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Abstract. In this work we study the continuity of pseudodif-
ferential operators on local Hardy spaces hp(Rn) —generalizing
results due to Goldberg and Taylor— and show that operators with
symbols in S0

1,δ(Rn), 0 ≤ δ < 1, and in some subclasses of S0
1,1(Rn)

are bounded on hp(Rn) (0 < p ≤ 1). As an application, we study
the local solvability of the planar vector field L = ∂t + ib(x, t)∂x,
b(x, t) ≥ 0, in spaces of mixed norm involving Hardy spaces.

1. Introduction

In 1915, Hardy [Har] considered the averages

Mp(r, F ) =

{
1

2π

∫ 2π

0

|F (reiθ)|pdθ

}1/p

, 0 < p < ∞,

M∞(r, F ) = max
0≤θ<2π

|F (reiθ)|,
for 0 < r < 1, to study the behavior of holomorphic functions on the

unit disk. That seminal paper was the starting point for the theory of

Hardy spaces, as they were named by F. Riesz in his fundamental work

[Ri] where he dealt with Blaschke products and showed the existence of

boundary values. Later Krylov [Kr] developed the holomorphic theory

of Hardy spaces on the half-plane. To pass from one to higher dimen-

sions, the theory needed to free itself from its dependence on holomor-

phic functions and the approach followed by Stein and Weiss [SW] was

to consider boundary values of certain non-determined systems of har-

monic functions to define Hardy spaces Hp(Rn) for p > n/(n−1). Then,
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departing from ideas of Burkholder, Gundy and Silverstein [BGS], Fef-

ferman and Stein developed a purely real maximal theory of Hardy

spaces Hp(Rn), 0 < p ≤ ∞, that does not depend on the notion of holo-

morphic or harmonic functions. A tempered distribution f ∈ S ′(Rn)

belongs to Hp(Rn) if and only if ‖Mφf‖Lp(Rn) < ∞, where

Mφf = sup
0<t<∞

|φt ∗ f(x)|, φt(x) = t−nφ(x/t),

and φ ∈ S(Rn) is a rapidly decreasing function in Schwartz space sat-

isfying
∫

φ(x) dx = 1. For p > 1, Hp(Rn) = Lp(Rn), for p = 1, H1(Rn)

is contained in L1(Rn) and is stable under important classes of singular

integrals that do not preserve L1(Rn). Finally, for p < 1, —in spite

of being a non locally convex topological vector space— Hp(Rn) has

far better functional properties than the space Lp(Rn) [CW], which

is virtually useless in the applications when p < 1. While they are

well suited as functional spaces for the applications to PDE’s with

constant coefficients, the Hardy spaces Hp(Rn) are not stable under

multiplication by test functions, a fact that seriously hinders their role

when it comes to PDE’s with variable coefficients. To circumvent this

drawback, Goldberg [G] introduced a class of localizable Hardy spaces

hp(Rn), 0 < p ≤ ∞. Among many other properties, he proved that

hp(Rn) is preserved by pseudodifferential operators of order 0 and type

(1, 0) in the sense of Hörmander [Hor1] (see Section 3 for precise defi-

nitions), although his arguments do not seem to be easily adapted to

treat pseudodifferential operators of other types. Other results con-

cerning the continuity of pseudodifferential on Hardy spaces, mainly

for p = 1 —which certainly is the most important case— can be found

in [Ta, Ch1 §2] and [AH1].

In this work, we carry out a more systematic study of the continu-

ity of pseudodifferential operators with symbols in Hörmander classes

Sm
ρ,δ(Rn), discussing sufficient and necessary conditions. One of our mo-

tivations was to deal with some parametrices of some locally solvable

planar vector fields that involve pseudodifferential operators of type

(1, 1/2) (see Section 6). The organization of the paper is as follows. In

sections 2 and 3 we recall the basic facts concerning Hardy spaces and
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pseudodifferential operators that will be used in the rest of the paper.

In section 4 we discuss the continuity in Hardy spaces for pseudodiffer-

ential operators with symbols in several classes, in particular, we prove

that

(1) operators with symbols in Hörmander class Sm
ρ,δ(Rn), δ ≤ ρ,

δ < 1, m = −n(1 − ρ)/2 map continuously h1(Rn) into itself

and bmo(Rn) into itself;

(2) operators with symbols in Hörmander class S0
1,δ(Rn), δ < 1,

map continuously h1(Rn) into itself and bmo(Rn) into itself;

(3) operators with symbols in Bony class BS0
1,1(Rn) map continu-

ously hp(Rn) into itself for any 0 < p ≤ 1;

(4) operators with symbols in Hörmander class S̃0
1,1(Rn) map con-

tinuously hp(Rn) into itself for any 0 < p ≤ 1.

Since BS0
1,1(Rn) ⊂ S̃0

1,1(Rn) the last statement implies the previous

one, however, for the class BS0
1,1(Rn) we have a sharper control on the

number of derivatives of the symbol that guarantee boundedness of the

operator (Theorem 4.4). In section 5 we show by means of examples

that the conditions on order and type assumed in section 4 to prove

boundedness of pseudodifferential operators in Hardy spaces cannot be

relaxed. In section 6 we discuss the local solvability of the planar vec-

tor field with smooth coefficients L = ∂t + ib(x, t)∂x, b(x, t) ≥ 0, in the

spaces of mixed norm Lq
(
Rt; h

p(Rx)
)
, 0 < p < ∞, 1 ≤ q ≤ ∞. In par-

ticular, we give a complete picture of the solvability in L∞
(
Rt; h

p(Rx)
)

for the whole spectrum of values of p. It is already known that L is

solvable in L∞
(
Rt; h

p(Rx)
)

for 1 < p < ∞ and, although it is not solv-

able, in general, in L∞
(
Rt; h

∞(Rx)
)

= L∞
(
Rt; L

∞(Rx)
)

it is solvable in

L∞
(
Rt; bmo(Rx)

)
. Concerning the range 0 < p ≤ 1, we show here that

L is solvable in L∞
(
Rt; h

p(Rx)
)

for p = 1 and not solvable, in general,

for 0 < p < 1. Finally, the appendix contains an L2 continuity result

for pseudodifferential operators in the Bony class with sharp control on

the number of derivatives of the symbol that we needed for our proof

of Theorem 4.4.

Unless otherwise specified, the functions we will consider are defined

on some Euclidean space RN with complex values. The letter C will
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denote positive constants that may vary at different occurrences. The

Lebesgue measure of a measurable set A ⊂ Rn is written as |A| while

the absolute value of a complex number z and the Euclidean norm of

a vector ξ ∈ Rn are denoted respectively by |z| and |ξ|; the mean-

ing will be clear from context. We will also write 〈ξ〉 =
(
1 + |ξ|2)1/2

for ξ ∈ Rn. As usual, S denotes the Schwartz space of rapidly de-

creasing functions and S ′ its dual, the space of tempered distributions.

The Fourier transform of a tempered distribution f ∈ S ′(Rn) is de-

noted by f̂ . The space of pseudodifferential operators with symbols in

Hörmander classes Sm
ρ,δ(Rn) will be denoted by Op Sm

ρ,δ and W s,2(Rn),

s ∈ R, will denote the Sobolev space
{
f ∈ S ′(Rn) : 〈ξ〉sf̂ ∈ L2(Rn)

}
.

2. Local Hardy spaces

We recall some facts about the real Hardy spaces Hp(Rn) of Feffer-

man and Stein [FS] and its semi-local version hp(Rn) introduced by

Goldberg [G] (recall that a space of distributions is said to be semi-

local if it is stable under multiplication by test functions). In many

situations H1(Rn) is an advantageous substitute for L1(Rn) [S2], as

the latter does not behave well in many respects, for instance, con-

cerning the continuity of singular integral operators, while for p < 1,

Hp(Rn) has far better functional properties than the corresponding

Lp(Rn) space. Let us choose a function Φ(x) ≥ 0 ∈ S(Rn) —often one

takes Φ(x) ∈ C∞
c (B) where B ⊂ Rn the unit ball— with

∫
Φ(x) dx = 1.

Write Φε(x) = ε−nΦ(x/ε), x ∈ Rn, and set

MΦf(x) = sup
0<ε<∞

|(Φε ∗ f)(x)|.

