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Abstract

This paper deals with the existence and nonexistence of positive weak solutions
of degenerate quasilinear elliptic systems with subcritical and critical exponents.
The nonlinearities involved have semipositone and positone structures and the exis-
tence results are obtained by applying the lower and upper-solution method and
variational techniques.
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1 Introduction

Castro, Hassanpour, and Shivaji in [1], and then different authors, focused
their attention on a class of problems, so called semipositione problems, of the
form

—Au = Af(u)in Q and u = 0 on 09,
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where ) is a smooth bounded domain in RV, X is a positive parameter, and
f:[0,00) — R is a monotone and continuous function satisfying the conditions

f(0) <0, (fo)
lim f(s) = +00, (f1)

and also the sublinear condition at infinity, namely, lim; ., f(s)/s = 0.

This kind of problem was motivated by the paper of Keller-Cohen in [2], where
they studied a positone problem which means the Dirichlet problem involving
as nonlinearity a positive and monotone function.

The semipositone problems are mathematically a challenging area in the study
of positive solution of the Dirichlet problem. We refer the reader to the survey
paper [3] (and [4] for p # 2) as well as to [5] and references therein. Actually,
the authors in [5] were able to treat not only the sublinear case, but also the
superlinear case by applying variational techniques.

Chhetri, Hai, and Shivaji [6], by using degree theory, studied the semipositone
systems involving p-laplacian operator with p > 1, of the type

—Ayu = Afi(v) in €,
(F) : —Av = Afa(u) in Q,
u=v =0 on 0,

where Q) is a bounded domain in RY with smooth boundary, ) is a positive
parameter, and fi, f2 : [0,00) — R are monotone and continuous functions
satisfying conditions (fy), (f1), and

R AONAD)

§—00 Sp—l

=0. (f2)

While in [7], Hai and Shivaji proved an existence result for system (P,) with
the condition

lim fi(M(fo(s))Y 1)

§—00 3P*1

=0, forall M >0, (f3)

instead of condition (f;) above mentioned. They applied the lower and
upper solution method. We would like to mention that in both papers above
mentioned were considered only the autonomous case.

On the other hand, in the scalar case, Garcia and Peral in [8] proved that the



problem involving p-laplacian operator with 1 < p < N, of the type

—Apu = NulP~?u in ,

u=>0 on 0f)

does not have any nontrivial weak solution for all A > 0 small enough. While
the perturbed problem involving p-laplacian operator with 1 <p < N

—Apu = NulP~?u + |u]7?u in Q,
u>0 in €,
u=20 on 0f2

has a nontrivial weak solution for all A > 0 sufficiently small and 1 < ¢ < p*
(see also Ghoussoub and Yuan [9]). Here p* = Np/(N — p) denotes the critical
Sobolev exponent. Still in the scalar case, an important situation happens
when ¢ = p*; in this case the inclusion Wy (Q) — LP"(Q) is continuous,
but not compact any longer. However, in a pioneering paper of Brezis and
Nirenberg [10] is treated the case p = 2. This type of problem involving the
lack of compactness has been studied by many authors, and we would like to
mention some of them, for instance, [8,9,11] and references therein. Recently,
Adriouch and Hamidi in [12] studied the system

—Ayu = AuP?u + (o + 1)|u[* o[ Tu in Q,

—Ayu = Nv|9%0 + (8 + D)]ul[* o]’ 1o in Q,
with Dirichlet or mixed boundary conditions, and supposing that the expo-
nents verify (a+1)/p*+(8+1)/¢* < 1,and 1 < p; < p. In [13], they handled
the critical case (o + 1)/p* + (8 + 1)/¢" = 1, with p = ¢. For the systems

involving p—Laplacian or Laplacian operators, we would like to mention the
papers, e.g., [14-16] and a survey paper [17].

The aim of this work is to extend or complement some of the above results
for the quasilinear elliptic systems involving singularities of the type

—div(|z| 7P| VulP2Vu) = Agi(z,u,v) in Q,
—div(|z|7M|Vo|972Vv) = Aga(z,u,v) in €, (1)
u=v =0 on 0f,

where g1,92 : 2 X R x R — R are continuous and monotone functions, €2
satisfies

Q is a smooth bounded domain of RY with 0 € €, (Hg)



A is a positve parameter, and the exponents verify the following conditions

1<pg<N,0<a<(N—=p)/p, 0<b<(N—-q)/qg. (Hexp)

We point out that the systems of type (1) arise naturally as stationary states
of certain models, for instance, in fluids mechanics.

Our three results below involve semipositone systems. We recall that the
positone systems, that is, system (P,,) with f; > 0,4 = 1,2, even in the
regular case have attracted much attention in recent years. We refer the reader
to the papers [14,18-20] and references therein. Still in this situation, for the
quasilinear elliptic equations/systems involving singularities, we would like to
mention, e.g. [9,11,21-31] and references therein.

Theorem 1.1 In addition to (Hq) and (Heyp), assume that g¢(x,u,v) =
||~ tRre fy(v), ga(a,u,v) =[x~ fo(u), with ¢, ¢ > 0, and fi, fo
R — R are nondecreasing and continuous functions such that

iy F1O(a(5)7T)

§—00 sp—1

=0, VM >0, and Sli_)r&f,»(s) =00, fori=1,2. (Hy)

Then, there exists \g a large enough positive parameter such that system (1)
possesses a weak solution, where each component is positive, for each A > X.

