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Abstract

In this paper we consider the second order parabolic problem

uj = (pe(®)ug)e + c(z)u® + f(uf) in (0,1)
(Pe)
% + b(z)u® = g(u®) for x € {0,1}

where the diffusion coefficient becomes large in a subset which is interior to the
interval [0, 1], as ¢ — 0. We prove the existence of invariant manifolds for (P.), and
using the transversality of invariant manifolds of hyperbolic points obtained in [2]
we prove that equation (P.) and its limit problem are topologically equivalent on

the attractors.
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1 Introduction

Let Q = (0,1), € be a positive parameter, m be a positive integer and Qy =
Uﬁlgo,i be a subset of Q, where QO,i = (ai,bi) C ) with QO,i N QO,j = (Z) for

i # j, and Qo C (0,1). We also write Q; = Q\ Q.
Consider the family of semi-linear parabolic problems

u = (pe()uy)r + c(x)u+ f(u), z € (0,1)
(Pe)

%u + b(z)u = g(u) for z € {0,1}

where 2% = p.(z)(u,,7), and 7 is the outward unit normal vector. The diffu-
sion coefficients p. are assumed to be smooth and bounded functions, satisfying
0 <my < p(x) < M, for every x € (0,1) and 0 < € < g5. We also assume,

that they become very large in )y as € approaches zero, that is,

p(z) uniformly on €
pe(z) — (1)
oo uniformly on compact subsets of €2
as ¢ — 0. Physically, large diffusion will imply a rapid redistribution of the
spatial inhomogeneities and we expect that for small values of ¢, the solution
of problem (P.) will be approximately constant in each Qg;, ¢ = 1,...,m.
Our goal is to compare the flows of equation (P.) and the “limit equation”
when ¢ — 0. To obtain the limit equation, suppose the solution u® of (P.)
converges, in some sense, to some function v and that u takes a time dependent

but spatially constant value in €2y; which we denote by ug,,(t), for each i =
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1,...,m. Using this information we guess that the limit equation should be

w = (p(x)uy), + c(z)u + f(u) in

uﬂo,i(t) = biiai [p<bl)uw(bz+7 t) - p(ai)uﬂﬁ(ai_? t)] + éiuﬂo,i(t) + f(qu,i (t))7

1=1,...,m

%u + b(z)u = g(u) for z € {0,1}

where ¢ = —— [Y ¢(z)dx for each i = 1,...,m and Su = p(x)(ug, ©). See [2]

b;—a; Ja;

or [6] for details.

Suppose the nonlinearities f, g : R — R are smooth functions with bounded
derivatives, ¢ is a smooth function in 2, b(0) > 0, b(1) > 0 and the diffusion
coefficient p. € C'([0,1]) satisfies (1) with p € C'(€). From the results in [6]
we know problem (P,) is well posed in H(0, 1) and under some mild conditions
we have the existence of global attractors A.. Also from [6], we know that for

sufficiently small ¢, there exists N such that

A € {u € C([0,1]) : [Jullo <N}

The asymptotic behavior of the problem (P.) is then confined to the set
{u € L*0,1) : |Julli20,1y < N}. This allows us to cut the nonlinearities,
reducing to the case where the nonlinearities are globally Lipschitz functions.
We assume from now on that this cut off is made and will continue to denote

the nonlinearities by f and g; see [6] and [5] for details.

Let

Hg, (0,1) = {u € H'(0,1), uis constant on Qq;, i = 1,...,m}.



With globally Lipschitz nonlinearities, problem (Py) is well posed in H¢, (0,1)
and has an attractor A, that lies in a bounded subset of C*([0, 1]) for some

positive «, and attracts bounded sets of
L3, (0,1) = {u € L*(0,1), uis constant on Qq;, i = 1,...,m}
in the H(0, 1) topology.

Let

D(A.) = {p € H(0,1) : (p(2)¢.). € L?(0,1) and gz +b(z)p =0, in{0,1}}

and A. : D(A.) C L2(0,1) — L%(0,1) be defined by

Acd = = (pe(2)Pr)e — ().

Let also Ay : D(Ag) C L§,(0,1) — L§ (0,1) where

D(As) = {6 € B, (0,1)  (p(a)6:)e € L3, (0,1) and 92 4b(x)6 = 0 in {0,1})

be defined by

Aot = ~[(pa)r)s + e,
= Yl (0607 — plaéu(e))] + it

=1

where ¢ = —— | bi ¢(x)dx. We consider, as Rodriguez-Bernal, Arrieta and

a; Jaq

Carvalho in [6], (Py) and (P.) as semi-linear problems written in the abstract

form as

uf = —A.uf + h(u®) 2
2

and



where the nonlinearities h : H'(0,1) — H7'(0,1) and hy : Hy (0,1) —

Hg1(0,1) satisfy

(h(w).) = [ Fu(@)ol)dz + o(u(0)6(0) + g(u(1)o(1).

for any test function ¢, sufficiently regular; see [4] for details. Rodriguez-
Bernal, Arrieta and Carvalho in [6] have also shown, comparing
the dynamics of (P.) and (Pg), that the family of global attractors
{A:}o<e<e, 18 upper semicontinuous at ¢ = 0 relatively to the topolo-
gies H'((0,1)) and C°([0,1]). When all equilibrium points of problem

(Py) are hyperbolic we have the following much more precise result.