Then [S2]

Hp(Rn) = {f ∈ S ′(Rn) : MΦf ∈ Lp(Rn)}.
The space Hp(Rn) is not semi-local: ψu may not belong to Hp(Rn) for

ψ ∈ C∞
c (Rn) and u ∈ Hp(Rn). A way around this is the definition of

the semi-local (or localizable) Hardy space hp(Rn) ([G], [S2]) by means

of the truncated maximal function

mΦf(x) = sup
0<ε≤1

|(Φε ∗ f)(x)|;
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hp(Rn) = {f ∈ S ′(Rn) : mΦf ∈ Lp(Rn)},
which is stable under multiplication by test functions (we denote by

S(Rn) the Schwartz space of rapidly decreasing functions on Rn and

by S ′(Rn) its dual, the space of tempered distributions). It turns out

that if Φ is substituted in the definition of hp(Rn) by any other function

Φ ∈ S(Rn) only subjected to
∫

Φ 6= 0, this will not change the space

hp(Rn). Moreover, hp(Rn) is a complete metric vector space with the

distance

d(f, g) = ‖f − g‖p
hp = ‖mΦ(f − g)‖p

Lp ,

which for p = 1 is a Banach space. Of course, the “norm” f 7→
‖f‖hp depends on the choice of Φ but different Φ’s will give equiv-

alent “norms”, moreover, if A ⊂ S is a bounded subset, there is a

constant C = C(A) > 0 such that ‖mφf‖Lp ≤ C‖mΦf‖Lp for all f ∈ S
and φ ∈ A. In fact more is true: denoting by Mf(x) = supφ∈A mφf(x)

the grand maximal function associated to A it follows that ‖Mf‖Lp ≤
C‖mΦf‖Lp .

2.1. Atomic decompositions. We now describe the atomic decom-

position of hp(Rn) ([G], [S2]). An hp(Rn) atom is a bounded, compactly

supported function a(z) satisfying the following properties: there ex-

ists an cube Q with sides parallel to the coordinate axes containing the

support of a such that

(1) |a(z)| ≤ |Q|−1/p, a.e., with |Q| denoting the Lebesgue measure

of Q;

(2) if ‖a‖L∞ > 1, we further require that
∫

zαa(z) dz = 0, α ∈ Nn,

|α| ≤ n(p−1 − 1).

Any f ∈ hp can be written as an infinite linear combination of hp-

atoms, more precisely, there exist scalars λj and hp-atoms aj such that∑
j |λj|p < ∞ and the series

∑
j λjaj converges to f both in hp and

in S ′. Furthermore, ‖f‖p
hp ∼ inf

∑
j |λj|p, where the infimum is taken

over all atomic representations. Another useful fact is that the atoms

may be assumed to be smooth functions, in particular the inclusion

S(Rn) ⊂ hp(Rn) is dense. The atomic decomposition of hp(Rn) is thus
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quite similar to the atomic decomposition of Hp(Rn) in terms of Hp-

atoms ([S2]), the difference being that the notion of hp-atom is less

restrictive than that of Hp-atom, as an Hp-atom a must satisfy (1) and

a stronger form of (2): moments are required to vanish regardless of the

size of ‖a‖L∞ . In order to prove that a linear operator T : S(Rn) −→
hp(Rn) can be extended as a bounded operator on hp(Rn) it is enough

to check that

(2.1)

there exists C > 0 such that ‖mΦTa‖Lp ≤ C, for all hp-atoms a.

2.2. Duality. Given a function f ∈ L1
loc(Rn) and a cube Q ⊂ Rn with

sides parallel to the axes, denote by fQ the mean of f over Q:

fQ =
1

|Q|
∫

Q

f(x) dx, |Q| = Lebesgue measure of Q.

The space bmo(Rn) is defined as the set of f ∈ L1
loc(Rn) such that

S1(f) = sup
|Q|<1

1

|Q|
∫

Q

|f(x)− fQ| dx < ∞,

S2(f) = sup
|Q|≥1

1

|Q|
∫

Q

|f(x)| dx < ∞,

equipped with the norm ‖f‖bmo = max(S1(f), S2(f)). Then the dual

of h1(Rn) may be identified ([G]) with bmo(Rn) by means of the unique

continuous extension to h1(Rn)× bmo(Rn) of the bilinear form

S(Rn)× S(Rn) 3 (φ, ψ) 7→
∫

φ(x)ψ(x) dx.

For 0 < r < 1, we say that f(x) ∈ Λ̇r(Rn) if f(x) is bounded, continu-

ous and

‖f‖Λ̇r

.
= ‖f‖L∞ + sup

x 6=y

|f(x)− f(y)|
|x− y|r < ∞.

For r = 1, we say that f(x) ∈ Λ̇1(Rn) if f(x) is bounded, continuous

and

‖f‖Λ̇1

.
= ‖f‖L∞ + sup

y 6=0

|f(x + y) + f(x− y)− 2f(x)|
|y| < ∞.
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If k is a positive integer and k < r ≤ k + 1, set r′ = r − k, so

0 < r′ ≤ 1. We say that f(x) ∈ Λ̇r(Rn) if f(x) is of class Ck with

bounded derivatives up to order k and

‖f‖Λ̇r

.
= max

|α|≤k
‖Dαf‖Λr′ < ∞.

The dual of hp(Rn), 0 < p < 1 may be identified ([G]) with Λ̇rp(Rn),

rp = n/p − 1/p, by means of the unique continuous extension to

hp(Rn)× Λ̇rp(Rn) of the bilinear form

S(Rn)× S(Rn) 3 (φ, ψ) 7→
∫

φ(x)ψ(x) dx.

3. Pseudodifferential operators

We recall the Hörmander class of pseudodifferential operators [Hor1].

For m ∈ R and ρ, δ ∈ [0, 1], a symbol a ∈ Sm
ρ,δ(Rn) of order m and type

(ρ, δ) is a smooth function defined on Rn×Rn satisfying the estimates

|∂α
x ∂β

ξ a(x, ξ)| ≤ Cα,β〈ξ〉m−ρ|β|+δ|α||, α, β ∈ Nn.

The space Sm
ρ,δ(R) becomes a Fréchet space with the seminorms

pα,β(a) = sup
(x,ξ)∈R2n

〈ξ〉−m+ρ|β|−δ|α||∂α
x ∂β

ξ a(x, ξ)|

The pseudodifferential operator a(x,D) ∈ Op Sm
ρ,δ associated to the

symbol a(x, ξ) ∈ Sm
ρ,δ(Rn) is given by

(3.1) a(x, D)u(x) = (2π)−n

∫
eix·ξa(x, ξ) û(ξ) dξ, u ∈ S(Rn),

where û(ξ) denotes the Fourier transform of u(x). Pseudodifferential

operators are bounded from S(Rn) to S(Rn) ([H2]) and as such possess

distribution kernels K(x, y) ∈ S ′(Rn × Rn). A well known and useful

formula for the kernel is given in the following proposition (see, e.g.,

[AH1]):

Proposition 3.1. Let a(x, ξ) ∈ Sm
ρ,δ(Rn), 0 < ρ ≤ 1, 0 ≤ δ ≤ 1.

The distribution kernel K(x, y) of a(x, D) is smooth off the diagonal

{(x, x)} ⊂ Rn × Rn and is given by

(3.2) K(x, y) = (2π)−n lim
ε→0

∫
ei(x−y).ξa(x, ξ)ψ(εξ) dξ
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where ψ ∈ C∞
c (Rn) satisfies ψ ≡ 1 for |ξ| ≤ 1 and the limit is taken in

S ′(Rn). If M ∈ N and M + m + n > 0, K(x, y) satisfies the estimates

(3.3) sup
|α|+|β|=M

|Dα
xDβ

y K(x, y)| ≤ Cαβ

|x− y|M+m+n
ρ

, x 6= y.

Furthermore, for any N ∈ N and α, β ∈ Nn,

(3.4) sup
|x−y|≥1/2

|x− y|N |Dα
xDβ

y K(x, y)| ≤ CαβN .

From now on we will always assume that ρ > 0.

Remark 3.1: In order to study the continuity of a pseudodifferential

operator a(x,D) in the Hardy space hp(Rn) for n/(n + 1) < p ≤ 1,

we will need below a particular instance of (3.3) with m = 0, ρ = 1,

α = 0 and β = 1. In that case, inspection of the proof shows that the

constants Cαβ on the right hand side of (3.3) only depend on the size

of the derivatives Dβ
ξ a(x, ξ) of the symbol for |β| ≤ n + 2.

3.1. Bounded operators in L2. To study the continuity of pseudo-

differential operators on Hardy spaces, we recall that a common strat-

egy in order to prove (2.1) for operators T which are bounded in L2(Rn)

is as follows. Assume that T is a linear operator bounded in L2(Rn) and

let a(x) be an hp-atom supported in a cube Q centered at x0 with side

length ` and denote by Q∗ the cube with the same center and side length

2`. To estimate ‖mΦTa‖Lp we may write
∫

(mΦTa(x))p dx = I1 + I2

with

I1 =

∫

Q∗
(mΦTa(x))p dx, I2 =

∫

Rn\Q∗
(mΦTa(x))p dx.

