PSEUDODIFFERENTIAL OPERATORS
ON LOCAL HARDY SPACES

J. HOUNIE AND RAFAEL AUGUSTO DOS SANTOS KAPP

ABSTRACT. In this work we study the continuity of pseudodif-
ferential operators on local Hardy spaces hP(R™) —generalizing
results due to Goldberg and Taylor— and show that operators with
symbols in S? 5(R"™), 0 < § < 1, and in some subclasses of S ; (R")
are bounded on hP(R™) (0 < p < 1). As an application, we study
the local solvability of the planar vector field L = 0, + ib(x,t)0,,
b(x,t) > 0, in spaces of mixed norm involving Hardy spaces.

1. INTRODUCTION

In 1915, Hardy [Har| considered the averages

1 2 ' 1/p
M,(r,F) = {—/ |F(re’9)]pd9} , 0<p<oo,
2m Jo
— i0
Moo (r, FF) = max |F(re”)],

for 0 < r < 1, to study the behavior of holomorphic functions on the
unit disk. That seminal paper was the starting point for the theory of
Hardy spaces, as they were named by F. Riesz in his fundamental work
[Ri] where he dealt with Blaschke products and showed the existence of
boundary values. Later Krylov [Kr] developed the holomorphic theory
of Hardy spaces on the half-plane. To pass from one to higher dimen-
sions, the theory needed to free itself from its dependence on holomor-
phic functions and the approach followed by Stein and Weiss [SW] was
to consider boundary values of certain non-determined systems of har-
monic functions to define Hardy spaces H?(R") for p > n/(n—1). Then,
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departing from ideas of Burkholder, Gundy and Silverstein [BGS], Fef-
ferman and Stein developed a purely real maximal theory of Hardy
spaces HP(R™), 0 < p < 00, that does not depend on the notion of holo-
morphic or harmonic functions. A tempered distribution f € S'(R")
belongs to HP(R") if and only if || My f||rrn) < 00, where

Myf = sup g * f(x)],  ¢u(x) = t7"¢(x/1),
0<t<oo

and ¢ € S(R™) is a rapidly decreasing function in Schwartz space sat-
isfying [ ¢(x)dx = 1. For p > 1, H?(R") = LP(R™), for p = 1, H'(R")
is contained in L'(R™) and is stable under important classes of singular
integrals that do not preserve L'(R™). Finally, for p < 1, —in spite
of being a non locally convex topological vector space— HP(R™) has
far better functional properties than the space LP(R™) [CW], which
is virtually useless in the applications when p < 1. While they are
well suited as functional spaces for the applications to PDE’s with
constant coefficients, the Hardy spaces HP(R™) are not stable under
multiplication by test functions, a fact that seriously hinders their role
when it comes to PDE’s with variable coefficients. To circumvent this
drawback, Goldberg [G] introduced a class of localizable Hardy spaces
hP(R™), 0 < p < oco. Among many other properties, he proved that
h?(R™) is preserved by pseudodifferential operators of order 0 and type
(1,0) in the sense of Hormander [Horl] (see Section 3 for precise defi-
nitions), although his arguments do not seem to be easily adapted to
treat pseudodifferential operators of other types. Other results con-
cerning the continuity of pseudodifferential on Hardy spaces, mainly
for p = 1 —which certainly is the most important case— can be found
in [Ta, Chl §2] and [AH1].

In this work, we carry out a more systematic study of the continu-
ity of pseudodifferential operators with symbols in Hormander classes

7's(R™), discussing sufficient and necessary conditions. One of our mo-
tivations was to deal with some parametrices of some locally solvable
planar vector fields that involve pseudodifferential operators of type
(1,1/2) (see Section 6). The organization of the paper is as follows. In
sections 2 and 3 we recall the basic facts concerning Hardy spaces and
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pseudodifferential operators that will be used in the rest of the paper.
In section 4 we discuss the continuity in Hardy spaces for pseudodiffer-
ential operators with symbols in several classes, in particular, we prove
that

(1) operators with symbols in Hormander class S7%(R"), § < p,
§ <1, m = —n(1 — p)/2 map continuously h'(R") into itself
and bmo(R") into itself;

(2) operators with symbols in Hormander class S75(R"), § < 1,
map continuously h'(R™) into itself and bmo(R") into itself;

(3) operators with symbols in Bony class BSY,(R") map continu-
ously h”(R") into itself for any 0 < p < 1;

(4) operators with symbols in Hérmander class S%l(R") map con-
tinuously h?(R™) into itself for any 0 < p < 1.

Since BSY (R") C SP,(R") the last statement implies the previous
one, however, for the class BS?J(]R") we have a sharper control on the
number of derivatives of the symbol that guarantee boundedness of the
operator (Theorem 4.4). In section 5 we show by means of examples
that the conditions on order and type assumed in section 4 to prove
boundedness of pseudodifferential operators in Hardy spaces cannot be
relaxed. In section 6 we discuss the local solvability of the planar vec-
tor field with smooth coefficients L = 0, + ib(x,t)0,, b(x,t) > 0, in the
spaces of mixed norm L?(Ry; RP(R;)), 0 <p < 00, 1 < ¢ < co. In par-
ticular, we give a complete picture of the solvability in L (Rt; h? (Rx))
for the whole spectrum of values of p. It is already known that L is
solvable in L (Rt; h? (]Rx)) for 1 < p < oo and, although it is not solv-
able, in general, in L™ (Ry; h°(R,)) = L= (Ry; L*(R,)) it is solvable in
L (]Rt; bmo(Rr)). Concerning the range 0 < p < 1, we show here that
L is solvable in L>(Ry; h?(R,)) for p =1 and not solvable, in general,
for 0 < p < 1. Finally, the appendix contains an L? continuity result
for pseudodifferential operators in the Bony class with sharp control on
the number of derivatives of the symbol that we needed for our proof
of Theorem 4.4.

Unless otherwise specified, the functions we will consider are defined
on some Euclidean space RY with complex values. The letter C' will
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denote positive constants that may vary at different occurrences. The
Lebesgue measure of a measurable set A C R™ is written as |A| while
the absolute value of a complex number z and the Euclidean norm of
a vector £ € R"™ are denoted respectively by |z| and |{]; the mean-
ing will be clear from context. We will also write () = (1 + \5]2)1/2
for £ € R™. As usual, § denotes the Schwartz space of rapidly de-
creasing functions and &’ its dual, the space of tempered distributions.
The Fourier transform of a tempered distribution f € S'(R") is de-
noted by f The space of pseudodifferential operators with symbols in
Hormander classes S7%5(R"™) will be denoted by Op SJs and W**(R"),

s € R, will denote the Sobolev space {f € S'(R") : (&) f e L*(R™)}.