Theorem 1.1 (Main Theorem) Let f,g: R — R be smooth, bounded
functions with bounded derivatives. Suppose equilibrium points of
problem (P,) are hyperbolic. For ¢ sufficiently small the flow of
(P.) on the attractor A. and the flow of (Py,) on the attractor A,

are topologically equivalent.

The paper is organized as follows. In section 2 we obtain the asymptotic be-
havior of the eigenvalues of the operator A., associated with (P.). We then
prove the existence of invariant manifolds for the problem (P.). Using a re-
sult of convergence of the eigenvalues of Rodriguez-Bernal [8] we show the

existence of invariant manifolds for the limit problem (Py).

In section 3, using the convergence of the linear semigroups obtained by Ar-
rieta and Carvalho [1], we show the C!-proximity of the invariant manifolds.
From a previous work [2], we know that the stable and unstable manifolds of
the hyperbolic equilibrium points of (P.) intersect transversally and we can

conclude that the problem (P.) is Morse-Smale. The topological equivalence



then follows from finite dimensional results.

2 Invariant Manifolds

Let X and Y be Banach spaces, —A : D(A) C X — X be a sectorial operator
such that Ro(—A) > 0 and B : D(B) C Y — Y be the generator of a C°-
group of bounded linear operators {e!® : t > 0} on Y. Let {e™*4 : ¢t > 0}
be the analytic semigroup of bounded linear operators generated by A and
denote by (—A)® the a-fractional power of —A and X = D((—A)®) with the

graph norm. Consider the system of weakly coupled differential equations

T =—Ax+ f(x,y)

y=—By+g(z,y).

For the nonlinearities f and g we make the following hypotheses.

(H1) f: X*XY — X and g : X* XY — Y are continuous, locally Lipschitz

functions and there are positive constants L¢, Ly, Ny and N, such that

1f(2,9) = F(zw)lx < Ly(lz = zllxe + [y — wlly),
1f (2, 9)llx < Ny,
l9(z,y) = 9(z,w)lly < Ly([|z = 2l xe + ly = wlly)

lg(z, y)llx < Ny,

for every (z,y) and (z,w) in X* x Y.

(H2) f: X* XY — X and g : X* XY — Y are smooth functions, satisfying



(H1), and

[ fa(z,y) = folz,0) ||l ecxox) < Ly(llz = 2 xe + [y — wlly),
1fo(@, 9)lleixex) < Ny, ([ fy(@ 9)lleevx) < Ny,

1fy(2,y) = fy(z,0) | ey < L(llz = yllxe + [y — wlly),
19:(2,y) — g:(2, W) e(xa vy < Ly(llz = 2llxa + [y — wlly),
lgy(z,y) — gy(z, Wl eeviyy < Lo(llz — ylixe + [ly — wlly),

9=, Yl cixayy < Nys lgy(z,9) |l eevyy < Ny,

for every (z,y) and (z,w) in X* x Y.

Definition 2.1 A set S C X* XY is an invariant manifold for the differential
equation (4) if there exists o : Y — X such that S = {(z,y) € X* x Y :
x = o(y)} and for any (zo,y0) € S there exists a solution (z(-),y(-)) of the
differential equation (4) with x(0) = x¢ and y(0) = yo such that (z(t),y(t)) € S
for any t € R. The invariant manifold S is exponentially attracting if there

are positive constants v and k such that

lz(t) — o (y(t)llxe < ke |2(0) — o(y(0)) ]| x=
fort > 0, whenever (xz(t),y(t)) is a solution of the differential equation (4).

The next theorem states the conditions to obtain the existence of an invariant

manifold for system (4).

Theorem 2.2 Let X and Y be Banach spaces, A : D(A) C X — X be a

sectorial operator and B : D(B) CY — Y be the generator of a C°-groups of



bounded linear operators. Suppose f: X* XY — X and g: X* xY — Y are

functions satisfying (H1).
Assume also, that

(1) |le~w||xo < Mae Pt||w]|xa, t >0

le™"z[ly < Mye™"|z[ly,t < 0

)
(i) fle=Mwllxe < Mot~ "|w|x, t >0
(iid)

)

(iv) lle=Pzlly < My(—t)~%e "|l2[ly,t <O
for any w € X® and z €Y.
If B — p is sufficiently large, there exists o : Y — X< satisfying
lo(y) —a(2)lxe < Ally = =y,
for some A > 0 such that
S={(x,y) e X*xY :x=0(y)}

is an exponentially attracting invariant manifold for (4). Given e > 0, if —p

1s large enough we can choose A < e and

s =sup |lo(y)||x <e.
yey

If f,g are smooth and (H2) is satisfied, then o is smooth and its derivative

Do satisfies
sup [| Do (y) | cv,xe) < A
yey
and
1Do(y) = Do (y)llcvxey < Ally = o/ lly-

Again, if B — p is large enough we can choose A small.