Since mΦf is majorized by the Hardy-Littlewood maximal operator

Mf and in particular is bounded in L2, we have by Hölder’s inequality

I1 ≤
(∫

Q∗
(mΦTa(x))2 dx

)p/2

|Q∗|1−p/2

≤ C

(∫

Rn

|a(x)|2 dx

)p/2

|Q∗|1−p/2 ≤ 2nC

with C independent of the atom a(x). On the other hand, to estimate

I2 it will be enough to show that
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(3.5) mΦTa(x) ≤ C|Q|−1/p `L

|x− x0|L if x /∈ Q∗,

where C > 0 and L > n/p are fixed constants independent of the

atom a(x). Indeed, a simple computation shows that (3.5) implies that

I2 ≤ Ckn with kn a dimensional constant. Equivalently, we must show

that

(3.5′) |Φε ∗ Ta(x)| ≤ C|Q|−1/p `L

|x− x0|L if x /∈ Q∗,

where C > 0 and L > n/p are independent of 0 < ε ≤ 1.

3.2. The case p = 1. Take pseudodifferential operators rj(x,D), j =

1, . . . , n, with symbols

rj(ξ) = χ(ξ)
iξj

|ξ| , ξ ∈ Rn,

where χ(ξ) ∈ C∞(R) satisfies χ(ξ) = 0 for |ξ| ≤ 1/2 and χ(ξ) = 1 for

|ξ| ≥ 1. Hence, rj(ξ) ∈ S0
1,0(Rn) and rj(x,D) may also be regarded as

a convolution operator. It is known ([G]) that rj(x,D) maps h1(Rn)

into itself and that

c1‖f‖h1 ≤ ‖f‖L1 +
n∑

j=1

‖rj(x,D)f‖L1 ≤ c2‖f‖h1 , f ∈ h1(Rn),

providing a norm for h1(Rn) which is equivalent to the standard one

and does not involve maximal functions. Thus, in order to prove that

a linear operator T : S(Rn) −→ h1(Rn) can be extended as a bounded

operator in h1(Rn), it is enough to prove the L1 estimate

(3.6) ‖Tf‖L1 +
n∑

j=1

‖rj(x,D)Tf‖L1 ≤ C‖f‖h1 , f ∈ S(Rn).

4. Sufficient conditions for hp continuity

In this section we study the continuity in Hardy spaces for classes of

L2-bounded pseudodifferential operators. We first consider operators

of order m = 0 and type (ρ, δ), with δ ≤ ρ. If ρ < 1, as we point out in

the next section, there exists pseudodifferential operators with symbols

in S0
ρ,0 ⊂ S0

ρ,δ which are not bounded in hp(Rn), 0 < p ≤ 1. Thus, we
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must restrict ourselves to the classes S0
1,δ. When δ < 1, symbols in the

class S0
1,δ give rise to L2-bounded pseudodifferential operators while

Ching [Ch] gave a now famous example of an unbounded operator

with symbol in the class S0
1,1. Thus, for ρ = δ = 1 we will work with

subclasses of S0
1,1, namely, the Bony class BS0

1,1(Rn) ([Bo1], [Bo2]) and

the Hörmander classes HS0
1,1(Rn) and S̃0

1,1(Rn) ([Bou], [Hor2]) that we

describe more precisely later in this section.

Let A = a(x,D) ∈ Op S0
1,δ be a pseudodifferential operator with

symbol a(x, ξ) ∈ S0
1,δ, 0 ≤ δ ≤ 1, which is bounded in L2(Rn) (note

that the latter condition is automatic for δ < 1) and denote by A(ε)

the operator S(Rn) 3 f 7→ Φε ∗Af . Observe that S(Rn) 3 f 7→ Φε ∗ f

may be written as

Φε ∗ f(x) =
1

2π)n

∫
eix·ξΦ̂(εξ) f̂(ξ) dξ, f ∈ S(Rn),

and regarded as a pseudodifferential operator with symbol Φ̂(εξ). Since

Φ̂ is rapidly decreasing,

sup
0<ε≤1

∣∣∣Dα
ξ [Φ̂(εξ)]

∣∣∣ = sup
0<ε≤1

ε|α|
∣∣(Dα

ξ Φ̂)(εξ)
∣∣ ≤ Cα〈ξ〉−|α|, ξ ∈ Rn,

so we see that the symbols ξ 7→ Φ̂(εξ) belong to S0
1,0 uniformly in

0 < ε ≤ 1 and A(ε) is obtained by composing on the left the pseudodif-

ferential operator f 7→ Φε∗f with a(x,D). In all the cases we consider,

this composition will be a pseudodifferential operator A(ε) with symbol

a(ε)(x, ξ) and the key point will be that {a(ε)}0<ε≤1 is a bounded subset

of S0
1,1. In particular, we will be able to invoke the estimates for its

kernel K(ε)(x, y) granted by Proposition 3.1 with m = 0 and ρ = 1 and

bounds independent of ε. Let a(x) be an hp-atom with ‖a‖L∞ ≤ 1, so

we may assume that it is supported in a cube Q centered at x0 with

length side ` ≥ 1. For x /∈ Q∗ and y ∈ Q we have |x− y| ≥ `/2 ≥ 1/2

and so, using (3.4) with N = L
.
= [n/p] + 1 we obtain

|A(ε)a(x)| =
∣∣∣∣
∫

Q

K(ε)(x, y)a(y) dy

∣∣∣∣ ≤ CL|x− x0|−L|Q|1−1/p, x /∈ Q∗,

≤ CL|Q|−1/p `n

|x− x0|L ≤ CL|Q|−1/p `L

|x− x0|L
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because L > n and ` ≥ 1. Hence, (3.5′) holds for T = a(x,D) for hp-

atoms satisfying ‖a‖L∞ ≤ 1. Let us now consider an hp-atom —that

we assume supported in a cube Q centered at x0— with ‖a‖L∞ > 1,

in particular, it has vanishing moments up to order Np = [n(p−1 − 1)].

We may write, using the moment conditions,

A(ε)a(x) =

∫

Q

(
K(ε)(x, y)−

∑

|α|≤Np

∂α
y K(ε)(x, x0)

(y − x0)
α

α!

)
a(y) dy

=

∫

Q

R(ε)(x, y)a(y) dy.(4.1)

Standard estimates for the remainder in Taylor’s formula and use of

(3.3) with m = 0, ρ = 1 and M = Np + 1 give

sup
y∈Q

|R(ε)(x, y)| ≤ C`Np+1
∑

|α|=Np+1

sup
y∈Q

|∂α
y K(ε)(x, y)|

≤ C
`Np+1

|x− x0|Np+n+1
, x /∈ Q∗,

since |x− x0| ' |y − x| for y ∈ Q and x /∈ Q∗. Plugging this estimate

into (4.1) yields

|A(ε)a(x)| ≤ C|Q|−1/p|Q| `Np+1

|x− x0|Np+n+1

= C|Q|−1/p `Np+n+1

|x− x0|Np+n+1
, x /∈ Q∗.

Thus, (3.5′) holds for T = a(x,D) and L = Np + n + 1 for hp-atoms

satisfying ‖a‖L∞ > 1. Summing up, we have proved that a(x,D) is

bounded on hp(Rn), 0 < p ≤ 1, if

(i) a(x,D) is bounded in L2(Rn) and

(ii) {a(ε)}0<ε≤1 is a bounded subset of S0
1,1(Rn).

There is an extensive literature on the L2 boundedness of pseudodif-

ferential operators and many classes of pseudodifferential operators are

known to satisfy condition (i). On the other hand, condition (ii) will

need closer attention most of the time and will be addressed in the next

sections for specific classes of pseudodifferential operators.
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4.1. The Hörmander class Sm
ρ,δ, m = −n(1 − ρ)/2, δ ≤ ρ, δ <

1. When ρ < 1, there are operators with symbols in S0
ρ,0(Rn) which

are unbounded in hp(Rn) for any 0 < p ≤ 1. On the other hand,

the fact that ρ is less than one may be compensated for by taking

pseudodifferential operators A = a(x,D) of appropriate negative order

m.

Proposition 4.1. Assume that b(x, ξ) ∈ Sm
ρ,δ(Rn), δ ≤ ρ, δ < 1, m =

−n(1− ρ)/2. Then, b(x,D) maps continuously h1(Rn) into L1(Rn).

