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Abstract

In this work we investigate the existence and asymptotic profile of a family of
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1 Introduction and statement of the main result

The subject of study in this work is the following boundary and initial value
problem

?;; =?Au+ f(u), (t,x) e Rt x Q

ou n 1
e =0 g(u), (t,z) € RT x 90 (1)
U(07[L') = ¢0($)a T e ﬁ

where Q C R? is a C? bounded domain, ¢ a small positive parameter, §, a
suitable parameter which depends on ¢, v the exterior vector field normal to
00 and f and ¢ are C! functions.

We address the question of existence and asymptotic geometric profile, as
e — 0, of a family of nonconstant stable stationary solutions to (1), where
stability is meant in the usual Liapounov sense. Such solutions will herein be
abbreviated patterns for short.

Before stating our main result let us give some background on some works
related to (1).

For the case of ¢ = 0 and 2 a convex domain it is well-known that (1)

possesses no pattern. This also holds when f = 0 and €2 is a N-dimensional
ball (see [4]).

When €2 is a domain of dumbbell type, ¢ = 0 and f is a bistable function,
it has long been known that (1) possesses a family of patterns (see [3], for
instance).

Still for this type of non-convex domain, Consul and Sold-Morales in [5]
showed existence of patterns for the case of f =0, e = 1, § a positive para-
meter and g of bistable type. Their method of proof, namely construction of
a invariant set for the evolution equation, is suited just for proving existence
of patterns but does not yield any information on the asymptotic geometric
profile nor on the location of the interface.

In this work, by supposing that f and g are of bistable type with the relative
positions of their zeros satisfying a certain order along with the equal-area
condition, we prove the existence of a family of patterns which converges to
the stable zeros of f in the interior and to the stable zeros of g on the boundary
as long as lim._,gelnd. = k. The interface in €2 is the surface which locally
minimizes the area-functional on a dumbbell type domain and its boundary
in Q turns out to be interface in 9.



Although this has little claim on intuition some difficult technical problems
in the proof have to be overcome. The most difficult one is to locally minimize
the area-functional (arc-length functional) on © (on 0f, respectively) since
the competing surfaces (curves) are just rectifiable sets and those with too
small area (arc-length) must be ruled out.

Before stating our results in a rigorous manner we describe our hypotheses:

(fi1) 3 o < a < f < such that f(I) =0, f'(I) < 0,VIl € {a,8} and
g(l) =0, ¢(I) <0,V € {,7'}. Moreover f > 0 on (—oo,a), f < 0 on
(8,00), g >0 on (—oo,a’) and g < 0 on (F', 00)

(f2) ff/ g(€)dé = [P f(€)de = 0 (the equal-area condition)

(f3) lim._peInd. = Kk, where 0 < k < 0o and 0. > 1 when k =0

(f4) There are constants ¢; > 0, co > max{|d/|, #'}, 7, s, oy and o, such that
o min{|f(u)],[g(u)[} = erlul, V [u] > ¢,

o [f(w)]<r+slul7, 1<o;<5,

o lg(w)| <r+sfulv, 1<0,<3.

Note that §, =™ (n = 1,2...) satisfies (f3) with x = 0 as well as §, = e/
where k is any positive constant.

Regarding the domain we suppose that

(H) 30 c Q such that 092 N 0O is a surface of revolution generated by a
positive C? function 6 : (—h,h) — R, h a small positive real number, where
0 has an absolute minimum at 0.

The assumption that a portion of 0f) is a surface of revolution greatly
simplifies a future computation. However this symmetry condition could be
somewhat relaxed at the cost of some additional work; it would suffice to
require that there exists a smooth closed curve v C 00O N J) such that ~
locally minimizes arc-length.

Let us denote
S {(2,4,0): 2* +1° < 0*(0)} and C = {(z,y,0) : 2* + 3> < 6?(0)},

and suppose that S partitions 2 in two disjoint open sets €2, and €13, i.e.,
Q=0Q,USUQs.

After setting M, = 0Q N 092, and Mg = 002 N I3, we define

def
up = axa, + Bxa, (2)



and
def
vo = o' X + B'X M, (3)
where yo stands for the characteristic function of the set O.

Also T will denote the trace operator which maps either H'(£2) onto
H'Y2(082) or BV () onto L'(92), according to the situation.

