A FLOQUET OPERATOR WITH PURE POINT
SPECTRUM AND ENERGY INSTABILITY

CESAR R. DE OLIVEIRA AND MARIZA S. SIMSEN

ABSTRACT. An example of Floquet operator with purely point spectrum
and energy instability is presented. In the unperturbed energy eigenbasis
its eigenfunctions are exponentially localized.

1. INTRODUCTION

It is not immediate whether a self-adjoint operator H with purely point
spectrum implies absence of transport under the time evolution U(t) =
et in fact, it is currently known examples of Schrodinger operators with
such kind of spectrum and transport. In case of tight-binding models on
I2(IN) the transport is usually probed by the moments of order m > 0 of the

position operator Xep = keg, that is,

(1) X" =Y E™er, Yex,

keIN

where e (j) = 0x; (Kronecker delta) is the canonical basis of {*(IN). Analo-
gous definition applies for 12(Z) and even higher dimensional spaces. Then,
by definition, transport at v, also called dynamical instability or dynamical
delocalization, occurs if for some m the function

(2) t (1), XMp(1),  ¢(t) = U(t)y,

is unbounded. If for all m > 0 the corresponding functions are bounded,
one has dynamical stability, also called dynamical localization.

The first rigorous example of a Schrodinger operator with purely point
spectrum and dynamical instability has appeared in [7], Appendix 2, what
the authors have called “A Pathological Example;” in this case the tight
binding Schrédinger operator h on [?(IN) with a Dirichlet condition at n =
—1 was

(hu)(n) = u(n+ 1) + u(n — 1) + v(n)u(n)
with potential
(3) v(n) = 3cos(man + 6) + Aono,
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that is, rank one perturbations of an instance of the almost Mathieu opera-
tor. An irrational number o was constructed so that for a.e. € [0,27) and
a.e. A € [0, 1] the corresponding self-adjoint operator h has purely point spec-
trum with dynamical instability at eg (throughout, the term “a.e.” without
specification means with respect to the Lebesgue measure under considera-
tion). More precisely, it was shown that for all € > 0

i 1

limsup 25— (0(0), X20(6) = 5, (0) = o
—00

Compare with the absence of ballistic motion for point spectrum Hamilto-

nians [16]

Additional examples of this behavior are known, even for random po-
tentials, but with a strong local correlations [10], as for the random dimer
model in the Schrodinger case; there is also an adaptation [6] for the random
Bernoulli Dirac operator with no correlation in the potential, although for
the massless case.

The time evolution of a quantum system with time-dependent Hamilto-
nian is given by a strongly continuous family of unitary operators U(t,r)
(the propagator). For an initial condition )y at ¢ = 0, its time evolution is
given by U(t,0)o. If the Hamiltonian is time-periodic with period T, then

Ut+T,r+T)=0U(tr), Vtr,

and we have the Floquet operator Up := U(T,0) defined as the evolution
generated by the Hamiltonian over a period.

Quantum systems governed by a time periodic Hamiltonian have their
dynamical stability often characterized in terms of the spectral properties of
the corresponding Floquet operator. As in the autonomous case, the pres-
ence of continuous spectrum is a signature of unstable quantum systems;
this is a consequence of the famous RAGE theorem, firstly proved for the
autonomous case [15] and then for time-periodic Hamiltonians [8]. In princi-
ple, a Floquet operator with purely point spectrum would imply “stability,”
but one should be alerted by the above mentioned “pathological” examples
in the autonomous case.

In this work we give an example of a Floquet operator with purely point
spectrum and “energy instability,” which can be considered the partner
concept of dynamical instability in case of autonomous systems. We shall
consider a particular choice in the family of Floquet operators studied in [3];
such operators describe the quantum dynamics of certain interesting physi-
cal models (see [1, 3] and references therein), and display a band structure
with respect to an orthogonal basis {¢y} of [2(IN) or [?(Z), constructed as
eigenfunctions of an unperturbed energy operator. There are some concep-
tual differences with respect to the autonomous case mentioned before, since



PURE POINT AND ENERGY INSTABILITY 3

now the momentum X™ is defined in the energy space

(4) X" =" k"™ (pn, )k,
k>1

instead of the “physical space” IN. Thus, if for all m > 0 the functions
(5) n— (p(n), X"P(n)), ¢(n):=Upp, n=0,

are bounded we say there is energy stability or energy localization, while if at
least one of them is unbounded we say the system presents energy instability
or enerqy delocalization; the latter reflects a kind of “resonance.”

Our construction is a fusion of the Floquet operator studied in [3], now
under suitable additional rank one perturbations, and the arguments pre-
sented in [7] for model (3). For suitable values of parameters we shall get
the following properties:

(1) The resulting unitary operator Uy(3,6)" (after the rank one pertur-
bation; see Eq. (10)) still belongs to the family of Floquet operators
considered in [3].

(2) Ux(B3,0)" has purely point spectrum with exponentially localized
eigenfunctions.

(3) The time evolution along the Floquet operator Uy(3,6)" of the ini-
tial condition ¢; presents energy instability.