2. LocAL HARDY SPACES

We recall some facts about the real Hardy spaces HP(R") of Feffer-
man and Stein [FS] and its semi-local version hP(R™) introduced by
Goldberg [G] (recall that a space of distributions is said to be semi-
local if it is stable under multiplication by test functions). In many
situations H'(R") is an advantageous substitute for L'(R™) [S2], as
the latter does not behave well in many respects, for instance, con-
cerning the continuity of singular integral operators, while for p < 1,
HP(R™) has far better functional properties than the corresponding
LP(R™) space. Let us choose a function ®(z) > 0 € S(R™) —often one
takes ®(x) € C°(B) where B C R" the unit ball— with [ ®(z)dx = 1.
Write &, (x) = e "®(z/e), x € R", and set

My f(x) = sup |(®c* f)(z)].

0<e<o0

Then [S2]

HP(R") ={f €S (R"): Mgf e LP(R")}.
The space HP(R™) is not semi-local: )u may not belong to H?(R") for
€ CX(R™) and u € HP(R™). A way around this is the definition of
the semi-local (or localizable) Hardy space h?(R™) ([G], [S2]) by means
of the truncated maximal function

me f(z) = sup (@ * f)(2)];

0<e<l1
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WP(R") = {f €S (R"): maf € LP(RY)},

which is stable under multiplication by test functions (we denote by
S(R™) the Schwartz space of rapidly decreasing functions on R" and
by &'(R™) its dual, the space of tempered distributions). It turns out
that if ® is substituted in the definition of A?(R™) by any other function
¢ € S(R™) only subjected to [ ® # 0, this will not change the space
h?(R™). Moreover, h?(R™) is a complete metric vector space with the
distance

d(f,9) = If = gllhe = Ima(f = 97,

which for p = 1 is a Banach space. Of course, the “norm” f +—
|| flln» depends on the choice of ® but different ®’s will give equiv-
alent “norms”, moreover, if A C S is a bounded subset, there is a
constant C' = C(A) > 0 such that ||myf| » < C|mofl/re forall f €S
and ¢ € A. In fact more is true: denoting by M f(z) = supye 4 mgf ()
the grand maximal function associated to A it follows that | M f|z» <
Clime flze-

2.1. Atomic decompositions. We now describe the atomic decom-
position of A?(R™) ([G], [S2]). An h?(R™) atom is a bounded, compactly
supported function a(z) satisfying the following properties: there ex-
ists an cube () with sides parallel to the coordinate axes containing the
support of a such that

(1) |a(z)] < |Q|7'/?, a.e., with |Q| denoting the Lebesgue measure
of @

(2) if |ja||~ > 1, we further require that [ 2%a(z)dz =0, a« € N,
ol <n(p~' = 1).

Any f € h” can be written as an infinite linear combination of hP-
atoms, more precisely, there exist scalars \; and hP-atoms a; such that
>_;IAj[P < oo and the series ) ; Aja; converges to f both in A? and
in &' Furthermore, | f[[;, ~ inf ) [A;|P, where the infimum is taken
over all atomic representations. Another useful fact is that the atoms
may be assumed to be smooth functions, in particular the inclusion
S(R™) C h?(R™) is dense. The atomic decomposition of h?(R™) is thus
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quite similar to the atomic decomposition of H?(R") in terms of HP-
atoms ([S2]), the difference being that the notion of hP-atom is less
restrictive than that of HP-atom, as an HP-atom a must satisfy (1) and
a stronger form of (2): moments are required to vanish regardless of the
size of ||al|p~. In order to prove that a linear operator 7' : S(R™) —
h?(R™) can be extended as a bounded operator on h?(R") it is enough
to check that

(2.1)
there exists C' > 0 such that ||meTal|» < C, for all hP-atoms a.

2.2. Duality. Given a function f € Li (R™) and a cube @ C R™ with

loc

sides parallel to the axes, denote by fg the mean of f over Q:

1
fo= @ /Q f(z)dz, |Q| = Lebesgue measure of Q).

The space bmo(R™) is defined as the set of f € LL (R") such that

1
Si0) = s o /Q (@) — foldr < oo,

1
S:0) = s> o /Q (@) de < oo,

equipped with the norm || f[[}),,, = max(S1(f), Sa(f)). Then the dual
of h'(R™) may be identified ([G]) with bmo(R™) by means of the unique
continuous extension to h'(R™) x bmo(R") of the bilinear form

S(R™) x S(R") 5 (¢,¢) / b(2))(z) dz.

For 0 < r < 1, we say that f(z) € A"(R") if f(x) is bounded, continu-
ous and

1l = 1l + sup L ZSW
z#y |x - y|r

For r = 1, we say that f(z) € AY(R") if f(x) is bounded, continuous
and

il = [l +sup LEFO @ =) =2 @]
' y#0 vl '
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If k£ is a positive integer and & < r < k+ 1, set ' = r — k, so

0 < < 1. We say that f(z) € A"(R") if f(x) is of class C* with
bounded derivatives up to order k and

1 f1l i = max || D f

o<k

The dual of h*(R™), 0 < p < 1 may be identified ([G]) with A" (R"),
r, = n/p — 1/p, by means of the unique continuous extension to
hP(R™) x A»(R™) of the bilinear form

SR") x S(R") 5 (¢,¢) / o) (z) da.

A’y'/ < Q.

3. PSEUDODIFFERENTIAL OPERATORS

We recall the Hormander class of pseudodifferential operators [Hor1].
For m € R and p, 6 € [0, 1], a symbol a € S}';(R") of order m and type
(p,d) is a smooth function defined on R™ x R™ satisfying the estimates

10207 a(x, )| < Ca (&)™l o, B e N
The space SZ‘J(R) becomes a Fréchet space with the seminorms

Pasla) = sup (&IN50 (x, €)]
(z,8)eRn

The pseudodifferential operator a(z, D) € Op Syt associated to the
symbol a(z,§) € S;5(R") is given by

(3.1) a(x, D)u(z) = (QW)_”/eix'éa(:E,f) u()d¢, uwe SR,

where (&) denotes the Fourier transform of u(x). Pseudodifferential
operators are bounded from S(R") to S(R™) ([H2]) and as such possess
distribution kernels K (z,y) € S'(R™ x R™). A well known and useful
formula for the kernel is given in the following proposition (see, e.g.,
[AH1]):

Proposition 3.1. Let a(z,§) € S(R"), 0 < p < 1,0 < 4§ < 1.
The distribution kernel K(z,y) of a(x, D) is smooth off the diagonal
{(z,2)} C R™ x R"™ and is given by

(3.2) K(z,y) = (2r) "lim [ '@ 9€a(x, E)ap(e€) dé

e—0
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where ¢ € C°(R™) satisfies v = 1 for |§| < 1 and the limit is taken in
S'(R™). If M € N and M +m +n >0, K(z,y) satisfies the estimates

a COC
(3.3) sup [DEDJK(z,y)| < —— 90— x4y
|a|+|8l=M |z —y|
Furthermore, for any N € N and o, § € N,
(3.4) sup |z —y|¥|DID)K (2,y)] < Capn-

lz—y|>1/2
From now on we will always assume that p > 0.