We rather set

u

F(€)dg and Gu) ¥ — [ g(e)d

« o

Note that by virtue of (f1), we have F' > 0 (G > 0) and F vanishes only
at {a, B} (respectively at {o/, 5'}).

Let us now state what is the main result of this work.

Theorem 1.1 In addition to (f1)-(f4) and (H) suppose also that

(fs) JoVF = [§ VF.

Then 39 > 0 and a sequence {uc, }o<e,<c, (€j — 0, as j — oo) of classical
stationary solutions to (1) which is stable in WYP(Q), p > 3 and satisfies

Ue, — Ug in LY(Q)
and
Tu., — vo in L'(09), asj — oo.

Here ug and vy are given by (2) and (3), respectively.

Remark 1.2 We will present in the Appendiz an argument to show that the
new area condition given by (f5) and which relates the zeros of f and g is
actually necessary in our approach.

As a byproduct of our procedure we prove existence of a family of patterns
whose asymptotic behaviour on 0f2 as well as on 2 is flat, yet the family of
patterns develops boundary layer.

Theorem 1.3 In addition to (f1)-(f4), suppose that
(fe) Jo VF < f,?' VF.

Then 3 g9 > 0 and a sequence {u., }o<e,<c, 0f classical stable (in Whr(Q),
p > 3) stationary solutions to (1) satisfying

u., — a in L'(Q)



and

Tu., — o in L'(09), as j — oo.

By reversing the inequality in (fg), a similar conclusion holds with " and
[ in place of o and «, respectively.

Our approach is variational and uses a theorem by De Giorgi which, under
suitable hypotheses, guarantees that if the I'-limit of the family of the energy
functionals associated with our problem has an isolated local minimum wug say
(in the L'-topology) then this family itself has a sequence of minima which
converge to ug.

Let us now justify our hypotheses:

(f1) is used (along with (fz)) to guarantee that in the computation of the
[-limit, the corresponding potentials for f and g are of the type double-well
with equal depth. The functions f and g could have been allowed to have more
zeros at the additional cost of a truncation argument.

(f2) is the well-known area-condition and it has been proved in [2] that it
actually is a necessary condition for the existence of a family of stationary
solutions to (1) which develops internal and superficial transition layers, as is

the case here.

(f3) is a technical condition which appears in the computation of the I'-limit.
It also reflects the different diffusibility scales in €2 and 02, a case also con-
templated by the present ansatz.

As for (fy), it is a growth condition used only to assure that the energy func-
tional is well-defined and satisfies a compactness condition.

2 Local minimizers via De Giorgi’s result

For the sake of brevity in notation, we rather define
L' % 1Y) x L'(69),

which endowed with the norm |[(u, v)|ly 1 o |ullLr) + ||Vl L2 (o) is a Banach
space.

The reader is referred to [9] for a comprehensive text on I'-convergence. In
our setting the definition is the following.



Definition 2.1 A sequence {&.,};>0 of real-extended functionals defined in
IL' is said to T~ converge, as e; — 0, to the functional & if:

- For each (u,v) € L' and for any sequence {(uc,,v.,)} in IL' such that
(ue,,ve;) = (u,v) in IL', as e; — 0, it holds that

Eo(u,v) < lim ivnfO E (e, ve).

— For each (u,v) € IL' there is a sequence {(uc,,v,)} in IL' such that (ue,,v.,)
— (u,v) in I, ase; — 0, and

Eo(u,v) > lim sup &, (ue,, ve; ).

g;—0

Definition 2.2 [t is said that (ug,vy) € IL' is a W'-local minimizer of a
functional &y if there is p > 0 such that

Eo(uo, vo) < Eo(u,v) whenever 0 < |[[(u,v) — (uo, o)1 <p -

Moreover if & (uo, vo) < Eo(u,v) for 0 < [|(u, v)—(uo, vo)|lg 1 < ps then (ug, vo)
is called an isolated 1L -local minimizer of &.

The following theorem is a variational version of a rather general result due
to De Giorgi [6].

Its proof, when the energy functional has a contribution from the boundary,
will be given in the Appendix.

Theorem 2.3 Given a sequence of real-extended functional {&.;}<, 0 in L,
suppose that the following hypotheses hold:

(2.3.i) &, I-converges to & in IL', as e; — 0.
(2.3.ii) There exists an isolated I -local minimizer (ug, vo) of &.

2.3.ii) If & (u.,,v..) < constant, then {(u..,v..)} has a subsequence which
J J J J J
converges in ILL.