Ux(8,0)" will be obtained as a rank one perturbation of the almost pe-
riodic class of operators studied in the Section 7 of [3] (we describe them
ahead). In order to prove purely point spectrum, we borrow an argument
from [9] that was used to prove localization for random unitary operators,
and it combines spectral averaging and positivity of the Lyapunov exponent
with polynomial boundedness of generalized eigenfunctions. In order to get
dynamical instability, although we adapt ideas of [7], we underline that some
results needed completely different proofs and they are not entirely trivial.

It is worth mentioning that in [19] a form of dynamical stability was ob-
tained for discrete evolution along some Floquet operators (CMV matrices)
related to random Verblunsky coefficients.

This paper is organized as follows. In Section 2 we present the model of
Floquet operator we shall consider, some preliminary results and the main
result is stated in Theorem 2. In Section 3 we shall prove that our Floquet
operator is pure point. Section 4 is devoted to the proof of dynamical
instability.

2. THE FLOQUET OPERATOR

We briefly recall the construction of the Floquet operator introduced in [3]
based on the physical model discussed in [1]. The separable Hilbert space
is 1?(Z) and {@y}rez denote its canonical basis. Consider the set of 2 x 2
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matrices defined for any k € Z by

ite”k rel@k

parameterized by the phases ag, Y&, 6 in the torus T and the real pa-
rameters t,r, the reflection and transition coefficients, respectively, linked
by r2 4+ t? = 1. Then, let P; be the orthogonal projection onto the span
of ¢j, @j+1 in (*(Z), and let U, U, be two 2 x 2 block diagonal unitary
operators on [2(Z) defined by

Ue = Z PopSopPop  and U, = Z Pop 152k 11 Pogy1-
keZ keZ

The matrix representation of U, in the canonical basis is

S_o
Ue = SO )
S

and similarly for U,, with Sor1 in place of Sax. The Floquet operator U is
defined by

U =U,Uk,
such that, for any k € Z,

Upoy = irte_i(02k+92k—1)e_i(0¢2k _"/Qk—l)spmg_l

+7a26_i(92k +02k-1) o —i(azk—02k-1) Dok

+irt€*i(92k+92k+l )e—i(v2ktazkt1) Dot 1

— 207102k +02k+1) o —i(V2r+V2K41) Do+

(6) Upopy1 = _t26_i(‘92k+92k71)ei(72k+'72k71)g02k_1

+Z‘Tt€*i(92k+02kf 1) pi(V2k+a2k—1) Dok

+T2€*i(92k+92k+1)ei(a2k*a2k+1)w2k+1

+Z'Tt6—i(92k+92k+1 ) @2k —=V2k41) Dok12

The extreme cases where rt = 0 are spectrally trivial; in case t = 0,
r =1, U is pure point and if t = 1, r = 0, U is purely absolutely continuous
(Proposition 3.1 in [3]). From now on we suppose 0 < r,t < 1.

For the eigenvalue equation

Ul/} _ eiEw

¢ = Z CkPk; Ck‘aE € (Ev
keZ
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one gets the following relation between coefficients

Cok C2k—2
=Ty (FE ,
( C2k+1 ) H(E) < C2k—1 >

where the matrix Ty (E) has elements

—i(E _ _o+02,_1+0o)
Tk(E)ll = —e W(E+vyak—1+726—2+02k—1+02k 2)’
r ] )
. —i(E 11— _o+02,_1+09) — 11— _
Te(E)1s = Z; (6 i(Ety2k—1—02k—2+02k—1+02k—2) _ —i(v2k—1—2k 1))7
Te(E)y = l’f(e*i(92k72*92k+72k+72k71+'Y2k72+azk71)
t
(7) _efi(E+92k72+92k71+W2k+72k71+72k72+a2k))
9
T.(E — 1 i(E4+02+02k—1—Y2k —V2k—1)
k:( )22 = —tje
7'2 . . .
+t72671(72k+72k71) <€1(92k*92k72+a2k72*0¢2k71) + 6*1(0421%*0421@71))
r
_7e—l(E+92k72+92k71+72k+’72k71+042k—062k72)
t2

and
det Tj,(E) = e~ 102k —2 =02k +Y2k+27v2k—1+72k—2)

Given coefficients (cg, c1), for any k € IN* one has

( ok > — TW(E). .. To(E)Ty(E) ( “ ) ,

C2k+1 “
%) o7 (B T (B) M y(E) 0 ) .
C_9k+1 “

In the physical setting [1], the natural Hilbert space is I2(IN*), with IN* the
set of positive integers, and the definition according with [3] of the Floquet
operator, denoted by U™, is

Uty = re 00t gmion, 4 jpe=ilboton) g=im
(8) Utor = Ugyp, k> 1
with Ugy, as in (6). In this case the eigenvalue equation is
Ut = eBop
with ¢ = > 72, cppr. Then starting from cp, ¢3, we have
< C;jil ) = TW(E)...Ty(E) ( g ) k=23,...

where the transfer matrices Ty (F) are given by (7), along with the additional
one
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where
a1(E) = % (e*i(E+71+01+90) _ ,r.e*i('ylfal))
GQ(E) = _%ei(E+92+91*72*’Y1)
t
+t12€fi(wz+w) (ei(ereofal) n Teﬂ-(aral))
_Le—i(E+9o+91+'yg+fyl+a2)
t2

For further details and generalizations of this class of unitary operators,
we refer the reader to [3, 11, 12, 9]. In particular, when the phases are
i.i.d. random variables, it was proved to hold in the unitary case typical re-
sults obtained for discrete one-dimensional random Schrodinger operators.
For example, the availability of a transfer matrix formalism to express gen-
eralized eigenvectors allows to introduce a Lyapunov exponent, to prove a
unitary version of Oseledec’s Theorem and of Ishii-Pastur Theorem (and get
absence of absolutely continuous spectrum in some cases).