REMARK 3.1: In order to study the continuity of a pseudodifferential
operator a(z, D) in the Hardy space h?(R™) for n/(n +1) < p < 1,
we will need below a particular instance of (3.3) with m = 0, p = 1,
a =0 and # = 1. In that case, inspection of the proof shows that the
constants Cy,g on the right hand side of (3.3) only depend on the size
of the derivatives D?a(m, €) of the symbol for || < n + 2.

3.1. Bounded operators in L2. To study the continuity of pseudo-
differential operators on Hardy spaces, we recall that a common strat-
egy in order to prove (2.1) for operators T' which are bounded in L*(R")
is as follows. Assume that T is a linear operator bounded in L*(R™) and
let a(x) be an hP-atom supported in a cube @) centered at xy with side
length ¢ and denote by Q* the cube with the same center and side length
20. To estimate ||meTallrr we may write [(meTa(z))?dx = I + Iy
with

I = / (maTa(@) dr, I = /R (e Te@)Y

Since mg f is majorized by the Hardy-Littlewood maximal operator
M f and in particular is bounded in L?, we have by Hélder’s inequality

p/2
I < (/ (meTa(x))? d;c) Q¥ |17/

p/2
<C </ la(x)|? dx) Q|1 P2 < 2nC

with C' independent of the atom a(x). On the other hand, to estimate
15 it will be enough to show that
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gL
= 2ol ifz ¢ Q"

where C' > 0 and L > n/p are fixed constants independent of the

(3.5) meTa(z) < C|Q|~Y/P

atom a(x). Indeed, a simple computation shows that (3.5) implies that
I, < Ck, with k,, a dimensional constant. Equivalently, we must show
that

gL
— ifz *
|z — 20" £

where C' > 0 and L > n/p are independent of 0 < & < 1.

(3.5") |D. x Ta(x)| < C|Q|—1/p

3.2. The case p = 1. Take pseudodifferential operators r;(z, D), j =
1,...,n, with symbols

r;i(€) = x(£) €|

where y(§) € C*(R) satisfies x(£) = 0 for || < 1/2 and x(§) = 1 for
€] > 1. Hence, 75(§) € S74(R") and 7;(z, D) may also be regarded as
a convolution operator. It is known ([G]) that r;(z, D) maps h'(R™)
into itself and that

el fllne < W fllee + Y Mlry(@, D) flloe < ol fllws f € YR,

j=1

§eRY,

providing a norm for h'(R™) which is equivalent to the standard one
and does not involve maximal functions. Thus, in order to prove that
a linear operator T : S(R") — h'(R") can be extended as a bounded

operator in h'(R"), it is enough to prove the L' estimate

(3.6) T s+ D s, DYTfllee < Clifllws,  f € SR).

j=1
4. SUFFICIENT CONDITIONS FOR hP CONTINUITY

In this section we study the continuity in Hardy spaces for classes of
L?-bounded pseudodifferential operators. We first consider operators
of order m = 0 and type (p,0), with 6 < p. If p < 1, as we point out in
the next section, there exists pseudodifferential operators with symbols
in S, C )5 which are not bounded in h?(R"), 0 < p < 1. Thus, we
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must restrict ourselves to the classes S 5. When ¢ < 1, symbols in the
class S75 give rise to L*-bounded pseudodifferential operators while
Ching [Ch] gave a now famous example of an unbounded operator
with symbol in the class S?;. Thus, for p = § = 1 we will work with
subclasses of S |, namely, the Bony class BSY, (R") ([Bol], [Bo2]) and
the Hormander classes H.SY ; (R") and S?yl(R”) ([Bou], [Hor2]) that we
describe more precisely later in this section.

Let A = a(x,D) € Op 59,5 be a pseudodifferential operator with
symbol a(z,&) € S5, 0 < 0 < 1, which is bounded in L*(R") (note
that the latter condition is automatic for § < 1) and denote by A®
the operator S(R™) 3 f +— ®.*x Af. Observe that S(R") > f — ®_x f

may be written as

~

1 [ en .
b5 f(0) = g [ B Tl s, e S@).
and regarded as a pseudodifferential operator with symbol @(55 ). Since
D is rapidly decreasing,

De[®(€)]| = sup €|(Dgd)(e€)] < Cole) Pl ¢ e R,

0<e<l

sup

0<e<1
so we see that the symbols £ — (/I;(é“f) belong to S?p uniformly in
0 < e <1and A® is obtained by composing on the left the pseudodif-
ferential operator f — ®.x f with a(x, D). In all the cases we consider,
this composition will be a pseudodifferential operator A®) with symbol
a'®(z,¢) and the key point will be that {a(®)}o..<; is a bounded subset
of S7,. In particular, we will be able to invoke the estimates for its
kernel K®)(z,y) granted by Proposition 3.1 with m = 0 and p = 1 and
bounds independent of £. Let a(z) be an hP-atom with ||al/~ < 1, so
we may assume that it is supported in a cube () centered at xy with
length side £ > 1. For x ¢ Q* and y € ) we have |z —y| > (/2 > 1/2
and so, using (3.4) with N = L = [n/p] + 1 we obtain

(AP a(z)| = ‘/ K(,y)aly) dy| < Crlz — x| QI o ¢ @,
Q

o r
< QI < ClQI
|z — 0| |z — 0
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because L > n and ¢ > 1. Hence, (3.5) holds for " = a(z, D) for h?-
atoms satisfying ||a||z~ < 1. Let us now consider an hP-atom —that
we assume supported in a cube @ centered at xo— with |jal|p~ > 1,
in particular, it has vanishing moments up to order N, = [n(p~ — 1)].

We may write, using the moment conditions,

40uz) = [ (KOG = 3 05RO w20) U Yt ay

|a|§Np '
(4.1) =4mem@@.