PROOF. We only give here a sketch of the proof in order to fix the notation.

Details of the proof can be found in [3] and [9)].

For D > 0 and A > 0 given, let 0 : Y — X such that

ol = Sup le)llxe <D, lo(y) —o(@)lxe < Ally = y/lly-
y
Let v(t,n, o) be the solution of

W — _By+g(o(y),y), for t<0,
y(0) =,

and define

Note that

GO Ollxe < NeM, [ (s) s

Suppose that ¢ and ¢’ are functions satisfying (5) and n, € Y. Then,
1G(o)(n) = G(o") ()l xe < Lylln = 1'lly + Lolllo — o],

where

0
I, = MaLf/

—00

(—s)" e (1 + co(1 + A)e_(p+CF)S> ds

and

I77 = ClMaLf(l + A)/ (7— — 3)_ae_[5—ﬂ—cr](7’—s)d$

—00

with c1, ¢y constants and cp = (MyLy(1 + A)(1 — )Y/ 1=,



Given ¢ < 1, if 8 — p is large enough then I, < 6 and I,, < A so that ¢
is a contraction map from the class of functions that satisfy (5) into itself.
Therefore, it has a unique fixed point ¢* = G(o*) in this class and S =

{(6*(y),y) : y € Y} is the desired invariant manifold for (4).

do
dn

the application G : L(Y, X®) — L£(Y, X®) given by

If f and g are smooth one can also show that 2% is the unique fixed point of

Gl = [ e ol (s, )3 s.n) ds

S a
4 oW, 0) 05 m )W, m,0) 5 (5,m) s
and
d d -
I3 ) = G Wleoexe) < Ally = o/l

for some A > 0. O

We can use this theorem to obtain invariant manifolds for the problems (P.)
and (Py) because we have truncated the nonlinearities in such way that they
are now globally Lipschitz. The existence of the invariant manifolds for this
truncated system ensures the existence of the invariant manifolds for the origi-
nal system. Furthermore, the attractors for the truncated problems are subsets

of the invariants manifolds. See Theorems 3.2 and 3.3 of [7] for details.

The following result from [8] gives the convergence of the eigenfunctions and
eigenvalues of the operator A. to the eigenfunctions and eigenvalues of the

operator Ag, as € goes to 0.

Theorem 2.3 Assume the spectrum of A. is given by \j < A\] < --- < A <
.., counting multiplicities and, for each n, let ¢5 be an eigenfunction of X

such that ||¢5||1201) = 1 and such that {¢5}, is a Hilbert basis of L*(0,1).

10



Also, assume that Ay has spectrum X5 < X0 < .- < X0 < ... counting

n

multiplicities. Then the following conditions hold.

(1) For eachn € N,
A= A ase— 0.
(2) For each n € N, and for any sequence converging to zero that we still

denote € — 0, there exists a subsequence €; such that
¢ — @0 € H}ZO(O, 1), as j — oo,

strongly in H'(0,1) and lim / pe, |65 |* = 0, where ¢° is an eigenfunc-
J—00 QO

tion of Ao corresponding to Xo and {¢2},, is a Hilbert basis of L (0,1).
If A. and A have spectra as in Theorem 2.3, let
We =05, 05] and Wt ={p € L2(0,1) : (¢, w) =0, w € We},

where (-, -) is the inner product of L?(0,1). We put

A0
A =
0 B
where B = A, and As = A, . Since W, is finite dimensional, we
n we n D(A)NW.+
can write B; as a diagonal matrix
X0 - 0
0 Af - 0
B; =
0 0 -+ X4

11



If u(z,t) a solution of (2), then for each t, we can write

u(z, 1) = vo(t)g5(x) + vr(H)PT(2) + -+ + vaa () Pr, 1 (2) + w(a,t)

where w(z,t) = u(z,t) — S F vi(t) e (z) and v;(t) = Jfy u(z, )¢t (z)dz, for

0i(t) = Avi(t) + (h(u),¢5), i=0,...,n—1

7

and
. n—l
we + Ayw = u), 97 ) ;-
z:O
Setting v = (v, w) with v = (v, ...,v,_1), equation (2) can be written as
bt Bov = g2(v.0)
wi+ Ayw = [ (v, w) (6)
with
ga(v,w) = ((h(u), @5), .., (h(u), ¢7,_1)) "
and
n—l
falv,w) u), ;)95
z:O
Let Wy = [¢9,...,¢% ;] and, as above, consider the operators B? = Aj .
0
and A? = A, DAoL Writing v = (v,w) where v = (vg,...,v,1), and
= diag(A\), A%, ..., A% ), equation (3) can be written as the system
0+ By = gy (v, 2)
2+ Adw = (v, 2) (7)

