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Abstract. Let p be a prime number and X a simply-connected Haus-dor� space equipped with a free Zp-action generated by fp : X ! X andlet � : S2n�1 ! S2n�1 be a homeomorphism generating a free Zp-actionover the (2n � 1)-sphere, whose orbit space is some Lens space. Thenwe prove that, under some homotopical conditions on X, there exists anequivariant map F : (S2n�1; �) ! (X; fp). As applications, we derivenew versions of generalized Lusternik-Schnirelmann and Borsuk-Ulamtheorems.
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1. Introduction
Let X be a simply connected Hausdor� space equipped with a free Zp action (p is aprime number) generated by fp : X ! X. Given l = (l1; l2; : : : ; ln) 2 Zn such that foreach j = 1; 2; : : : n; p does not divide lj , consider the free Zp action on S2n�1 generatedby �p;l : S2n�1 ! S2n�1, �p;l(z1; z2; : : : ; zn) = (e 2�il1p � z1; e 2�il2p � z2; : : : ; e 2�ilnp � zn). Weremember that a path-connected space Y is j-simple (for j � 1) if the canonical actionof the fundamental group of Y over the group �j(Y ) is trivial. Our main result is thefollowingTheorem 1. Suppose that for 2 � j < m = 2n� 1 the orbit space X=fp is j-simple andi) �j(X) = p � �j(X), if j is odd,ii) �j(X) does not have elements of order p, if j is even.Then there exists an equivariant map F : (Sm; �p;l)! (X; fp).
If p = 2, theorem 1 remains valid for any m odd or even (�2;l is the antipodal map forany choice of l). This theorem provides the following versions of the Borsuk-Ulam andLusternik-Schnirelmann theorems.Theorem 2. Let X, fp : X ! X and m satisfying the same hypotheses of theorem 1.Then for each family F = fC0; : : : Ckg of k + 1 sets covering X, each of which is eitheropen or closed, and such that(1) p = 2 and k � m or(2) p = 3, m is odd and k � m+ 1 or(3) p > 3, m is odd and �p�12 � (k � 2) + 2 � mthere exists Cj0 2 F such that fp(Cj0) \ Cj0 6= ;.Theorem 3. Let X, fp : X ! X and m satisfying the same hypotheses of theorem 1.i) If m � k(p� 1), then for each continuous map f : X ! Rk there exists x 2 X suchthat f(x) = f � (fp)j (x), 8 1 � j � p� 1.ii) If m � (k � 1)(p � 1) + 1, then for each continuous map f : X ! Rk there existsx 2 X such that f(x) = f � fp(x).

1



2 T. E. BARROS AND C. BIASI

Theorem 4. Let X be a paracompact, Hausdor� and simply connected space and letf2 : X ! X be an involution without �xed points, both satisfying the hypotheses oftheorem 1. If Y is a separable metric space with topological dimension dim(Y ) � m�12 ,then for any map f : X ! Y , there exists x 2 X such that f(x) = f � f2(x).In [6] M. Izydorek and J. Jaworowski constructed for each k and n � 2k � 1 a mapf from the n-sphere Sn into a speci�c contractible k-dimensional complex Y such thatf(x) 6= f(�x), for all x 2 Sn. Thus the upper bound for dimension in theorem 4 is sharpfor general cases.Theorem 3 generalizes, in a certain sense, the result of Cohen-Connet [4]. Generaliza-tions of the same nature of the Borsuk-Ulam Theorem with "nice" topological spaces Xand Y satisfying some homological conditions can be found in [8] and [3].
Acknowledgements: The authors thank the referee for valuable suggestions thatimproved our results as well as the proof of the main theorem. We also thank professorsP. L. Q. Pergher and P. Zvengrowski for helpful discussions and suggestions.

2. Proof of Theorem 1
Let us consider the free action of Zp on the sphere S2n�1 generated by the map �p;l asde�ned in the Introduction. If X is a simply connected Hausdor� space equipped witha free Zp-action, then the diagonal action Zp � (S2n�1 �X) ! (S2n�1 �X), given byg � (q; x) = (g � q; g � x) is a free Zp-action. The projection � : S2n�1 �X ! S2n�1 ontothe �rst coordinate is an equivariant map and induces a map