Standard estimates for the remainder in Taylor’s formula and use of
(3.3) with m =0, p=1and M = N, + 1 give

sup |[RE) (z,y)| < CO 3" sup |09 K9 (2, )
ved la=Np+1 Y€€
YNp+1

<C r¢Q,

= |z — @] Netntl?

since |x — zo| >~ |y — z| for y € Q and = ¢ Q*. Plugging this estimate
into (4.1) yields

ng+1

|A®a(z)| < C|Q|77|Q]

|z — | NotntT

ng—s—n—s—l

_ -1/ .
—C’Q| p’l’—xolNP'HH'l’ .T%Q

Thus, (3.5') holds for T' = a(x, D) and L = N, + n + 1 for hP-atoms
satisfying |lal|z~ > 1. Summing up, we have proved that a(z, D) is
bounded on A?(R™), 0 < p < 1, if

(i) a(z, D) is bounded in L*(R") and
(i) {a®}o<e<1 is a bounded subset of S{, (R™).

There is an extensive literature on the L? boundedness of pseudodif-
ferential operators and many classes of pseudodifferential operators are
known to satisfy condition (i). On the other hand, condition (ii) will
need closer attention most of the time and will be addressed in the next
sections for specific classes of pseudodifferential operators.
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4.1. The Hérmander class S35, m = —n(1 — p)/2, 6§ < p, § <
1. When p < 1, there are operators with symbols in S9(R") which
are unbounded in A?(R") for any 0 < p < 1. On the other hand,
the fact that p is less than one may be compensated for by taking
pseudodifferential operators A = a(z, D) of appropriate negative order

m.

Proposition 4.1. Assume that b(x,§) € S)5(R"), 6 < p, 0 <1, m=
—n(1 = p)/2. Then, b(x, D) maps continuously h*(R") into L'(R™).

PROOF: If h'(R™) is replaced by the smaller space H'(R™) the anal-
ogous result is known ([AH1, Thm 3.2]), in particular we have the
estimate ||b(x, D)al|;1 < C for all H' atoms a(z). On the other hand,
the corresponding estimate for h' atoms a(x) which are not H! atoms,
i.e., those that do not have vanishing mean but are supported in a cube
with length side ¢ > 1 and satisfy ||a||p=~ < 1, is implied by the estimate
|b(x, D)al|p: < C that can be easily proved with the method described
before in this section to check that (3.5") holds for that class of atoms.
Thus, the atomic decomposition of h'(R") yields the result. O

Theorem 4.1. Let b(z,§) € S)%(R"), 6 < p, 6 <1, m=—n(l—p)/2.
Then b(z, D) maps continuously h'(R™) into itself and bmo(R") into
itself.

PROOF: To show the continuity in A'(R™) it is enough to prove that
(3.6) holds with 7" = b(z, D) and this follows from Proposition 4.1
applied to b(x, D) and b;(z, D) = rj(z,D) ob(x,D), j =1,...,n. An
operator b(z, D) satisfies the hypothesis of Theorem 4.1 if an only if
its adjoint does. Thus, we obtain the boundedness in bmo(R™) by
duality. 0O

Corollary 4.1. Let b(z,§) € SY5(R™), 6 < 1. Then b(z, D) maps
continuously h*(R™) into h'(R™) and bmo(R™) into bmo(R").
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4.2. The Bony class. Let 0 < r < 1. We say that symbol a(zx,§)
belongs to B,.ST (R") if a(z,§) € S (R™) and for some ¢ > 0 it satisfies

(4.2) a(n,&) =0 whenever |n| > r|¢| and || > ¢,

where a(n, £) denotes the Fourier transform of z — a(x,¢) in the sense

of distributions. Thus, if x — a(x, &) is integrable

(.9 = [ e afe.g)da,
The Bony class BST", (R") is defined as
BSP(RY) = | ) B.SPy(RY).
0<r<1
Pseudodifferential operators a(z, D) with symbols a(z,§) € BS?,(R")

are bounded in L?(R") and the operator norm is controlled by a sharp

number of seminorms of S?,(R"). In fact,

Theorem 4.2. Let a(x,§) be a function defined on R™ x R™ with contin-
uous derivatives 8?8?@(1:,5) up to order |af, |B] < [n/2] + 1, satisfying
the estimates

(4.3) 0507 alz, &) < C(E, Jal, 18] < [n/2] + 1.

If for some fired 0 < r < 1, |n| < r|¢| whenever (n,£) is in the support
of a(n, &) then the operator a(x, D) is bounded in L*(R™) with operator
norm proportional to C.

This theorem can be proved adapting the arguments of Coifman-
Meyer [CM] as we indicate in the appendix. We now discuss the bound-
edness in 57 (R™) of the set {a®}occ<1 when a(z, &) € BST, (R"). Ac-
tually, we will do so for a larger class of symbols ([Hor2]): we say that
a(r,&) € ST (R™) belongs to HST (R™) if for some positive constant B

(4.4) a(n,§) =0 if 1+|n+ &l <[¢]/B.

If we assume that (4.2) holds for some ¢ > 0 and 0 < r < 1 then (4.4)
must hold for some large B. Indeed, if 1+ |n + | < |£]|/B, we see, by
taking B large enough that [{| > B > c and |n| > (1 —1/B)[¢]| > r[¢|
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and this implies that a(n, &) = 0 by (4.2), so (4.4) holds as well. This
shows that BST (R") C HST,(R™).
Given a(z,§) € HST,(R") satisfying (4.4) we may write

0Oz, ¢) = / e Dy )a(x — y.€) dy

and assume without loss of generality that @(f ) is supported in |£| < 1.
By means of a cut-off function x(§) we may always write a(z,§) =
ay(r,§) + ax(x,§) with ay(x,€) and aq(z,§) € HSTL(R"), ai(x,§) =
a(x,€) for |£] < ¢ and ay(x,&) = 0 for [§] > ¢+ 1. It follows that
the set {a\”}oce<1 is bounded in S?1(R") and so the boundedness
of {a®}g<.<1 is reduced to the boundedness of {agf)}mgl. In other

words, we may assume from the start that a(z,&) = 0 (therefore also
a(n,€) = 0) for [¢] < 2(B + 1) and we will do so. Since D%a'®)(z, &) =
(D%a)®) (x,€) and || @1 = 1, we have

sup|Dya® (z,€)| < sup [Dga(z,€)], ¢ €R",

we need only worry with derivatives with respect to &. Consider, for

instance,

D01 [ o, ote
+ [y ay/Lae - . dy
= I{(z, &) + I3(2,€).
It is clear that
15 (,)] < sup | Dga(z, )] < C&)™ .

To estimate the second term we notice that, using the inversion formula
for the Fourier transform, we may write

(a) @) (x.6) = / e 0-9(D,)(c0) (0 — £, €) db.
Indeed, set

ai(z) = e Va(w,&),  V(y) =y "O(y/e)
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and rewrite I5(z, &) as
I(x,&) = e /‘I’(y) ai(z —y)dy = e (U x ay) ().

