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Abstract

In this paper we present a necessary and sufficient condition for a
family of sums of squares operators to be globally hypoelliptic on a torus.
This condition says that either a Diophantine condition is satisfied or
there exists a point of finite type. Also, we describe the analytic and
Gevrey versions of this result. The proof is based on L?-estimates and
microlocal analysis.

1 Introduction

Given m real vector fields X = {X3, -+, X} on a C° manifold of dimension
n, M, their sublaplacian is defined by Ay = —(X?+---+X2). In general this
is a degenerate elliptic operator. By Hormander’s theorem [Ho] it is locally, and
therefore, globally hypoelliptic if all points of M are of finite type. However, it
is well known that the finite type condition is not necessary for hypoellipticity.
For example, the operator —[(0y, )%+ (01,)* + (exp(—1/[t1]P)0:)?], 0 < p < 1, is
hypoelliptic in R? although the points on the plane {t; = 0} are not of finite
type (see Kusuoka and Strook [KS]).

In this work we shall focus on global hypoellipticity when the manifold is
a torus TV. The main motivation comes from Himonas [Hil]. There it is
shown that the operator —[9} + (8¢, + a(t1)d,)?] is globally hypoelliptic in T?
if and only if the range of a(t;) contains an irrational non-Liouville number.
Our main theorem here extends this result in the case that the coeflicient a
depends on both variables t; and t,. More precisely, we prove the following
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Theorem 1.1. Let P be given by
P = —831 - (@2 + a(tl, tg)am)Q (11)

where (t,t2,2) € T and a € C*(T?) is real-valued. We set

1
ao(tl) = % A‘a(tl,S)dS.
Then, P is globallly hypoelliptic in T2 if and only if either the range of ag(t,)
contains an irrational non-Liouville number or there exists a point p € T3 of
finite type for the vector fields X1 = 0y, and Xo = 0y, + a(tq,12)0,.

Recall that a linear partial differential operator P is locally hypoelliptic in
M if for any U C M open set the conditions v € D'(U) and Pu € C*(U)
imply that v € C>®°(U). P is said to be globally hypoelliptic in M if u €
D'(M) and Pu € C*°(M) imply that u € C>°(M). Also, recall that a point
p € M is said to be of finite type for the vector fields X, --- , X, if among the
vector fields Xj1> {levsz]v [Xjn [ijv st]]v T [Xju [ija [stv T 7Xjkm7 T
where j; = 1,--- ,m, there exist n (the dimension of M) which are linearly
independent at p. Finally, we recall that a number o € R\Q is said to be a

non-Liouville number if there exist C' > 0 and K > 0 such that
P C
o — a‘ > W, V (p,q) € Z x Z\{0}.

When the coefficient a(t;,t;) is an analytic function on T? then the analytic
and Gevrey version of Theorem 1.1 is true. More precisely, for any s > 1 the
sublaplacian P is globallly G*-hypoelliptic in T? if and only if either the range
of ag(t1) contains an exponentially non-Liouville number with exponent s or
there exists a point p € T? of finite type. This result is described in more
detail in the last section.

There is an extensive literature concerning the local hypoellipticity of sub-
laplacians in form (1.1). For example, the case when the coefficient a(tq,t3) =
t¥ where k is a positive integer, has been considered by Pham The Lai and
Robert [PR], Helffer [H|, Hanges and Himonas [HH1], Christ [C1] and Chanillo,
Helffer and Laptev [CHL|. For additional results and conjectures concerning
the open problem of analytic hypoellipticity (local and global) of sublaplacians
we refer the reader to the works of Baouendi and Goulaouic [BG]|, Tartakoff
[T1], [T2], Derridj and Tartakoff [DT], Treves [Trl], [Tr2], Bernardi, Bove and
Tartakoff [BBT], Bove and Treves [BT]|, Grigis and Sjostrand [GS], Metivier
[M], Christ [C2], [C3], [C4], [C5], Hanges and Himonas [HH2], [HH3], Cordaro
and Himonas [CH1], [CH2], and the references therein.

For results about local and global C'* hypoellipticity of sublaplacians, in
particular when the finite type condition fails, and in connection with problems
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arising from several complex variables, we refer the reader to the work of
Oleinik and Radkevic [OR], Rothschild and Stein [RS], Kohn [K1 |, [K2 ],
Christ [C6], Morimoto [Mo], Amano [A], Fujiwara and Omori [FO], Greenfield
and Wallach [GW], Himonas and Petronilho [HP1], [HP2], [HP3], and the

references therein.

The paper is organized as follows. In the next section we prove a reduction
lemma and the necessity of the condition for global hypoellipticity. Also, we
describe our approach for proving sufficiency. In Section 3 we prove global
hypoellipticity when ao(t1) contains a non-Liouville number. In Section 4 we
assume that ag is a rational number and prove global hypoellipticity if there is
a point of finite type. In Section 5 we prove global hypoellipticity when ay is
an irrational number and there exists a point of finite type. Finally, in Section
6 we state the analytic and Gevrey versions of Theorem 1.1.

2 A reduction lemma and necessity

We begin the proof of Theorem 1.1 with the following lemma which states that
the given sublaplacian can be reduced, by a conjugation, to another sublapla-
cian with the coefficient a(t1,t2) replaced by ag(t;).