Our main interest is on the almost periodic example

U=U{0k} {or}, {}),

where the phases oy are taken as constants, ai = o Vk € Z, while the ;’s
are arbitrary and can be replaced by (—1)¥*!a (see Lemma 3.2 in [3]). The
almost periodicity due to the phases 0y defined by 0, = 2wBk + 0, where
B € R, and 6 € [0,27). We denote U above by U = U(f3,6) and then for
any k € Z (see (6))
U(B,0)por = irte "mPU=DT20) 0,
fr2emiBMR-1)420)
Lirte—i2nA(Ak+1)+20)
2 i(2mB(4k+1)+26)

P2k+1

P2k+2

(9) UB,0)pors1 = _tzefz(2w5(4k71)+29)80%_1
titre— i (2mB(4k—1)+20)
42— i(2mB(Ak+1)+20)

P2k

P2k+1

+itr67i(2ﬂﬁ(4k+1)+29)@2k+2

Let U(3,0)" be the corresponding operator on I?(IN*) defined by (8). The
following result was proved in [3].

Theorem 1. (i) For (3 rational and each 6 € [0,2x), U(53,0) is purely
absolutely continuous, os.(U(3,0)7) =0, 0ac(U(B,0)") = 0ac(U(B,0)) and
the point spectrum of U(B3,0)" consists of finitely many simple eigenvalues
in the resolvent set of U([3,0).

(ii) Let TY(E) be the transfer matrices at E € T corresponding to U(8,0).
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For 3 irrational, the Lyapunov exponent v(E) satisfies, for almost all 0,

I | TT, THB) || 1
pu— — >
Y9(E) ]\}me v > In 5 > 0,

and 50 0,.(U(B,0)) = 0. The same is true for U(B3,0)7.

Finally, we introduce our study model. We consider a rank one pertur-
bation of U(8,0)%, A € [0,27) (see also [4])

(10)  UNB,0)F == U(B,0) e P = U(8,0)F (Id + (e - 1)P¢1) ,

where P, (-) = (g1, -)¢1. We observe that

U0t =u* ({0, trzos Lo oy {7t oz1)

and Uy(8,0)t = U+ ({ék}ggo,{ozk}ggl,{yk}ggl) where 0y = 6y — A and

O, = 0, ar = ag, V& = Y for k > 1. Hence, the perturbed operator

Ux(8,0)" also belongs to the family of Floquet operators studied in [3].

Note also that the Lyapunov exponent is independent on the parameter A.
We can now state our main result:

Theorem 2. (i) For (3 irrational, Ux(3,0)" has only point spectrum for a.e.
0, A € [0,27), and in the basis {¢y} its eigenfunctions decay exponentially.
(ii) B can be chosen irrational so that

IX B0 @l _

li7r1n_)8£p Fn) ,
for all 0 € [0,27) and any X € [§, 5], where F(n) = % and X is the

moment of order m =1 given by (4).

Remarks. 1. Joining up (i) and (ii) of the theorem above we proved that
for some (3 irrational, for a.e. § € [0,27) and X € [§, T], Ux(8,0)" has pure
point spectrum and the function

n e ((UA(8,0)%)" o1, X2 (UAB.0) )" 1)

is unbounded. That is, we have pure point spectrum and dynamical insta-
bility.

2. One can modify the proof to replace the logarithm function f(n) =
In(2 4+ n) for any monotone sequence f with lim,_, f(n) = oco.
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3. PURE POINT SPECTRUM

In this section we prove part (i) of Theorem 2. We need a preliminary
lemma.

Lemma 1. For any 3 and 0, the vector 1 is cyclic for U(3,0)7.

Proof. Fix 8 and 6. We indicate that any vector ¢, k € IN* can be writ-
ten as a linear combination of the vectors (U(3,0)")" ¢1, n € Z. Since
U’(ﬁ7 9)+<P1 — Tefi(Qﬂ’BJr?@)efia(Pl + ,L'tefi(Qﬂﬁ+29)€7ia902 then

1 - i
(11) 09 = _Eez(Zﬂﬁ+20)ezaU(ﬂ,9)+<pl + ?901‘
Now
(12) (UB,0)7) " o1 = ar1 + asps + azps,

where a1, az and a3 are nonzero complex numbers. Thus, using (11) and
(12), suitable linear combination of (U(3,0)%) " o1, @1 and U(B,60) "¢
yields 3. Since U(f3,0)Tps = b1 + bawa + bsps + baps we obtain that
4 can be written as a linear combination desired. Due to the structure of
U(B,0)", the process can be iterated to obtain any . O

We are in conditions to prove pure point spectrum for our model.