The Fourier transform of the right hand side is W(0 + &)@ (6 + &)

Using the inversion formula for the Fourier transform we may write

)" 5, 60) = [ €0B0+€)T(0 + ) 9

(b) :/aﬂﬁwﬁwmumw.
On the other hand we have
(c) V(0) = —e(D;®)(e),  @(0) = a0 — &, &),

where in the case of a(x,&y) the hat means Fourier transform in the
first variable. Plugging (c) into (b) we get the desired expression (a).
Notice next that |ef] < 1 on the support of Dj(f. Since 1410| > [¢|/B
for (0,&) on the support of a(f — &, &), we conclude that I5(z,£) = 0
for e > B/(|¢|] — B). Since we already know that I5(x,&) = 0 for
€| < 2(B + 1) this implies that I5(z,&) = 0 for ¢ > 2B(¢)™. Set
U(y) =y;®(y), Ve(y) ="V (y/e). We have

(2n)" | I3(x,€)| = ¢ / e WEY, (y)a(z — y,€) dy
< 2B() ! Wl sup ol ) < (2B)C{™

Similarly, we obtain

\ngD;‘a(E)(:c,f)] < C(2B(¢) " sup|Dga(z,&)| + sup | De, Dea(z, )|).

This process can be continued to estimate Dg‘D? a®(z,¢) for any 3 €
N". Expressing the estimates in terms of the seminorms in S, (R™)
papla) = sup (&) No20 a(x, €)),
(z,£)ER?™

we may state

Proposition 4.2. Let a(x,&) € HST,(R") satisfy (4.4). Then
(4.5)
ID2DE (1, )] < Cap@B)? 3 panla) @, 0 <<,
Iv1<18]
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with constants Cop independent of B and €.
An immediate consequence is

Theorem 4.3. If a(x,§) € HSY,(R™) then a(x, D) maps continuously
hP(R™) to h?(R™) for any 0 < p < 1.

PROOF: Proposition 4.2 shows that {a®}¢..<; is a bounded subset of
S?1(R™). Furthermore, a(z, D) is bounded in L*(R™) by Proposition
9.3.1 in [Hor2|. Thus, conditions (i) and (ii) discussed at the beginning
of this section are satisfied by a(z, D) and it maps continuously h? (R")
to itself for any 0 < p < 1. [

The following theorem gives a sharper result for the class BST (R").

Theorem 4.4. Let a(z,§) be a function defined on R™ x R™ with con-
tinuous derivatives 85‘8?@(1‘,5) up to order |af < [n/2]+1, |B] <n+2

satisfying the estimates
(4.6) 050 alw, &) < C(g)l1,
if la, 18] < [n/2]+ 1, ora=0 and |B| < n+2.
If for some fized 0 < r < 1, |n| < r|¢| whenever (n,£) is in the support

of a(n, &) then the operator a(x, D) is bounded in hP(R™), n/(n+ 1) <
p <1

PROOF: The main point is to show that (3.5’) holds for 7' = a(z, D)
when () is a cube of side length < 1. This may be proved reasoning as
n (4.1). Since we are assuming that n/(n + 1) < p < 1 it follows that
N, = 0so R®(x,y) = K(z,y) — K(x,7) which, in view of the mean
value theorem, may be estimated by

sup |DIK (2.)| < vty

18]=1 |z — y[nt
with C proportional to

18| ps
sup max a(x,
x,fegn \ﬁ|§n+2<€> | ( §)|

(see Remark 1). [
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4.3. The Hormander classes S‘il and 89 5, & < 1. Choose a func-
tion x € C°(R™ x R") such that

x(t&,tn) = x(§n) ift>1,|n >2
(4.7) suppx C {(&,n):  [§] < nl, In| > 1}
x =1 on theset {2[¢] < [n|,|n| > 2},

and for arbitrary a(z,n) € ST (R") set
(4.8) ay.e(&m) = x(§+ . en)a(€,n)

where a(n, &) denotes the Fourier transform of z — a(z, ).

Definition 4.1. A symbol a(z, ) € ST (R™) belongs to 5'{”1 (R™) if and
only if for any positive integer N and multi-indices o, 3 there exists a
constant Copn such that

(4.9)  |DgDSay (2, 8)| < Copne™ (1 + [T 0 < e < 1.

As proved in [Hor2, Thm.9.4.2], the class 5’{”1 (R™) coincides with the
following classes:

(1) the class of a € ST such that a(x, D)* € Op(ST");

(2) the class of a € ST such that for any s € R, a(z, D) maps con-
tinuously the Sobolev space W*T™2(R") to the Sobolev space
We2(R™).

Note that any symbol a(z,{) € ST}, may be written as

(4.10) a=a—ay+ Z Ay 2-v — Oy o-vil
v=0
where each term
bV(x7 g) = Qy,2-v (]3, g) — Qy,2-v+1 (l’, 5)
satisfies
bV(ﬁ?”) :07 fOI' ’f+77|+1 < |7]|/Bl/7
for some B, > 0 so b, € HSTY. Furthermore, if a(x,§) € g{’fl(]R"),
estimates (4.9) yield convergence of (4.10) in the space of symbols.

Theorem 4.5. If a(x,§) € S?’l(R”) then a(x, D) maps continuously
h?(R™) to h?(R™) for any 0 < p < 1.
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PrOOF: Write A = a(z, D), denote by A®) the operator S 3 f
®. x Af and set a'®(z,€) is the symbol of A®). The arguments in
Section 4 reduce the proof to showing that

(i) a(x, D) is bounded in L?(R") and

(i) {a'¥}o<e<1 is a bounded subset of S7 (R™).
That (i) holds follows from [Hor2, Thm.9.4.2]. Furthermore, if b.(&) is
the Fourier transform of ®.(z), it follows that b.(§) € S7 uniformly
in 0 < e < 1and A® = b.(D) o a(x,D). Hence, the calculus of
pseudodifferential operators with symbols in the class 5’31(]1%") [Hor2,
Thm.9.5.2] shows that {a'®}¢..<; is a bounded subset of 5?71(]1%") C
SYIR™). O

Corollary 4.2. If a(x,§) € Sgl(R”) then a(x, D) maps continuosly
bmo(R™) to bmo(R").

