalued semigiofps
defined by generalized semiflo@s Particularly we show that, # is continuous,
possesses a Lyapunov function, &ithas a global attractas” which is maximal
compact invariant, thes? = W4(Z(¥)), whereZ(%¥) is the stationary solutions
set andW'(Z(9)) is the unstable set &f(¢). We introduce thep-attractor con-
cept which does not enjoy any uniformity on time of attraction and we proof,
under suitable conditions, that the glohdattractorN is the set of asymptotic
states described #(¥).
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1 Introduction

The lack of uniqgueness does not constitute an obstruction to obtaining the
existence of global attractors for differential problems. In fact, a wide class of
Cauchy problems usually termed as ill-posed enjoy compactness and dissipative-
ness properties enough to proof the existence of a maximal compact invariant set
which attracts all the bounded sets. There are several authors dealing with this
issue, among which we name Ball, [1], Melnik and Valero, [8], and Carvalho and
Gentile, [4]. We also cite [2] where it can be found a good description of the two
first works and a comparison between them. In a very short way, we could say that
Melnik and Valero consider multivalued operators mapping initial dgtérom
the phase spack onto the set of all possible states at a timé& (t)up C X while
Ball look at solutions as the fundamental block in his considerations, as we briefly
describe below. The ideas in third work are deeply connect with both of them,
once it deals with multivalued semigroups constructed by considering all possi-
ble solutions starting from given initial data. The main distinction on the study
of the asymptotic behavior in [4] is that the multivalued semigroup considered
there enjoy a strong regularity property in such way that it eventually becomes a
semigroup. This condition seems to be hard to deal with, but actually it can be
easily obtained, by comparison methods, for a class of problems involving max-
imal monotone operators with increasing resolvent and for which the uniqueness
is not a trivial question, [3].

In this work we are concerned about multivalued semigraug$ defined by
generalized semiflow®, that means, every poidte T(t)x, x € X (X a complete
metric spacet € [0,)) is such thatf = ¢(t), whereg is a solution in& and
¢(0) = x. Most definitions from Semigroup Theory can be extended in a very nat-
ural way to the multivalued framework, but some of them accept more than one
extension. This is the case when we consider the existence of a certainafiee
which some condition must be satisfied, as it occurs on attraction, absortion and
dissipativity concepts or eventual properties. On Semigroup Theory, this time can



be uniformly chosen on bounded sets or not, and these are the only two possi-
bilities. Here, in this context, we have to consider the possibility of a time, after
which something happens, being uniform on bounded sets, uniform on points or
do not to be uniform in any way. By uniformity on points we mean that given
an arbitrary poink € X, there is a timer = t(x) after which all solutionsp € ¢
starting atx enjoy certain property. This distinction generates a new group of def-
initions which does not make sense in single-valued theory and some of them
seem to play a special role in multivalued semigroup context. In this text we call
¢@-concept those which are defined without suppose any uniformity on time, that
means, we add the prefix to the words attraction, dissipativity, boundedness,
etc, in order to indicate that we are not supposing that the times in such definitions
are uniformly chosen in any sense. For example, we say that/A @etattracts
some subsea¥l C X if given € > 0, each solution i starting at some point i,
eventually goes into the neighbourhood of, O,(A), and remains inside it. One

of our main results states that, if a generalized semiffows @-asymptotically
compact and possesses a Lyapunov function, then there exists a minimal closed
global g-attractorN for ¢ andN coincides with the set of stationary solutions in

9.

We organize this paper as follows. Section 2 contains the main results in liter-
ature on existence of attractors for differential problems without uniqueness and
provides the background information for further discussions. We describe all rele-
vant definitions and theorems in [1], [8], [2] and [4], and we also add some others
easily extended from [5] and [6]. In Section 3 we obtain some characterizations
of the attractor, as it is done in [6] for semigroups, and we prove that, even in
multivalued case, maximal compact invariant global attractor can be described in
terms of the unstable set of the equilibrium states, if there is a Lyapunov function
for the system. In Section 4 we discuss theoncepts.

2 Multivalued Semigroups - A Theory for Differential Problems without
Unigueness

In this section we introduce the general framework for studying attractors for
differential problems without unicity. Most elements in this preliminary text is
already published in [1], [8], [2] or [4], as we indicate at the beginning of each
known result. We introduce some additional definitions and results which are eas-
ily extend from Classical Semigroup Theory, and we use strongly [7] to support
our discussion.

2.1 Definitions, Notations and Preliminary Facts

Let (X,d) be a complete metric space and RiX), B(X),C(X),K(X), and
BC(X) denote respectively non-empty, non-empty and bounded, non-empty and
closed, non-empty and compact and non-empty bounded and closed subsets of



Forx € X andA,B € P(X), ande > 0 we set

d(X’A) = infaGA{d(X’ a)}’
dist(A, B) = supy.a{d(a.B)} = supinfhea{d(a,b)};
du (A,B) = max{dist(A,B),dist(B,A)} :
O:(A) ={zeX;d(z,A) <¢}.
Definition 1 [1] A generalized semiflow < on X is a family of maps
¢ : [0,0) — X satisfying the conditions:
(H1) For eactz € X there exists at least ongec ¢ with ¢(0) =z
(H2) If o € 4 andt > 0, theng® € ¢4, whereg®(t) := @(t+7),Vt € [0, ).
(H3) If ¢, v € 4, andy(0) = ¢(t) for somet > 0, thend € ¢4, where

o(7) for T €[0,t]
0(7) = { y(r—t) for T€ (t,)
(H4) If {9}, C ¢ andg;(0) — z then there exists a subsequetigg } of {¢;}
ande € ¢ with ¢(0) = zsuch thatp, (t) — ¢(t) for eacht > 0.

Definition 2 We say that/ is acontinuous generalized semifloeache € ¢
is a continuous map fron®, «) on X.

Definition 3 A multivalued semigroup{T (t)}i>o defined by¥ is a family of
multivalued operator$ (t) : P(X) — P(X) such that, for each> 0,

TH)E = {o(t); ¢ € 4 with ¢(0) € E}.
It is well known that the family{ T (t) }+>o satisfies

Proposition 1 [2]

(@) {T(t) }t>0 is @ semigroup on fX), i.e., T(0) = Idpx) and T(t+s) = T(t)T(s)
forallt,s>0;

(b) T(t) is monotone with respect to the partial order of set inclusion, i.e;, E
implies T(t)E C T(t)F forallt > 0;

(c) T(t)x is compact for each & X;

(d) If {Kn}n>1 is a sequence of compact subsets of X such thatgidl) — O as
n — oo then dis{T (t)K,, T (t)K) — O for each t> 0; and

(e) T(t) : X — K(X) is an upper semicontinuous map and it has closed graph for
eacht> 0.