Proof. (Theorem 2(i)) Fix f irrational and let |- | denote the Lebesgue
measure on [0,27). By Theorem 1(ii), for any E € [0,27) there exists
Q(E) C [0,27) with |Q(E)| = 1 such that

vo(E) > 0, VoeQE).
Thus, by Fubini’s Theorem,

2m dE 2m 2m de\ dE
1= QE)— = @
/0 |12( )|27T /0 </0 xQ(E)(G)%) 5

21 21 dE\ d
—/0 </0 XQ(E)(G)QW>2

s
and for 6 in a set of measure one
27
dE
f)— =1
/0\ XQ(E)( )27'(' ’
that is, § € Q(F) for almost all E' € [0,27). Then we get the existence of

Qo C [0,27) with |Qp| = 1 such that for any 6 € Qg there exists Ay C [0, 27)
with |Ap| = 0 and

vo(E) > 0, VEe€A;:=[0,2n)\ Ayp.

I 3
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Let u’(i , be the spectral measures associated with

s
UNB.0)" = [ e PdFa(E)
0
and respectively vectors ¢y, so that for & € IN* and all Borel sets A C [0, 27)

163 (A) = (or, Fo (M) ).

Now, for rank one perturbations of unitary operators there is a spectral
averaging formula as for rank one perturbations of self-adjoint operators
(see [17, 20] for the self-adjoint case and [2, 4] for the unitary case). Thus,
for any f € L'([0,27)) one has

2 2w L 2w dE
(13) | [ s@adam = [ e
0 0 0 m
Then, applying (13) with f the characteristic function of Ay we obtain
2m

dE
0 = 1= [ xa B
0 T

27 27 2T
- /0 0 /0 vy (E)dh () = /0 by (Ag)d,

and so pj ,(Ag) = 0 for almost all A. Therefore, for each 6 € €, there is
Jp C [0,2m) with |J§| = 0 such that

(14) o A(Ag) =0,  VAE Jp

By Lemma 1 and (14), it follows that Fy y(Ag) = 0 for all § € Qg and A € Jy.
Moreover, let Sp » denote the set of E € [0,27) so that the equation

U)\(ﬁv 0)+¢ = eiE
has a nontrivial polynomially bounded solution. It is known that
Fy([0,27m) \ Sp,n) =0

(see [3, 9]). Thus we conclude that Sy N A is a support for Fy(-) (see
remark bellow) for all § € Qy and A € Jp.

Now, if E € Sp N A5 then Uy (8,0) " 1) = 'y has a nontrivial polynomi-
ally bounded solution ¢ and ~g(E) > 0. By construction yg \(E) = vo(F)
where g (E) is the Lyapunov exponent associated with Uy(5,0)%. Thus,
by Oseledec’s Theorem, every solution which is polynomially bounded nec-
essarily has to decay exponentially, so 1 is in [2(IN*) and is an eigenfunction
of Ux(8,6)". Hence, we conclude that each E € Sy N A§ is an eigenvalue
of Ux(8,0)" with corresponding eigenfunction decaying exponentially. As
[>(IN*) is separable, it follows that Sy N A§ is countable and then Fy ,(-)
has countable support for all € Qg and X € Jy. Thus Uy(3,0)" has purely
point spectrum for a.e. 8, X € [0, 27). O
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Remark. We say that a Borel set S supports the spectral projection F'(-) if
F([0,2m)\ S) = 0.

4. ENERGY INSTABILITY

In this section we present the proof of Theorem 2(%i). The initial strat-
egy is that of Appendix 2 of [7], and Lemmas 2 and 3 ahead are similar
to Lemmas B.1 and B.2 in [7]. However, some important technical issues
needed quite different arguments. To begin with we shall discuss a series
of preliminary lemmas, adapted to the unitary case from the self-adjoint
setting.

4.1. Preliminary Lemmas. Let P,>, denote the projection onto those
vectors supported by {n : n > a}, that is, for v € I2(IN*)

0, if n<a

(PnZaw)(n) :{ w(n% if n>a

and similarly for P,«,. Let f(n) be a monotone increasing sequence with
f(n) — 00 as n — oo.

Lemma 2. If there exists T, — oo, T, € IN for all m, such that

2T,
1 = +V 112 1
>

(15) Tt 1 2 1P s (BT 0l 2 Fss

J=Tm
then

| )

oy 3 (405,07 1145 =

Proof. By hypothesis, for each m € IN, there must be some j,,, € [Ty, 27 0]
such that

Jm 12 1
HP@% (U(B,0)T)™ o1|” = TP
and then
IX (B0 @l = 3 w2 (Ua(B.0))" er(n)
nelN*
> Tm p (5 gy ,
= nEZ]N*‘f(Tm)( nZ%( /\(57 ) ) <p1> (n)‘
T2
> m

f(Tm)t
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Therefore

m b j T 2 m : .
el ix @usoryalr = (32) (49 1)
1.,
2 3 fUm) =
and the lemma is proved. O

In order to prove Theorem 2 (ii) we want to apply the above lemma with
f(n) = (In(n+2))Y/5. By keeping this goal in mind, the estimate in relation
(15) is crucial as well as the following lemmas.

Lemma 3. Let & be a unit vector, P a projection, and U a unitary operator.