Proof: If h1(Rn) is replaced by the smaller space H1(Rn) the anal-

ogous result is known ([AH1, Thm 3.2]), in particular we have the

estimate ‖b(x,D)a‖L1 ≤ C for all H1 atoms a(x). On the other hand,

the corresponding estimate for h1 atoms a(x) which are not H1 atoms,

i.e., those that do not have vanishing mean but are supported in a cube

with length side ` ≥ 1 and satisfy ‖a‖L∞ ≤ 1, is implied by the estimate

‖b(x,D)a‖h1 ≤ C that can be easily proved with the method described

before in this section to check that (3.5′) holds for that class of atoms.

Thus, the atomic decomposition of h1(Rn) yields the result. ¤

Theorem 4.1. Let b(x, ξ) ∈ Sm
ρ,δ(Rn), δ ≤ ρ, δ < 1, m = −n(1−ρ)/2.

Then b(x,D) maps continuously h1(Rn) into itself and bmo(Rn) into

itself.

Proof: To show the continuity in h1(Rn) it is enough to prove that

(3.6) holds with T = b(x,D) and this follows from Proposition 4.1

applied to b(x, D) and bj(x,D) = rj(x,D) ◦ b(x,D), j = 1, . . . , n. An

operator b(x,D) satisfies the hypothesis of Theorem 4.1 if an only if

its adjoint does. Thus, we obtain the boundedness in bmo(Rn) by

duality. ¤

Corollary 4.1. Let b(x, ξ) ∈ S0
1,δ(Rn), δ < 1. Then b(x,D) maps

continuously h1(Rn) into h1(Rn) and bmo(Rn) into bmo(Rn).
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4.2. The Bony class. Let 0 < r < 1. We say that symbol a(x, ξ)

belongs to BrS
m
1,1(Rn) if a(x, ξ) ∈ Sm

1,1(Rn) and for some c > 0 it satisfies

(4.2) â(η, ξ) = 0 whenever |η| > r|ξ| and |ξ| ≥ c,

where â(η, ξ) denotes the Fourier transform of x 7→ a(x, ξ) in the sense

of distributions. Thus, if x 7→ a(x, ξ) is integrable

â(η, ξ) =

∫

Rn

e−ix·ηa(x, ξ) dx.

The Bony class BSm
1,1(Rn) is defined as

BSm
1,1(Rn) =

⋃
0<r<1

BrS
m
1,1(Rn).

Pseudodifferential operators a(x,D) with symbols a(x, ξ) ∈ BS0
1,1(Rn)

are bounded in L2(Rn) and the operator norm is controlled by a sharp

number of seminorms of S0
1,1(Rn). In fact,

Theorem 4.2. Let a(x, ξ) be a function defined on Rn×Rn with contin-

uous derivatives ∂α
x ∂β

ξ a(x, ξ) up to order |α|, |β| ≤ [n/2] + 1, satisfying

the estimates

(4.3) |∂α
x ∂β

ξ a(x, ξ)| ≤ C〈ξ〉|α|−|β|, |α|, |β| ≤ [n/2] + 1.

If for some fixed 0 < r < 1, |η| ≤ r|ξ| whenever (η, ξ) is in the support

of â(η, ξ) then the operator a(x,D) is bounded in L2(Rn) with operator

norm proportional to C.

This theorem can be proved adapting the arguments of Coifman-

Meyer [CM] as we indicate in the appendix. We now discuss the bound-

edness in S0
1,1(Rn) of the set {a(ε)}0<ε≤1 when a(x, ξ) ∈ BSm

1,1(Rn). Ac-

tually, we will do so for a larger class of symbols ([Hor2]): we say that

a(x, ξ) ∈ Sm
1,1(Rn) belongs to HSm

1,1(Rn) if for some positive constant B

(4.4) â(η, ξ) = 0 if 1 + |η + ξ| < |ξ|/B.

If we assume that (4.2) holds for some c > 0 and 0 < r < 1 then (4.4)

must hold for some large B. Indeed, if 1 + |η + ξ| < |ξ|/B, we see, by

taking B large enough that |ξ| > B > c and |η| > (1 − 1/B)|ξ| > r|ξ|



14 J. HOUNIE AND RAFAEL AUGUSTO DOS SANTOS KAPP

and this implies that â(η, ξ) = 0 by (4.2), so (4.4) holds as well. This

shows that BSm
1,1(Rn) ⊂ HSm

1,1(Rn).

Given a(x, ξ) ∈ HSm
1,1(Rn) satisfying (4.4) we may write

a(ε)(x, ξ) =

∫
e−iy.ξε−nΦ(y/ε)a(x− y, ξ) dy

and assume without loss of generality that Φ̂(ξ) is supported in |ξ| ≤ 1.

By means of a cut-off function χ(ξ) we may always write a(x, ξ) =

a1(x, ξ) + a2(x, ξ) with a1(x, ξ) and a2(x, ξ) ∈ HSm
1,1(Rn), a1(x, ξ) ≡

a(x, ξ) for |ξ| ≤ c and a1(x, ξ) ≡ 0 for |ξ| ≥ c + 1. It follows that

the set {a(ε)
1 }0<ε≤1 is bounded in S0

1,1(Rn) and so the boundedness

of {a(ε)}0<ε≤1 is reduced to the boundedness of {a(ε)
2 }0<ε≤1. In other

words, we may assume from the start that a(x, ξ) = 0 (therefore also

â(η, ξ) = 0) for |ξ| ≤ 2(B + 1) and we will do so. Since Dα
xa(ε)(x, ξ) =

(Dα
xa)(ε)(x, ξ) and ‖Φ‖L1 = 1, we have

sup
x
|Dα

xa(ε)(x, ξ)| ≤ sup
x
|Dα

xa(x, ξ)|, ξ ∈ Rn,

we need only worry with derivatives with respect to ξ. Consider, for

instance,

Dξj
a(ε)(x, ξ) =

∫
e−iy.ξε−nΦ(y/ε)Dξj

a(x− y, ξ) dy

+

∫
e−iy.ξyjε

−nΦ(y/ε)a(x− y, ξ) dy

= Iε
1(x, ξ) + Iε

2(x, ξ).

It is clear that

|Iε
1(x, ξ)| ≤ sup

x
|Dξj

a(x, ξ)| ≤ C〈ξ〉m−1.

To estimate the second term we notice that, using the inversion formula

for the Fourier transform, we may write

(a) (2π)nIε
2(x, ξ) = −ε

∫
eix·(θ−ξ)(DjΦ̂)(εθ) â(θ − ξ, ξ) dθ.

Indeed, set

a1(x) = eix·ξ0a(x, ξ0), Ψ(y) = yjε
−nΦ(y/ε)



PSEUDODIFFERENTIAL OPERATORS ON LOCAL HARDY SPACES 15

and rewrite Iε
2(x, ξ0) as

Iε
2(x, ξ0) = e−ix·ξ0

∫
Ψ(y) a1(x− y) dy = e−ix·ξ0 (Ψ ∗ a1)(x).

The Fourier transform of the right hand side is Ψ̂(θ + ξ0) â1(θ + ξ0).

Using the inversion formula for the Fourier transform we may write

(2π)nIε
2(x, ξ0) =

∫
eix·θΨ̂(θ + ξ0) â1(θ + ξ0) dθ

=

∫
eix·(θ−ξ0)Ψ̂(θ) â1(θ) dθ.(b)

On the other hand we have

(c) Ψ̂(θ) = −ε(DjΦ̂)(εθ), â1(θ) = â(θ − ξ0, ξ0),

where in the case of a(x, ξ0) the hat means Fourier transform in the

first variable. Plugging (c) into (b) we get the desired expression (a).

Notice next that |εθ| ≤ 1 on the support of DjΦ̂. Since 1 + |θ| ≥ |ξ|/B
for (θ, ξ) on the support of â(θ − ξ, ξ), we conclude that Iε

2(x, ξ) = 0

for ε ≥ B/(|ξ| − B). Since we already know that Iε
2(x, ξ) = 0 for

|ξ| ≤ 2(B + 1) this implies that Iε
2(x, ξ) = 0 for ε ≥ 2B〈ξ〉−1. Set

Ψ(y) = yjΦ(y), Ψε(y) = ε−nΨ(y/ε). We have

(2π)n|Iε
2(x, ξ)| = ε

∣∣∣∣
∫

e−iy.ξΨε(y)a(x− y, ξ) dy

∣∣∣∣
≤ 2B〈ξ〉−1 ‖Ψ‖L1 sup

x
|a(x, ξ)| ≤ (2B)C〈ξ〉m−1.