Definition 4 The positive orbitof ¢ € ¢ andE C X are given by

Y (9) ={e(t);t >0} andy*(E) = Ui T (t)E.
If >0,

Y (@) ={o(t);t >t} andy (E) = U, T(HE.

Definition 5 We say that there existscmmplete orbithroughx € X if there is a
mapy : R — X such that, for ang e R, y®|p; € ¢4 andy(0) = x. In this case,
the complete orbit of is given by

Y(y) =Imy={y(t),teR}.
We also say thais is a complete orbit througtx.



Definition 6 We say that a complete orhjt : R — X is stationaryif y(t) =z
forallt € R for somez € X. We set

Z(¢) ={ze X: there exists a complete orhjtsuch thaty(t) = zVt € R}.

Remark 1We observe thate Z(¥) can be called atationary solutionin ¢ once
we have thar € Z(¥) if and only3 ¢ € ¢ such thatp(t) = zfor allt > 0.

When talking about differential equations or inclusions, we also have that
Z(¢)ifand only ifze T(t)zfor all t > 0, so we can refer taas anequilibrium
of T(t).

Remark 21t follows from (Ha) thatZ(¥) is a closed set.

Definition 7 We say that a subsét C X is positively invariantif T(t)A C A,
Vt > 0, Ais negatively invariantf AC T (t)A, Vt > 0,Aisinvariantif T(t) A=A,
Yt > 0, andA is quasi-invariantif for eachz € A there exists a complete orhjt
throughzandy(t) € Aforallt € R.

Remark 3Invariant=- quasi-invariants- negatively invariant.

Definition 8 If ¢ € ¢4, y is a complete orbit anl C X,

* 0(p) ={z€ X;0(tj) — Ztj — +oo}.

o a(y) ={ze X;y(tj) — zt; — —oo}.

ewg(E)={ze X;3¢; €9,{9j(0)} CE, {9;(0)} € B(X), and there ift;j} C
R*, tj — 4o with @ (tj) — z}.

e 0(E)= mt20%+(E)'

Remark 40(¢) = MN=o% (¢).

Remark 5[8] The setw(E) consists of the limits of all converging sequences
{&n}, where&p € T(th)E, th — +o. wg(E) C o(E) andwg(E) = @(E) if E is
bounded. So we denotes(B) = w(B) if B € B(X).

Definition 9 We say thatA C X attractsa setE C X if for any € > 0 there
existst = t(g,E) > 0 such thafT (t)E C O(A) for all t > , or equivalently,
dist(T(t)E,A) — 0 ast — +oo.

Definition 10
(a) The subseA is aglobal B-attractorif it attracts all bounded subsets Xf
(b) The subseA is aglobal point attractorif it attracts all points oiX.

Definition 11 The generalized semiflo® is eventually boundedf for any B €
B(X) there existz = 7(B) > 0 such that; (B) € B(X).

Definition 12

(a) ¢ is bounded dissipative or B-dissipativié there is a bounded global B-
attractor for9.

(b) ¢ is point dissipativef there is a bounded global point attractor f@r

(c) We say that7 is ¢-dissipativeif there is a bounded s&p such that, for any
0 €9, p(t) € By for all sufficiently large t.



Remark 6Bounded dissipative> point dissipative=- ¢-dissipative.
(p-dissipativity is calledpoint dissipativity in [1] ).

Definition 13 ¢ is compactf, for any sequencée; } € ¢ with {¢;(0)} € B(X),
there exists a subsequeniag, } C {¢;} such thaf{ ¢;, (t)} is convergent for each
t>0.

Definition 14 ¢ is asymptotically compadif, for any sequencge;} C ¢ with
{9;(0)} € B(X), and for any sequendg; }, tj — +, the sequencéyj(t;)} has a
convergent subsequence; (Or equivalently, forBryB(X), each sequence,},
with &, € T(th)B, V n € N, andt, — +o, contains a convergent subsequence).

Definition 15 ¢ is conditionally asymptotically compadt, for any B € B(X)
such thaty;?B)(B) € B(X) for somet(B) > 0, each sequencg,}, with &, €

T(th)B, ¥ n € N, andt, — 4o, contains a convergent subsequence. (In [8], this
condition is referred aasymptotically upper semicompgct

Lemma 1 Let¥ be asymptotically compact. IfBBC(X) is negatively invariant,
then B is compact.

Proposition 2 [1]
(a) If ¢ is asymptotically compact, thefiis eventually bounded.
(b) If ¢4 is eventually bounded and compact, ti¥ins asymptotically compact.

Proposition 3 [2] ¢ is asymptotically compact, if and only & is eventually
bounded and conditionally asymptotically compact.

2.2 Attractors for¢

In this section we give conditions on a generalized semiffoso thatw (B) at-
tractsB for all B € B(X), and we prove that these conditions imply thty @(X)

is the only minimum closed global point attractor anggx) @(B) is the only
minimum closed global B-attractor. In order to do this, the following lemma will
be essential.

Lemma 2 Let ¢4 be a generalized semiflow and letdFC(X). If F attracts a

subset A P(X), thenwg(A) C o(A) C F. If o(A) attracts A then it must be the
unique minimal closed set which attracts Mso, for any Ac P(X) and for any

7 >0, we haven(v; (A)) = o(A).

Theorem 1 (i) If F C X is a closed global point attractor, thep,.x w(x) C F.
Particularly, if Uyex @(X) is a global point attractor, then it must be the unique

minimal closed global point attractavl.
(i) If for each xe X, w(X) atracts x, ther# has the unique minimal closed global

point attractorM andM = U,y @ (X).



Theorem 2 (i) If F C X is a closed global B-attractor, thelJgcgx) @(B) C F,

in particular, if Ugcg(x) @(B) is a global B-attractor, then it must be the unique
minimal closed global B-attractor M.

(ii) If for each Be B(X), w(B) atracts B, ther# has the unique minimal closed
global B-attractor M and

M= [J o(B).

BeB(X)

Lemma 3 Let¥ be a generalized semiflow andkK (X). If K attracts Ac P(X),
then each sequenéé,}, with &, € T (t,)A and t, — +, contains a subsequence
that converges to some point of K

The above statements can be proved using the arguments as the analogous
results in univalued case (see [7]). We only observe that in the multivalued con-
text w-limit sets are not necessarily positively invariants. Next proposition follows
Lemma 3.1.1 [5], and can be easily proved by using Ball arguments as it is done
in Lemma 3.4 (i), [1].

Proposition 4 Let¥ be a generalized semiflow andeAP(X) such thatw(A) is

a non-empty compact set which attracts A. Tlag®\) is quasi-invariant and so
negatively invariant. The same is valid feg(A) if wg(A) is @a non-empty compact
set which attracts A.