The next result treats the non-autonomous case.

Theorem 1.2 In addition to (Hq) and (Heyp), assume that ¢(x,u,v) =
|z|~letDpter £ (2w v), go(a,u,v) = |z|~OHVere fo (2 u,v), with ci,cp > 0,
fi, fo i OxRxR — R are continuous functions, nondecreasing in the variables
s and t, and they satisfy

t
lim fl(xp,sl,) = 0 uniformly in (z,t) € Q2 x R, (H,)
s—oo  gP—

t
tlim‘]%(;’j) = 0 uniformly in (z,s) € Q x R, (Hs)
( li)m fi(z,s,t) = oo uniformly in x € Q, fori=1,2. (Hy)
s,t)—00

Then, there exists Ao a large enough positive parameter such that system (1)
possesses a weak solution, where each component is positive, for each A > Ag.

Also, we will establish a nonexistence result for our system.
Theorem 1.3 In addition to (Hq) and (Heyp), assume that g¢(x,u,v) =

(b+1)g—c, c1,00 >0, and f1, fo: @ x R x R — R are continuous functions



satisfying
|f1(l', S,t)S‘ é kl’S’p + kZ‘t’q and ’f?(xa S>t)t| S kB‘S‘p + k4|t‘q7

for all s,t € R and every x € ), where ky, ko, k3, ks are positive real numbers.
Then, there exists Ao a positive parameter such that system (1) does not possess
any weak solution, where each component is nontrivial, for all 0 < X < A.

As we can see, a consequence of theorem 1.3 is that the system (1), with
g(z,u,0) = Olx] P ul’ 2y, gz, u,v) = S|z ulv| 2, 0,6 > 1,
O/p+d6/g =10 = (a+1)p—c = (b+1)g — c2, and ¢1,c2 > 0, does
not have any weak solution for all A > 0 small enough.

We will use a version of the mountain pass theorem due to Ambrosetti and
Rabinowitz [32] and the Ekeland’s variational principle to establish some
conditions for the existence of a nontrivial weak solution for a nonlinear
perturbation of the above system, namely,

Lugy = M|z [ul’2[v°u 4 palz| =P |u*"2|v]u in Q,

Lug = Mol ul’[o|*20 + pylx] % [ul*[o] %0 in Q, (2)
u=v=>0 on 0f),
where Lw,, = —div(|z|~¢"|Vw|""2Vw), A, u are nonnegative parameters, and,

in addition to (Hgq) and (H,.,), the exponents verify the following conditions:

a<er<a+1l,b<es<b+1,di=1+a—e,do=1+b—ey,
p* = Np/(N —dip), ¢ = Nq/(N — daq), 31,32 € R, (HZ,p)
a,v,0,6§ >1, and 0/p+6/q=1.

We will distinguish the following cases

% + g > 1 and ]% + ql* < 1; p,q — superlinear  (3)
a4ty p,q — sublinear  (4)
R ! critical case  (5)

Our main results related to the perturbed system are the following ones.

Theorem 1.4 In addition to (Hg), (Hesp), and (H7,,), assume that p; = p,
¢ = q, p2,q2 > 1 are such that o/ps + v/qe = 1, and [, By satisfy

Bi<min{(a+pi+N(1-2) (b+1)g+N(1-%)} i=1,2 (6)



Suppose that py € (p,p*), @2 € (¢, ¢"), if (3) is held; and ps € (1,p), g2 € (1, 9),
if (4) is holds. Then, there exists Ao > 0 such that system (2) possesses a weak
solution, where each component is nontrivial and nonnegative, for all > 0
and 0 <\ < Ag.

We will establish our last result which involves the critical situation.

Theorem 1.5 In addition to (Hg), (Hesp), and (HZ,,), assume that p = q,
a =b > O,P* = q*7 ﬁl = (a—i—l)p—C, 52 = elp*a and 0 < ¢ <
(N —p—ap)/(p—1). Suppose that (5) holds. Then, there exists Ao > 0 such
that system (2) possesses a weak solution, where each component is nontrivial

and nonnegative, for each >0 and 0 < X < A.

We observe that due to the singularity in the weights a careful analysis is
required, for instance, to get some properties of the eigenfunction associated
to the first eigenvalue related to the our operator.

2 Preliminaries

We will set some spaces and their norms. If a € R and [ > 1, LY, |z|%)
denotes the subspace of L!(Q) of the Lebesgue measurable functions u : 2 — R
satisfying

al,, |l %
e ety = ( [ lal"lul'd) " < oc.
If1 <p< Nand —co < a < (N —p)/p, we define WHP(Q, |x|~%) (resp.
Wy (9, |z| 7)) as being the completion of C(Q) (resp. C5°(2)) with respect
to the norm || - || defined by

1

llul| := (/Q yx\—ap\vu\%zx)".

The following Hardy-Sobolev inequality with weights was proved by Caffarelli,
Kohn and Nirenberg in [33]. Suppose that 1 < p < N, then there exists
Coae > 0 such that

P
3

(/ |x|—ep*|u|p*dx)” <C,, (/ |x|_“p|Vu|pdx) Vu e CF(RY),
RN RN
where —c0 < a < (N —p)/p, a < e < a+1,d=1+a—e, and

p* = p*(a,e) = Np/(N — dp). From the boundedness of Q2 and by standard
approximation arguments, it is easy to see that there exists C' > 0 such that

(/Q p:y—ﬂwm)r <C (/Q |x\—ap|vu|pdx> Yu € WA, ),



where 1 <r < Np/(N —p)and 6 < (a+ 1)r+ N[1— (r/p)].