Similarly, we obtain

|Dξj
Dα

xa(ε)(x, ξ)| ≤ C
(
2B〈ξ〉−1 sup

x
|Dα

xa(x, ξ)|+ sup
x
|Dξj

Dα
xa(x, ξ)|).

This process can be continued to estimate Dα
xDβ

ξ a(ε)(x, ξ) for any β ∈
Nn. Expressing the estimates in terms of the seminorms in Sm

1,1(Rn)

pα,β(a) = sup
(x,ξ)∈R2n

〈ξ〉−m+|β|−|α||∂α
x ∂β

ξ a(x, ξ)|,

we may state

Proposition 4.2. Let a(x, ξ) ∈ HSm
1,1(Rn) satisfy (4.4). Then

(4.5)

|Dα
xDβ

ξ a(ε)(x, ξ)| ≤ Cαβ(2B)|β|
∑

|γ|≤|β|
pαγ(a) 〈ξ〉m+|α|−|β|, 0 < ε ≤ 1,
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with constants Cαβ independent of B and ε.

An immediate consequence is

Theorem 4.3. If a(x, ξ) ∈ HS0
1,1(Rn) then a(x,D) maps continuously

hp(Rn) to hp(Rn) for any 0 < p ≤ 1.

Proof: Proposition 4.2 shows that {a(ε)}0<ε≤1 is a bounded subset of

S0
1,1(Rn). Furthermore, a(x, D) is bounded in L2(Rn) by Proposition

9.3.1 in [Hor2]. Thus, conditions (i) and (ii) discussed at the beginning

of this section are satisfied by a(x,D) and it maps continuously hp(Rn)

to itself for any 0 < p ≤ 1. ¤

The following theorem gives a sharper result for the class BSm
1,1(Rn).

Theorem 4.4. Let a(x, ξ) be a function defined on Rn ×Rn with con-

tinuous derivatives ∂α
x ∂β

ξ a(x, ξ) up to order |α| ≤ [n/2]+ 1, |β| ≤ n+2

satisfying the estimates

|∂α
x ∂β

ξ a(x, ξ)| ≤ C〈ξ〉|α|−|β|,(4.6)

if |α|, |β| ≤ [n/2] + 1, or α = 0 and |β| ≤ n + 2.

If for some fixed 0 < r < 1, |η| ≤ r|ξ| whenever (η, ξ) is in the support

of â(η, ξ) then the operator a(x,D) is bounded in hp(Rn), n/(n + 1) <

p ≤ 1.

Proof: The main point is to show that (3.5’) holds for T = a(x,D)

when Q is a cube of side length ≤ 1. This may be proved reasoning as

in (4.1). Since we are assuming that n/(n + 1) < p ≤ 1 it follows that

Np = 0 so R(ε)(x, y) = K(x, y) −K(x, x0) which, in view of the mean

value theorem, may be estimated by

sup
|β|=1

∣∣Dβ
y K(x, y)

∣∣ ≤ C

|x− y|n+1
, x 6= y,

with C proportional to

sup
x,ξ∈Rn

max
|β|≤n+2

〈ξ〉|β|
∣∣Dβa(x, ξ)

∣∣

(see Remark 1). ¤



PSEUDODIFFERENTIAL OPERATORS ON LOCAL HARDY SPACES 17

4.3. The Hörmander classes S̃0
1,1 and S0

1,δ, δ < 1. Choose a func-

tion χ ∈ C∞(Rn × Rn) such that

χ(tξ, tη) = χ(ξ, η) if t ≥ 1, |η| ≥ 2

supp χ ⊂ {(ξ, η) : |ξ| ≤ |η|, |η| ≥ 1}(4.7)

χ ≡ 1 on the set {2|ξ| ≤ |η|, |η| ≥ 2},
and for arbitrary a(x, η) ∈ Sm

1,1(Rn) set

(4.8) âχ,ε(ξ, η) = χ(ξ + η, εη)â(ξ, η)

where â(η, ξ) denotes the Fourier transform of x 7→ a(x, ξ).

Definition 4.1. A symbol a(x, ξ) ∈ Sm
1,1(Rn) belongs to S̃m

1,1(Rn) if and

only if for any positive integer N and multi-indices α, β there exists a

constant CαβN such that

(4.9)
∣∣Dα

ξ Dβ
xaχ,ε(x, ξ)

∣∣ ≤ CαβNεN(1 + |ξ|)m+|β|−|α|, 0 < ε < 1.

As proved in [Hor2, Thm.9.4.2], the class S̃m
1,1(Rn) coincides with the

following classes:

(1) the class of a ∈ Sm
1,1 such that a(x, D)∗ ∈ Op(Sm

1,1);

(2) the class of a ∈ Sm
1,1 such that for any s ∈ R, a(x,D) maps con-

tinuously the Sobolev space W s+m,2(Rn) to the Sobolev space

W s,2(Rn).

Note that any symbol a(x, ξ) ∈ Sm
1,1 may be written as

(4.10) a = a− aχ,1 +
∞∑

ν=0

aχ,2−ν − aχ,2−ν+1

where each term

bν(x, ξ) = aχ,2−ν (x, ξ)− aχ,2−ν+1(x, ξ)

satisfies

b̂ν(ξ, η) = 0, for |ξ + η|+ 1 < |η|/Bν ,

for some Bν > 0 so bν ∈ HSm
1,1. Furthermore, if a(x, ξ) ∈ S̃m

1,1(Rn),

estimates (4.9) yield convergence of (4.10) in the space of symbols.

Theorem 4.5. If a(x, ξ) ∈ S̃0
1,1(Rn) then a(x,D) maps continuously

hp(Rn) to hp(Rn) for any 0 < p ≤ 1.
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Proof: Write A = a(x,D), denote by A(ε) the operator S 3 f 7→
Φε ∗ Af and set a(ε)(x, ξ) is the symbol of A(ε). The arguments in

Section 4 reduce the proof to showing that

(i) a(x,D) is bounded in L2(Rn) and

(ii) {a(ε)}0<ε≤1 is a bounded subset of S0
1,1(Rn).

That (i) holds follows from [Hor2, Thm.9.4.2]. Furthermore, if bε(ξ) is

the Fourier transform of Φε(x), it follows that bε(ξ) ∈ S0
1,0 uniformly

in 0 < ε < 1 and A(ε) = bε(D) ◦ a(x,D). Hence, the calculus of

pseudodifferential operators with symbols in the class S̃0
1,1(Rn) [Hor2,

Thm.9.5.2] shows that {a(ε)}0<ε≤1 is a bounded subset of S̃0
1,1(Rn) ⊂

S0
1,1(Rn). ¤

Corollary 4.2. If a(x, ξ) ∈ S̃0
1,1(Rn) then a(x,D) maps continuosly

bmo(Rn) to bmo(Rn).

Remark 4.2: A duality consequence of Theorem 4.5 is that operators

with symbols in S0
1,1(Rn) map continuously Λ̇r(Rn) into itself. However,

better continuity results are known, since Stein proved that the whole

class S0
1,1(Rn) already enjoys this property [S2]. Furthermore, opera-

tors of order zero and type (1, 1) preserve the Sobolev spaces W s,p(Rn),

1 < p < ∞, for all s > 0 ([Me], [Bou], [Hor2]). As a matter of fact,

this continuity property together with that of their commutators of all

orders with the operators of partial differentiation Dj, j = 1, . . . , n,

and multiplication by the coordinate functions xj, j = 1, . . . , n, char-

acterizes operators of type (1, 1) ([Hou2]).

As shown in [Hor2, Thm.9.6.5], S0
1,δ(Rn) ⊂ S̃0

1,1(Rn), 0 ≤ δ < 1, so

Theorem 4.5 contains the following result

Theorem 4.6. If a(x, ξ) ∈ S0
1,δ(Rn), 0 ≤ δ < 1, then a(x,D) maps

continuosly hp(Rn) to hp(Rn) for any 0 < p ≤ 1.

5. Necessary conditions for continuity

In this section we discuss order and type restrictions that are imposed

by demanding that all pseudodifferential operators of order m and type

(ρ, δ) be continuous on hp(Rn). Since Sm
1,0(Rn) ⊂ Sm

ρ,δ(Rn), to conclude
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that m ≤ 0 is a necessary condition, it is enough to exhibit, for every

m > 0, an operator a(x, D) with symbol a(x, ξ) ∈ Sm
1,0(Rn) which is

unbounded on hp(Rn).