REMARK 4.2: A duality consequence of Theorem 4.5 is that operators
with symbols in S7 | (R”) map continuously A" (R™) into itself. However,
better continuity results are known, since Stein proved that the whole
class S?,(R") already enjoys this property [S2]. Furthermore, opera-
tors of order zero and type (1, 1) preserve the Sobolev spaces W*P(R"),
1 < p < oo, forall s >0 ([Me], [Bou], [Hor2]). As a matter of fact,
this continuity property together with that of their commutators of all
orders with the operators of partial differentiation D;, j = 1,...,n,
and multiplication by the coordinate functions z;, 7 = 1,...,n, char-
acterizes operators of type (1,1) ([Hou2)).

As shown in [Hor2, Thm.9.6.5], S?;(R") C 5'&(1@”), 0<4d<1,s0
Theorem 4.5 contains the following result

Theorem 4.6. If a(z,§) € S7;(R"), 0 < 0 < 1, then a(x, D) maps
continuosly h?(R™) to h?(R™) for any 0 < p < 1.

5. NECESSARY CONDITIONS FOR CONTINUITY

In this section we discuss order and type restrictions that are imposed
by demanding that all pseudodifferential operators of order m and type

(p,0) be continuous on hP(R™). Since ST,(R™) C S75(R™), to conclude
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that m < 0 is a necessary condition, it is enough to exhibit, for every
m > 0, an operator a(x, D) with symbol a(z,{) € ST,(R") which is
unbounded on A?(R™).

EXAMPLE 5.1: Denote by (x1,2'), ' = (x9,...,2,), a generic point in
R™ ~ R x R"™. Choose ¢(z') € C>(R"!) supported in the unit cube
Q' C R™ ! with ¢(0) = 1, define

1/2 for 0 <t <1,
a(t)=¢-1/2 for -1 <t <0,
0 for |t| > 1,

and set f(x) = a(z1)y('), f.(z) = e P f(x/¢), for some fixed n/(n +
1) < p <1. Then f.(z)/||¢||L= is an hP-atom and we see that || fz||n» ~
| fellme < ClY]lpe < C', 0 < e < 1. For any m > 0, consider the
pseudodifferential operator (D)™ with symbol (§)™ € ST(R") and set
F.(x) = (D)™ f.(x). To conclude that (D)™ is unbounded on h?(R")
we will show that ||F.|[» — 0o as € \, 0. Notice that

m 1 — cos(e&1)
e&1

Hence, FL(m/2¢,0) = e"=7)(2/m) (14 n2e~2/4)™/2 ~ gnl=p"H=m anq
we conclude that

FL(&,€) = (&)™ a(eq) (eg)) = &P () b(e€).

LA
gexn (E)71 1)
Then (5.1) in Proposition 5.1 below shows that || F.|[» — oo as e\ 0,

as we wished to show. Similar examples can be given when 0 < p <
n/(n+1).

— 00 ase \, 0.

Proposition 5.1. Let 0 < p < 1. The Fourier transform of a distri-
bution in hP?(R™) is a continuous function and there exists a positive
constant C' > 0 such that

(5.1) B < CE" D Fllw, FehP(R").
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PROOF: By the atomic decomposition we may write F' € h?(R") as a

series

F(z) = Z Njaj () + > by ()

that converges in &', where the a;’s and by’s are hP-atoms such that
lagllie > 1 and [lbjll= < 1 and 5, Nl + Sy gl = [FIE,. The
atoms {a;} are also HP-atoms and ||a;||%, < C where the constant
only depends on the dimension n and the function ® that has been
picked to define the maximal function Mg. In particular, it is known
[S2, p.128] that

[@;(6)] < ClegP Y < oleynTY ] ceRY, =12,

On the other hand, we may assume that each by is supported in a
cube @y, of side ¢}, > 1 such that ||by||z~ < |Qk|7*/?, so that ||bg 1 <
|Qk|1*1/p = ¢"(1-1/p) < 1 and

be(6)] <1, €€RY, k=1,2,....

Hence,

DN + Y mbl©)] <O INPE@ T £l
j k J k

1

< Fh,, € eR™

The estimate shows that the series . A;ja;(§) + 3, 1ubr(€) converges
uniformly over compact sets of R to a continuous function and since

it also converges to F(£) in &'(R") we see that F(€) is continuous and
(5.1) holds. O

EXAMPLE 5.2: Let ¢(§) € C®(R") satisty ¢(§) = 0 for [¢] < 1
and ¥(§) = 1 for [l > 2. Fix 0 < p < 1, n(p—1)/2 < m <0,
and consider the pseudodifferential operator a(D) with symbol a(§) =
P(E)(E)™ exp (il¢](1 — p)). Then a(§) € Sy(R™) but a(D) cannot
be bounded on A'(R™). Indeed, since m < 0, a(D) is bounded in
L*(R™) = h*(R"). If a(D) were also bounded in h'(R") we would
have, by the interpolation properties of localizable Hardy spaces (cf.,
e.g., [Tr, p.66]), that a(D) would be also bounded in h?(R™) for any
1 < g < 2. This means that a(D) would be bounded in L?(R"),
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1 < g < 2. However, it is known [F] that the convolution operator
a(D) is not bounded in LI(R") if |g* — 271 > |m|/(1 — p)n. By the
choice of m, the right hand side of this inequality is < 1/2 while the
left hand side tends to 1/2 as ¢ — 1, so we see that any 1 < ¢ < 2
sufficiently close to 1 will fulfill the inequality. This contradicts the fact
that a(D) should be bounded in LI(R™). Thus, a(D) is not bounded in
h'(R™). This shows that the order restriction in Theorem 4.1 is sharp.

6. SOLVABILITY OF PLANAR VECTOR FIELDS

Consider the first-order linear differential operator in two variables

0 d
1 L=—+i = R T.
(6.1) 5 Tz, t)om, oz ER, <

We write Qpr =R x (=T, T) and assume that

(i) b(x,t) is smooth, real and nonnegative,

(ii) all derivatives of b(z,t) are uniformly bounded.

Definition 6.1. Let 1 < g < o0, 0 < p < oco. We say that L is locally
solvable in L([—T,T); h*(R)) if every (zo,to) € Qr is contained in
an open set U C Qr such that for every f € L([-T,T]; hP(R)) there
exists u € LY([—T,T]; h*(R)) such that

Lu=f mU

in the sense of distributions.

Theorem 6.1. Assume L is given by (6.1) and satisfies (i) and (ii).
Then L is locally solvable in L1([—T,T]; h?(R)) for 1 < ¢ < oo, 1 <
p < oo.

Corollary 6.1. Under the hypotheses of the theorem, L s locally solv-
able in LP([-T,T]; hP(R)), 1 < p < oc.

The requirement p > 1 in Theorem 6.1 and Corollary 6.1 is essential,

in fact we have

Theorem 6.2. The vector field 8, is not solvable in L ([T, T]; h*(R))
forO<p<1.