Lemma 2.1. Let P and ao(t;) be as in Theorem 1.1 and P be given by

P = —(h, +b(t)0,)* — (Oh, + ao(t1)d,)”, (2.1)
where
oh t2
b(t) = —a—(tl, tg), h(tl, tg) = / a(tl, S)dS — ao(tl)tg.
t1 0

Then, there exists an isomorphism, S, from D'(T3) onto itself which is also an
isomorphism from C>(T3) onto C*(T3) such that

SPS™' =P
and therefore the operator P is globally hypoelliptic in T3 if and only if P is
globally hypoelliptic in T?.

Proof. We define
S: D'(T%) — D'(T?)
by
Su=0v=> bt e =Y u(t,&)e " De™t for all u € D'(T?).
§EZ I3/
We also define
S~t. D'(T%) — D'(T?)
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by

S7w=u =) a(t, e =Y it e W for all v € D'(T?).
£eZ

I3

It follows from a straightforward calculation that S is an isomorphism from
D'(T?) onto itself which is also an isomorphism from C*°(T?) onto itself.

Now we are going to prove the concatenation formula SPS~! = P.

We have, for t = (t1,t5) € T?,
PS™ ' = Pu=-0;u— (0, + a(t)d;)*u
= =0 (D alt,)e™) = (0 + a(t)0)* (Y lt,)e™™)

135/ I3/

= D [FOha(t€) — (B, +ika(t))*a(t, )] €

ez

= > [F0h (e 0(t,€) — (B, +ifa()* (e (1, )] e

ez

= > [—(atl i€ D 1))0(1,8) — (B, + ian(t) %00t s)] S
134 1

o~

= 3 (Pu)t e e

€ez
= S~ 'Pw.

Next, let w € D'(T?) be such that
Pu=f, f€C™(T?%.

Letting v = Su € D'(T?), g = Sf € C*°(T?) and using concatenation SP =
PS, we see that v and g satisfy the equation

Pv =g, g€ C=(T).

If P is globally hypoelliptic in T? then v € C(T?). But v € C°°(T?) if and
only if u € C°°(T?). Therefore P is globally hypoelliptic in T3. Similarly we

show that if P is globally hypoelliptic in T? then P is globally hypoelliptic in
T3, O
Necessity. We begin by proving the necessity of the conditions for global
hypoellipticity. We do this by contradiction. If the condition in Theorem
1.1 does not hold then ag(t;) = «, where « is either a rational number or a

Liouville number, and all points in T? are of infinite type for the vector fields
X1 =0, and Xy = 04, + a(t)0,. Since [X1, Xo] = g—g(t)@w the statement that
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all points of T? are of infinite type reads as g—g(t) = 0. Therefore, the function

a depends only on t, i.e., a(t) = a(ty). In this case

h(ty,ts) = /t2 a(s)ds + aty = h(ta), b(t) = —g—h(tg) =0,

and the operator P becomes
P = —031 — (8t2 + a@x)Q.

Now, it is easy to show that (see [Hil], Thm 1.2) that P is globally hypoelliptic
in T3 if and only if « is a non-Liouville number. Therefore P is not globally
hypoelliptic in T2. This completes the proof of the necessity. O

Outline of sufficiency proof. Next we describe our approach for proving
that the condition in Theorem 1.1 is sufficient. Assume that u € D'(T?) is
such that

Pu=f, feC™(T).

Letting v = Su € D'(T?) and g = Sf € C*(T?) and using concatenation
SP = PS gives )
Pv =g, g€ C™(T?),

where P is given by (2.1). Therefore, to show that u € C°°(T?) it suffices to
show v € C*°(T?). For this we must show that for any N € N there exists a
positive constant Cy such that the Fourier coefficients v(7, &) of v satisfy the
following inequality

[0(7,6)] < Cnl(r, )7, (1,6) € (Z°)\F, (2.2)

where F is a finite set in Z3.
To prove inequality (2.2) we will use the fact that g satisfies

9(t.6)| < Onle|™, €€ Z\{0}, t € T?, (2.3)

and we will show that the partial Fourier transform with respect to x of ¢
dominates the partial Fourier transform with respect to = of v in L?-norm
(like in Lemma 3.1). In addition, we will use the fact that the operator P is
elliptic in ¢t = (1, ta).

3 The non-Liouville number case

Here we shall prove that if the range of ag(¢;) contains a non-Liouville number
then P is globally hypoelliptic in T3. We begin with the following lemma,
which in this case provides an L?-estimate for the solution v of the equation
Pv=g.



Lemma 3.1. If the range of ag(t1) contains an irrational non-Liouville number
then there exist positive constants Cp,Cy and K > 0 such that

100 22y < CLlEP 1 Ol 22y
for [&] > Cs.

Before proving Lemma 3.1 we will use it to show that P is globally hy-
poelliptic in T3. It suffices to prove that v € C°°(T?), or equivalently that
inequality (2.2) holds. By Lemma 3.1 and the fact that g € C*°(T?), which
implies inequality (2.3), we obtain that for any N € N there exists a positive
constant Cy such that

160, )[72¢z2) < Cnlgl™", €] > Co.