12



where
gg(”a ’LU) = ((ho(u), ¢8>7 R <h(u)7 2—1>)T

and

n—1

fa(v,w) = ho(u) = Y _(h(u), ¢7) ;-

=0

Observe that if the functions f, g : R — R are bounded and Lipschitzian then
the functions £, g5, fO and ¢° satisfy the hypothesis (H1) with X® = W.*,
X =Wyt and Y = R” respectively. If f and g are bounded and smooth with

bounded derivatives then f<, g5, f2 and ¢° satisfy (H2).
2.1 Asymptotic Behavior of the Eigenvalues of A,

To show that the hypotheses of Theorem 2.2 above are satisfied by system (6)

we study the asymptotic behavior of the eigenvalues of the operator A..
Proposition 2.4 The eigenvalues X5, of the operator A. satisfy
5 1 2_2
A= P +o(n),

as n — +oo, where | = [y p.(s)~"/?ds.

PROOF. If ¢° is an eigenvalue of — A, then

(pe()uy () + c(z)u(x) — o°u(x) =0, x € (0,1)

9u + b(z)u =0, z € {0,1}.

If w is a solution of the (8) and

v(t) = pe(2)Mul@), t= /Oxpe(s)‘”?ds, [ = /Olpg(s)‘”?ds,

13



then
V() —r(t)v(t) — ofu(t) =0, 0<t<l
V() + b(t)u(t) =0, te{0,1}

where re(t) = 258 — c(t), n(t) = po()/*, by = bo(1) = [b(1) = {pL(1)]p(1) 12

and By = —b.(0) = [4p.(0) + b(0)]p.(0) /2

A characterization of the eigenvalues ¢° is obtained considering the bilinear

form 7 : L2(0,1) x L2(0,1) — R,

7(u,v) = — Vol Uy Uy + /Ol reuv + bou(0)v(0) + byu(lv(l)| .

If v € L*(0,1) and ||v|[12¢0,1) = 1, then

w0+ [ 2 + b(0)0(0)? + b{I)o(1)?| < ma [r(a)|-+16(0)—bol+]b(1)—b .

0<z<

Therefore g5 = p5, + O(1), as n — 400, where 4, are the eigenvalues of the

problem

¢ = up such that ¢/(0) = by(0), () = ~bio(l)
with by = b(0) > 0 and b; = b(l) > 0.
Letting p = —w? < 0, from the conditions in 0 and [ we get

(boby — w?) sin(wl) = —w(by + by) cos(wl).

Since by and b; are both positive we can not have wl = nx, and if wl # nm,

n €7, we put £ =wl, a = m and = b?ﬁll Then

cot(€) = aé - 6;-

14



For each n = 0,1, 2, ... there exists &, € (nm, (n+ 1)7), with &1 < &, + 7,
such that cot(§,) = a&, — ﬂgin. We let 0, = &, — n7 so that 6, € (0,7) and

Opir = Eppr — (n+ D)1 < &, —nm = 0,. Let 0 = lim,,_.,  0,,. From

1

cot(6,,) = cot(nm + 0,) = a(nw +0,) — 57” 0,

we obtain

1
lim — cot(#,) = 0.
n—1>r-l{loon7'(co( ) Oé?é

Then § = 0 and &, = n7 +o0(1), as n — +oo; that is, o5 = —l%n27r2 +o(n), as

n — +oo. O

We can now use this proposition and Theorem 2.2 to get the following result

for systems (6) and (7).

Theorem 2.5 Let f,g: R — R be bounded and smooth with bounded deriva-
tives. If n is sufficiently large there exist smooth exponentially attracting in-

variant manifolds

Sy ={(v,y); v=0,(y), y e R"}
for (6) and
Sy ={(v,y); v=102y), y € R"}

for (7). The flow on SE is given by (o5 (y(t)),y(t)) where y is the solution of
J+ By = 9,(0,(v),9)

and the flow on SY is given by (6%(y(t)),y(t)) where y is the solution of
y+ By = gn(on(y),)-

15



Furthermore, if s.(n) = sup,ew. [|05(v)]], so(n) = sup,ew, [[o0(v)|| and Ag(n)
and A.(n) are the Lipschitz constants of 02 and o5, respectively, then s.(n),

so(n), Ag(n) and A.(n) all go to 0 as n — +oo.

PROOF. If we let §°(n) = X, and p°(n) = A;,_, and let L; = L, = L;, where
Ly, is a Lipschitz constant of h and Ny = N, = N, where N}, is an upper

bound for |h| then from Theorem 2.2 there exists K such that if
B(n) — p*(n) = Ko
then

Sy ={(v,y);v=0;,(y), y €R"}

is a smooth exponentially attracting invariant manifold for (6).