22 J. HOUNIE AND RAFAEL AUGUSTO DOS SANTOS KAPP

REMARK 6.3: For 1 < p < oo, we have h?(R) = LP(R) and it turns
out that for 1 < ¢,p < oo Theorem 6.1 can be proved by a sim-
ple adaptation of the arguments in [HL| where the local solvability
in LP([-T,T); L?(R)) was proved. These results were later extended
under the weaker hypothesis that L satisfies the Nirenberg-Treves con-
dition (P) ([HM1], [HM2]). On the other hand, local solvability in
L ([=T,T]; L*(R)) fails in general ((HT], [BCH, p.161]) although lo-
cal solvability in L ([T, T];bmo(R)) —that may be considered as
an alternative limiting case of the solvability in LP ([T, T]; LP(R)) as
p — oo— is also known under condition (P) [HdaS|. Hence, the nov-
elty of Corollary 6.1 lies in the endpoint case p = 1. A natural open
question is whether the solvability for the case p = 1 still remains true
when replacing the assumption b(z,t) > 0 by the weaker Nirenberg-
Treves condition (P), i.e., the assumption that ¢ — b(z,t) does not
change sign. Presently, it does not seem to be known whether the sim-
ple vector field L = 8; + iz, is locally solvable in L> ([T, T]; h'(R))
at the origin.

6.1. Proof of Theorem 6.1. It will be enough to prove the local
solvability at the origin (x¢,%y) = (0,0). We will restrict ourselves to
the case p = 1. The main tool in the proof is a parametrix that we
describe next, details of its construction may be found in [Hou3|, [AH2]
and [HL]. There exist operators K and R such that

(6.2) LKf=f+Rf, [f(z,t)eC(-T,T;S(R,)),

where K = Kt + K-, R=R"+ R~ and
1 t
K4 fat) = o [ (Al s ) o vlatit)) dt
1 t
K fet) = oo [ (A 868) vttt e

R f(z,t) = QL/ (B;ft,f(«,t’)) op(x,t, ") dt’
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For ¢, t' € [T, T] fixed, the operators Afft,, Bft, belong to Op Sgl/g(R)
uniformly in ¢,#, in particular, they map h!(R) into itself with bounds
independent of ¢,¢' € [T, T] in view of Theorem 4.6. In fact, the map

[-T,T] x [-T,T] > (t,t') — Aft, € OpSY,5(R)

is smooth and the same holds for B, so the uniform bounds of their

£t
symbols aft, (z,€) and bft,(:v,é’) in S, so(R) are a consequence of the
compactness of [T, T] x [=T,T]. The real function ¢ : R x [T, T] x
(=T, T] — R is smooth and all its derivatives of positive order are
bounded, furthermore, for fixed (¢,t') € [-T,T] x [-T,T], the map
R 3> z — 9(z,t,t') is a diffeomorphism of the real line with bounded
derivatives. Thus, for fixed (¢,t') € [T, T] x [=T,T], the map g(x) —
go (-, t,t') is bounded from h'(R) into itself with a bound that can
be taken independently of ¢,¢'. It follows that

t
HKﬁhmmsc/|m¢wmw.
-T
Taking L? norms with respect to ¢ and using Holder inequality we get
t
[ el i
-7

< 2CT|| fl| La(i=r13581)-

Similar estimates hold for || K~ f|| a—r7:1) and | RE f|| La(—r77:01). We

| K fll paqermynn < C'

La([=T,TJ;ht)

may extend (6.2) by a density argument to
LKf=(+R)f, f(zt)elLl([-T,T;r R)).

The operator norm of R in L([~T,T]; h*(R)) is bounded by CT < 1
so, for T" small enough, I + R may be inverted to obtain

LK(I+R)'f=f [f(zt)e L ([-T,T);h'(R)),
sou=K(I+R)'feLi([-T,T];h*(R)) solves Lu = f in Qp. O
6.2. Proof of Theorem 6.2. Let us fix 0 < p < 1 and write

X = {u(t,z) € L*(I,h*(R)), dyu(t,z) € L=(I,h"(R))}

where I = [—1,1] C R. We will also write Q@ = (—1,1) x R. We start
by stating and proving a lemma.
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Lemma 6.1. The space X endowed with the distance

[u(t, z) = v(t, x))l,

= sup [u(t,7) = (0. 2)lfaqe) + 50 04 (u(t,7) = vt ) e

is complete. If the densely defined operator 0y : (X, |- |l;) — (X, - ||g)

s onto then the a priori estimate

(6.3)  inf = sup [lu(t,x) —a(@)|flrm <A sup [|Owu(t, )|l g
a€h?(R) —1<¢<1 —1<t<1

must hold for some A > 0.

PRrOOF: The space L*([—1, 1], h?(R)) with the distance

dlw,v) = lju—v] = sup fult,z)- vt 2) e

is an F-space in the sense of Banach [B], i.e., a topological vector space
with its topology defined by a complete, translation invariant distance.
We denote by (X, || - ||x) the subspace X equipped with the induced
metric, i.e.,

d(u,v) = |lu = vllx = sup [[ut, z) = v(t, 2) [},
tel
Note that (X, | - ||y) is complete. In fact, if {u,} is a Cauchy sequence

in (X, -|ly), it follows from the trivial estimate || - ||x < || - ||, and the
completeness of (L*(I, h*(R)), || - ||) that

u, — u € L*(I,hP(R)) and
Owu, — v € L=(1, hP(R))

with convergence in the || - || gauge. Since these sequences also converge
in D'(Q) we have that dyu = v, showing that (X, || - ||,) is complete.
Now, the operator d; : (X, ||-]|,) — (X, ||-]]) is obviously continuous. If

it is also onto, it must be open by the open mapping theorem. Denoting
by N the kernel of 9, : (X, || - ||;) — (X, || - ||) we have that

Y = X/N 34+ Qu € X is an isomorphism,
for the quotient metric

dy(4,0) = inf_flw— ;.
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Thus, for some A > 0,
(6.4) dy (i, 0) < A||0p(u — v)||x-

Since € is convex, it is easy to see that N = h?(R,) so (6.4) may be
rewritten as (6.3). O

Let us assume now that 0, : X — X is onto. To reach a contradiction
we will violate (6.3). Define f: R — R, by

0 ift<0,
flxy=4t ifo<t<l,
1 ift>1,

and choose g(z) € C°(R), supported in [0, 1], not identically zero and
satisfying [ g(x)dz = 0. Given a positive integer n, define for each
integer k, 0 < k <n—1,

1
fult) = ~f(nt—k), —1<t<1, z€R,
n

gr(x) = g(nz — k).