Next lemma states the essential compacity we have to ask in order to obtain
good conditions om-limit sets. Its proof is evident.

Lemma 4 Let¥ be a generalized semiflow and=AP(X). If each sequencgs,},

with &, € T(th)A and , — +, contains a convergent subsequence in X, then
o(A) is the minimal closed non-empty set which attracts A and alg@) is
compact and quasi-invariant.

By Lemmas 3 and 4, we obtain immediately the following two results:

Theorem 3 w(A) is a non-empty quasi-invariant and compact set which attracts
A, if only if, each sequencgl,}, with &, € T(t,)A and , — 4o, contains a
convergent subsequence in X.

Theorem 4 Let 4 be a generalized semiflow and&KK(X). If K attracts Ae
P(X), thenw(A) is a non-empty minimal closed set which attracts A, axid) is
compact and quasi-invariant.

Proposition 5 Let 4 be a generalized semiflow and leteAP(X) be such that

7+(A) € K(X). Thenw(A) is a non-empty compact set which attracts A an@)
is quasi-invariant.

Proof: Let {xn} C A. By (H1) there is{¢n} C ¢ such thatp,(0) = x,. Consider
a sequenck, — +oo and the sequendgpn(th)}. Then{en(tn)} has a convergent
subsequencey, (t, ) — Y € ®(A). Thereforew(A) # 0. Sincew(A) C y*(A) it
follows that w(A) is compact. Also, we have thai(A) attractsA. If not, there
is & > 0 and sequenceds — o, {@;} C ¢4 with ¢;(0) € A such thate;(tj) ¢
Og,(w(A)), what is a contradiction. So, it follows from Proposition 4 thgi) is
quasi-invariant. ad




Lemma 5 [1] Let ¢ be asymptotically compact.

(i) Let B € B(X). Thenw(B) is non-empty, compact, quasi-invariant, and is the
minimal closed set which attracts B. I{fh) @(B) C B for someg > 0, thenw(B)

is invariant.

(i) If ¢ € ¢4 thenw(g) is non-empty, compact, quasi-invariant. Also, we have
limi— o d(o(t), 0(@)) = 0.

(i) If y is a bounded complete orbit then(y) is non-empty, compact, quasi-
invariant, andlim;_, . d(y(t), o (y)) = 0.

Theorem 5 Let ¥ be a conditionally asymptotically compact generalized semi-
flow and Ac P(X). If there existst > 0 such thaty; (A) € B(X), thenw(A) is a
non-empty compact quasi-invariant set an@A) is the minimal closed set which
attracts A.

Proof: Consider an arbitrary sequeng&,} with &, € T(t,)A andt, — +oc. We
may choose a subsequerige— -+ satisfyingt, > 7, V k € N. We have that
Ye (v (A) € B(X) and T (ty, )A =T (ty, — 7)T(7)A, V k € N. Since¥ is condi-
tionally asymptotically compact anh, € T (t,, — 7)¥; (A), we obtain thaf &y, }
has a convergent subsequence in X. Then, it follows from Lemma 4otf#8tis a
non-empty minimal closed set which attracts A, an@) is compact and quasi-
invariant. O

Lemma 6 [7] Let {Ln};»_; be a decreasing sequence of sets in a complete metric
space XLy DLy D... DLy D..., satisfying the following condition. For each
n € N there exists a compact sef K X and a numbeg, > 0 such that

Ln C Og,(Kn) and &, — 0 as n— +oo.

Then for every givenyye Ly, V ne N, the sequencéyn},_; contains a conver-
gent subsequence.

Definition 16 We say that a generalized semifl&fvpossesseB-asymptotically
compact property (B-ACPIf for any B € B(X) such thatyJ(B)(B) € B(X) for a
certaint;(B) > 0, there is a timdy(B) > t1(B) such that for any > t>(B), there
exists a compact s&t(B,t) ¢ X ande(B,t) > 0 satisfying

T(t)BC Ogy)(K(B,t)) and &(B,t) — 0 ast — .

By using(H3), Lemmas 6, 4, 2, and with the same arguments, we can extend
Theorem 4.12 in [7] to multivalued case.

Theorem 6 Let¥ be a generalized semiflow with B-ACP and R(X). If exists
7 > 0 such thaty; (A) € B(X), thenw(A) is a non-empty compact quasi-invariant
set, and it is the minimal closed set which attracts A.

So we have as a consequence of Theorem 1 (ii), Theorem 2 (ii) and Theorem
6 the following theorem:



Theorem 7 Let ¥ be an eventually bounded generalized semiflow with B-ACP.

Then% has the unique minimal closed global point attracMrand ¢ has the
unigue minimal closed global B-attractor M. Also, we have

M=Jox, M= |J o®B).

xeX BeB(X)

Lemma 7 [8] Let B € B(X) a negatively invariant set. If Z is a global B-attractor,
then BC Z. (So, if </ is a global B-attractor, closed , bounded and negatively
invariant, thene is minimal among all closed global B-attractors).

Some other classes of generalized semiflow inspired in Semigroup Theory are
now introduced and we make a comparison between them.

Definition 17 Let¥ be a generalized semiflow.

(a) We say tha¥ is of class.z ™ if T(t) : X — P(X) is compact for somg > 0,
i.e., for eackB € B(X), its imageT (t1)B is relatively compact iX.

(b) We say tha¥ is of class B-#" if for eachB € B(X), there exist$; =t;(B) >0
such thafT (t)B is relatively compact for eadh> t;.

(c) ¢ is calledasymptotically smootlif, for any non-empty closed bounded posi-
tively invariant seB C X, there is a compact sétC B such that J attracts B.

(d) We say that/ is uniformly compact for t largeif for eachB € B(X) there
exists & (B) > 0 such that}/JmB is relatively compact in X.

Theorem 8 Let¥ be a generalized semiflow, then

() ¢ is of class.7™* = ¢ is of class Bs#" = ¢ is conditionally asymptotically
compact.

(il) ¢ possesses B-AGRE ¢ is conditionally asymptotically compact.

(iii) ¢ possesses B-ACR ¢ is asymptotically smooth.

(iv) ¢ uniformly compact for t large= ¢ is eventually bounded and it is of class
B-7.

(V) ¢ is asymptotically compaet ¢4 eventually bounded.

(vi) ¢ compact and eventually bounded¥ is asymptotically compact.

(vii) ¢ is asymptotically compact> ¢ is conditionally asymptotically compact
and eventually bounded.

Lemma 8 [1] Let ¢ be ¢-dissipative and eventually bounded. Then there exists
a bounded set Bsuch that given any compact K X there existe = ¢(K) >
0, t1 =t1(K) > 0O, such that Tt)O, (K) C By forall't > t;.