Now, if we let 3°(n) = —)\2 and p°(n) = =X\?_| and L; = L, = L;, where

Ly, is a Lipschitz constant of hy and Ny = Ny, = N, where Ny, is an upper

bound for |hg| then, again from Theorem 2.2, there exists K; such that if
B (n) = p°(n) > K,

then
Sy ={(v,y); v=02(y), y € R"}

is a smooth exponentially attracting invariant manifold for (7).

From Proposition 2.4 we have
2
B5(n) — p°(n) = in—Q +o(n) — +o0 as n — +o0.
Using Theorem 2.3 choose gy such that [\ — | < 1 for e < gy. Choose Ny

such that 3°(n) — p°(n) > max{ Ky, K1} +2 for n > Ny, and the result follows

16



from Theorem 2.2. O

3 Proximity of the Invariant Manifolds

In this section we fix X = W.t and n sufficiently large so that the conclusions
of Theorem 2.5 are valid. We show that the invariant manifolds S¢ and S°
obtained in that theorem are C!-close. To simplify the notation, from now on,

we omit the indices n. We first show they are C°-close.

3.1 CY-Proximity of the Invariant Manifolds

From the proof of Theorem 2.2 it follows that the invariant manifolds S¢ of
(6) and SY of (7) are graphs of C!-functions o : R® — X and ¢ : R" — X

fixed points of

Gelo) ) = [ M (ol ), el )

and

Golo)m) = [ e (o(yo(s. ), (s, m))ds,

respectively.

If L. < 1 is the contraction constant of G., then it is easy see that

sup [|o%(n) — o’(n)||x < T Sup 1G=(0%) (1) = Go(a”) () |12,
neR” e nER™

and to obtain the C%-proximity of the invariant manifolds it is then sufficient

to estimate ||G.(a°)(n) — Go(a®)(n)]|re2-

The following result from [1] is used to obtain such estimate.

17



Lemma 3.1 Define the operators A. = A

and AQ = Ao‘

DA WL D(Ag)NWoL '

If € (0,1) and X2 < —a < 0 then
lle= Aty — e A0y|p2 < O(e)t Pe||ul|rz, t >0, u € L2(0,1)

where §(e) — 0 as € — 0.

PROOQOF. Choose a constant ¢, independent of ¢, such that
le™*ulle < ce™ulse,  and [l ull iz < ce”[lulliz, ¢ > 0.
Let > 0 be a small parameter. If ¢ € (0, ],
le™ ety — e~ Mt e < [leAetul|pa + e 0]l e

< 20t e |lulrz.

If t > 1 we can choose a [ = [(n) > 0 such that if z > [ then e=2* < nt~Pe-at
for all t > n. Since A5 — A as e — 0 and —\Y — 400 as n — +o00, there

exists N = N(n) such that —\5 > 1(n), for € € (0,e0) and n > N(n).

From the spectral decomposition of the linear semigroups, we obtain

X N(n)
He—Astu_ AotuHL2 < H Z 6)‘ t u ¢a ¢5 Z 6>‘ t qu ¢k||L2
+HY w1l Y. e, o)
k=N(n)+1 k=N(n)+1
=51+ 5+ 5s.
We have,
So < Y W (u, )P < P |ulfre, 9)
k=N(n)+1
S5 < Y N (u, o2 < it Pe ! ulle, (10)
k=N(n)+1

18



and,

N(n) - o N(n) 0 o0 L0
Sl S Z ’6 Rt — € kt’ ’<u>¢i>‘ + Z € ktH<u7 ¢i>¢i - <u>¢k>¢kH
k=1 k=1

For each k = 1,..., N(n) there exists & € (A5, A\?) such that [eM! — M| <
teS A — \?|. Then
N N
S < Yot L = Nl luflez + D2 2¢%|gf — ol llullee
k=1 k=1

N(n) N(n)
<t e [ Y I =M+ Y o — ol ) ullee. (11)
k=1 k=1

From (9), (10) and (11)

||6A5tu — eAOtuHLz < ntiﬁe*“té(a)HuHLz + 277t*f867“t||u||L2, t>n

N N(n) N(n)
where 6(¢) = Z XS — 2|+ Z |l¢5 — @2 Thus,
k=1 k=1

le=Astu — e Aotu| 12 < B(e)t e |ul|pz, t >0

where (e) = max{2cn®,2n + 0(s)} - 0ase — 0. O

To simplify the notation, define

n—1
NOEDILIER
7=0

and
n—1
ple) =D ll65 — Al
j=0

Observe that by Theorem 2.3 we have A(¢) — 0 and ¢(¢) — 0 as ¢ — 0.