From now on we will use Cy to represent a constant which depends on N and
may change a finite number of times.
Since

or8) = [ et g,
T2
by the last inequality and the Cauchy-Schwarz inequality we obtain
[0(7,€)| < Cnl€|™, (1,€) € Z° X Z, [¢] > Ca. (3.1)

Moreover, since the operator P is elliptic at (¢, 2; 7, 0) for all (t,z) € T2 x T
and 75 € Z*\{0}, by using the microlocal elliptic theory we obtain that there
exists a conic neighborhood T'. = {(7,€) € Z* x Z: |£| < €|7|} of (79,0) such
that for any N € N there exists a positive constant Cy such that

6(7,&)| < On|(1, )7V, (7,€) €T

Thus, if we let I' = {(7,£) € Z* x Z: [{| > §|7|}, then using (3.1) we see that
for (7,&) € I' and |£] > Cy

1
8(r,&)] < Cx(5lél + 17D~ < Cwl(r, 1.

The last two inequalities imply that for any NV € N there exists a constant
Cnx > 0 such that

[0(7,6)] < Cnl(m, ™™, (7,€) € (Z* x Z)\F,

where F' = {(7,¢) : (1,€) € I'e, €| < C5}. Hence (2.2) holds true and therefore
v e C>(T?).

Proof of Lemma 3.1. We start by recalling that
Pv = [—(dy, + b(t)8,)? — (9, + ao(t1)dy) v = g.
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In this equation, taking the partial Fourier transform with respect to x gives

[ (00 +1€b())* — (De, + iao(t1))?] (¢, €) = §(t, ), (3.2)

for all £ € Z and t € T?.

The solution (-, &) to equation (3.2) is in C*(T?) for all £ € Z since it is
elliptic in ¢ € T2. Therefore, if we multiply (3.2) by 0, and integrate by parts
with respect to t € T?, then we obtain

[ owite. )+ igoite. Fde + [ 10ao(t.6) + isao(tr)ote, P
- Lg(t,g)@(t,g)dt. (3.3)

Since by hypothesis the range of ag(t;) contains an irrational non-Liouville
number we expect that the second term of the left-hand side in (3.3) to be the
“dominant” term.

Next, we shall analyze this second term. For p¢(t) € C>(T?), with ¢ € Z,
we define

Ory e (1) + i€ao(t1) e (t)=1be (t). (3.4)
The following lemma provides a formula for expressing ¢¢ () in terms of 1)¢(t).

Lemma 3.2. If e??m0(t) 1 £ () then the equation (8.4) has a unique periodic
solution which is given by

1 i€apg(ty)s
Pell) = m/ﬂf "t ta + s)ds. (3.5)

Proof of Lemma 3.2. Multiplying (3.4) by e*¢®®)t we obtain
O, (6ifao(t1)t2(p£) — eiﬁao(tl)tzwg.

Then integrating and solving for y¢(t) gives
. t2 . .
Qe (t) = e etz / eaot)sy (t), 5)ds + e~ t20 (1)) (3.6)
0

Imposing the periodicity condition y¢(t1,0) = @e(t1,27) we obtain

1 2 )
Zfao(tl)s
6i27rfa0(t1) 1 /0 € ¢§(t17 S>d8'

Substituting this into (3.6) and making the change of variables r = s —t; gives,
after some manipulation,

C(t) =

1 2m€ay 0 i€ay T
Sﬁs(t) = ei2mao(t1) _ 16 footy) /_t2 giseolty) lbf(tlﬂ“ + to)dr
1

+

2w —to
iag(t1)r
ei?ﬂ'fao(tl) —1 A € ¢£(t17 T+ tQ)dT‘
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Using the change of variables § = r + 27 in the first integral and combining
the resulting terms gives the desired formula. 0

Thus it follows from Lemma 3.2 that if e?276%(1) — 1 =£ () then

1
le()] < |ei27r§a0(t1)_1|/T‘wf(tlth—i_S)‘dS
1
= e L el )l

1 .
- |ei27r§a0(t1) _ 1| /]1‘ ‘at2§0§(t) + Zfa()(tl)(pi(t)’ dts.

Let £ € Z\{0} be fixed. If we apply the last inequality with ¢¢(t) = 0(¢,€)
then we obtain

1
0(.6)1 < = [ 106009 +i€mlt)ote Ol dea, (37)

provided e??€@0(t) — 1 £ (),
We now split the proof in two cases.
Case 1. ag(t;) = a with « being a non-Liouville number.

In this case we need the following elementary

Lemma 3.3. Suppose that « is a non-Liouville number. Then there exist
C >0 and K > 0 such that

e — 1| > ClEITF, v € € Z\{0}. (3.8)
Proof of Lemma 3.3. Observe that
|27 — 1] = 2| sin(na)],

and that for each ¢ € Z\{0} fixed one of the following conditions occurs:
(i) There exists k € Z such that [7{a — kn| < 3.
(ii) [ — k| > % for all k € Z.

Suppose that the condition (i) holds. Then there exists 6y between m€a and
km such that

|sin(méa) — sin(km)| = |cos(Op)||réax — k|
1
> §|7r§oz—k‘7r|:g]£oz—k\.