Example 5.1: Denote by (x1, x
′), x′ = (x2, . . . , xn), a generic point in

Rn ' R×Rn−1. Choose ψ(x′) ∈ C∞
c (Rn−1) supported in the unit cube

Q′ ⊂ Rn−1 with ψ̂(0) = 1, define

α(t) =





1/2 for 0 ≤ t ≤ 1,

−1/2 for −1 ≤ t < 0,

0 for |t| > 1,

and set f(x) = α(x1)ψ(x′), fε(x) = ε−n/pf(x/ε), for some fixed n/(n+

1) < p ≤ 1. Then fε(x)/‖ψ‖L∞ is an hp-atom and we see that ‖fε‖hp '
‖fε‖Hp ≤ C‖ψ‖L∞ ≤ C ′, 0 < ε ≤ 1. For any m > 0, consider the

pseudodifferential operator 〈D〉m with symbol 〈ξ〉m ∈ Sm
1,0(Rn) and set

Fε(x) = 〈D〉mfε(x). To conclude that 〈D〉m is unbounded on hp(Rn)

we will show that ‖Fε‖hp →∞ as ε ↘ 0. Notice that

F̂ε(ξ1, ξ
′) = 〈ξ〉m α̂(εξ1) ψ̂(εξ′1) = εn(1−p−1)〈ξ〉m 1− cos(εξ1)

εξ1

ψ̂(εξ′).

Hence, F̂ε(π/2ε, 0) = εn(1−p−1)(2/π)(1+π2ε−2/4)m/2 ' εn(1−p−1)−m and

we conclude that

sup
ξ∈Rn

|F̂ε(ξ)|
〈ξ〉n(p−1−1)

→∞ as ε ↘ 0.

Then (5.1) in Proposition 5.1 below shows that ‖Fε‖hp →∞ as ε ↘ 0,

as we wished to show. Similar examples can be given when 0 < p ≤
n/(n + 1).

Proposition 5.1. Let 0 < p ≤ 1. The Fourier transform of a distri-

bution in hp(Rn) is a continuous function and there exists a positive

constant C > 0 such that

(5.1) |F̂ (ξ)| ≤ C〈ξ〉n(p−1−1)‖F‖hp , F ∈ hp(Rn).
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Proof: By the atomic decomposition we may write F ∈ hp(Rn) as a

series

F (x) =
∑

j

λjaj(x) +
∑

k

µkbk(x)

that converges in S ′, where the aj’s and bk’s are hp-atoms such that

‖aj‖L∞ > 1 and ‖bj‖L∞ ≤ 1 and
∑

j |λj|p +
∑

k |µj|p ' ‖F‖p
hp . The

atoms {aj} are also Hp-atoms and ‖aj‖p
Hp ≤ C where the constant

only depends on the dimension n and the function Φ that has been

picked to define the maximal function MΦ. In particular, it is known

[S2, p.128] that

|âj(ξ)| ≤ C|ξ|n(p−1−1) ≤ C〈ξ〉n(p−1−1), ξ ∈ Rn, j = 1, 2, . . . .

On the other hand, we may assume that each bk is supported in a

cube Qk of side `k ≥ 1 such that ‖bk‖L∞ ≤ |Qk|−1/p, so that ‖bk‖L1 ≤
|Qk|1−1/p = `n(1−1/p) ≤ 1 and

|̂bk(ξ)| ≤ 1, ξ ∈ Rn, k = 1, 2, . . . .

Hence,∣∣∣∣∣
∑

j

λj âj(ξ) +
∑

k

µkb̂k(ξ)

∣∣∣∣∣

p

≤ C
∑

j

|λj|p〈ξ〉pn(1−p−1) +
∑

k

|µk|p

≤ C〈ξ〉pn(1−p−1)‖F‖p
hp , ξ ∈ Rn.

The estimate shows that the series
∑

j λj âj(ξ) +
∑

k µkb̂k(ξ) converges

uniformly over compact sets of Rn to a continuous function and since

it also converges to F̂ (ξ) in S ′(Rn) we see that F̂ (ξ) is continuous and

(5.1) holds. ¤

Example 5.2: Let ψ(ξ) ∈ C∞(Rn) satisfy ψ(ξ) ≡ 0 for |ξ| ≤ 1

and ψ(ξ) ≡ 1 for |ξ| ≥ 2. Fix 0 < ρ < 1, n(ρ − 1)/2 < m ≤ 0,

and consider the pseudodifferential operator a(D) with symbol a(ξ) =

ψ(ξ)〈ξ〉m exp
(
i|ξ|(1 − ρ)

)
. Then a(ξ) ∈ Sm

ρ,0(Rn) but a(D) cannot

be bounded on h1(Rn). Indeed, since m ≤ 0, a(D) is bounded in

L2(Rn) = h2(Rn). If a(D) were also bounded in h1(Rn) we would

have, by the interpolation properties of localizable Hardy spaces (cf.,

e.g., [Tr, p.66]), that a(D) would be also bounded in hq(Rn) for any

1 < q < 2. This means that a(D) would be bounded in Lq(Rn),
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1 < q < 2. However, it is known [F] that the convolution operator

a(D) is not bounded in Lq(Rn) if |q−1 − 2−1| > |m|/(1 − ρ)n. By the

choice of m, the right hand side of this inequality is < 1/2 while the

left hand side tends to 1/2 as q → 1, so we see that any 1 < q < 2

sufficiently close to 1 will fulfill the inequality. This contradicts the fact

that a(D) should be bounded in Lq(Rn). Thus, a(D) is not bounded in

h1(Rn). This shows that the order restriction in Theorem 4.1 is sharp.

6. Solvability of planar vector fields

Consider the first-order linear differential operator in two variables

(6.1) L =
∂

∂t
+ ib(x, t)

∂

∂x
, x ∈ R, |t| < T.

We write ΩT = R× (−T, T ) and assume that

(i) b(x, t) is smooth, real and nonnegative,

(ii) all derivatives of b(x, t) are uniformly bounded.

Definition 6.1. Let 1 ≤ q ≤ ∞, 0 < p ≤ ∞. We say that L is locally

solvable in Lq
(
[−T, T ]; hp(R)

)
if every (x0, t0) ∈ ΩT is contained in

an open set U ⊂ ΩT such that for every f ∈ Lq
(
[−T, T ]; hp(R)

)
there

exists u ∈ Lq
(
[−T, T ]; hp(R)

)
such that

Lu = f in U

in the sense of distributions.

Theorem 6.1. Assume L is given by (6.1) and satisfies (i) and (ii).

Then L is locally solvable in Lq
(
[−T, T ]; hp(R)

)
for 1 ≤ q ≤ ∞, 1 ≤

p < ∞.

Corollary 6.1. Under the hypotheses of the theorem, L is locally solv-

able in Lp
(
[−T, T ]; hp(R)

)
, 1 ≤ p < ∞.

The requirement p ≥ 1 in Theorem 6.1 and Corollary 6.1 is essential,

in fact we have

Theorem 6.2. The vector field ∂t is not solvable in L∞
(
[−T, T ]; hp(R)

)

for 0 < p < 1.
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Remark 6.3: For 1 < p < ∞, we have hp(R) = Lp(R) and it turns

out that for 1 < q, p < ∞ Theorem 6.1 can be proved by a sim-

ple adaptation of the arguments in [HL] where the local solvability

in Lp
(
[−T, T ]; Lp(R)

)
was proved. These results were later extended

under the weaker hypothesis that L satisfies the Nirenberg-Treves con-

dition (P) ([HM1], [HM2]). On the other hand, local solvability in

L∞
(
[−T, T ]; L∞(R)

)
fails in general ([HT], [BCH, p.161]) although lo-

cal solvability in L∞
(
[−T, T ]; bmo(R)

)
—that may be considered as

an alternative limiting case of the solvability in Lp
(
[−T, T ]; Lp(R)

)
as

p → ∞— is also known under condition (P) [HdaS]. Hence, the nov-

elty of Corollary 6.1 lies in the endpoint case p = 1. A natural open

question is whether the solvability for the case p = 1 still remains true

when replacing the assumption b(x, t) ≥ 0 by the weaker Nirenberg-

Treves condition (P), i.e., the assumption that t 7→ b(x, t) does not

change sign. Presently, it does not seem to be known whether the sim-

ple vector field L = ∂t + ix∂x is locally solvable in L∞
(
[−T, T ]; h1(R)

)

at the origin.