If £ =n+ 4 with (n,v¥) =0, then

1 2T 1 2T 1/2
16) —— L — PYUEI? > |[0)? =3 | =—— Y " ||PU |?
A6) g 2 Ma = PP = ol =3 | g D 1IP0I
=T =T
Proof. Denote D := 715 3T |[(Iq — P)U’¢|%. Then
1 2T )
D = Tr1 (1— || PU7¢|1?)
=T
1 2T ‘
= 711 ([l + Il = 1PU? (n + ) |P)
=T
1 2T ‘
= HnIF—TleZIIPU%H2
=T
1 2T . ‘ .
+Hwl? - T4l (IPU7|1* + 2Re ((PU’n, PU7)))
=T
= A+ B,

. 2T ] 2T j
with A = |[nl|* — 755 Yj=7 [ PU/n|? and B = [[9|* — 757 35— (|1 PUT|?

+ 2Re ((PUIn, PUIYY)).
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Clearly, ﬁZ?iT |PUn||? < |In]|> < 1, and the same is true with n
replaced by 1. Hence A > 0 and

2T
_ 2 j 2 J J
B = |v|*- T+IZHP o|I* — Z ((PUn, PUTY))
2 ) .
> 2 PUI||? PUq||||PU?
> |yl - T+IZH Uiy - sz;n Uin|| PU7 |
>

1
1912 - (75 S Pvue)
§=T
1 2T ) % 1 2T ) %
277 Z 1PUnl?)* (5 Z; | PO

> |y -3 (THZIIPU%II )"

The result follows immediately. O

The following lemma is an adaptation to the discrete setup of a classical
estimate found in Lemma 4.5, page 543 of [13].

Lemma 4. Let U = fo% e®dEy(t) be the spectral decomposition of a umni-
tary operator U on the Hilbert space H. Let & € H be an absolutely con-
tinuous vector for U, i.e., the spectral measure p¢, associated to U and &,
is absolutely continuous with respect to Lebesque measure, and denote by

g = % € LY(]0,27)) the corresponding Radon-Nikodym derivative. Define

€l = llglli?.

Then, for any n € H, one has
D KUIEm P <2 |lElE Inll?.

JEZ

If it is clear the unitary operator in question, then ||| - ||| will be used to
indicate ||| - ||| -

Proof. It |||£]|| = oo then the result is clear. Suppose [[|{]|| < oo and take

n € H. Denote by P,. the spectral projection onto the absolutely contin-
Hng

uous subspace Hye of U, ng = Pyen and g = d ok then pe, is absolutely
continuous and its Radon-Nikodym derivative h is estimate by

Ih(z)] < (99)2 (z) = g2 (2) §2 (=) < [|I€]| 33 (x).

N
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Hence h € L?([0,27)) with L? norm estimated by

Iila < il [ aterae)* = el |

= (€I Mol < THENT - lIml-

2T %
d“’]o)

Since

2 2
Wig) = [ duey(t) = [ it = VER(FRG)
0 0
it follows that
DoKUIEmP =Y 2wl(Fr)()P = 2x|hll3 < 2w lI€)*Inll?,
jez jez
which is precisely the stated result. ([l

4.2. Cauchy and Borel Transforms. Given a probability measure p on
0D = {z € C: |z| = 1}, its Cauchy F),(z) and Borel R,(z) transforms are,
respectively, for z € € with |z| # 1,
et + 2
w0 = [ S
and .
o2 = [ rantt
R, is related to F), by
(17) Fi(2z) =2zR,(2) + 1.
Moreover, F), has the following properties [18]:

o lim, Fu(rew) exists for a.e. #, and if one decomposes the measure

in its absolutely continuous and singular parts
de
Ap(0) = w(0)5 -+ dps(0).
0
then

(18) w(f) = li%rll Re F,(re”).

e 0y is a pure point of g if and only if lim,1(1 — r)Re F},(re'®) = 0.
e dy is supported on {0 : lim,; F},(re) = oo}.

Now, let U be a unitary operator on a separable Hilbert space H and ¢ a
cyclic vector for U. Consider the rank one perturbation of U
Uy =Ue*e =UIq + (e? —1)Py),

where Py(-) = (¢,-)¢ and A € [0,27). Denote by duy the spectral measure
associated with Uy and ¢, F\ = F),, and R) = R,,. We have the following
relations between Ry and Ry, I and Fy:
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Lemma 5. For |z| # 1

(19) R(2) =

and

(20) Fi(2) =

In particular, for A # «,

(1 4+ y?*)Re Fy(z)

21 Re F\(z) =
&) &) = T RGP
where y = 1?302)\, and for A\ =7
(22) Re Fy(z) = 2o F0(2)
* [Fo(2)?

Proof. Relation (19) was got in [4]. For checking (20) we use relations (17)
and (19). In fact,