Since « is a non-Liouville number there exist constants C' > 0 and K > 0
such that the last inequality is bounded from below by C|¢|~%. Thus, in
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this case, inequality (3.8) holds. On the other hand if condition (ii) holds
then 2|sin(méa)| > v/3 which is also greater than C|¢|~%, by redefining C' if
necessary. This completes the proof of this lemma. O

From now on we shall use the letter C' to represent a constant, which may
change a finite number of times.

Thus, it follows from Lemma 3.2 and (3.8) that equation (3.4) has a unique
periodic solution and the following estimate follows from (3.7) and (3.8):

0(t,6)] < C|§|K/T|8t2ﬁ(t,§) b itai(tE)|dts, YV 1 €T, € € Z\{O}.  (3.9)

In (3.9), applying Cauchy-Schwarz inequality first, and then integrating with
respect to t = (t1,t9) € T? gives

164 eny < U [ 1ot €) + i€an(t)o(e &) P
T
Using this together with (3.3) we obtain

18, E)lz2crzy < CIEPFNG( )l z2cre)

for ¢ € Z\{0}. Thus, the proof of Lemma 3.1 in case 1 is complete.
Case 2. The function ag(t1) is non-constant.

Since non-Liouville numbers are dense in R and a(t1) is non-constant we
can find a tY € (0,27) such that ag(t?) = « with a being a non-Liouville
number. It follows from (3.8) that there exist constants C' > 0 and K > 0
such that

[sin(m&ao(t))] = | sin(rga)| > Clg] ™, V € € Z\{0}. (3.10)
Using these values of K and C' and the new constants

§ = min{2r — 7, ¢} and 8 = ||ap||z~ > 0

4

we state the following key result which is the “variable” version of Lemma 3.3.

Lemma 3.4. Suppose that ag(t,) is non-constant. Then for ||5+! > F%d, with
§ € 4, there exists an interval I¢ such that

|e2meant) 1| > Cl¢|7K, Yty € I,

with |I¢] = W?K“ and 9 € I.



Proof of Lemma 3.4. We begin with the identity
|e?ma0t) — 1] = 2| sin(méao(t1))]. (3.11)

Then, for £ € Z, |£|5+! > < we define the following interval
736

C
I — om) : [t — Y] < =————¢.
¢ {tl € [0,27] : |ty — ;] < 27Tﬁ|£|K+1}

Since €]+ > & we have W < ¢ and therefore I C (0,27). Hence,

|I£| = ﬂmgK-H'
Applying the fundamental theorem of calculus we obtain

sin(méao(ty)) = sin(n€ao(t))) + € /tol cos(m€ao(r))ag(r)dr.

Then estimating from below gives

t1
|sin(m€ag(t1))] > |sin(wéa)| — w|¢| /O cos(m€aq(r))ag(r)dr| . (3.12)
tl
Since, for ¢, € I we have
t1
Alel| [ costmtan(ray(riar| < el £
tl
C C . _k
< I R Cype
< 185 = 1€
it follows from (3.11), (3.12) and (3.10) that
|e?meo0tt) — 1| > 201¢|7K — Cl¢I™F = ClE| ", V1 € L.
The proof of Lemma 3.4 is now complete. 0

Now we return to the proof of Lemma 3.1 in case 2. From inequality (3.7),
using Lemma 3.4, we obtain

C
B
From the last inequality, using the Cauchy-Schwarz inequality first and then
integrating with respect to t; € I and ¢, € T, we obtain

|@(t7€)| S C|§|K/T |at2@(t7€) +Z£a0(t1)@(t7£)| dtQa v tl S I§7 |$|I<+1 >

[ [ ropandn < cigps [ [ 10,000 + icaltn)ote o) Pduey
T J I T J I,
< IR [ ou(e.€) + igao(t)ot )P, (3.1
’]I‘Q
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for [¢]FT! > Tr%&.

Next we show how to obtain the desired estimates about |[0(-,§)||L2(r2) from
inequality (3.13). We start by noting that for any ¢ € C*°(T?) we have

t1
o(t1,t2) = p(s1,t2) —i—/ Opip(r, ta)dr

S1

which implies that
lio(tr, t2)* < 2lp(s1, t2)|* + 4|0, (-, t2) 72y

Integrating the last inequality with respect to ¢ € T? and s; € I we obtain

el agray < C ( / / |so<s1,t2>12dsldtz+|fg\||gon|riw)>. (3.14)
Then, applying (3.14) with ¢(t) = e €"Dg(t, £) gives
I[60&) agesy < C / (o112, )P dssr
3
+ Ol /T 1040(0,€) + (0O Pt (315)

Now, using the fact that |I¢| = C|¢|~E+Y it follows from (3.15), (3.13), (3.3)

and Cauchy-Schwarz inequality that for [¢[FF! > W%(S we have

6Ol < € [ 10u(t6) + igb(o)s(e )P

Lol / 90t €) + iao(t,)o(t, €) 2t
’]IQ

IN

O+ / §(1,€)3(t,€)dt
TQ
< CIEPE MG Ol e 10 (- )] r2cre)-

Thus, for ¢ € Z, |€]5+! > 7%57 we can conclude that

16, E)llz2cr2y < CIEP 19, €l 2.