6.1. Proof of Theorem 6.1. It will be enough to prove the local

solvability at the origin (x0, t0) = (0, 0). We will restrict ourselves to

the case p = 1. The main tool in the proof is a parametrix that we

describe next, details of its construction may be found in [Hou3], [AH2]

and [HL]. There exist operators K and R such that

(6.2) LKf = f + Rf, f(x, t) ∈ C∞(
[−T, T ];S(Rx)

)
,

where K = K+ + K−, R = R+ + R− and

K+f(x, t) =
1

2π

∫ t

−T

(
A+

t,t′f(·, t′)) ◦ ψ(x, t, t′)) dt′

K−f(x, t) =
1

2π

∫ t

T

(
A−

t,t′f(·, t′)) ◦ ψ(x, t, t′) dt′

R+f(x, t) =
1

2π

∫ t

−T

(
B+

t,t′f(·, t′)) ◦ ψ(x, t, t′) dt′

R−f(x, t) =
1

2π

∫ t

T

(
B−

t,t′f(·, t′)) ◦ ψ(x, t, t′) dt′.
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For t, t′ ∈ [−T, T ] fixed, the operators A±
t,t′ , B±

t,t′ belong to Op S0
1,1/2(R)

uniformly in t, t′, in particular, they map h1(R) into itself with bounds

independent of t, t′ ∈ [−T, T ] in view of Theorem 4.6. In fact, the map

[−T, T ]× [−T, T ] 3 (t, t′) 7→ A±
t,t′ ∈ Op S0

1,1/2(R)

is smooth and the same holds for B±
t,t′ , so the uniform bounds of their

symbols a±t,t′(x, ξ) and b±t,t′(x, ξ) in S0
1,1/2(R) are a consequence of the

compactness of [−T, T ]× [−T, T ]. The real function ψ : R× [−T, T ]×
[−T, T ] −→ R is smooth and all its derivatives of positive order are

bounded, furthermore, for fixed (t, t′) ∈ [−T, T ] × [−T, T ], the map

R 3 x 7→ ψ(x, t, t′) is a diffeomorphism of the real line with bounded

derivatives. Thus, for fixed (t, t′) ∈ [−T, T ]× [−T, T ], the map g(x) 7→
g ◦ ψ(·, t, t′) is bounded from h1(R) into itself with a bound that can

be taken independently of t, t′. It follows that

‖K+f(·, t)‖h1 ≤ C

∫ t

−T

‖f(·, t′)‖h1 dt′.

Taking Lq norms with respect to t and using Hölder inequality we get

‖K+f‖Lq([−T,T ];h1) ≤ C

∥∥∥∥
∫ t

−T

‖f(·, t′)‖h1 dt′
∥∥∥∥

Lq([−T,T ];h1)

≤ 2CT‖f‖Lq([−T,T ];h1).

Similar estimates hold for ‖K−f‖Lq([−T,T ];h1) and ‖R±f‖Lq([−T,T ];h1). We

may extend (6.2) by a density argument to

LKf = (I + R)f, f(x, t) ∈ Lq
(
[−T, T ]; h1(R)

)
.

The operator norm of R in Lq
(
[−T, T ]; h1(R)

)
is bounded by CT < 1

so, for T small enough, I + R may be inverted to obtain

LK(I + R)−1f = f, f(x, t) ∈ Lq
(
[−T, T ]; h1(R)

)
,

so u = K(I + R)−1f ∈ Lq
(
[−T, T ]; h1(R)

)
solves Lu = f in ΩT . ¤

6.2. Proof of Theorem 6.2. Let us fix 0 < p < 1 and write

X =
{
u(t, x) ∈ L∞

(
I, hp(R)

)
, ∂tu(t, x) ∈ L∞

(
I, hp(R)

)}

where I = [−1, 1] ⊂ R. We will also write Ω = (−1, 1) × R. We start

by stating and proving a lemma.
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Lemma 6.1. The space X endowed with the distance

‖u(t, x)− v(t, x))‖g

= sup
t∈I

|u(t, x)− v(t, x)‖p
hp(R) + sup

t∈I
‖∂t(u(t, x)− v(t, x))‖p

hp(R),

is complete. If the densely defined operator ∂t : (X, ‖ · ‖g) → (X, ‖ · ‖g)

is onto then the a priori estimate

(6.3) inf
a∈hp(R)

sup
−1≤t≤1

‖u(t, x)− a(x)‖p
hp(R) ≤ A sup

−1≤t≤1
‖∂tu(t, x)‖p

hp(R)

must hold for some A > 0.

Proof: The space L∞([−1, 1], hp(R)) with the distance

d(u, v) = ‖u− v‖ = sup
−1≤t≤1

‖u(t, x)− v(t, x)‖p
hp(R)

is an F -space in the sense of Banach [B], i.e., a topological vector space

with its topology defined by a complete, translation invariant distance.

We denote by (X, ‖ · ‖X) the subspace X equipped with the induced

metric, i.e.,

d(u, v) = ‖u− v‖X = sup
t∈I

‖u(t, x)− v(t, x)‖p
hp(R)

Note that (X, ‖ · ‖g) is complete. In fact, if {un} is a Cauchy sequence

in (X, ‖ · ‖g), it follows from the trivial estimate ‖ · ‖X ≤ ‖ · ‖g and the

completeness of (L∞(I, hp(R)), ‖ · ‖) that

un → u ∈ L∞(I, hp(R)) and

∂tun → v ∈ L∞(I, hp(R))

with convergence in the ‖·‖ gauge. Since these sequences also converge

in D′(Ω) we have that ∂tu = v, showing that (X, ‖ · ‖g) is complete.

Now, the operator ∂t : (X, ‖·‖g) → (X, ‖·‖) is obviously continuous. If

it is also onto, it must be open by the open mapping theorem. Denoting

by N the kernel of ∂t : (X, ‖ · ‖g) → (X, ‖ · ‖) we have that

Y = X/N 3 u̇ 7−→ ∂tu ∈ X is an isomorphism,

for the quotient metric

dY (u̇, v̇) = inf
w∈u̇,z∈v̇

‖w − z‖g.
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Thus, for some A > 0,

(6.4) dY (u̇, v̇) ≤ A‖∂t(u− v)‖X .

Since Ω is convex, it is easy to see that N = hp(Rx) so (6.4) may be

rewritten as (6.3). ¤

Let us assume now that ∂t : X → X is onto. To reach a contradiction

we will violate (6.3). Define f : R→ R, by

f(x) =





0 if t ≤ 0,

t if 0 ≤ t ≤ 1,

1 if t ≥ 1,

and choose g(x) ∈ C∞
c (R), supported in [0, 1], not identically zero and

satisfying
∫

g(x) dx = 0. Given a positive integer n, define for each

integer k, 0 ≤ k ≤ n− 1,

fk(t) =
1

n
f(nt− k), −1 ≤ t ≤ 1, x ∈ R,

gk(x) = g(nx− k).

Thus, {
fk(1) = 1/n, 0 ≤ k ≤ n− 1,

f ′k(t) = χ[ k
n

, k+1
n

](t), t ∈ R,

and

supp gk ⊂
[
k

n
,
k + 1

n

]
, ‖gk‖p

hp ≤ Cp

n
, 0 ≤ k ≤ n− 1.

For each positive integer n we set

un(t, x) =
n−1∑

k=0

fk(t)gk(x) + fk(−t)gk(−x) ∈ X.

Taking account of (6.3) we may find an ∈ hp(R) such that

sup
t∈[−1,1]

‖un(t, x)− an(x)‖p
hp(R) ≤ 2A sup

t∈[−1,1]

‖∂tu(t, x)‖p
hp(R).

In particular,

‖un(−1, x)− an(x)‖p
hp(R) ≤ 2A sup

t∈[−1,1]

‖∂tun(t, x)‖p
hp(R),

‖un(1, x)− an(x)‖p
hp(R) ≤ 2A sup

t∈[−1,1]

‖∂tun(t, x)‖p
hp(R).
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Therefore, by the triangle inequality,

(6.5) ‖un(1, x)− un(−1, x)‖p
hp(R) ≤ 4A sup

t∈[−1,1]

‖∂tun(t, x)‖p
hp(R).

Note that

(6.6) ‖un(1, x)− un(−1, x)‖p
hp(R) =

1

np

∥∥∥∥∥
n−1∑

k=0

gk(x)−
n−1∑

k=0

gk(−x)

∥∥∥∥∥

p

hp

.