�n;l : S2n�1 �Zp X ! Lp(l)on orbit spaces. Since the Zp-action over S2n�1 is a free action, the quotient map�S : S2n�1 ! Lp(l) is a covering map. If ~U � Lp(l) and U � S2n�1 are open sets suchthat ��1S ( ~U) = Sg2Zp g � U (disjoint union) and �S jg�U is a homeomorphism from g � Uonto ~U , then the map � ~U : ~U � X ! ��1n;l ( ~U) given by � ~U ([q]; x) = [(q; g � x)], whereg 2 Zp is such that q 2 g � U , provides a local trivialization of �n;l. Thus �n;l is a locallytrivial �bration over the Lens space Lp(l) with X as typical �ber.With these notations we have the following
Lemma 1. There exists an equivariant map F : S2n�1 ! X if and only if there existsa cross-section of the �bration �n;l.Proof: If F : S2n�1 ! X is equivariant, then �F : Lp(l) ! S2n�1 �Zp X de�ned by�F ([q]) = [(q; F (q))] is a cross-section of �n;l.Conversely, given a cross-section � : Lp(l) ! S2n�1 �Zp X, then �([q]) = [(q; F�(q))]for some continuous map F� : S2n�1 ! X. The continuity of F� follows from the factthat for q 2 g � U we have F�(q) = g � �X � ��1~U � � � �S(q), where �X : ~U � X ! Xis the projection onto X and we identify the element g 2 Zp with the homeomorphismg : X ! X induced by the action over X.Finally, to see that F� is equivariant, let q0 = g �q for some g 2 Zp then for the element[g � q; F�(g � q)] 2 S2n�1 �Zp X we have

[g � q; F�(g � q)] = [q0; F�(q0)] = �([q0]) = �([q]) = [q; F�(q)] = [g � q; g � F�(q)]Thus there exists h 2 Zp such that q0 = h � q0 and F�(g � q) = h � (g � F�(q)). But theaction on S2n�1 is free, therefore h = 1 and F�(g � q) = g � F�(q).
In the light of the above lemma, to prove theorem 1 it is enough to prove the existenceof a cross-section of �n;l : S2n�1 �Zp X ! Lp(l). To do this, let us consider the �bration�n+1;l0 : S2n+1 �Zp X ! Lp(l0), where l0 = (l; 1) 2 Zn+1, then it can be easily checkedthat �n;l is isomorphic to the pull-back �bration of �n+1;l0 , induced by the inclusionJ : Lp(l)! Lp(l0), J([z1; z2; : : : ; zn]) = [z1; z2; : : : ; zn; 0]. A lift ~� : Lp(l)! S2n+1 �Zp Xof J is a partial cross-section of �n+1;l0 , de�ned on the (2n� 1)-skeleton of Lp(l0). If we
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succeed in construct ~�, then by the universal property of the pull-back, there exists aunique continuous map � : Lp(l)! S2n�1�ZpX such that �n;l �� = 1Lp(l) and Ĵ �� = ~�
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in particular, � is a cross-section of �n;l.Let us prove now the existence of ~�. Since the �ber X of the �bration �n+1;l0 is pathconnected, there exists a cross-section over the 1-skeleton of LP (l0). The hypothesis thatX is simply-connected implies X is j-simple for all positive integer j, so the obstruc-tion to the existence of a cross-section over the j-skeleton of Lp(l0) is an element of thecohomology with local coe�cients, Hj(Lp(l0); �j�1), where the system of local coe�-cients is formed by the groups �j�1(X[q]), where X[q] is the �ber over [q], and [q] runsover all points of the base space Lp(l0). The assumption that X=fp is j-simple for all2 � j < 2n�1 (together with the 1-connectivity of X) guarantees that the local systemof groups �j�1 is simple for 2 � j � 2n � 1, i.e., the cohomology with local coe�cientsHj(Lp(l0); �j�1) reduces to the ordinary singular cohomology Hj(Lp(l0); �j�1(X)) for all2 � j � 2n� 1 (cf. [10]).Now to compute the cohomology groups we use the universal coe�cient theorem toconclude that
Hj(Lp(l0);�j�1(X)) �= (HomZ(Zp; �j�1(X)) if j is oddExt(Zp; �j�1(X)) if j is evenbut from the de�nitions of Hom and Ext we haveHomZ(Zp; �j�1(X)) �= f� 2 �j�1(X) : p� = 0gExt(Zp; �j�1(X)) �= �j�1(X)=p�j�1(X)Hence, as X satis�es the hypotheses i) and ii) then Hj(Lp(l0); �j�1(X)) = 0 for all2 � j � 2n� 1. Therefore there exists a lift of J restrict to Lp(l), the (2n� 1)-skeletonof Lp(l0), and the theorem 1 follows.