Thus,
fr(1) =1/n, 0<k<n-1,
{f/é(t)zx[g,kﬂ(t), teR
and
suppgn © |72l < 2 0< k<01
n.n n
For each positive integer n we set
n—1
fe@gi(x) + fe(=t)gr(—2) € X.

k=0
Taking account of (6.3) we may find a,, € h?(R) such that
sup ||u,(t,z) — an(m)HfLP( < 2A sup |Qul(t, :E)||
te[—1,1] te[—1,1]
In particular,
|WM—L@—'()Wmm<2Af?iN@w@xWM®,
[un(1,2) = an(@) [}y < 24 sup ||Owun(t, )|}
te[—1,1]
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Therefore, by the triangle inequality,

(6:5)  [lun(L,2) = un(=1,2)[[5p @) < 4Ates[u{31] 1Osttn (2, ) [ ) -

Note that
1 n—1 n—1 p
(6:6) Nun(L,2) = un(=1,2) [Fmy = — || D_ grlw) = > gu(—2)
k=0 hP
Taking account of the trivial pointwise estimate
mgh(z) = sup [p: x h(z)| > |h(z)], b e LZ(R),
0<e<1
we see that the right hand side in (6.6) is bounded below by
1 n—1 n—1 p
- > okle) =Y gu(—2)| da,
k=0 k=0
which is greater than of equal to
1 1 |n—1 n—1 P 1 1|n—1 p
o ), ng(x) - ng(—x) dx = o ), gr(x)| dx
k=0 k=0 k=0
1 1 n—1
=5 | Ylo@raz
k=0
_C
T

Notice that we have equality in the second displayed equation because
the terms in the sum have disjoint supports. Summing up, we have
shown that
(6.7) & < un(1.2) — (L2

np ’ ’ (R)

On the other hand,
SUD X[k /. k+1)/] Ollgr ()|l < Cp/n,
SUD X{(—k-1)/m—k/n (D96 (=2 [ < G/,
and this implies

(6.8) sup |kt (t,) [,y < o/
te[—1,1]
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because the functions 2n functions f,(¢) and f.(—t), 0 < k < n —1,
have disjoint supports. Thus, (6.5), (6.7) and (6.8) lead to

C _ 414G,
n’  n

Y

which is false for large n because 0 <p < 1. O

APPENDIX A. PROOF OF THEOREM 4.2

We will start by stating two well known lemmas; proofs can be found,
for instance, in [CM] and [Houl]. The first one is concerned with
L? continuity of pseudodifferential operators with symbols in the class
S5 o(R™) with sharp control on the number of derivatives of the symbol.

Lemma A.1. Let a(z,§) be a bounded function defined on R™ x R™ with
bounded derivatives 8?8?@(%5), lal, 18] < [n/2] +1 and assume that
a(x,&) = 0 for |£| sufficiently large. There is a positive dimensional
constant C' such that

|a(z, D)l 22y < C.
The next ingredient is

Lemma A.2. Let a(x, D) be a pseudodifferential operator with symbol
a(z,€) such that a(x, D) € L(L?). For T > 0, denote by a” (x, D) the
operator with symbol a™ (x,&) = a(Tx, T7'E). Then o’ (x, D) € L(L?)
and

la(z, D)l e2) = lla” (z, D)ll e

We now prove Theorem 4.2.

ProOOF: Pick a € C®(R™) such that a(§) = 1 for || < 1/2 and
a(§) = 0 for [£] > 1. We may the write a(z, ) € B.S}, as

a(z, &) = a(é) a(z, &) + (1 — a(€)) a(z, &) = ao(x,&) + a’(,€).

The operator ag(x, D) with symbol ag(z, ) is bounded in L?*(R™) by
Lemma A.1 and we need only show that a’(z, D) is bounded as well.

Hence, we may assume from the start without loss of generality that
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a(x,&) = 0 for || < 1/2 and we do so. Choose ¢ € C(R™) so that
1/3 < |¢] < 1 for € in the support of ¢ and

§j¢ e =1 if ¢ >1/2.

We may write

T 5) - Z¢(2"§)a(m,§) = ZCL]'(JJ, )

0
Note that 27/3 < [¢] < 27 on the support of a;(z, &), so we have
(A1) 10200ay(w, )] < C2ED o |8] < [0/2) + 1.
Next, choose ¢ € S(R™) satisfying @/Az(f) =1 for || <1 and ;E(g) =
for |£] > 2 and set

P8 = [ e - Qe a2 du
(2.6) = [ (@@.6) = e~ .02 du

so a;j(x, &) = p;(x,€)+qj(x,&). Taking Fourier transforms with respect
to x we get

B3 (1.€) = a;(n,€) b (n/2),
Q;(n,€) = a;(n,€) (1 = P(n/27)).
Observe that ¢;(n,£) = 0, since 1—4(n/27) = 0if |n| < 27 and we know
that |n| < r|¢| < r27 < 27 on the support of a;(n,&) = ¢(277&)a(n, &).
Hence, a;(xz, D) = p;(z,D) = P;. Set p;(z,&) = p;j(2772,27¢). Then
(A.1) yields

|D2Dpi(,€)| < Cag, al, 18] < [n/2] + 1.

Thus, ||Pjl|z2) = HPj||L(L2) < C, by Lemmas A.1 and A.2. Take now
an arbitrary f € S(R™) and let us look at the support of P;f. Notice
that

Brf) = [ as(n - .95 70 - ) 6(27) ) dg

and we have that ¢(277¢) = 0 unless 27 /3 < |¢] < 27, Since [n—¢| < r[¢|
on the support of a;(n—¢&,§), we conclude that P; f(n) is supported in
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the annulus

T ={1-r22 <[y <277}
If we choose a positive integer ¢ so that 1 —27¢ < r < 1 — 27!
we see that ?;f and F/’;;” have disjoint supports for |j — k| > £+ 4, in
particular, P; f and Py f are orthogonal in L?(R™) by Parseval’s formula.

Therefore,
(A.2)
2
Puyayjomf Z | Petay J+meL2> form=0,1,--- ,£+3
j=0 Lz j=0

Let x;(€) be the characteristic function of the annulus {29772 < [¢] <
27t} and set f; = fx;. Thus,

f=> fura;-
j=0

ItiseasytoseethatZS-ECEOifU—k]>€+4 SO

Z 1 Piesays fiesaysllz

< CQZ I feraillze < CEIFIIZ-
j=0

This gives an estimate for the left hand side of (A.2) when m = 0 and
the same estimate holds for m =1,2,--- ,¢+ 3. Thus,
043

la(e, D)lleas < 3
m=0

oo

Z Ployayjom
=0 L(L?

<(+4C O
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