Theorem 3.2 Let f,g: R — R be bounded and smooth with bounded deriva-

tives.

19



Then

sup [|lo°(n) —o’(n)|| = 0 as € — 0.
neRr”

PROOF. From the proof of the Theorem 2.2 we know that

0 - R
[G-(e)n) = Golo") Dl < Ny [ lle™ = 2] cnyds

0 A
+/_OO e[| oy 12 (0 (9 (5)), we (5)) = £(0° (o(9)), o(8)) | ds. (12)
From Lemma 3.1, it follows that

[l — et lguads < 0(e) [ (—s)Pemds = o T(1 - B)6(), (1)

where 3 € (0,1), \Y < —a < 0 and 6(¢) — 0 as € — 0. The second integral in

(12) satisfies

SR e 1570 ), 92(5)) — £( wo5)). ol o s

< coly [ N Io(wa(5)) — o wols)) x + () — o(s) s

bao [ OB 0(s)) (5D — £ ) (o)l s

0 2N
< aLy(1+80) [ W yels) = yols)lznds + —5500(E) (14)

o0

where ¢g is a constant and N}, is a upper bounded of h.

The variation of constants formula imply

19 () = o (£l <

n—1 . on—1 .
MY 675 = e nllgn + MN, [* 5[50 — e
=0 bj=0

+ M/to e =109 g2 (0 (yo(s)), w0 (5)) — 9°(° (%o (5)), yo(s)) |12 ds

0
4+ ML,(1+ Ay) /t e 19|y (5) — g () |[ands,
where M > 0 is constant.
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For each j =0,...,n — 1 there exists {; between —\5 and —)\2 such that
75 — 7N < JefeS 1A - A

Let § > 0 such that =\ ; — 0 <0 < =AY | + /2. We know from Theorem

2.3, that =A% — —)\2 as € — 0 and thus there exists £ > 0 such that
€ 0 0
§ € (=N —6/2,—)\;+0/2),
for each 7 =0,...,n—1land 0 < e <ey. If e € (0,e1) and ¢t < 0 then
=y A0 0 5
ST le Nt — eV < e (e), (15)
=0

where ¢; is a constant.Therefore

MK,
l9(8) = o(t)lzn < e M [pllan Ae)e = 4 LN (g Na O
SN,
MNh _ 0 _ 0 _ 10 —s
(e L ML (14 Ag) [ () = o)l ds.
n—1

From the generalized Gronwall’s inequality (see [9], for example) we obtain
ly=(8,m) = got, m)| < ale)ePnmam0MEalHANE < (16)
where a(e) = e, M <||77||Rn 4 5&) Ae) + 52 ().

Substituting (16) in (14) we obtain

L e 177 0 5)), ) = £ (o)), () o ds <
N, — Agcfffélfﬁju TayUET 2&?*‘)@- (17)

Putting together the estimates in (13) and (17) we obtain

IG=(c") () = Go(a®) ()| < Nya"'T(1 = B)6(e)
Lf(l + Ao)CO
N N0 =5 — ML,(1+ Ag)

2NhCO

n

+ a(e) +
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Then [|G.(c°)(n) — Go(a®)(n)]| — 0 as € — 0 and the proof is complete. O

3.2 Cl-Prozimity of the Invariant Manifolds

From the proof of Theorem 2.2 we know that %E(n) is the unique fixed point

of the operator G : L(R", X) — L(R", X) given by

Gl = [ e il el ol G (s m)ds

o[ eAeSf;wa(s,n>)7yg<s,n>>¢<ye<s,n>>%€;<s,n> s,

and %(n) is the unique fixed point of the operator Gy : L(R", X) — L(R", X)

given by

Golt) ) = [ 12 nls. 1) sl ) s )

- e/“)sfy?(ao(yo(s,n))yyo(san))lﬁ(yo(sm))%gj;(sa77) ds.

Let A and A, be the Lipschitz constants of %(ﬁ)and %:(77), respectively.

Theorem 3.3 Let f,g: R — R be bounded and smooth with bounded deriva-

tives. Then,
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PROOF. As in the case of C’-proximity, to obtain the C'-proximity of the

invariant manifolds it is enough to compare G- (% ) and GO( ) We have

do? - do”
dn )(n) — GO(CTH)W)HE(R”,X) <
0

e £yt et ). et DEC)

s ay
= e 130" (ol m)): o5, m) 2, ) s

IG(——

0

A b o) ) S )
— 05 190y, m)) o5, n))‘ﬁif?(yo(s, n>>%€j<s, n)llds

=1 + 5. (18)
We first estimate ;.