The proof of the lemma below is completely similar to the proof of [14,
Theorem 5] (see also [15, Lemma 3] for p # 2).

Lemma 2.1 Suppose that ) is a smooth bounded domain of RV, 0 € Q,
l<p< N, —co<a<(N-=p)/pa<e<a+l d =1+a-—e,
p* = Np/(N — dyp), and o + v = p*. Then,

~ —ap p p
5 mf{ﬁmu uvm-wvm>w}

e L (o [2]-a7" |ulo[o]da)

where

2
W = {(w0) € (W@, Jol )" s ullo] 2 0},
satisfies
§ = [(/y)" + (/)] C,p

Furthermore, if C; , is achieved by wy € Wy (Q, |z|~%), then S is achieved
by (swo, twy), for all s,t > 0 satisfying s/t = (a /). Cr, = C; (Q) is the
best Hardy-Sobolev constant, which is characterized for

, { Jo x|~ |VulPdx }

i 0
weWy Pz~ {0} | ([q || =" |u|P* dz) P~

C';p(Q) =

u

Let us consider Q a open domain of RY (not necessarily bounded), 0 € Q,
l<p<N,O0O<a< (N—-p)pa<e <a+1l,d =1+a— e, and
p* = Np/(N — dyp). We define the space

Wir (@) = {u € L7 (Q, |27 : |Vu| € LP(Q, |2 ~7)},

a,el
equipped with the norm
lullwze @) = Ul @ oy + [Vl Lo fof-or)-

We consider the best Hardy-Sobolev constant given by

~ ~®|\Vul|Pd
Sa,p = inf { fRN |$| *| U* xl } .
Wk ®¥\(0} ([ || ~P" |ulP"dx)?®

Also, we define the space

RL» (RN) = {u e Wie (RY) : u(x) = u(|ZL‘|)},

a,el a,el

endowed with the norm

||u||R}11€1(RN) = ||“||W§,’Z§1(RN)'



Actually, Horiuchi in [34] proved that

- v -
S~ inf {(fR x| [VulPde }:s

T R @O} | (fan o] |ulp da) "

and it is achieved by functions of the form

Ye(x) := kap(€)Uspe(), Ve > 0,

where

N—dip

k’a,p(G) = COG(N—dﬂJ)/dlp? and Ua7p7€<x> = (6 + ’x‘m>( dip )

Moreover, y. satisfies

—ap Py — —e1p”
| el 9y deda = [ al

See also Clément, Figueiredo and Mitidieri [26, Proposition 1.4].

ye|p* dx. (7)

The next lemma can be proved arguing as in [10], more exactly, see [11, Lemma
5.1].

Lemma 2.2 Suppose that Q is a smooth bounded domain of RN, 0 € ,
l<p< N, —o0o<a< (N=p/pa<e <a+1l d =1+a-—e,
p* = Np/(N —dip), and ¢ > 0. Let Ry € (0,1) be such that B(0,2R,) C {2
and ¢ € C3°(B(0,2Ry)) with v > 0 and ¢» = 1 in B(0, Ry), then the function
defined by

_ ¥(2)Va.p.c (@)
’lk(i[f) = ||¢'Ua,z7,€||Lp*fQ,\z\*elp*)’
satisfies
HUEHZJ*(QJM*SW*) =1, HVUEHZZ,P(Q,II\*“”) < Sa,p,R + O(E(N—duv)/dw)a
and
N—dip)/dip\ ; N-—p—
O(e( 1p)/ 1P gf ¢ > #7
||Ue||1£1>(ﬂ,\ml—(a+1)p+c) > O(E(N_dlp)/dlp’ln(€>|> if c= %’ (8)

O(G(Nfdlp)(pfl)c/(hp(prfap)) ch< %‘

Definition 2.1 We say that the pair (u, v), where u € WyP(Q, |z|~)NL®(Q)



and v € Wy 9(Q, |z|7%) N L>2(Q), is a weak lower-solution of system (1) if

J e VPV e < [l f v,
eVl VuTde < [ a0 fy (o, ),

u,v < 0 on 09,

for all ¢ € Wy P(Q, |z|~?) and ¢ € Wy (Q, ||~ with ¢, > 0 (A function
u € Wy (Q,|z|~%) is said to be less than or equal to w € Wy P(Q, |z|~%) on
90 when max{0,u —w} € Wy P(Q, |z|~)).

Similarly one defines a weak upper-solution (@, ) of system (1), by considering
the reversed inequalities in the above definition.

3 Proof of Theorems 1.1, 1.2 and 1.3

In this section, we will prove theorems 1.1, 1.2 and 1.3. Our main tool will
be a general method of lower and upper-solution. This method, in the scalar
situation, has been used by many authors, for instance, [19] and [22]. The
proof for the system case can be found in [28]. The proofs of our results above
mentioned follow exploring some arguments used in [28], so for the sake of
completeness we are only going to give the sketch of their proofs.