Remark 71t follows as a corollary of the proof of Lemma 3.5 in [1]: L&t be
an eventually bounded generalized semiflow. If there is a boundeys&ich
that, for anyp € ¢ ande > 0, ¢(t) € OL(By) for all sufficiently large t then from
eventual boundedness we know that for edch 0 there existg(Bp, §) > 0 such
thatB; = ’}’;BO‘S)(O(g(BO)) € B(X), and moreover for each compact $etc X,
there existe = €(K, ) > 0 andt; =t1(K,8) > 0 such thafl (t)O¢(K) C By for
allt >t;.

This result appears in Semigroup Theory ,[6], [7], and its proof involves the
continuity of each operatdr(t). Once we admiT (t) to be a multivalued operator
it loses the property of being continous, but the multivalued semigroup maintains
the essential atraction property.



Lemma 8 say us that # is ¢-dissipative and eventually bounded, then there
exists a bounded sB which is a global absorbent of compact’s neighbourhoods.
If moreover¥ possesses B-ACP, then there exists a bounded set which absorbs
bounded sets. See next proposition.

Proposition 6 Let¥ be an eventually bounded generalized semiflow and suppose
that ¢ is @-dissipative. I{¢ possesses B-ACP, or equivalentlyifs condition-

ally asymptotically compact, the#i possesses a bounded set which is a global
absorbent set of bounded sets. Therefore, in partic4las B-dissipative.

Proof: Let B; be as Remark 7.
StatementB; is a global absorbent of bounded sets. In factZas eventually
bounded, for eacB € B(X) there exists &B) > 0 such thal}/tJ(fE;)(B) € B(X). So,

by Theorem 6, we obtain thah(B) is a non-empty compact set which attracts
B. So there existg > 0 andtp > 0 such thafT (t)O¢(w(B)) C By and T (t)B C
O:(@(B)) forall't > to. O

Theorem 9 [1] Let ¢4 be a generalized semiflow. #f has a compact invariant
global B-attractor, theri is @-dissipative and asymptotically compact. Recipro-
cally, if 4 is ¢-dissipative and asymptotically compact, th€nhas a compact
invariant global B-attractore. The global B-attractore is unique and given by

o = U (D(B) = (OB(B]_) = (L)B(X)7
BeB(X)

where B € B(X) is as in Lemma 8. Furthermore’ is the maximal compact in-
variant subset of X, ang/ is minimal among all closed global B-attractors.

Theorem 10 [8] Let ¢ be a generalized semiflow. If there exists a compact set
K C X such thatitis a global B-attractor, thei has a global B-attractor compact
invariant which is minimal among all closed global B-attractors.

Now we give more equivalent conditions to existence of the maximal compact
invariant global B-attractor.

Theorem 11 Let¥ be a generalized semiflow. Then the following statements are
equivalent;

() ¢ is conditionally asymptotically compact and B-dissipative;

(I) ¢ possesses B-ACP and is B-dissipative;

(Il ¢ is conditionally asymptotically compact, eventually bounded and point
dissipative;

(IV) ¢ possesses B-ACP, is eventually bounded and point dissipative;

(V) ¢ possesses B-ACP, is eventually boundedeuttissipative;

(VI) ¢ is asymptotically compact anptdissipative;

(VIl) ¢ possesses a minimal non-empty closed global B-attractor which is the
maximal compact invariant subset of X;

(V) ¢ possesses a hon-empty compact global B-attractor.

Proof: It is easy to see tha# B-dissipative impliess eventually bounded and
point dissipative; and point dissipative impligs-dissipative. By Theorem 8 (ii)



10

¥ possesses B-ACE ¥ is conditionally asymptotically compact. Again by The-
orem 8 (vii) and (i))¥¢ is asymptotically compagt: ¢ is conditionally asymptot-
ically compact and eventually bounded & possesses B-ACP ad is eventu-
ally bounded . So we havg) < (I1) = (Ill) & (IV) = (V) < (VI). By Theo-
rem 9(VI) < (VII). Trivially (VI1) = (VIII). Finally, Lemma 3 guarantees that
(Vi) = (I). m

Remark 8Let ¥ be asymptotically compact, or equivalentypossesses B-ACP
and is eventually bounded, then:

(8) ¢ is point dissipative= [ ycx @(X) € B(X).

(@) ¢ is B-dissipatives Ugeg(x) @(B) € B(X).

Remark 9[7] If for eachB € B(X), w(B) attractsB andw(B) = Uycg @(X), then
M =M.

Theorem 12 Let¥ be asymptotically compact, or equivalentl§y,possesses B-
ACP and is eventually bounded. lMdtand M be as in Theorem 7. M € B(X),

then for eachd > 0, M = w(Og(M)). Furthermore, M is the maximal compact
invariant subset of X.

Proof: By Remark 7 and Theorem &; = Y:(M 6)(05(M)) € B(X), and« =

wg(B1) = Ugeg(x) @(B) is a compact invariant global B-attractor. Furthermefe
is the maximal compact invariant subset of X, asds minimal among all closed
global B-attractors. Therefo = <7 and we have

M= 0@~ U o= 0(E - 07, 0s(t)) = 0(s()
BeB(X) BeB(X)

O
2.3 Eventual semigroups

There is a class of multivalued semigroups which behaves, for large values of
t, like a single-valued semigroup. This occurs when dealing with problems with-
out unicity of solutions but enjoying strong regularizing properties. This class was
introduced in [4], where the issue is abqutaplacian problemsp > 2. When
considering parabolic problems perturbed by non-globally Lipschitz operators,
unigueness is a non trivial question but, under reasonable conditions, these prob-
lems enjoy enough regularity and absorption properties to allow uniqueness after
some time has been elapsed. Below we briefly describe those ideas already putting
them in Generalized semiflow context.