Bs [ R — e % el s G s
I 0" ). s, ) G )

10 (o, ) ol n>>%€j<s, n)llds

<N [ (o)t | slds

vty [ %0+ O - s

#1007 = ). )| 1 s s
e [ AR50 Gnls m) (s )

= 12 s, ), ol ) s )

0?/8 ayO
N A d
ey [ WIZE ) = G s
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(s n) satisfies

g= =Bz + % (0 (y(t,n), y(t,n))2

FE(0,m) =1,
we have
Y. e O e (r—sry OYe
I ()l € Memt 4 AN (14 ) [ e 5020 T s, )

for t < 0. By the generalized Gronwall’s inequality,

2 1, )| < MMt (19)
n

for t < 0. Similarly we obtain

1201, )| < Ml =hea N 2001 (20)
n
for t < 0. Then,
aya a?/o _Bo
I ) = )] < e = e
do*® Y.

[T I ), ) S (so) " (sm)
PN (3/0(5777)),%(3777))6;7( (5. 1) G ) s
e g5 o s 1) ) sv)
—BO%(t—s) 0

. gy<a°<yo<s,n>>,yo<s,n>>a§j}“<s,n>||ds

= ||6_BEt — e_BOtH + [3 + I4.
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We now obtain the estimates for I3 and I,. We have

on—1 . a
I; < MN,A / Z |59 — =9 | aye(s,n)HdS
, n

+ ML A/ PRI A) g (s,m) = yols, )|

+Mf—oxm@nmmﬁn@nmw

_ (9y (9y0
MN, A/ M ti=a)) 22 d
+ g . il H 877 (5777) an (S 77)” s
[0 200 —s) o
+ MN,A [T n%@m—m@mmwg@mws
do*® do®
+MN/ e s)||d7](yo(8ﬂi))—%( yols, )l ||7(S )l ds

—i—MAo/t e =179 g2 (0% (yo (5, 1)), o (5, 7))

— 92(0"(o(s,m), yo(s, ) H%{f(sm)ll ds,

and

0y,

I, < MN, / Z 750 — N | (5 mlds

+ML/ N M+Amwsm o(s. )|

0ye
n (s,m)|lds

+[[(0= = o) (wo(s, )]

0 0 s 8 £ ay
FMN [ eI TR s ) — GG s
t n

0 0 —8)|| A€
—{—M/t €_>\”_1(t )||gy(0 (?/0(3,77))790(3’77))

—ﬁw@wm»%@mwﬁﬁamwa
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Substituting the estimates (15), (16), (19) and (20) in the inequalities for I3

and I, we obtain

Ay. 0 )
H 57’7 (t,n) — af;’ (t,m)]| < e Ml (e)

0
—%AFA@Q—FAyﬁA@)/‘a X _1=0)(t=5) o(=A5_; =MNg(1+A))s

t

ML+ Aale) [ e orl el ML (8- AN ) g
t

+ M?Ly(1+ A) sup ||o°(¢» ||/ e~ o1 (t=8) (=X, 1 =M Ny (1+4))s 7
PER™

_|_M2N Aa(g) /O 6_/\2*1@_5)6(_)\2 176— ML9(1+A))8 (=29, MNg(l-i-Ao))st
t

( |’J/ M) (t=5) (<X =M Ny (14+20))s g
7 pern

+ M? [Ao sup [|(g; — 92)(0°(¢),¢)II + sup [[(g; — gy) (0" (¥), ¥)
PYER™ PeR”

/0 e M1 (=) o (=A% =M Ny (1+20))s g
t

0 —\0 — ays ayo
MN,(1 A/ X0 (t-s) ) 9=
+MN,(1+A4) | e I n (s,m) — o = (s,m)]|ds.

Since \Y | — & < 0, we have

<) N1+ ) [ | T ) = S s s,
for small £, where
M do* do?®
ale) =be) + ———— su - — ,
©)=b6)+ i iy el () = G

36
M. = 5+ MLy(1+ A) + MNymax {1+ A1+ Ao)},
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and

M2Ny(1+ A)ey
b(e) = Mcy\(e) + g N
(€) 1A(e) XL +6+ MN,(1+A) (¢)
M?L,(1+ A) _ .
TN SN0, 1 MN,( 1 A S Nl =

N M?N,A
N1+ 0+ M(Ly(1+ A) + Ny(1+ Ap))
M?L,(1+ A)?
+ a(e)
N4+ 0+ M(Ly+ Ny)(1+ A)

M A 151
AT lAO sup 19 — 92) (@’ (), ¥)|

 sup g5 = (o) )| 0. s = =
PpeR?

From the generalized Gronwall’s inequality,

y Yo ~ N0 _
I () = Gt < d{e)el NS )

Using estimates (19) and (21), we obtain

0
I, < MNO(e) / (—s)~Pel- X1 +a-MNy(L+A))s g

—00

+ MCoLf<1 + A)a(g) /0 e()‘gf)‘%fl7’\2—175*M(L9(1+A0)+Ng(1+A)))5dS

e\ Ly sup (0% = o+ sup 1055 = S0, )|

/0 925~ MNy (1+8))s g
1 do® do?®
su _ X
s sl - S|

+ colN; lb(e) +

/ U 0 (MeAMN, (185 g

—0o0

Increasing n, if necessary, so that A2 — AV is sufficiently large to make the

above integrals convergent, we finally get an estimate for I;.