Fy(z) = 2zR\(2)+1

; Ro(2)

e 4 z(e — 1) o(z)
e + 2(e — 1)Ro(2) + 22Ro(2)
e + z(e"* — 1)Ro(z)

e 4 z(e™ + 1) Ro(2)
(P DR (2)
2e™ + 22 Ro(2) + 22Ro(2)
2 + 22 Ry (2) — 22Rp(2)
e — 14 e + 2P 2Ry(2) + 14 22Ro(2)
et + 1+ e+ 2P 2Ry(2) — 1 — 22Rp(2)
(e —1) + (e™ + 1)(1 4 22Ro(2))
(e +1) + (er — 1)(1 + 22Rp(2))
(€™ — 1) + (e” + 1) Fp(2)
(€ + 1)+ (e = 1)Fp(z2)
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Now, for A # 7 we have e** 4+ 1 # 0 and then

e —1

- + Fy(z
FA(Z) = eM_iA 1 '
1+ (552 Fol2)
iy + Fo(2) L= iyFo(z)
L+iyFo(2) 1 —iyFy(z)
iy + Fo(z) — iyl Fo(2)]” + y* Fo(2)

1+ iyFo(z)[? ’

where €31 = iy and y = 02 So, for \ # 7,

er 1 1+cosA*
(1+y*)Re Fy(2)
1+ iy Fo(z)[?

and (21) is obtained. For A = m we have F)\(z) = #(z) and (22) follows. O

Re F)\(Z) =

Lemma 6. Fiz a rational number 3. Then there exist C1 > 0 and Cy < 00,
and for each 0 € [0,27) and X € [§, 5] a decomposition

©1 = Ng,x + Vo,

so that

(23) <776,>\, 7!)9,)\> = 05

(24) [Yexll = Ch,

(25) ol )+ < Co
(the notation ||| - |||;; was introduced in Lemma 4).

Proof. We break the proof in some steps.
Step 1. By Theorem 1, since ( is rational,

USC(U(/87 0)+) = (Da Uac(U(ﬁ> 9)+) = Uac(U(ﬁa 0))
and the point spectrum of U(3,0)" consists of finitely many simple eigen-
values in the resolvent set of U(f3,6). Denote by g » the spectral measure

associated to Uy(8,0)" and (the cyclic vector) o1, and by gy the spectral
measure associated to U(3,60)" and ¢; (i.e., the case A = 0). Write

dE
dpoA(E) = for(E) 7 +dpl(E),
dE

dug(E) = fo(E)— + dyiy(E).

Step 2. Relation between fp » and fp: By Lemma 5, for A # 7 one has

1+ 42 F,
Re (o) = (LHVIRE Bl
11+ iy Fp,(2)]
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where y = Ifg))s‘ 5 and then

(1+ %) fo(E)
E =
for(E) 11+ iy limyqy F, (reif)*

for almost all E.
Step 3. Relation between fy and fo: By (9) and (8) one gets
(26) U(B,0)" = e ™U(3,0)*
and using this relation it found that
(U(ﬂ, 9)+)j — 20 (U(ﬂ,O)*)j

for all j € Z. Thus, by the spectral theorem, for any j € Z,
| e = [T e gm -
0 0 2 - 0 0 2 ’

Hence
(27) fo(E) = foE —20)
for almost all F.
Step 4. Lower and upper bounds for fj y: We have
17}%151 F,(re'f) = fo(E) + ilri%rlllm F, (re'®)
and

2 it iE
. i . e’ +re dt
lgrlllm Fuo(re™) = 17"1Tnll 0 m ( > o(t) 27

21 it iE
. e’ +re 0
Tl )y o <_E> drip(t)-

cit — reill

If we denote

27 it iE
e +re dt
F) = lim Im ( ———= t)—
96(E) "1 0 <e”—re’E> fol )27r’

then by (27) we obtain go(E) = go(E — 20) for almost all E. On the other
hand, by (26) we have that E is an eigenvalue of U(3,0)" if and only if
E — 20 is an eigenvalue of U(3,0)". Let {Ef 71 be the set of eigenvalues

of U(B,6)" (recall that n < oo) and duf = > i1 I€§5Ee (0g is the Dirac
J
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measure at F). Then
27 it iB 27 .
e +re 0 ) 2rsin(E —t) 0
m <ezt_7aezE> Hp(t) ey o 1+4+7r2—2rcos(E —t) (1)
i 2rsin(E — Ee) ?
14 Z 1472 —2rcos(E — EG)
n

Jj=1

lim
rTl

25111 E—20— EO)

6 j — ei(E— 29)

Since fo € L'([0,27)), by a result of [14] (Theorem 1.6 in Chapter III),
the function gg is of weak L' type, i.e., go is measurable and there exits a
constant C' > 0 such that for all 7' > 0 the Lebesgue measure

(25) B w(B)| < 7Y 21— o

Pick S > 0 such that Qg := {E t 2 < fo(E) < S} satisfies [Qg| > 0 and
dist (Qg, {E?}?Zl) = L > 0. Then choose T sufficiently large such that
A:=QgN{E: [go(E)| < T}
satisfies |A| > 0; by (28) this is possible. For 6 € [0,27) put
Ip:={F€0,2m): E—20 € A};

thus [Ip| = |A| > 0. Then, for all & € [0,27), A € [0,7] (equivalently
y € [0,1]) and almost all E € Iy one has

1+ iylim F,, (re'®)
rTl

< 141y <fe(E) + |90 (E)|

12

j=1

n ; 0.0

2sin(E — 20 — E})K

|€iE§-’ — ¢ilE-20)]2

7]

" 2|k
1+ fo(E —20) + |go(E —20)| + > s

IN

J=1

2
< 1+S+T+ 55

So, for all § € [0,27), A € [0, 5] and almost all E € Iy

(1+ %) fo(E)
|1+ iy lim,q F#G(reiE))P
fo(E —20)
(1+S+T+2/L?)?
1
S(1+S+T+2/L%)?

for(E) =
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In order to get un upper bound, note that

1t iyl <re“f>] > yfo(E) > 0,
T

and so, for all § € [0,27), A € [§, 5] (equivalently y € [Tl\/gv 1}) and almost
Al E € 1
(1+y*)fo(E)

11+ iy lim,q F, (reiB)|?
A+y2)fe(E) _  (1+y°)

Y2 fo(E)? Y2 fo(E — 20)

< 2(2+V3)?%S.