This completes the proof of Lemma 3.1. 0
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4 Finite type points and rational a

What is left now is to show that P is globally hypoelliptic in T* when ag(t) is
a constant, which is a rational or a Liouville number, and there exists a point
of finite type for the vector fields X; = 0, and Xy = 0, + a(t)d,. Here, we
shall consider the case where ag is a rational number. The case where qq is a
Liouville number will be considered in the next section.

Throughout this section we shall assume that ag(t;) = E where p,q € Z, q #
0 and p and ¢ do not have a common factor which is larger than one.

In this case we shall need the following two inequalities.

Lemma 4.1. Let I} and I5 be two open intervals in (0,2m). Then there exists
a positive constant C' depending on the length of each interval such that for
any ¢ € C*(T?) we have

/] |so<tht2>|2dt1dt2§o( / |so<t1,t2>|2dt1dt2+||sot1||iz(w)) (4.1)
Is JT I J 1

Hw\l%z(mic‘( /[ |so<t1,tz>\2dt1dt2+||sot2||%2(p)). (42)
2

Proof of Lemma 4.1. Using the fundamental theorem of calculus we obtain

t1
o(ty,t2) = @(s,ts) +/ o (r, ta)dr.
Then, using the Cauchy-Schwarz inequality we have

[p(t1, ta)[* < C (Jp(s,)[* + o (-, 12)[[2) -

Integrating the last inequality with respect to t; € T, t5 € I, and s € I} gives

/ / |¢<t1,t2>12dt1dt2sc(/ igo(s,tz)!?dsdm\m\r%m),
Is JT Is J1q

which is (4.1). To prove (4.2) we write ¢(t1,t2) = @(t1,s) + f;Q o (t1,)dr
and so |¢(t1,62)]* < C(Jp(ts, 8)|* + | (t1,-)||?). Finally, integranting this
inequality with respect to s € I and ¢t = (t,2) € T? gives inequality (4.2).
Therefore the proof of Lemma 4.1 is complete. O

Now, we begin the proof that P is globally hypoelliptic in T?. Let u € D'(T?)
be such that Pu = f € C>(T?). Then, defining v = Su and g = Sf we have
that v and ¢ satisfy the equation Pv = g, where, in this case,

to
P =—(0y, +b(t)0,)* — (dy, + gax){ with b(t) = _aaTh = _/ ay, (t1, s)ds.
1 0
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As before, for each £ € Z fixed we have 9(-, &) € C*°(T?) and 9(+, £) satisfies
/ |0, 0(t,€) + igb()0(t,§)dt + / 01,(t,€) + i€ 2 0(t, €) Pt
T2 T2 q
- [ttt (4.3

As we have seen in section 3, in order to show that P is globally hypoelliptic

in T? it suffices to prove following result.

Lemma 4.2. Suppose that ag(t;) = § where p,q € Z, q # 0 and p and q do
not have a common factor which is larger than one. Also, suppose that there
exists a point of finite type for the vector fields X1 = 0y, and Xy = Oy, +a(t)0,.
Then, there exists a constant C' > 0 such that

0, |22y < ClG( )2y, ¥ & € Z\{0}. (4.4)

Proof of Lemma 4.2. We define the sets A = ¢Z and B = Z\ A and split
the proof in two cases. Namely, Case 1: £ € A, and Case 2: £ € B.
Case 1. ¢ e A.

Thus, there exists ¢ € Z such that £ = /q.

Since there exists a point (¢3,15,2°) € T3 of finite type for the vector fields
X; =0y, and Xy = 0y, + a(t)0, we can find § > 0 and k = j + p € N such that

IFa )
—(t1,12) # 0, V(t1,12) € [0, 4]
atlatz
and
1
8I:—8ka Xy, [Xo, [ X1, - [ X0, [ X X))+ )] -], (4.5)
T (1), 1) e
t1 7ty p j—1

V (t1,t2) € [0, 8] Setting
Y1 = atl’ Yo = 6t2 + Zfa(t)a

and taking the partial Fourier transform with respect to z in (4.5) gives

) 1
25 ~ ok Yk? v (t17t2) € [_57 6]27 (46)
agla% (t17t2)
where
s )
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Now, let x be a function such that x € C*(T?), x > 0, y =1 on [—2, 4]? and
supp x C [—4,6]% For &€ € Z\{0} and ¢ € C*°(T?) we have

1
o(t)dt = / S A
/[ 12 802 \ 1620 (t, t)

o
= [0 | s e P
[‘%:%P gag BP (tlth)
1
< Dl e e { HIFdt (4.7
< [, 0 i L
-/ <>—1 ARG
T2 gag o7 (t1,t2) He
= [ (M0 | valeo P
T2 Zéaj 8” (t1’t2> H
1
= —|(AR)Y;
where .
A(t) = x(H)—

8] 817 (tlﬁtQ)

It follows from Cordaro and Himonas [CH1] that there exists a constant
C > 0 such that

2
[(A(t)Yrp, 0)| < Cl¢] Z <HYjSDH%2(T2) + HM\L?(T?)\Mﬂ\L?(W)) , o (48)

J=1

where ¢ € Z\{0}.
Now we apply inequalities (4.7) and (4.8) with & = ¢q and ¢(t) = u(t, {q)