C()Nf
L, <H
LS I R 00—, — (M N, (15 A))
do® do®
5 - 22
sup |0 = G (2)
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where

Hy(2) = MN,T(L— BN — Xy — (MN,(1+ A) — (a+ X2))*6(e)
coMLy(1+ A)
TN, 872 ML (1t Ag) 1 N1+ &)
Mo Ly sup 0" = o) + sup (75— S0 )] x
1

X — X — MN,(1+A)
C(]Nf b(E)
AN — X — (M. + MN,(1+ A)) '

_l_

We now obtain an estimate for I5.

-3 as ayf?
B < N [ (=) P 55, m) ds

0
—00

g [ (14 A e, m) — (s )|

#1007 = o)l DI 15 s s

O Nosy(pe  poy/ -0 Dye
+%Ag/m€"Wh—fJW(%@WDWM&mWH&#&WH@
0 Og aye ay
+ coNAg [w etn ||%(San) - 87;(8,77)”615

- 0 s oy,
FaNeo [ et m) = ols )l 1 . s
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Using estimates (16), (19), (20) and (21) it follows that

[2 S MNfA09(€) /O (—3)7ﬁ€()‘917)‘i—17(MN9(1+A)+/\%*‘1))5 dS

— 00

+ C(]MLfAO(l + A)a(g) /0 e()‘%*/\gz—l*(5+)‘271+M(L9(1+A0)+Ng(1+A))))S dS

M Ay [Lf sup (0" = o)) + sup (- f£><00<¢>,w>||] x

/ O A M, (1+A))s g
+ coN A /0 a(e)ePnAnor (Mt MNs (1+8)s 1 o

+ coMN;Agale) /0 0N (AL M (NG (1+A)+ Ly (1+80))s 7

Evaluating the integrals we obtain

CvoNfM
I < Hy(e) + i 8
2 S ) AL N, — (M. + MN,(1§ A)
do* do®
su - 5 ’ 23
sup {1500 = @)l (23)

where

Hy(e) = MAGNT(1 = B)(XS = Xy — (MN(1+A) + X, = a)))”~6(e)
CoMAoLf(l + A) a(g)
A= X0 = (30/24+ M(Ly(1+ Ag) + Ny(1+ A)))
+coMAg | Ly sup [[(0° = o) (@) + sup [[(f5 = f2)(0°(¥), )| %
PeR™ PYeR”

1
N X — MN,(1+A)

+

n

CoAONf b(E)
N — A0 — (M. 4+ MNy(1+A))

+

COMAQNf

TN A, (3024 MN,(1+ Do)+ Ly(1 A7) “&)
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Substituting (22) and (23) in (18) we have

- doY - do®

||Gs(d7n)(77) - GO(Tn)(U)||£(R",X) < Hi(e) + Ha(e)
coNp(1+ AgM) do* do®
_|_ —_— .
(15 A) O — AL — (M + M, (11 A))) ot gy 0 = g ()]
Therefore

do® do®
su -
neRgH a7 (n) i @l

<l1— CoNf(l—l—Ao)M !

- (1= L) — A0 — (Mo 4+ MN,(1+ A)))(1+ Ag)

1

. (Hy(e) + Ha(e)) — 0, as e — 0,

where I~/5 < 1 is the contraction constant of Ga. a

3.3 Topological Equivalence of Problems (P.) and (P)

Using the results above we can easily obtain the topological equivalence of the

original problem (P.) and the limit problem (Py) on the attractors.

From Theorems 3.2 and 3.3 we conclude that the vector fields of equations (2)

and (3) over the invariant manifolds are C'-close.

Lemma 3.4 Let f,g : R — R be smooth bounded functions with bounded
derivatives. For e sufficiently small, the vector fields of (2) and (3), on S°®

and S, respectively, are C'-close.

Theorem 3.5 (Main Theorem) Let f,g: R — R be smooth, bounded func-
tions with bounded derivatives. Suppose that all equilibrium points of problem
(Po) are hyperbolic. For € sufficiently small the flow from (P.) in the attractor

A. and the flow from (Py) in the attractor Ay are topologically equivalent.
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PROOF. From the existence of the invariant manifolds it follows that the
flows in the attractors A. and A are determined, respectively, by the ordinary

differential equations

0+ B = g,(0°(v),v) (24)
and

b+ Bl = g2(0"(0), 0). (25)

As a consequence of Lemma 3.4 the flows generated by equations (24) and
(25) are C'-close for small e. We proved in [2], Lemma 6.1, that the stable
and unstable manifolds of the hyperbolic equilibria are transverse. Then (3) is
Morse-Smale and the topological equivalence follows from finite dimensional

results. O
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