Summing up, for all § € [0,27), A € [§, 5] and almost all E € Iy, we have

proved that

for(E) =

1

(29) SA+S+T+2/0%)

5 < foa(B) <2(2+ V3)°S.

Step 5. Conclusion: For A € [§, 5] and 6 € [0, 27) let
Yor =P o1, mon=(Ia— Py,

where PIGG’)‘ is the spectral projection (of Ux(3,60)") onto Iy. Then for each
0 € [0,27) and A € [, 5] we have the decomposition @1 = g x + 19, that
satisfies (23).

By the construction in Step 4, we have that A = Iy is in the absolutely
continuous spectrum of U(/3,0)", so by (26) and the definition of Iy it fol-
lows that Iy is in the absolutely continuous spectrum of U(3,6)"; thus
using Birman-Krein’s theorem on invariance of absolutely continuous spec-
trum under trace class perturbations, we conclude that Iy belongs to the
absolutely continuous spectrum of Uy(/3,0)" for all \. Therefore by (29)

0N O
[Ponll> = (Yo von) = (P w1, P o)

2m
= (g1, PP o1 = /0 X1o (E)dpig x
dE 1A
— ) i
/,9 JoaB) 5o 2 2rS(1+ S+ T +2/L2)2
and (24) holds with

Ch =

( 4] )1/2 > 0:
omS(1+ S+ T +2/L2)2 ’

also

2 D) 2
Mol oy = IPE @1l 500 = X0 fonlloo < 22+ V3)2S

0

and (25) holds with Cy = (2(2++/3)25)"/2 < 0o. The lemma is proved. [
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4.3. Variation of 3. The next lemma gives an estimate of the dependence
of the dynamics on 3. Its proof strongly uses the structure of Uy(f3,60)".

Lemma 7. Let 3,3 € R. Then, forn > 1,

| (UA(B,0)T)" o1 — (UA(B,0)T)" 1] <2 x 4"(2n* —n)2r |3 — ]
Proof. Tt is an induction. We have

UAB,0) 0 = UG (la+ (" = 1)Pp))e;

U(B,0)"¢; if j>1
U(B,0) o1+ (e* = 1)U(B,0)Tpr if j=1

_ UB,0)Tp; if j>1
- { eMU(B,0) o1 if j=1
Thus
Ur(B,0)" o1 = eU(B,0) o1 = are @™oy + aze ™ gy
A —i(a+26) —z’(a+2€)' Since
(30) e — 7| < 20 — o]
and |a;| <1, j = 1,2, then

[UA(B.0) 61 = (B0 | < 2]em D) - emilen)
< 4x2P2nB - 27| =2x4x 21|85

where a1 = re"‘e” and ay = itee

and the lemma is proved for n = 1.
Now

(UAB.0)) o1 = U(B.O)TUAB,0) o1
= Ux(B,0)" (a1e7 ™oy + age 1) py)
= ei’\ale_i(%ﬁ)U(ﬁ, )1 + age_i(%’g)U(ﬁ, 0)" o
—  eAg emi2B) (ble—i(%ﬁ) o1+ b2€—i(2ﬂﬂ)(p2)

Fage—i2mB) (Cle—i(3.(27r,8))901 § epem i3
FezemiG-CmB) g 4 C4e—i(5-(27rﬁ))(p4)

Since |aj] < 1, |bj| < 1, |¢j| < 1 and there are 2+ 4 < 4 x 4 terms in the

expansion of (U (0, 9)*)2 1 and the largest exponent (which provides the
largest contribution by (30)) is obtained from the product of the exponentials
e~ 127 ) p—i((2+3)273) — efi((1+2+3)27rﬁ)’ we obtain

|@rB.0)) o1 = UB.0)) 1| < axax20+2+432r(8- 0
= 2x4*(1+2+3)2n|3-F

)
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and the lemma is proved for n = 2. In a similar way by the structure of

Ux(B,60)" we conclude that (Ux(3,0)7)" 1 has at most 42 x 4 terms where

the largest exponent is in e {(1+2+3)2m0o—i((4+5)270) — —i((1+2+3+4+5)2mf)

and so

|80 61 = (a8, 0)) 1| <
Ax4x4x21+2+3+4+5)27 |8 -4
2x43(1+2+3+4+5)2r |3 - 5.