14



and we obtain

2
L) DI Al

5 4612
§7§] 7=1

2
+ O Y [alt, €q)l| sz 1Yyl £g)] | 2 ez

J=1

2
C Y |IYgalt, tg)|[32re) (4.9)

=1

2 2
€. 1 .
b 03 (Gt )l + Vit )l )
j=1

IA

= Ce|a(t, Lq)[72(r2)

2
1 N
+ C’(1+2—62) E ||Y}‘u(t75(I)||i2(T2)-
i=1

Since 9(t, £q) = "D a(t, (q), §(t, lq) = D) f(t, (q) and

2

SO (Y( )| o) = /quamqw,

j=1

it follows from the last inequality and from Cauchy-Schwarz inequality that

@b < Ol o)

1 L.
+ 0+ o) (SN0 ) ey + 5zl ) e
2€ 2€f

1
_ (062+O(1+—)—) 100, )| |72¢r2) (4.10)
1.1, INIE
+ C(l—i-@)Q—G%Hg('a Q>HL2(’H‘2)'

Applying (4.2) with ¢ = e*P2¢(t, {q) and I, = [—§, ] we can conclude that
there exists a positive constant C' which depends only on  such that

160+ q)|Boesy < C /[ . / (b, £, Cq) 2t dis

+ Cll(Or, +ilp)o(t, £q)l| L2 (r2)-

15



Estimating the first integral in the right-hand side of the last inequality by
using (4.1) with ¢ = u(t, £q) and I; = Iy = [—6, 0] we obtain

16+ 00) Bagrsy < c(/{ | /[ ]|a<t1,t2,zq>|2dt1dtz+|\at1<-,zq>niw>)
—6,8] J[-6,8
+ C||(8s, + ilp)o(t, €q)||72 12y, (4.11)

where the constant C' depends only on 6.
Since iy, (t,£q) = e O (9, + ilgb(t))d(t, Lq)) it follows from (4.10) and
(4.11) that there exists a constant C' > 0 such that

) 1 .é A
fot e < (0 00+ )T 1B o
1.1 . )
+ C(1+@)2—%H9('JQ)HL2(T2)
+ (D + ilgb(t))0 (-, £q)[| 72 (r2)

0
+ C[|(8y, +ilp)o(t, £q)|[72(r2).
Choosing € and €; so that

1 €2 1
Ce+C0(1+—)2 =2
c+Cl+55)5 =5

the last inequality gives

10C, )l 722y < ClIGC, L)l T2
+ Cl(8y, + ilgd(t))o(-, £q)l|Z2(r2) (4.12)
+ Cl|(0h, + ilp)o(t, £q)||Z2(z2)-

Finally, from (4.12), using (4.3) and the Cauchy-Schwarz inequality, we con-
clude that there exists a constant C' > 0 such that

100, €a)lL2(r) < Cllg (- £a)llp2r2)), V£ € Z\{0}. (4.13)

This completes the proof of Lemma 4.2 in the Case 1. U

Remark 4.3 When ¢ = 1 then A = Z and therefore B = (). In this case
(4.13) implies that

100+, )| 2(r2) < On €[N, V € € Z\{0} (4.14)

since g € C™(T?).
The last inequality implies, as before, that v € C°°(T?) and therefore P is
globally hypoelliptic in T3. Thus, when ¢ = 1 the proof is complete.
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Remark 4.4 We would like to point out that when p = 0 we have ¢ = 1.

From now on we assume that ¢ > 2 and p # 0.
Case 2. £ €B.

By definition £ € B means that £ is not a multiple of ¢, in particulat & # 0.
Therefore we have |{p — kq| > 1 for any k € Z. Thus,

1
VY keZ. .
‘q 5‘ el — okl 2 g v ke (4.15)

The last inequality is saying that p/q is a non-Liouville number with respect
to denominators £ belonging to B.

By using inequality (4.15) one can easily prove, like in Lemma 3.3 that there
exists a postive constant C' such that

G2 1‘ > C. (4.16)

Then, using inequality (4.16) one can prove (following the proof of Lemma 3.1
in the case where ag is a non-Liouville number) that

o0 22y < CllG( 2y, ¥V € € B (4.17)

It follows from (4.13) and (4.17) that there exists a constant C' > 0 such
that

(-, Ollz2r2) < ClG( L2 (r2), V¥ & € Z\{0}. (4.18)
This completes the proof of Lemma 4.2. O

5 Finite type points and irrational a

To complete the proof of Theorem 1.1 we must show that if ag(¢;) = «, where
« is a Liouville number, and if there exists a point of finite type for the vector
fields X; = 0y, and Xy = 0, + a(t)0, then the sublaplacian P is globally
hypoelliptic in T?.

In fact here we shall prove a more general result by allowing « to be any
irrational number.