3.1  Proof of Theorem 1.1

First of all, we will prove that system (1) possesses a weak upper-solution,
where each component is positive, for each A > 0 fixed.

By combining [28, Lemma 2.1, Theorem 2.1] with [22, Theorem 2.1, Theorem
3.1] and a regularity result of [35], we can choose e; € C%?1(Q)NCH (Q\ {0}),
where (1, €5) is a weak solution of system (1) with g (z, u,v) = +|z|(@TDrra
and go(z,u,v) = §|x|*(b“)q+02, for some p;, ; > 0 and i = 1,2, and also each
component is positive.

Define
(216(2), 22e(2)) 1= (e~ AT er (), Mol AT T)] 7T ea())

where p := max{||e1]|co, ||€2]|c0 } and ¢ is a positive constant that will be fixed
later. Notice that z;,, € C%Pi(Q) N C*i(Q\ {0}) for i = 1,2.



Let ¢y € WyP(€, |#|~%?) with ¢y > 0. Then, we obtain

/ |||V 21 [P 2V 2 Vg = )\( )pil/ |z|~(atDprery, dy. 9)
Q Q

<
I

By monotonicity condition on f; and from (H;), there exists ¢y a large enough
positive constant such that

AP 2 AP fi (Mo (eATT)]TT) 2 NP i (220(2)), Vo € Q, €2 ¢, (10)

Consequently, from (9) and (10), we achieve

/Q|:E|_ap|Vzlc|p_2Vzlchb1dx > )\/Q |m|—(“+1)P+le1(ZQC)(/bldx, Ve > ¢p.

Since f, is monotone, for every ¢y € Wy (€2, ||%) with ¢, > 0, we have

/Q|x|—bQ|VZQC|q—2VZQCV¢2dx = Ny (c/\p%l) /Q ||~ OrDTte g, gy
= )‘/ ’m‘i(bﬂ)qﬂgﬁ (C)\Tll/flel) Podx
0

= )\/ |ZL‘|_(b+1)Q+C2f2 (Zlc) ¢2d1'
Q

Therefore, (2., 29.) is a weak upper-solution of system (1) for each ¢ > ¢
and A\ > 0 fixed. Moreover, since lim, ., f2(s) = oo we get z;. > 0 in €, for
1 = 1,2, by taking c sufficiently large.

Now, we will prove that system (1) possesses a weak lower-solution, where
each component is positive, for each A > )y with Ay > 0 large enough.

Applying [28, Theorem 2.3], we can take \; > 0 and ; € C°(Q)NCH(Q2\{0})
the eigenvalue and eigenfunction, respectively, of the eigenvalue problem

Lty = )\\x|f(““)p+cl\u|p’2u in Q and v = 0 on 0, (11)

satisfying ¢1 > 0 in 2 and |V > o1 on 90X for some o7 > 0. Changing p, a,
and c; by ¢, b, and ¢y, respectively, we get Ay > 0 and ¢, € C°(Q)NCH(Q\{0})
the eigenvalue and eigenfunction, respectively, of the above problem, satisfying
wo > 01in Q and |Vpsy| > 09 on 0S2 for some o9 > 0. Also, we can suppose that
l|¢illeo = 1, 7 =1, 2. Furthermore, it is easy to prove that there exist m,n > 0
such that

|x|—ap|v901|p _ )\1|J;|—(a+1)p+c1¢€’ > m, (12>
|70 Vi |? — Agf|~ DT 08 >,

in Q, = {x € Q: dist(z,00) < n}.

10



Since f; is continuous and nondecreasing, we have f;(s) > —kq for all s > 0,4 =
1,2, and for some ko > 0. Choose r > 0 such that r < |z|~(@+brter ||~ (0+ate
in €2,,. Define

(W1, (2), W, (0) o= ((0)7 (1) (o), (M) 77 (2)] 7 ()

where each component belongs to C?(€2).

Then, for hy € WyP(Q, |z|~*) with hy > 0, we reach

/Q|x|’“p|V\Ifh|p’2V\I/1AVh1dx

= (2) [ Jal Vs P2V [V (k) — (Vhalde (13)
_ (M) /Q [)\1|x|—(a+1)p+01@11’ — |x|—ap’Vg01’p} hidx.

m

Since ¥;, > 0in Q, for i = 1,2, it follows that
—kor < |x|T@FIPre £ (T, (), Vo € Q. (14)
Hence, by (12) and (14) we get

()

< —)\kor/ hyda (15)
Q"]

| [ulalervrtagt — [z Gy ] hnda

n

<A /Q ||+ DPre £ (W (2))hyda.

There exists © > 0 such that ¢;(x) > pin Q\ Q,, for i = 1,2. Therefore

Wo, (2) > (0) 77 (47T — oo, (16)

as A — oo, uniformly in z € Q\ Q,,.

By (16) and lim,_, fi(s) = oo, we can find A\¢ > 0 sufficiently large such that

Akor o () < Aker < f (W, (), V2 € 2\ Q) A > Ao (17)

11



Hence, from (17), for each A > Ay we have

m

(2az) [ [ulal ot — o[V hida
2\,
—(a+1)p+er [ Arkor P
<A Q\Af| P 1( L0 )golhld:v (18)
r] e
Then, using (13), (15), and (18), we conclude
Llal IV 01,72V 0, Vinda < [ fo]- 07 i (0, ) nda
and similarly
/Q 2|tV W, (12 Wy, Vhodz < A /Q |~V £, (0, Yhode,

for all by € WyP(Q, |z|~%), hy € Wy (Q, |z|7%), with hy,hy > 0 and each
A > Ao

Consequently, (¥y,, Uy, ) € C(Q) x C°(Q) is a weak lower-solution of system
(1), where each component is positive, for each A > Ay with Ag > 0 large
enough.