Definition 18 We say that a generalized semifléfvdefines areventual semi-
groupif there exists a semigroufB(t) }1>o such that for an € B(X), there exists
70 = 70(B) > 0 such that, ift > 19 andx; € T(t)B then for each > 0, T(t)x; =
S(t)x;, whereT (1) is the multivalued semigroup defined Y
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Theorem 13 Let ¢4 be a generalized semiflow which defines an eventual semi-
group associated with the semigro§fi(t) }t>o0 and let B € B(X) be such that

¥ (Bo) = Ui+, T (t)Bo € B(X) for somery = 71(Bo) > 0. If {S(t) }t>0 is of class

¥ or class</ % or class B/ # or if it possesses B-ACP (for these definitions
see [7]), then

(i) o(Bp) is non-empty, compact and invariant b$(t) }i>o;

(i) o(Bp) attracts B;

(ii) o(Bp) is the minimal closed set wich attracts;B

Proof: The case wheréS(t)}i>o is of class#” was done in Theorem 2.1 in [4]
where is used Theorem 2.1, [6]. For the other cases it is enough to repeat the same
arguments in [4], and the result follows from Theorem 4.13, [7], and Proposition
3.4,[6] for{S(t) }+>o Of class«Z #" and class Be/ 7. Theorem 4.12in [7] is used
if {S(t)}i>0 possesses B-ACP. O

As a consequence we have

Theorem 14 Let ¥4 be a B-dissipative generalized semiflow which defines an
eventual semigrougT (t) }+>o associated with the semigroyj$(t) }+>o0. Suppose
that for any Be B(X), o(B) is an invariant set undefT (t) }+>o. If the semigroup
{S(t) }i>0 is of class#” or classe/ % or class B«/ ¢ or if it possesses B-ACP,
then¥ has a maximal compact invariant global B-attractor.

Remark 10As a complement of Theorem 8 (iii) we observe tha¥itlefines an
eventual semigroufT (t) }i>0 associated with an asymptotically smooth semi-
group, ther possesses B-ACP.

3 Characterizations for the Maximal Compact Invariant Global B-attractor

In this section we obtain some characterizations for the maximal compact in-
variant globaB-atractor. Particularly we prove that, even in multivalued case, this
set can be described in terms of the unstable set of the equilibrium states, if there
is a Lyapunov function for the system. We also describe this atractor as union of
bounded complete orbits (or precompact complete orbits) as it is done in single-
valued case.

Theorem 15 Let¥ be asymptotically compact ang dissipative. Then the max-
imal compact invariant global B-attracto# can be characterized by:

() @ = Ugep(x) ©(B) ;

(i) o = wg(X);

(i) & = wg(B1), where B € B(X) is the setin Lemma 8;
(V) & = Ukek(x) @(K) ;

(v) « is the union of all complete bounded orbits in X;
(vi) « is the union of all complete precompact orbits in X;
(vii) < is the maximal invariant bounded set in X.
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Proof: For the letters (i), (ii) and (iii) see Theorem 9.
(iv): Since.«/ is compact and invariany(<7) = <. So, we have

U oKc |J oB)=a=0() c |J oK).

KeK(X) BeB(X) KeK (X)

Therefores? = Uk ek (x) @ (K).
(v) and (vi): Sinces is invariant, then it is quasi-invariant. Thus, giver <7,
there exists a complete orlyitthroughx (i. e., w(0) = X) such thaty(t) € o, Vt €
R. Considery(y) = Im y = {y(t),t € R} C & € B(X). Theny(y) is bounded.
Moreover note thaty(y) is precompact, oncgy) C <. Therefore we can con-
clude that# is included in the union of all complete bounded orbitXiand.«/
is included also in the union of all complete precompact orbibs.in

On the other hand, ik € X and yy is a complete bounded (or precompact)
orbit in X throughx, considery(yy) = Im yx = {yx(t),t € R}. Sincey(yy) is
negatively invariant, we have,

Y(w) € 1(wx) C () 7(w) € ()7 (r(ww) = o(r(wx)) € | o(B)=«.
>0 7>0 BeB(X)

Therefore| Jyex Y(Wx) C <.
(vii) If D C X is a bounded and invariant subsetqfthen

Dc¥ (D =wDc |J oB)=.
t>0 BeB(X)

O

Definition 19 [1] Let ¢4 be a generalized semiflow. A m&p: X — R is aLya-
punov function for ¢ if

(i) V is continuous;

(i) V(e(t)) <V(@(s)) whenever € ¢ andt > s> 0;

(iii) If V(y(t)) = constant for some complete orhjt and allt € R, theny is
stationary.

Lemma9 Let¥ be a generalized semiflow, and=xX such that there exists a
complete orbityy through x and a compact set K such tHag(t);t <0} C K,
theno(yy) is quasi-invariant.

Proof: Letze o(yx). Then there is a sequenge— —oo (we may suppose with-
out lost of generality that.. <t, <t; < 0) such thaty(t;) — z By definition

of complete orbit we havq/;j € ¢ and q/)t(j (0) — z So by (Ha), there is a sub-
sequence, which we do not relabel, and a solutipr ¢ with go(0) = z such

that ! (t) — go(t), V't > 0. Clearlygo(t) € ar(s), ¥t > 0. Now considerrj =
ti—1(7; <0). Sincewi"*l(O) = yk(tj — 1) = yx(7j) € K € K(X), we have (after
extraction of a further subsequence) ttﬁt_l(O) = yx(tj) — Y. By (Ha), there is
a subsequence, which we do not relabel, and a solgiie? with g;(0) =y such
thaty/f("fl(t) —g1(t), Yt > 0. Clearlygs (t) € a(yx), Yt > 0. Note thatg} = go,
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sincegi(t) = g1 (t+1) =limj_ e v H(t+1) = limj— e v (t) = go(t), ¥t > 0.
Proceeding inductively, we find for each= 1,2, ..., a solutiong, € ¢ such that
of =gr_1andg (t) € a(yy), Yt > 0. Givent € R, we defineg(t) as the common
value ofg(t +r) for r > —t. Theng is a complete orbit witlg(0) = go(0) = z.
In fact, givens € R andt > 0, we haveg®(t) = g(t+s) = gr(t +s+r1) =g (1),
wherer = [—s] is the minor integer value which is larger or equakHs. (note
thats+r>0e—(t+s) < —-s<r). Asg € 4, by (Hp), &' € 4. Therefore
g°=g7"" € 4. Thusgis a complete orbit witly(0) = zandg(t) € or(yx), Vt > 0.
Thereforeo () is quasi-invariant. O

Lemma 10 Let¥ be a generalized semiflow and suppose there exists a Lyapunov
function V: X — R for 4. Let xe X such that there exists a complete oriit
through x and a compact set K wiflyy(t);t < 0} ¢ K. Thena(yx) C Z(9).

Proof: Let {t;} be a sequence such that— —co asj — +o and...tj < ... <

to <ty <0. By hypothesis there is a convergent subsequéngi;, ) } C {yx(tj)}.