For this we shall use the fact that every real number can be approximated by
rational numbers. In particular, the continued fraction representation provides
convinient rational approximations which allows us to obtain good estimates
for [|0(-, &)|z2(r2)-

Recall that for a given x € R its integer part [z] is defined to be the unique
integer number such that [z] < x < [z] + 1. Then, define recursively oy =

17



1

x, a, = |op] and if o, & Z, oy = for all n € N. If, for some n,

n—an’
o, = a, then we have
1 :
T = ag+ a_|_—1 = [a03a17a2,'~- ,an]'
1 a2+---+ﬁ
Otherwise, we denote
1 )
T=0a+——7— = lao; ay, ag, - - .
a1+ o
Let a = [ag; ay, as,-- -] and éﬁ = lap; a1, a9, -+ ,a,|, n > 0 be the nth-order

convergent. Now we shall write down some important facts about continued
fractions that will be fundamental in the sequence.

For all n > 0, p, and ¢, satisfy the recurrent formulas p,, 2 = anioPni1 + Pn
and ¢,12 = api2Gnr1+4n and {g,} is an increasing sequence of positive integers
for n > 0, what implies that

(n — 00 as n — 0. (5.1)
Furthermore, we also have
Pn 1
a——| < <, YneN. (5.2)
qn qndn+1 q,

Now we state the following (more general than we need) result.

Proposition 5.1. If ay(t1) = o with a being an irrational number and there is
a point p € T2 of finite type for the vector fields X, = 0y, and Xy = Oy, +a(t)0,
then, P is globally hypoelliptic on T3.

In order to show, in this case, that P is globally hypoelliptic in T? it suffices
to prove the following lemma.

Lemma 5.2. There exists a constant C > 0 and a finite subset F' of Z such
that

100 Iz < CIEIMNGC Oz, ¥ € € Z\F, (5.3)
provided the hypotheses of Proposition 5.1 are fulfilled.

Proof of Lemma 5.2. Let a be the given irrational number. Take its ap-
proximation by continued fractions and let p—: denote the nth-order convergent
satisfying (5.1) and (5.2). Also, Let K > 0 be a fixed constant to be chosen
later. Thanks to (5.1) there is ng € N such that g,, > 8K + 1. Let £ € Z\{0}
be such that |{| > /Gn,. Since {g;} increases as j goes to oo we have that
{/@;} increases too. Thus, there exists some jo > ng such that

Vo < €] < /o1 (5.4)
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Taking partial Fourier transform with respect to x in equation Pv = g we
obtain

_(ah + Zb(t)f)QfJ(t, 5) - (8152 + Z.a/g)zﬁ(ta f) = g(tv 5) (55)
Using the identity

(01, + i€0)? = (1, + 22i€)° 4 2(a = Z2)ig (D, + E2iE) - & — P2y

Jo Jo Jo Q3o

(5.5) takes the following form

(1, + ib(1)E)*0(t,€) — (Bh, + D2ie)20(t,€) = §(t, &)

Jo

+ 2(a = Pig(a, + Pie)a(t€) — (a — PR Po(t,e).  (5.6)

Jo Jo djq

Therefore, if we multiply (5.6) by 9, and integrate by parts with respect to
t € T?, then we obtain

(B, + ib(£)E)D tf]dt—Ir/ yatzﬂ’ﬁ Yo(t, €)[2dt
T2

_ / §(t, )it €)dt + 2o — 22 / @2@@,@+@¢@<t,5)>5<t,g>dt
T2 Gjo T2 djo

2/ Pjoya2 . 2
ea=Lop [ jiopar 6.)

Since both sides of (5.7) are real and —&*(« pjo )? [ [0, £)]2dt < 0 it follows
from (5.7) that

/ (@ + ib(H)E)O(E, €)[2dt + / (00 + 221, )P

< 136l 16, Oz
Bolie] [ 10uo(e.9) + Beiott el )l

Jo

+2 ’oz—
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Using (5.2) and (5.4), last inequality gives

/ |0y +ib()€)0 (¢, €) 2dt+/ (O, +@% €)o(t, &) dt

JO

< la(, )||L2(1r2)|| (-, )l 222y
1 D
+ 2—q]0+1H ()2 | (D, + =L2E)0(-, )l L2(12)
5o 9j0+1 jo
= 9C Ol rzer2) 10(-, )l 2(r2)

19(, )|l L2 (T2) ) ( 1 Pio : o\ 4 /—)
2 8t2 2(TT2 4K
* ( \/_QJO + Zg)v( )HL =

< HQ( )22 [[o( ,é)HLw

pjo . 2
0, .
+ 4F( 2 [0, E) |72 (p2y + QJ0+1H< bo N )0 )| 72(r2),

which implies that

/|@+w awa+@—4K) 0+ 22600, P
T2

Qjo+1 Jo

I
< 119G Olzza 100, Ol z2r) + Wllv(nf)\liwr

Since —* L < L and therefore 1 — 4K > 1 it follows from the last
9jo+1 g 8K 0+1 2
inequality that
K%+M))tﬂﬁ+/!%+£ﬂﬁwm% 55)
T2 Jo

< 2[g(s 2 [[0C, )l L2(r2) + 2K—2||U( 722y, ¥ € € Z\{0}.
9o

In order to obtain estimates for ||0(:, )||z2(r2) we define the following sets:

Ao = 5o, By = Z\Ap and Cy = {§ € Z : /g5, < [€] < /Tjor1}- We split the

proof in two cases.
Case 1. £ € AyNCp.