IN

Inductively one finds that (Ux(8,60)7)" ¢1 has at the most 4" terms, and
according to (30) the largest contribution comes from the product

o~ 1142+ +2n=3)27B8 ,—i(((2n—2)+(2n—1))278) _ ,—i((14+2+..+2n—1)27p)

and then
1 (UA(B,0)F)" o1 — (UA(B,)F)" 1|
<2x4"(14+24+...4+2n—-1)27
since 2n? —n =142+ ...+ 2n — 1, the result follows. ([

4.4. Proof of Theorem 2(ii). Finally, using this preparatory set of results,
we finish the proof of our main result.

Let f(n) = (In(2+ |n|)) Sequences B, T, Ay, will be built inductively,
starting with 81 = 1, so that

(i) Bms1 — Bm =2~ sm! for some K, € IN;
(i) Tm1+1 ZJZTTE;“m ”P f(Tm (U (B, ) ) ‘P1H2 > ( )2 for all 0 € [0,27),

A€ [§, 5] and B with |5 ﬂm\ < Am,

(iii) ‘6771—&-1 — ﬂk’ < Ay for k = 1,2,.

If (i), (ii) and (iii) are satisfied then we conclude by (i) that S = lim 3,
is irrational, by (iii) that |fs — Bm| < A, and then by (ii) that

2T

Z H n>; Tm (U)\(/Bocn ) )jg01H22

J=Tm

1
Tm+1

1
f(Tm)?

for 6 € [0,27) and A € [§, 5]. So by Lemma 2

hgl—?ogp | X (UA(ﬁ,G)Jr) @1]]27 =
for B = (B and the result is proved.

Then we shall construct By, T, Ap, such that (i), (i) and (iii) hold.
Start with ﬂl = 1. Given ﬁl, e ,ﬂm, Tl, ce ,Tm,1 and Al, ey Am,1 we
shall show how to choose T}, A, and Gpyy1.
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Given Gy, let ¢1 = n+1 be the decomposition given by Lemma 6 and let

C4,Cs be the corresponding constants. Choose T, > 27T,,—1 (and T} > 2)
so that

(31) C2 — 3V2rCy(2f(Tp) L + T Y)2 > 2f(Th) 2.

This is possible since Cy and Cy are fixed (given 3,,) and f(n) — oo.
Note that
(32)

; T
T+1ZI! ety (0807 0l < 2t < s P

in fact

1 NI 2
M;HPMﬂT (UA(B,0)7) ¥|)? =
2T

- Z)(Uwe o) o)

(T)

= = Z i)(wﬁ, Y ) (o)

8

2

Y

iz,

(o, (UA(B,0)) )

then by Lemma 4

1 1
T P (BN P <oy 3 2l

T
<71y

and (32) follows.
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By Lemma 3 and (32)

2T ,
T +1]_z:mH T UA(ﬂma 1) ¢l >
2Tm ,
> = 3( g 2 1P g (OA(8ns0)) 0IP)
J=Tm
>l - 3(g g #{nin < )}mwm)

v

Of - 3<T21 1#{" s f(TTm)}Cg);

= —3\ﬁ02( #{n:n<f(T£Ln)}>2.

Tm+1

Since #{n n < f&l)} < 2f(:€,1:n) + 1 it follows that

2T
1

T 2 1Pzt (G300, 0) el

ey 1)
—3\/702( 2 +

RO T2)

v

c2 3\/27rc2(

~

v

for 6 € [0,27) and A € [§, 5]. Thus by (31), we obtain

2Tm

71 o Pz (DB 6 ¢

]—m

for 6 € [0,27) and A € [§, 5.

D=
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So, by Lemma 7, for 8 € IR, 6 € [0,27) and X € [F, 5]

2Tom
. U)\(ﬂa 0)+)’ o2 >

J =Tm
1 2T m

. 2
+1J
o 3% Wiy 66007 )

2T, '
B <m+1z‘ n> gy Uk(ﬂm’))wl

J=Tm

P ((O5.0)) 01 = (U5, 0) 1) H)

1 2Tm
>

J=1Im

Py 300" 1

- | (wB.0%) = (OaBn.0 ) wl\))

2Tm

1 +\J 2
> (77 2 (P gy (5000 1]

J=Tm

4125 — )lB — Bm))

2Tm

> <f<;m> T 1+1(j§;m4]+1 = i)m)18 =)
Taking - ,
m +

f(Tn) 2252, 11252 — j)m
we obtain that, if |8 — | < An,

2T,

> 1Pz (U(B.0)) @il 2

J=Tm

1
Ty +1

1
f(Tm)*

Finally, pick 3,,+1 rational so that
1Bn = Bm1| < An n=1,...,m,

and Bny1 = Bm + 2-fm! for some Kk, € IN. This finishes the proof of
Theorem 2(ii).

Remark. For the operator Uy (8,0) := U(B,0)(Ia+ (e* —1)P,,) on I>(Z) we
can similarly prove an analogous result. The proof of dynamical instability
for some irrational 3 is essentially unchanged except for Lemma 6 which is
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simplified since U(f3,0) is purely absolutely continuous for (3 rational. On
the other hand, about pure point spectrum, the main difference in this case
is that 1 might not be cyclic, an thus, we don’t get pure point spectrum
for Uy(3,0) for a.e. 6 and A as obtained on [?(IN*), but we get that ¢ is in
the point spectral subspace corresponding to Uy((3,0) for a.e. 6 and A.
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