By Definition 19 (ii) we obtain thafV (yx(tj,))} is a nondecreasing sequence. In
tj,

fact, tews <t thentj, =tj,,, +r, r > Ot._ So yk(tj,) = lt;_/x(tj/+1 +1) = yLHr)

andyy""* € Ga. ThenV (ya(t;,)) =V (¥ (1) < V(" (0)) =V (yadt,,))-

So we have that

Jim v (yst,)) = d = supV (uadt, ), £ € N},
and this limit does not depend on the chosen sequénge
Lety € a(yx). Theny =limj_ o yx(tj), tj — —o0. So limy_, . V (yx(tj,)) =
dand limy_ . yx(tj,) =Y, tj, — —. Also, we have lim_._.»V (yx(tj,)) =V (y).
By uniqueness of the limi¥/ (y) = d. We know from Lemma 9 that (y) is quasi-
invariant. Then there is a complete orbithroughy such thaty(t) € a(yy), Vt €
R. ThereforeV (y(t)) =d =V(y), Vt € R, i.e., y is a stationary solution and
yeZ(9). a

Theorem 16 Let¥ be a continuous generalized semiflow and suppose that there
exists a Lyapunov function VX — R for ¢, and¥ has a maximal compact in-
variant global B-attractore. Thens? = WY(Z(¥¢)) where W(Z(¥)) is the un-
stable set of 27) given by{y € X; there is a complete orbip, through y and

d(gy(~1),2(%)) = 0}.

Proof: Letx € &7. Since</ is invariant there is a complete orlgit throughx such
thatgy(t) € &7, Vt € R. Sinces is compacto(¢x) C Z(¥). Also, we have that
Ox(—t) — a(gy). Infact, lim_ e d(¢x(—t), x(¢x)) =0< Ve > 0 thereiste > 0
such thatx(—t) € O (a(¢x))), Yt > 1. Suppose, by contradiction, that there is
€ > 0 such that for ani € N, there existsic > k with ¢x(—tx) ¢ Og,(a(¢x)). Once
{0x(—tk) }g_; C &7 and.«Z is compact, we have th@x(—tx) },_, has a convergent
subsequence which converges to a poink(dy)), what is impossible. Therefore
liMi— 4o d(Px(—t), a(¢y)) = 0. Sox e WH(Z(¥4)) and.er C WH(Z(9)).

On the other hand, lete WY(Z(%)). Then there is a complete orlgit through
x such thaipy(—t) — Z(¥¢). OnceZ(¥) C o/ and.</ is a global B-attractor, given
g > 0, there existstg > 0 such thafT (t)x C Og,(27) € B(X) and ¢x(—t) €
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Ogy (), Vt > 10. Since¥ is continuousy(¢y) = {¢x(t); t € R} € B(X), and so
of attractsy(¢y). Oncey(¢dx) is negatively invariant, giveg > 0, X € Og (7).
Thereforex € &7 andW"(Z(¥4)) C & O

4 Global ¢p—attractor

In this section we introduce a new group of definitions which we cal “
concepts”, that means, we add the prefixo the words attraction, dissipativity,
boundedness, etc, in order to indicate that we are not supposing that the times in
such definitions are uniformly chosen in any sense. One of our main results in
this work verifies that, if a generalized semifléfvis p-asymptotically compact
and possesses a Lyapunov function, then there exists a minimal closed @lobal
attractorN for ¢ andN coincides with the set of stationary solutionséh see
Theorem 21.

Definition 20 Let¥ be a generalized semiflow aids P(X). We define

wpA) = | o).

9e9,9(0)eA

Definition 21

(a) We say that Ap-attractsa setM € P(X) if for any € > 0 and¢ € ¢ with
¢©(0) € M, there exists & = to(¢,€) > 0 such thaip(t) € O.(A), Vt > to. We
say thatA ¢-attractsxif A g-attracts{x}.

(b) We say that A is @lobal p-attractorif A p—attracts all pointx € X.

(c) We say that? is eventually ¢-boundedif for any ¢ € ¢, there existdg =
to(¢@) > 0 such thaty! (¢) € B(X).

(d) We say that? is ¢-asymptotically compacif, for any ¢ € ¢ and for any
sequence; — +o, the sequencee(tj)} has a convergent subsequence in X.
(e) We say that/ is ¢-conditionally asymptotically compadf for each¢p € ¢
such thaty} (¢) € B(X) for someto = 7o(¢) > 0, each sequencgp(tn)} with
th, — 4o, has a convergent subsequence in X.

Remark 11We have

(i) ¢ is p-dissipative if only if, there is a bounded glolgdattractor for?.

(i) B-attraction=- Point attraction= ¢-attraction.

(i) ¥ asymptotically compact- ¢ is p-asymptotically compact.

(iv) ¢4 eventually boundees ¢ is eventuallyp-bounded.

(V) ¢ is p-asymptotically compacts ¢ is @-conditionally asymptotically com-
pact and eventually-bounded.

Lemma 1l Let F € C(X). If F ¢-attracts Ae P(X), thenw(¢p) C F, for each
¢ € ¢ with ¢(0) € A, so wy(A) C F. In particular, if wy(A) @-attracts A, then
0y (A) will be the minimal closed set whigpattracts A.

Proof: Let ¢ € 4 with ¢(0) € A. SinceF ¢-attractsA, givenk > 0, there ex-
iststy = tk(¢) > 0 such thaip(t) € Oy x(F), Vt > t. Letz€ w(¢). Thenz=
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limj_ e @(tj) with t; — +oc0. We can extract a subsequertgesuch thattj, >
t, VkeN, andz = limg_ . @(tj ). Then,z € NienyO1k(F) = F. Therefore

o(¢) CF andwy(A) CF. O

Lemma 12 Let¥ be a generalized semiflow, M € P(X), and xe X. Then the
following statements are equivalent:
1. Ag-attracts M;

2. For anye > 0, and ¢ € ¢ with ¢(0) € M, there exists a(tp, €) > 0 such that
Hlg.e) (@) C Oe(A);

3.1im¢_ 1 d((t),A) =0, V ¢ € 4 with ¢(0) € M.

4. For anyt > 0, A p-attractsy; (M).

Lemma 13 Let 4 be a generalized semiflow. Then for anyZA and for any
7 > 0, we havewy (v (A)) = 0 (A).

Remark 12The two above Lemmas can be easily proved. We only observe that,
for (4) = (1) in Lemma 12 it is enough to suppose tiat-attractsy; (M) for
somet > 0.

Theorem 17 (i) If F C X is a closed globatp-attractor, thenJycx @y (X) C F.

In particular, if Uy-x @y (X) is a global g-attractor, then it must be the unique
minimal closed globag-attractor N.

(ii) If for each xe X, wy(X) @-attracts x, ther has the unique minimal closed
global g-attractor N andN = Uy x @ (X) = 0y (X).

Proof: (i) SinceF is a closed globap-attractor, itp-attracts eack € X. So, by
Lemma 11m,(X) C F, Vx € X. Therefore Jycx 0y (X) C F.