Taking account of the trivial pointwise estimate

mφh(x) = sup
0<ε≤1

|φε ∗ h(x)| ≥ |h(x)|, h ∈ L∞(R),

we see that the right hand side in (6.6) is bounded below by

1

np

∫ ∣∣∣∣∣
n−1∑

k=0

gk(x)−
n−1∑

k=0

gk(−x)

∣∣∣∣∣

p

dx,

which is greater than of equal to

1

np

∫ 1

0

∣∣∣∣∣
n−1∑

k=0

gk(x)−
n−1∑

k=0

gk(−x)

∣∣∣∣∣

p

dx =
1

np

∫ 1

0

∣∣∣∣∣
n−1∑

k=0

gk(x)

∣∣∣∣∣

p

dx

=
1

np

∫ 1

0

n−1∑

k=0

|gk(x)|pd x

=
C

np
.

Notice that we have equality in the second displayed equation because

the terms in the sum have disjoint supports. Summing up, we have

shown that

(6.7)
C

np
≤ ‖un(1, x)− un(−1, x)‖p

hp(R).

On the other hand,

sup
t∈I

χ[k/n,(k+1)/n](t)‖gk(x)‖p
hp ≤ Cp/n,

sup
t∈I

χ[(−k−1)/n,−k/n](t)‖gk(−x)‖p
hp ≤ Cp/n,

and this implies

(6.8) sup
t∈[−1,1]

‖∂tun(t, x)‖p
hp(R) ≤ Cp/n



PSEUDODIFFERENTIAL OPERATORS ON LOCAL HARDY SPACES 27

because the functions 2n functions f ′k(t) and f ′k(−t), 0 ≤ k ≤ n − 1,

have disjoint supports. Thus, (6.5), (6.7) and (6.8) lead to

C

np
≤ 4ACp

n
,

which is false for large n because 0 < p < 1. ¤

Appendix A. Proof of Theorem 4.2

We will start by stating two well known lemmas; proofs can be found,

for instance, in [CM] and [Hou1]. The first one is concerned with

L2 continuity of pseudodifferential operators with symbols in the class

S0
0,0(Rn) with sharp control on the number of derivatives of the symbol.

Lemma A.1. Let a(x, ξ) be a bounded function defined on Rn×Rn with

bounded derivatives ∂α
x ∂β

ξ a(x, ξ), |α|, |β| ≤ [n/2] + 1 and assume that

a(x, ξ) = 0 for |ξ| sufficiently large. There is a positive dimensional

constant C such that

‖a(x,D)‖L(L2) ≤ C.

The next ingredient is

Lemma A.2. Let a(x,D) be a pseudodifferential operator with symbol

a(x, ξ) such that a(x,D) ∈ L(L2). For T > 0, denote by aT (x,D) the

operator with symbol aT (x, ξ) = a(Tx, T−1ξ). Then aT (x, D) ∈ L(L2)

and

‖a(x,D)‖L(L2) = ‖aT (x,D)‖L(L2).

We now prove Theorem 4.2.

Proof: Pick α ∈ C∞
c (Rn) such that α(ξ) = 1 for |ξ| < 1/2 and

α(ξ) = 0 for |ξ| ≥ 1. We may the write a(x, ξ) ∈ BrS
0
1,1 as

a(x, ξ) = α(ξ) a(x, ξ) + (1− α(ξ)) a(x, ξ) = a0(x, ξ) + a[(x, ξ).

The operator a0(x,D) with symbol a0(x, ξ) is bounded in L2(Rn) by

Lemma A.1 and we need only show that a[(x,D) is bounded as well.

Hence, we may assume from the start without loss of generality that
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a(x, ξ) ≡ 0 for |ξ| ≤ 1/2 and we do so. Choose φ ∈ C∞
c (Rn) so that

1/3 ≤ |ξ| ≤ 1 for ξ in the support of φ and
∞∑

j=0

φ(2−jξ) = 1 if |ξ| ≥ 1/2.

We may write

a(x, ξ) =
∞∑

j=0

φ(2−jξ)a(x, ξ) =
∞∑

j=0

aj(x, ξ).

Note that 2j/3 ≤ |ξ| ≤ 2j on the support of aj(x, ξ), so we have

(A.1) |∂α
x ∂β

ξ aj(x, ξ)| ≤ C2j(|α|−|β|), |α|, |β| ≤ [n/2] + 1.

Next, choose ψ ∈ S(Rn) satisfying ψ̂(ξ) = 1 for |ξ| ≤ 1 and ψ̂(ξ) = 0

for |ξ| ≥ 2 and set

pj(x, ξ) =

∫
aj(x− u, ξ)ψ(2ju)2jn du,

qj(x, ξ) =

∫ (
aj(x, ξ)− aj(x− u, ξ)

)
ψ(2ju)2jn du

so aj(x, ξ) = pj(x, ξ)+qj(x, ξ). Taking Fourier transforms with respect

to x we get

p̂j(η, ξ) = âj(η, ξ) ψ̂(η/2j),

q̂j(η, ξ) = âj(η, ξ) (1− ψ̂(η/2j)).

Observe that q̂j(η, ξ) ≡ 0, since 1−ψ̂(η/2j) = 0 if |η| ≤ 2j and we know

that |η| ≤ r|ξ| ≤ r2j < 2j on the support of âj(η, ξ) = φ(2−jξ)â(η, ξ).

Hence, aj(x,D) = pj(x,D)
.
= Pj. Set p̃j(x, ξ) = pj(2

−jx, 2jξ). Then

(A.1) yields ∣∣∣Dα
xDβ

ξ p̃j(x, ξ)
∣∣∣ ≤ Cα,β, |α|, |β| ≤ [n/2] + 1.

Thus, ‖Pj‖L(L2) = ‖P̃j‖L(L2) ≤ C, by Lemmas A.1 and A.2. Take now

an arbitrary f ∈ S(Rn) and let us look at the support of P̂jf . Notice

that

P̂jf(η) =

∫
âj(η − ξ, ξ) ψ̂(2−j(η − ξ)) φ(2−jξ) f̂(ξ) dξ

and we have that φ(2−jξ) = 0 unless 2j/3 ≤ |ξ| ≤ 2j. Since |η−ξ| ≤ r|ξ|
on the support of âj(η− ξ, ξ), we conclude that P̂jf(η) is supported in
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the annulus

Tj = {(1− r)2j−2 ≤ |η| ≤ 2j+1}.
If we choose a positive integer ` so that 1 − 2−` ≤ r < 1 − 2−`−1

we see that P̂jf and P̂kf have disjoint supports for |j − k| ≥ ` + 4, in

particular, Pjf and Pkf are orthogonal in L2(Rn) by Parseval’s formula.

Therefore,

(A.2)∥∥∥∥
∞∑

j=0

P(`+4)j+mf

∥∥∥∥
2

L2

=
∞∑

j=0

‖P(`+4)j+mf‖2
L2 , for m = 0, 1, · · · , ` + 3

Let χj(ξ) be the characteristic function of the annulus {2j−`−2 ≤ |ξ| ≤
2j+1} and set f̂j = f̂χj. Thus,

f =
∞∑

j=0

f(`+4)j.

It is easy to see that P̂jfk ≡ 0 if |j − k| > ` + 4, so
∥∥∥∥

∞∑
j=0

P(`+4)jf

∥∥∥∥
2

L2

=
∞∑

j=0

‖P(`+4)jf(`+4)j‖2
L2

≤ C2

∞∑
j=0

‖f(`+4)j‖2
L2 ≤ C2‖f‖2

L2 .

This gives an estimate for the left hand side of (A.2) when m = 0 and

the same estimate holds for m = 1, 2, · · · , ` + 3. Thus,

‖a(x,D)‖L(L2) ≤
`+3∑
m=0

∥∥∥∥
∞∑

j=0

P(`+4)j+m

∥∥∥∥
L(L2)

≤ (` + 4)C. ¤
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[Me] Y. Meyer, Remarques sur un théorème de J. M. Bony, Suppl. ai Rend.
del Circolo mat. de Palermo II:1 (1981), 1–20.

[Ri] F. Riesz, Sur les valeurs moyennes du module des fonctions harmoniques
et des fonctions analytiques , Acta Sci. Math. ,1 (1922/23), 27–32.

[S1] E. M. Stein, Singular integrals and differentiability properties of functions.
Princeton Univ. Press, (1970).

[S2] E. M. Stein, Harmonic Analysis: Real-variable methods, orthogonality, and
oscillatory integrals, Princeton Univ. Press, (1993).

[SW] E. M. Stein and G. Weiss, On the theory of harmonic functions of several
variables I. Acta Math. 103 (1960), 25–62.

[Ta] Michael E. Taylor, Tools for PDE, American Mathematical Society, Prov-
idence, (2000).

[Tr] H. Triebel, Theory of Function Spaces, Birkhäuser 11 (1983).
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