Remark 1. Given integers m > n, it is well known that there is no equivariant mapF : (Sm; am) ! (Sn; an), where am and an are the antipodal maps. We note that for neven (Sn; an) satis�es all hypotheses of theorem 1 except that Sn=an = RPn is j-simplefor each 2 � j < m. Thus the assumption that the orbit space X=fp is j-simple can notbe dropped.
Remark 2. The procedure of extending the cross-section performed above does not ap-ply directly over the �bration �n;l, because in this case the obstruction to extend thecross-section � to the (2n � 1)-skeleton is an element of H2n�1(Lp(l);�2n(X)) but thisis isomorphic to HomZ(H2n�1(Lp(l));�2n(X)), and since H2n�1(Lp(l)) = Z we haveH2n�1(Lp(l);�2n(X)) = HomZ(Z;�2n(X)) which, upon our assumptions about X, isnot zero in general.

3. Proof of Theorem 2
The classical Lusternik-Schnirelmann Theorem says the followingTheorem LS: Let m � k and let H0; H1; : : : ;Hk be closed subsets of the sphere Smsuch that Sm = [kj=0Hj, then there exists j0 2 f0; 1; : : : ; kg with Hj0 \ �Hj0 6= ;
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In 1979, Steinlein in [11] proved the followingTheorem S: Let p be a prime number and �p : Sm ! Sm a continuous map generatinga free Zp-action on Sm. Let m; k 2 N be such that m is odd and
m � (k � 1 ; if p = 3�p�12 � (k � 2) + 2 ; if p > 3

Then for each covering Sm = [kj=0Hj of the m-sphere Sm by k + 1 closed sets, thereexists some Hj0 such that Hj0 \ �p(Hj0) 6= ;In [5], J. E. Greene proved that in theorem LS each set Hj can be either open orclosed. With a similar reasoning theorem S can be improved toTheorem SG Let p be a prime number and �p : Sm ! Sm a continuous mapgenerating a free Zp-action on Sm. Let m; k 2 N be such that m is odd and
m � (k � 1 ; if p = 3�p�12 � (k � 2) + 2 ; if p > 3

Then for each covering Sm = [kj=0Hj of the m-sphere Sm by k + 1 sets, each of whichis either open or closed, there exists some Hj0 such that Hj0 \ �p(Hj0) 6= ;Proof: Following the reasoning of Greene we prove theorem SG by induction on thenumber t of closed sets in the cover of Sm. The case t = 0 correspond to a cover of Smby open sets H0; H1; : : : ;Hk. Select a Lebesgue number for this cover, that is, a positivenumber � such that for all x 2 Sm, the closed ball �B(x; �) is contained in some Hj .By compactness, there exists a �nite collection of points fxig such that the open ballsB(xi; �) cover Sm. For each j, let Fj denote the union of those �B(xi; �) contained inHj . Then Fj is closed, Fj is a subset of Hj for each j, and together the Fj cover Sm.Therefore, the theorem S implies that there exists some Fj0 such that Fj0 \�p(Fj0) 6= ;,and hence there exists some Hj0 such that Hj0 \ �p(Hj0) 6= ;.Thus we may assume that 0 < t < k+1 and the theorem holds for fewer than t closedsets. We now show that it holds for t closed sets. Let C be a cover of Sm with k + 1sets, of which exactly t are closed and the remaining sets are open. Fix a closed set Fin C, and suppose that F \ �p(F ) = ;. By normality, there exist open sets A and Bsuch that F � A, �p(F ) � B and A \ B = ;. Let U denote the set A \ ��1p (B). Then,U is open, F � U and U \ �p(U) = ;. Therefore C0 = (C � fFg) [ fUg is a cover ofSm with k + 1 sets, of which exactly t � 1 are closed and the remaining sets are open,so by the induction hypothesis some set H in the cover satis�es H \ �p(H) 6= ; and byconstruction this H must be di�erent from U , and hence some set H in the original covermust satisfy H \ �p(H) 6= ;. This complete the inductive step.
Now we are ready to prove theorem 2. Suppose that X = Skj=0 Cj is a covering of Xby k+1 sets, each of which is either open or closed, and k satis�es the condition (1), (2)or (3) of theorem 2.By theorem 1 for each �p;l : Sm ! Sm, generating a free Zp-action on Sm, and for eachfp : X ! X, generating a free Zp-action onX, there exists an equivariant continuous mapfrom (Sm; �p;l) to (X; fp). Note that, (fp)�1 = (fp)p�1 also generates a free Zp-actionon X, and analogously if l = (l1; : : : ; ln) then ��1p;l = �p;l0 (l0 = (p� l1; p� l2; : : : ; p� ln))generates a free Zp-action on Sm. Then there exists an equivariant continuous mapF : (Sm; �p;l) ! (X; (fp)�1). Thus we have that Sm = Skj=0 F�1(Cj) is a covering ofSm by k + 1 sets, each of which is either open or closed.If p � 3 it follows from theorem SG that there exists some Cj0 such that