(ii) Let & € X. Sincew, (&) ¢-attracts, we have that J,.x wy(X) @-attractss.
Therefore Jy.x 0 (X) is a globalp-attractor. So, byi), Uycx @ (X) is the unique
minimal closed globa-attractorN. O

Lemma 14 Let¥ be a generalized semiflow anddK (X). If ¢ € ¢ is such that
d(e(t),K) — 0as t— +oo, then each sequend@(tn)}, with t, — +, contains
a convergent subsequence in X, and the limit belongs to K.

Theorem 18 Let 4 be a generalized semiflow andeAP(X). If for each ¢ €

¢ with @(0) € A, every sequencép(ty)} with t, — +oco0 contains a convergent
subsequence in X, thew, (A) is a non-empty se@-attracts A andoy, (A) is quasi-
invariant. The seto, (A) is the minimal closed set whigpattracts A. Moreover,
eachw (@) with o € 4 and(0) € A, is a non-empty compact and quasi-invariant
set, andimi_ 1 d((t), w(¢@)) = 0.

Proof: (Compare this result with with Lemma 4, and note that we don’t have
necessarilyo, (A) compact). Lek € A, by (Hy), there existsp € ¢ with ¢(0) =

x € A. Choose a sequente— +. By hypothesiq ¢(t,)} contains a convergent
subsequence(t, ) — & € w(¢) C wy(A). Thereforew(¢) # 0 and consequently
e (A) # 0. Let us prove thato,(A) ¢-attractsA. Assume, on the contrary, that
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w,(A) does notyp-attractsA, then there exisky > 0 and¢ € ¢ with ¢(0) € A
such that for eachm € N, ¢(tn) & Og,(wy(A)) for somet, > n. By hypothesis
{o(th)} contains a convergent subsequengg, ) — § € ®(@) C wy(A), what
is impossible. Thereforey, (A) @-attractsA. Moreover, from Lemma 11 we have

thatwy (A) is the minimal closed set whigp-attracts A.

In order to prove thaw(¢), with ¢ € ¥ and ¢(0) € A, is quasi-invariant
we proceed as it is done in Lemma 3.4, (i), [1], and construct a complete orbit
y throughz and y(t) € o(¢), Vt € R. This also implies thato,(A) is quasi-
invariant.

Now let{yn}n_; C @(¢), ¢(0) € A. Then, for eachn € N, there exists$, > n
such thatd(@(tn),yn) < 1/n. Since{¢(t,)} contains a subsequence converging
to some point € w(¢), {yn} has a subsequence that converge§ o w(¢).
Thereforew(¢) is compact. Now we prove that lim_ . d(¢(t), o(¢)) =0, for
o0 € 4 with ¢(0) € A. Assume, on the contrary, that it does not happen. Then there
existsey > 0 such that for each € N d(¢(tn), @(¢)) > & for somet, > n. But
this contradicts the hypothesis and the definitiomwo6). O

As an immediate consequence of the two above results we have

Lemma 15 Let¥ be a generalized semiflow and leexX and Ke K(X). If for
eacho € ¢ with ¢(0) = x, d(¢(t),K) — 0 as t— 4o, thenwy(X) is a non-
empty quasi-invariant set whigprattracts x. The seb, (x) is the minimal closed
set whichg-attracts x.

Remark 13Sentencesii) and (iii ) of Lemma 5 remain valid if we only suppose
that¥ is p-asymptotically compact.

Proposition 7 Let¥ be a generalized semiflow.df is ¢-dissipative, thery is
eventuallyp-bounded ando, (X) € B(X). On another side, i/ is ¢- asymptoti-
cally compact andv, (X) € B(X), then¥ is ¢-dissipative.

Proof: If 4 is ¢-dissipative then there Bg € B(X) such that for any € ¢ there

existsto(¢@) > 0 such thatp(t) € By, Vt > to(9). Soy&w((p) C Bp e B(X) and

therefore? is eventuallyp-bounded. Note thad(¢) = -0 % () C y&q)) (p)C
Bo. Thenawy (X) = Uyex @p(X) = Upew, p0)ex @(9) C Bo € B(X).

On the other hand, i/ is p-asymptotically compact and, (X) € B(X), then
it follows from Theorem 18, thaiy, (X) = Uyex @p(X) is a bounded globap-
attractor. Thereforé is ¢-dissipative. ad

Remark 14Let¥ be a generalized semiflo,e P(X), andg € 4 with ¢(0) € A.

If y+(p) € K(X), orif ¢ is a¢p-conditionally asymptotically compact generalized
semiflow andy™ (@) € B(X), then every sequende(t,)} with t, — +o0 contains

a convergent subsequence. If it happens to gaely with ¢ (0) € Awe can apply
Theorem 18.

Theorem 19 Let¥ be a generalized semiflow with B-ACP and R(X). If there
existst > 0 such thaty; (A) € B(X), then w,(A) is a non-empty set, quasi-
invariant ande-attracts A.
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Proof: Let B =y (A). Theny/ (B) = 15,(A) C 7 (A) € B(X). Let ¢ € ¢4 with
¢(0) € B and consider an arbitrary sequence Wjth» 4. From Lemma 6, we
obtain that{¢(tj)} has a convergent subsequence. So, by TheorermJ®) is
a non-empty set, quasi-invariant apeattractsB. But, by Lemma 13w, (A) =
0y (V7 (A)) = 0y (B). Sowy (A) is a non-empty set, quasi-invariant apehttracts
B= v (A). Then by Lemma 124) = (1), w,(A) ¢-attractsA. ]

Theorem 20 If ¢ is a p-asymptotically compact generalized semiflow, thén
has the unique non-empty minimal closed globadttractor N and

N = [ wy(x) = 0 (X).
xeX

Proof: Letx € X and letp € ¢ with ¢(0) = X. Consider an arbitrary sequerige-
+00. Since¥ is gp-asymptotically compact, the sequer{ggt;)} has a convergent
subsequence. So, by Theorem &§,(X) is a non-empty set, quasi-invariant and
g-attractsx. Thus, by Theorem 17i), ¢ has the unique minimal closed global

p-attractorN andN = U,cx g (X) = @y (X) D 0y (X) # 0. O

Proposition 8 If ¢ is an asymptotically compact generalized semiflow gnd
dissipative, then its minimal closed globgattractorN = w, (X) can be charac-
terized byN = w0,y (B1), where B € B(X) is the set in the Lemma 8.

Proof: Let B; € B(X) as in the Lemma 8 and I& = w,(B1). Since¥ is asymp-
totically compact, Theorem 18 implies thai,(B1) is a non-empty set, quasi-
invariant ande-attractsB;. We know, by Theorem 20\ = Usex @ (X) is the
unigue non-empty minimal closed globpdattractor. It remains to show thiit=
D. We haveD = @y (B1) C Uyex @p(X) = N.