Let £ € Ay N Cy. Thus, there exists ¢ € Z such that £ = {g;, with ,/g;, <
€] = 1€qj,| < \/Gjor1- Proceeding in a way similar to proving inequality (4.12)
in Case 1 of Lemma 4.2, we can show that there exists a contant C' > 0
independent of ¢ such that (see (4.12)

100 €aio)llZomy < ClGC, as)llzae) + ClI(Bey + ilazob(t))0(E, €aso)l[7a )
+ CH(atz + iﬁpjo)@(taéqu)||%2(T2)'
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Using (5.8), with & = £g,, it follows from the last inequality that there exists
a contant C' > 0 independent of ¢ such that

||@<’7éqjo)||%2(11'2) < C“g('ngjo)H%Q(’ﬂ‘?)+20”@(':gqjo)||L2(T2)||@('7gqjo)HLZ(TQ)

C
—— (- g )I?
+ 2quz0|‘v<7 q]O)HLQ(’]I‘Q)

. c? .
< ClGC, aio)llzers) + — 13¢5 gjo) 22y
. c .
+ )00, gjo) 1722y + W|lv('7€qjo)||%2('lf2)’
Jo
Taking € = %, K > 4C and recalling that 2q]2-0 > 1 last inequality gives
100, i) 7oy < CHAC Lqio) 72z + 4C21G( €gi) 122y
L.
+ 5“7}('76%0)”%2(11‘2)’
which implies that
100, €gjo) 222y < CllG(-, Las) |l 2 ). (5.9)
Hence Lemma 5.2 is proved in this case.

Case 2. £ € ByNCy.

Let £ € ByNCy. Since € is not a multiple of ¢;, we have |£p;, — kq;,| > 1 for
any k € Z. Hence,

i k 1
== |§pj()

VkeZ (5.10)
Q3o 5 ‘QJOHH

1
Gok| = =
P g llél

Inequality (5.10) says that pﬂl is a non-Liouville number with respect to de-

nominators belonging to By. Therefore we have

27 pjo 1
e 1' > (5.11)
qJ'o

Using (3.7) with ag(t1) replaced by I;@ gives
J0

(tf)“T’/

From this inequality, using (5.11) and the Cauchy-Schwarz inequality, we ob-
tain

0,,0(t,€) +z,§p’° (t, g)‘dtg.

0

o, s>|<¢_qm(/|at2 (1.6) +iE224(1,) dt2>,
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which implies that

|ﬂu@ﬁswwiéw%<ta+w¥%<t@|w2 (5.12)

Jo

Integranting (5.12) with respect to t € T? gives

mum&msm%/wktgﬂﬁmum%

Jo

Choosing K > max{4C, 47} it follows from the last inequality that
. p
H%@%W>SK%/H%Hﬂ o(-, &)t
< m%/|@fmwxmeMt (5.13)
p]o
+ K, [ 10, + 22000 Par

From (5.13), using (5.8) and recalling that £ € Cy, we obtain

. . N .
Hv<'7£)Hi2(’H‘2) < Kq]?o (QHQ('af)HLQ(T?)”U('af)HLQ(TQ) + WHU<7£)H%2(T2)>
Jo

. . L.
< 2KIEGC Oz [10C, Oz + S18C, N2z sy
Thus, we obtain

100, E) |72 r2y < AKIEMNGC O 2@ 10, E) 2 (),

which gives

190, )llz2crzy < AKIEING(, )l zare)- (5.14)
By taking F' = {{ € Z : [§| < /@n,} Where g,, > 8K + 1 with K >
max{4C, 47?} the proof of Lemma 5.2 is now complete. O

6 Analytic and Gevrey regularity

Next we shall describe the analytic and Gevrey version of Theorem 1.1. But
first, we recall the needed definitions and facts (also, see [Hi2]).

Let s > 1. We say that a function f(z) € C*°(T") is in the Gevrey class
G*(TV) if there exists a contant C' > 0 such that |00 f(z)| < Cle¥1(al)®, for
all o € Zf , x € TV, In particular, G}(T") is the space of all periodic analytic
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functions, denoted by C¥(T"). One can prove that u € D'(TV) is in G*(TV)
if and only if there exist positive constants € and C' such that

a(6)| < Ce= k1" v ¢ € ZN\{0}.

A linear partial differential operator P defined on TV with coefficients in
C*(TV) is said to be globally G*- hypoelliptic in TV if the conditions u €
D'(TV) and Pu € G*(TV) imply that u € G*(T").

Finally we recall that o € R\Q is said to be an exponentially non-Liouville
number with exponent s if for any € > 0 there is C. > 0 such that

[ —ag] > ey (n,€) € Z x Z\{0}.
Next, we state the analytic and Gevrey version of Theorem 1.1.
Theorem 6.1. Let s > 1, and P be given by
P =-0] — (0, + a(t1,12)0,)*,

where (t1,te, x) € T* with a € C¥(T?) is real-valued. We set

1
ao(tl) = %Aa(t1,5>d8.

Then, P is globallly G*-hypoelliptic in T3 if and only if either the range of ao(t1)
contains an exponentially non-Liouville number with exponent s or there exists
a point p € T3 of finite type for the vector fields X1 = 0y, and Xy = 0y, +a(t)0,.

The proof of Theorem 6.1 is similar to that of Theorem 1.1.
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