We observe that ¥,;, < z;, in  for some ¢ > 0 sufficiently large with A > A
fixed and ¢ = 1,2. Thus, by [28, Theorem 2.4] there exists a weak solution of
system (1), where each component is positive a.e. in €. [

3.2 Proof of Theorem 1.2

Firstly, we will prove that system (1) possesses a positive weak upper-solution
for each A > 0 fixed. By choosing (e, e2) as in the beginning of the proof of
theorem 1.1, we define

(214 (%), 225 () := (Aex(z), Bez(x))
where A and B are positive constants that will be fixed later. We observe that
21, € C¥1(Q) N CH1(Q\ {0}) and 2z, € C*2(Q) N C2(Q\ {0}) for some
a;, p; >0, fori =1,2.

Let ¢y € WyP(€, ||~%) with ¢ > 0. Then, we infer that

/Q 2| 7|V 21, P72V 2, Vi dr = AP /Q |z| @t DPterg do, (19)

12



Since f; is nondecreasing in the variables s, t and continuous in Q x R x R,
we have

—ko < f1(x, Aey(2), Bea(x)) < fr(2; Alle]loo; Bllez]oo),

for some ky > 0 and every z € (). Using this inequality and the hypothesis
(H3), we obtain Ay a positive real number such that

Mi(x, Aey(x), Bey(x)) < APH VA > Ay, (v,B) € Q x RT. (20)

Then, from (19) and (20), we obtain
/Q |x|_“p|VzlA|p_2Vz1AV¢1dx > )\/Q |x|_(“+1)p+clfl(a:, 21 4y 22 ) O1d,

for all ¢y € WyP(€, |z|~%) with ¢; > 0, for each A > A, and all B € R*.

Similarly, we have
/Q |x|7bq‘vz23 |q72VZQBV¢2d:L‘ 2 A/Q ‘xyi(b+l)q+62f2(xa ZlA? ZQB)¢2dx7

for all ¢ € Wy (9, |z|7%) with ¢, > 0, for all B > By, A € RT, and some
By > 0. Therefore, (214, 22p) is a weak upper-solution of system (1), where
each component is positive, for each A > Ay and B > By.

The proof of the existence of a weak lower-solution for system (1), where each
component is positive, is completely similar to the one made in theorem 1.1.
That is, there exists a pair of the functions (¥y,, s, ) € C°(Q) x C°(Q2) which
is a weak lower-solution of system (1), where each component is positive, for
each A > g with A\g > 0 large enough.

Now, observing that ¥;, < z;, and Wy, < 25, in 2 for some A > A; and
B > B, sufficiently large, and each A > )\, fixed, we obtain by [28, Theorem
2.4] a weak solution of system (1), where each component is positive a.e. in
Q. [ ]

3.8  Proof of Theorem 1.3

We will prove this result by contradiction. As in the proof of theorem
1.1, let A\; and Ay be the eigenvalues of problem (11). We consider A\ :=
min{ kl/\+1k37 kz’fk4}. Supposing by contradiction that there exists a weak
solution (u,v) of system (1), where each component is nontrivial, with 0 <

13



A < Ao, then by characterization of \;, i = 1,2, we achieve

M / | @D |y Py < / 2| |VulPda
Q Q

(21)
< X[ Jal P (P + oo
Q
and similarly
o [ Jal =D folede < A [ o000 (fup + Kol de. (22)
0 0
Since (a+ 1)p —¢; = (b+ 1)q — ¢z, from (21) and (22) we get
0< [\ — (ki + k)] / | @D gy P
Q
Do = Ak + k)] [ [o]" O+ Drepufide < o,
Q
which is a contradiction. |

4 Proof of Theorem 1.4

In this section and in the next, we will prove theorem 1.4 and theorem 1.5,
respectively, and our approach will be the variational techniques. The critical
points of the Euler-Lagrange functional I : W, P (€, |&|~%) x Wy (€, |z %) —
R given by

1 1

I(u,0) = f/ 2|~ | VulPdz + f/ || Vo|9d
plo qJo
—)\/Q]:I:\_ﬂluividaz — M/Q\x]_@uﬂ‘_vlda:,

are precisely the weak solutions of system (2). We recall that I € C' with
Gateaux derivative given by

(I'(u,v), (w, 2)) = /le|_ap|vu|p_2V“VU’d$"’/ﬂ|5’3|_bq|VU|q—Zvvvzd$
20 [ Jo| Pt o wda = A6 [ [al ol do

—N@/Q’-fl_EQUi_lUl'U)dx — ﬂy/ﬂ’x‘—ﬁzuiyl—lzdw’

where uy = max{0,+u} € WyP(Q, |z|~%) (Similarly v. = max{0,+v} €
Wy (92, 2] 7)) (see [36]).
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4.1 Case (3)

Consider (ug, vo) € Wy P (2, |2|%) x Wy 9(, |2|7*) with ug, .vg, # 0, then it

is easy to see that

I(t%uo,t%vo) — —o0 as t — 00, VA >0, u> 0.