On the other hand, § € Uyex @y (X), theny € my(X), for somex € X. Then
y € o(¢), for somep € ¢ with ¢(0) = x. By Lemma 5m(¢) is non-empty, com-
pact, quasi-invariant, and lim . d(¢(t), o(¢)) = 0. Then ifK = w(¢) € K(X)
we have from Lemma 8 that there existK) > 0, t; = t1(K) > 0, such that
T(t)Og(k)(K) CByforallt >t;. Let0< & < (K). Thenthere is & ¢, &) > 0 such
thate(t) € O (K), Yt >t(@,£). Theng!(®€)(t) € T(t)0:(K) C T(t)Og(k)(K) C
B;, Vt >t;. Since¥ is asymptotically compact, for any € ¢ with y(0) € By
and for any sequendg — +o, we have that the sequenée(t;)} has a con-
vergent subsequence. Then, by Theoremd§B1) ¢-attractsB;. So, there is
7(@,t1,€) > 0 such thatpt*(?€)(t) € O¢(wy(B1)) C Og(D), V't > 7(@,ty,€).
Then}q+t< )(@) C O¢(D). Considetty =ty +t(, ) +7(9,t1,€). Then

¢.£)+1(pt1e
®(9) = Nizo % (9) C %, (9) C O¢(D)- S0y € () C No<e<e(k) Oe(D) = D-
Therefored Jycx 0y (X) C D. ThenN = Uycx @p(X) C D = D. ThereforeN =D =
CO(p(Bl). O

The next two results are the principal results of this section.

Theorem 21 If 4 is a p-asymptotically compact generalized semiflow and pos-
sesses a Lyapunov function X — R, then its minimal closed globai-attractor

N is non-empty antll = Z(%).
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Proof: Let ¢ € 4. By Remark 13 we know thab(¢) is non-empty, compact,
quasi-invariant and lim. .. d(¢(t), o(¢)) = 0.

Let {t;} be such that; — +oasj — +eoand 0<t; <ty <...<tj<....By
Lemma 14,{¢(tj)} has a convergent subsequerggt;,)} and so{V(o(tj,))}
converges too. From Definition 19 (ii) we obtain th@d(¢(tj,))} is a nonin-
creasing sequencé(o(tj,.,)) <V(o(tj,)) <... <V(9(0)). So{V(e(tj,))} con-
verges to its infimum,

Jim Vie(t,) =c= inf{V(e(t,)), £ € N}.
and this limit does not depend on the chosen sequénge

Lety € o(¢@). Theny =Ilimj_ ., ¢(tj), tj — +0c0. So limj_ 1V (0(tj)) =
V(y) = c. Sincew(¢) is quasi-invariant, then there is a complete ogpithrough
y such thaty(t) € (@), Vt € R andV(y(t)) =c=V(y), Vt € R, theny is
stationary. Thereforg € Z(¢) andw(¢p) C Z(9).

As we have lin, ;. d(@(t),o(¢)) =0andw (@) C Z(¥), Vo €9, Z(¥) is
a globalg-attractor. By Theorem 20,8 N C Z(%).

On the other hand, i € Z(¥¢) then there is a complete orhjt with y(t) =
z, Vt € R. Consideryp = yp+ € 9. SinceN is a globalg-attractor, givere > 0,

there exists & =to(g, @) > 0 such thaz= ¢@(t) € O¢(N), Vt > to. Thenze N=
N. ThereforeZ(¢) C N. O

Remark 15When dealing with a parabolic problem without uniqueness such that
the generalized semiflow associated with it satisfies hypothesis on Theorem 21,
we conclude that the associated elliptic problem has at minimum one solution and

the set of all stationary solutiol&%) = N = 0y (X).

Theorem 22 If ¢4 is an asymptotically compact generalized semiflow, then there
existN, M, M andN c M c M. If N € B(X), then for anyd > 0 we have M=
(05(N)), M is the maximal compact invariant subset of X @icandM are
compact sets. Moreover, 4t possesses a Lyapunov function X — R, then for

anys >0, M = w(og(z<g))).

Proof: Since¥ is asymptotically compact, by Lemma 5, for e®k B(X), w(B)
is non-empty, compact, quasi-invariant and attr&ctSo, by Theorem 1ii) and

Theorem 2(ii), ¥ has the unique minimal closed global point attradvbrand
has the unique minimal closed global B-attractor M &fie= U,y ©(X), M =
UgeB(x) o(B). Since¥ asymptotically compact implieg ¢-asymptotically com-
pact, by Theorem 20¥% has the unique non-empty minimal closed glolpal
attractorN = U,y @y (X), andN C M C M.

If N € B(X), then¥ is ¢-dissipative, so if we seB; = y:(ﬂ 5)(05(N)) we
conclude by Remark 7, as in Theorem 12, tat o (B;) is the maximal compact
invariant subset of X ant = a)(Og(N)). Moreover, if4 possesses a Lyapunov

function, by Theorem 21\ = Z(¢), soM = ©(O3(N)) = (D(Og(Z(g))). O



19

Acknowledgements We are grateful to Professor Alexandre Nolasco de Carvalho and Profes-
sor Jog A. Langa for enlightening discussions.

References

1.

2.

(o2 IR &) IR °N

~

Ball, J. M.: Continuity properties and global attractors of generalized semiflows and
the Navier-Stokes equationk,Nonlinear Sci7, no. 5 (1997), 475-502 .

Caraballo, T.; Marin-Rubio, P.; Robinson, J. C.: A comparison between two theo-
ries for multi-valued semiflows and their asymptotic behavi®@at-Valued Analll
(2003), no. 3, 297-322.

. Carvalho, A. N., Gentile, C. B.: Comparison results for nonlinear parabolic equations

with monotone principal pard. Math. Anal. Appl259(2001), no. 1, 319-337.

. Carvalho, A. N., Gentile, C. B.: Asymptotic behaviour of non-linear parabolic equa-

tions with monotone principal pad, Math. Anal. Appl280(2003), no. 2, 252-272.

. Hale, J.K.:Asymptotic behavior of dissipative systervkathematical Surveys and

Monographs, 25, American Mathematical Society, Providence, RI, 1988.

. Ladyzhenskaya, O.Attractors for semigroups and evolution equatiphsezioni

Lincee, Cambridge University Press, Cambridge, 1991.

. Liu, De: The critical forms of the attractors for semigroups and the existence of critical

attractorsProc. R. Soc. Lond. Ser. A Math. Phys. Eng. 86#(1998), 2157-2171.

. Melnik, V.S.; Valero, J.: On attractors of multivalued semi-flows and differential inclu-

sions,Set-Valued Anab (1998), no. 1, 83-111.