F�1(Cj0)\�p;l0(F�1(Cj0)) 6= ;
This together the facts that �p;l0 = ��1p;l and F : (Sm; �p;l) ! (X; fp) is equivariantimplies that Cj0 T fp(Cj0) 6= ;.
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If p = 2, m can be even or odd, and in any case �2 is the antipodal map. The samereasoning applies to the Greene's version of theorem LS.
4. Proof of Theorem 3

Here we need the following theorem, which follows from the works of H. J. Munkholm[9] and E. L. Lusk [7].Theorem ML: Let p be a prime number, k;m 2 N and � : Sm ! Sm a continuousmap generating a free Zp-action on Sm.a) If m � k(p� 1), then for each continuous map h : Sm ! Rk, there exists anx 2 Sm with h(x) = h(�j(x)) for all j, 1 � j � p� 1.b) If m � (k � 1)(p � 1) + 1, then for each continuous map h : Sm ! Rk, thereexists an x 2 Sm with h(x) = h(�(x)).Now, to prove theorem 3 let (X; fp) be a pair satisfying the hypotheses of theorem 3and let f : X ! Rk be a continuous map, then by theorem 1 there exists a continuousequivariant map F : (Sm; �p;l) ! (X; fp). Thus h = f � F : Sm ! Rk is a continuousmap.If m � (k � 1)(p � 1) + 1, it follows from item b) of theorem ML that there existsy 2 Sm such that h(y) = h(�p;l(y)). Then if x = F (y) 2 X we havef(x) = h(y) = h(�p;l(y)) = f(F (�p;l(y))) = f(fp(F (y))) = f(fp(x))If m � k(p� 1), it follows from item a) of theorem ML that there exists y 2 Sm suchthat h(y) = h((�p;l)j(y)), for all j = 0; 1; : : : p � 1. Then if x = F (y) 2 X we have in asimilar way as above that f(x) = f((fp)j(x)) for all j = 1; : : : p� 1.
5. Proof of Theorem 4

Here we use the following theorem due to Aarts, Fokkink and Vermeer [1]Theorem AFV: Let W be a paracompact, Hausdor� space such that dim(W ) � m.Suppose that � is a �xed point free involution of W . Then there exists a closed coverC = fC0; C1; : : : ; Ckg of W with k � m + 1 sets such that Cj \ �(Cj) = ; for eachj = 0; 1; : : :m+ 1.To prove theorem 4, let us suppose by contradiction that f(x) 6= f(f2(x)) for all x 2 X.Let (W; �) be a pair such that W = Y � Y �4 where 4 is the diagonal, and � is theinvolution �(x; y) = (y; x), then W is paracompact, Hausdor�, dim(W ) � m� 1 and � isa free continuous involution ofW . By theorem AFV it follows that there exists a coveringW = Skj=0Hj of W by k + 1 closed sets such that Hj \ �(Hj) = ; for all j = 0; 1; : : : kand k � m. By theorem 1 there exists an equivariant map F : (Sm; �2) ! (X; f2), andthe map g : (X; f2) ! (W; �) given by g(x) = (f(x); f(f2(x))) is also an equivariantmap, so h = g � F : (Sm; �2) ! (W; �) is equivariant, therefore Sm = Skj=0 h�1(Hj) isa covering of Sm by k + 1 closed sets and since Hj \ �(Hj) = ; for all j = 0; 1; : : : k, itfollows that h�1(Hj) \ �2(h�1(Hj)) = ; for all j = 0; 1; : : : k and this contradicts theclassical Lusternik-Schnirelmann theorem (theorem LS). Thus we conclude that thereexists x 2 X such that f(x) 6= f(f2(x)).
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