By choosing py € (p,p*) and ¢2 € (q,q*) such that a/ps + v/q2 = 1 and
applying the Young’s inequality, we achieve for (u,v) € W,P(Q, |z|~%) x
Wy 9(Q, |z| %) that

aCP2/ /
I(u,v) > (2=X) [u| [P+ (2 = X29) [[u] [0 — p @S2 ||u] P2 — p X2 o 22.

Taking A9 > 0 such that min{1 — AC,1 — A5C} > 0 for all 0 < A < A, it
follows that for each > 0 and 0 < XA < \g, we can get p,o € (0,1) satisfying

I(u,0) > o if [|(u,0)]| = p.

Applying the mountain pass theorem [32], there exists a Palais Smale sequence
((PS). sequence, in short) {(t,,v,)} in Wy (Q, |z|~%) x Wy (K, |z| %) for
the operator I at the level ¢, that is, I(u,,v,) — ¢ and I (un,v,) — 0, as
n — 00, where

0 < 0 < ¢ = inf max I(h(t))
hel te[0,1]

and
T = {h e C[0, 1], W (2, [] =) x W (2, |2[~*)) = h(0) = 0, h(1) = ¢},
with I(@) = I(toUo, to’Uo) < 0.

By taking ps, ¢2 as above and applying the Young’s inequality, we obtain

¢+ [|(tn, )| + On(1) > I(un, vn) — ( (unavn) (Un /P2, Vn/q2))
>[5 = )+ A+ 2 = D [un| P
HE =D FAE+ 2 =D o],

1
q
where O,,(1) — 0 as n — oo.

Therefore, changing Ay by another small constant, if necessary, we obtain
that {(u,,v,)} is bounded in W, (9, |z|~%) x Wy4(Q, |z|7*). In particular,
we have that {(u,,,v,,)} and {(u,_,v, )} are bounded. We infer that
{(tn,,vn, )} is also a (PS). sequence. In fact, notice that

Ou(1) = (I'(un, ), (un,0)) = = [ |o ™|V, _|?da
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and
Ou(1) = = [ [o] Vv, _|de,
Q

where O,,(1) — 0 as n — oco. Moreover, we get
I(un, ; vny ) = I(up, va) + On(1),
therefore, it follows that I(u,,,v,,) — ¢ as n — oo.

Similarly, we prove that if (w,z) € Wy P (Q, |z|~%) x Wy (R, |z|~%7), then

(I (s, v0ny), (w,2)) = (I (un, 00), (w, 2) ) + On(1),

! .
hence I (ty, ,un,) — 0 as n — oo. Then, we can consider u,,v, > 0.

Due to the boundedness of this sequence, there exists (u, v) such that u, — u
weakly in WyP(€, |#|~%) and v, — v weakly in Wy(Q, |z|~%), as n — oo.
We can assume that, by passing to a subsequence if necessary, u,, — u in
LP(Q, |z|7P) N LP2 (2, |z|~72) and v, — v in LI(Q, |x|7P1) N L2 (2, |z|~72), as
n — oo (see Xuan [11,31]). Thus, we have u,v > 0 and, using the Lebesgue’s
dominated convergence theorem, it is not hard to check that

lim / 2| P uf =0 (u,, — u)dr = lim / 2| P22 (u,, — u)dz = 0.
Q Q

n—oo n—oo

Also, since u,, — u weakly in W,”* (£, |x|7%) as n — oo, we obtain

lim / 2|~ |Vul[P2VuV (u, — u)dz = 0.
0

n—oo

Consequently, we achieve

lim sup/g\a:]‘“p (|Vu, [P~2Vu,, — |[VulP72Vu) V(u, — u)dzr

n—oo

= lim sup {<I'(un, V), (Un — u, 0)> + )\8/ || P ul 18 (u,, — u)da
0
+uoz/ﬂ 2| P2l ) (uy, — u)d — /Q 2|~ | VulP~2VuV (u, — u)dw}

therefore, using a well known lemma, for instance, [22, Lemma 3.1] or [9,
Lemma 4.1], we get u, — u in Wy (Q, |z|~%) as n — oo. Analogously, we
have v, — v in Wy 4(Q, |z|™) as n — oo. Thus, we conclude I(uy,,v,) —
I(u,v) = ¢ > 0 and I' (tn,v,) — I (u,v) =0, as n — oo, that is, (u,v) is a
weak solution of system (2), where each component is nonnegative. Moreover,
it is easy check that u,v # 0. |
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4.2 Case (4)

In this case, choose py € (1,p) and g2 € (1,q) such that a/py + v/ = 1.
Arguing as in the case (3) we can see that I(u,v) — oo as ||(u,v)|| — o0,
for all p > 0 and 0 < A < g with A\g > 0 sufficiently small.

Also, for each A > 0 and g > 0, if (ug,vo) € Wy (Q, |z]|~%) x Wy 9(Q, ||~
with wug, .vg, # 0, there exists ¢y € (0,1) such that ](té/puo,té/qvo) < 0, then

—o00 < M = inf{I(u,v) : (u,v) € Wy (Q,|z|%) x Wy(, |z| %)} < 0.

Applying the Ekeland’s variational principle [37, Corollary 5.3], we obtain a
sequence {(ty, vn)} C Wy (Q, |z|~%) x Wy (S, || %) satisfying I(up, v,) —
M < 0 and I'(u,,v,) — 0, as n — oc.

Therefore, by using ps, ¢2 as before, we obtain

M + [[(tun, va)|| + On(1) > [(

Lo Ly b A(S + & = 1)) fuy| P
HE = D)+ AL + 2 — 1), ||
(2 + 2 — 1) (22 [, [P 4 2922y, [[2).

q2

Then, changing Ay by another small constant, if necessary, we obtain that
{(tn, vn)} is bounded in Wy (€, |z|~%) x Wy4(Q, |z| 7). Now, proceeding as
in the case (3) we conclude that system (2) possesses a weak solution, where
each component is nontrivial and nonnegative. |

5 Proof of Theorem 1.5

The geometric conditions of the mountain pass theorem [32] follow as in the
case (3), that is, if (ug, vo) € (WyP(Q, |z|7%))? with ug, vy, # 0, then

](t%ug,t%vo) — —00 as t — o0,
for all A > 0 and p > 0. Also, there exist p,o € (0,1) such that

I(u,v) 2 o if [|(u,0)[| = p.

Claim. Let us consider sg = sl(s?t})% and ty = tl(s‘fﬂ);ﬁ*l, where s1,t; > 0,
and s1/t; = (a/7)"/? as in lemma 2.1, and u, is the function defined in lemma
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2.2. Then, there exists € > 0 such that

*

sup I (t(soue), t(toue)) < (IlJ — pi)(u,p*)ﬁg;f%p

>0

Indeed. Notice that for each ¢ > 0 there exists ¢, > 0 such that

0 < o <sup(t(soue), t(toue)) = I(t(soue), te(toue)).
>0

Moreover, supposing by contradiction that there exist a subsequence {t., }
with t., — 0 as n — oo and by combining with lemma 2.2, we obtain

0<o < I(t, (Souen) te, (totec,))

| /\

6"80||u6n||p_’_ 0||u5n||p

o (58 4 8) (S + O(N =102} — 0,

| /\

as n — oo, which is a contradiction. Then, we have [ > 0 with ¢, > [, for all
e > 0. Consequently, we get

(s7+E)t o Cerpt
supl (#(soue), tltoue)) < SR uellP — m%&#w/ﬂl«%\ Pl d
—/\l0+589t5/ |lz| Pl da (23)
- ((aijitp/p [P — pt?” — )\lpsgta/ |lz| P uPd.

Let f.:(0,00) — R be given by

sVt *
Jelt) = ety lluel P = "
Thus N
PP p*—p _p_
= ()7 (bt ) 75 (24)
is the unique maximum point of f.
We know that
(A+B)F < A¥ 4+ k(A + B)*'B, (25)

for all A, B >0 and k > 1 (See [38]). Also observe, that

|k = [t + (af)y=om]. (26)

By the Caffarelli-Kohn-Nirenberg’s inequality [33] we have W, ?(Q, |z|~%)
Wlr (RY), then

a,eq

Sup < Ci . (27)
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Substituting (24) in (23), from (25), (26), (27), and using lemma 2.2, we obtain

supl (#(soue). tltou)) < (3 = 7)) 77 {[(2)7 +(3)7 1S

*

N—d 57,
+0(e dlplp)}p ’ —)\lpsgtg/|:x|_ﬁlu€d:v
Q

*
ol —«

< (3= Dy (up )7 {[(2)7 + (g)r*]gw}p’%p
—f‘O(E%) — )\lpsgtg/g|x|_ﬁlufdx
< (L= L)) 5 {[2)F + (2)F]cn,)

—dq
+0(e T )— )\lpsgtg/ 2| P uPd.
0

So from lemma 2.1, we get

N— dlp
supI (t(sou), Htoue)) < (1 = 2) (") 7757 + O(c o)
=0 (28)
—)\lpsgtg/ﬂ|x|_ﬁ1u€dx.

Assuming that ¢ = (N —p—ap)/(p — 1), from lemma 2.2 and of (28), for
each 0 < A < )¢ there exists € > 0 sufficiently small such that

N—-dip N—dip

supl ((soue), t(touc)) < (=) (up")7> L5575 + O m) — O 7 In(e)))

t>0

< (3=L)(up*)77 S5,

Now, considering ¢ < (N —p —ap)/(p — 1) we have

(N—dip)(p=1)c _ N—dip,
dip(N—p—ap) dip

Therefore, by lemma 2.2 and by (28), we can choose € > 0 small enough such
that

N—-dyp (N—dyp)(p—1)c

_z%)('“p )7 557 + O(e @7 ) — Ofe TrtN—p=ar]')

Thus, we conclude the proof of the claim.

Fix € > 0 as in the above claim. Then, by the mountain pass theorem we
get a sequence {(un,v,)} C (WoP(, |z|~%))? satisfying I(un,v,) — ¢ and
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!
I (tup,v,) — 0, as n — oo, where

<c=1 1_1 *\ 77 =5 S5 =7
0<o<c ;lrelﬁtenl[%f(h(t)) < (5= (up")7=r 57, (29)

and

P = {h e C(0, 1], (W2, [o]%))%) - h(0) = 0, h(1) = &},
with I(&) = I(t(souc), t(touc)) < 0.
As in the proof of the case (3), we have that the sequence {(u,,,v,)} is bounded
in (WyP(, |z]7%))2 for all 0 < A < Ao and p > 0. Also, we can suppose
Up, vy > 0. Moreover, there exists (u,v) € (Wy™(€, |z|~%))? with u, — u and
v, — v weakly in Wy P (€, ||~%), as n — co. Still, we can assume that u,, — u

and v, — v in LP(Q,|z|™"), as n — oo. Then, by Lebesgue’s dominated
convergence theorem, we obtain

lim [ |z ul v wde = / 2| Pl ol wde, Yw € WP (Q,|z|7%)  (30)
Q Q

n—oo n

and

n—oo

lim /|x|_51uflvi_lzda7 = / 2| Pl tade, V2 € WoP(Q, |z)7%P).  (31)
Q Q

Since {(uy, v,)} is bounded in (W, 7 (€, ||~%))2, we have that {|Vu,|"~2Vu,}
and {|Vv,|[P~2Vu,} are bounded in (L7 (€2, |#|~%))". On the other hand,
since a + v = p*, by the Holder’s inequality again, we infer that {u,* ‘v,7}

and {u,%v,” '} are bounded in Lﬁ(ﬂ, |z|~€1P").

Thus, as Vu,(z) — Vu(z) and Vou,(x) — Vou(z) for a.e. x € Q, these facts
can be proved arguing as in [39] (see also, [9,21,40]), by using a result in [41,
Lemma 4.8], we get, as n — o0,

Vu, — Vu and Vo, — Vv weakly in (L7 (Q, [z]~%))N (32)
and
w1 271 and wo o) — uolyY weakly in LT (Q, |z]70P7).  (33)

Consequently, using (30) — (33) we achieve

<I/(U, U)? (’LU, Z)) = lim <[/(una Un)’ (w’ Z)) =0, V(w, Z) € (WOLP(Qv |$’_ap))a2

n—oo

that is, (u,v) is a weak solution of system (2).

We will conclude the proof of this theorem proving that each component of
the weak solution (u,v) is nontrivial. Suppose by contradiction that u(xz) =0

20



for a.e. z € Q. Using u, — u and v, — v in LP(Q,]z|#), as n — oo and
Lebesgue’s dominated convergence theorem, we get

Then, we obtain

0= lim (7' (un, ), (0, 0)) = lim (||un||p_Ma/|x|—e1p*ugvgdx)
n—oo Q

n—oo

and

0= lim (T (n, 0,), (0,0,)) = lim (||Un|yp —uv/|¢v|‘elp*ugugdm).
n—oo Q

n—oo

We can take [ > 0 such that

. p . p . _ *
[ = lim Wl — pipy Wonll? — 4 [ 2|~ w0 de.
n-n
Q

n—oo & n—oo Y n— oo

Therefore, we obtain

c= lim I(u,,v,) = (¢ +2—-1)1 > 0. (34)

o
n—oo p p

If [ = 0, then ¢ = 0, that is an absurd. Thus, we can suppose that [ > 0, and
by definition of S we have

p_
([Jel7 useqdz) ™ 5 < fuallP + llenl 7, ¥

Hence, taking the limit in the above inequality we get

()

L
3

S < (a+) = pi,

then

1> ()77 (p") 7 s S5, (35)

We obtain substituting the equation (35) in (34) that

* * *
—P —p ~_P —P ~_P

c> (% + % — 1)(#)10*—17 (p*)p*—pSp*—p = (;lo — Z%)(p*'u)p*—lasp*—p?
that contradicts the equation (29), therefore u, v # 0. n
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6 Examples and Remark

Examples: Consider

Clt(s—/{fl lftZO CQSW_ICQ lfSZO
) 7t == ’ d b ’t = . ’
filw, st) { b ift <o, M Slmsd) { —ky ifs<0,

where ¢q, 9, k1, ko are positive constants. In this case, system (1) is semi-
positone, and if 4,7 > 0 are such that v < (p — 1)(¢ — 1) we can apply
theorem 1.1.

Let
cle(z)s® —ky if §>0,t> ¢,
fi(z,s,t) = § c(x)s*t? — ky if s> 0,t€[0,c1],
—kq otherwise ,
and

Ad(x)t? — ky if t>0,5 > c,
fo(x,5,t) = d(2)s°t’ — ky if t>0,5€0,c,
—ko otherwise ,

where ¢, d € C(f) are positive functions and ¢y, ¢s, k1, ko are positive contants.
Ifv,0>0,0<a<p—1,and 0 < f < ¢ — 1 we have a example in which can
be applied theorem 1.2.

Remark We can improve theorem 1.1 by changing the global monotonicity
assumptions on nonlinearities by the monotonicity conditions in infinity; in
other words, there exists My > 0 such that f;(s) is nondecreasing for every
s > My and ¢ = 1,2; and also requiring that the nonlinearities satisfy the
hypotheses

There exists a function g : R — R continuous and nondecreasing with
9(0) = 0,0 < g(s) < C(L+[s]"1), Vs € R,
where r = min{p, ¢}, for some C' > 0, and the applications

(87t> — fl(x7 S7t) +g(8)7 (Svt) — fQ(xv S7t) + g(t)
are nondecreasing, for a.e. x € ().
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