(2.3.iv) For each & > 0 and ¢ > 0, there exists (ue,v.) € Bs(ug,vo) &

{(u,v) | (u, v) = (g, vo) [l 1 < 5} satisfying
E(uz,v.) = inf {& (u,v) : (u,v) € Bs}.

Then there exists a sequence {(ue,,ve,)} in IL', with ; — 0 as j — oo, such
that



o (uc;,v;) is a IL!-local minimizer of &, and
o |[(ue;s ve;) — (o, vo)l[p 1 — 0, as j — oc.

The next sections are devoted to set the appropriated scenario in which
the hypotheses of Theorem 2.3 are verified by the family of energy functionals
corresponding to our problem.

Then Theorem 2.3 will be used to prove Theorem 1.1 and Theorem 1.3.

3 The I'-limit of the energy functional

In this section we verify hypothesis (2.3.i) of Theorem 2.3, for a sequence
of energy functionals whose critical points are the stationary solutions to (1),
ie.,

E2Au+ fu) =0, 2 €Q
o (4)

€5, = cg(u),x € 00

The family of energy functional E. : L'(Q2) — R U {co} is defined by
S JolVu(@))? de + et o F(u) dz + 0. [5q G(Tu) dH?,
E.(u) = {ifuec H(Q)
+o00,if u € LY (Q)\H(Q2)
where H? stands for the 2-dimensional Hausdorff measure.

In the sequel BV (X, {a,b}) will denote the space of functions of bounded
variation in X which takes values a and b only. If u € BV (£, {a, 5}) then

S, & O{x € Q:u(x) = B} NQ, where 0" stands for the reduced boundary,
is a rectifiable set. The definition of S, for v € BV (09, {«/, f'}) is analogous.

Note that the total variation [, |Du| of u € BV (Q, {a, 8}) is given by

[ 1Dul = (8= ayH(S.).

For u € BV (Q,{a,8}) and v € BV (0, {c’, 5'}) let us define

T(u, v) & o H2(S,) + /d BT ) = h)|dHE + H(S,),



where ¢ = @/{ (k as in (f3)), h(w) = 232 [ \/F(¢)d¢ and o = |h(3) —
h(a)l.

Theorem 3.1 ([1]) Suppose (f1)—(£f4) hold with 0 < k < co. Then the I'-limit
on LY(Q) of the functionals E., is given by

T = {inf {(Y(u,v) v e BV(©OQ {o/, #1} if u € BV(Q, {a, B})

0o, otherwise in L'(2).

The above computation of the I-limit in L'(2) is not suitable for our
purposes since we want to obtain information of the asymptotic profile of the
solutions on 02 as well. Therefore the topology in which the limit problem is
going to be framed must change and we compute the I-limit in IL' as follows.

We define £.,& : ! — R U {oo} by

S(u), if u 1(Q) and v = Tu
Eg(u,v){E() e H'(Q) and v =T 5

0o, otherwise in IL.

and
oH2(S,) + /aﬂ W(Tw) — h(v)|dH? + cHY(S,),

Eo(u,v) = { if (u,v) € BV(Q,{a, 3}) x BV(9Q,{,3'}) (6)

oo, otherwise in IL.

Using Theorem 3.1, we can thus compute the I'—limit for the penalized
problem as follows.

Lemma 3.2 If k > 0 then & T'-converge to & in IL!.

Proof. In order to verify the first condition of Definition 2.1 we take (u,v) €
IL' and a sequence {(u.,,v,)} in IL' such that (u.,v.;) — (u,v) in IL', as
g5 — 0.

The cases u., € L'(Q) \ H'(Q2) and Tu., # v., follow by the penalization
hypothesis.

On the hand if u. € H'(Q2) and Tu.; = v.,, then it follows from Theorem
2.6 in [1] that & (u,v) < liminf. o & (ue;, ve, ).

It remains to analyze the case

(u,v) &€ BV (Q,{a,}) x BV (09Q,{d,5'}).



If liminf., o &, (ue,, v;) = oo then there is nothing to prove. So let us suppose
that there is a subsequence {u.,} € H'(Q) such that

lim & (ue,,v:;) < 00.

j—o00
Evoking again Theorem 2.6 (i) in [1] we conclude that {(u.,,Tu.,)} is rel-
atively compact in IL' and every cluster point belongs to BV (Q,{«,3}) x
BV (09,{d/,7'}). But this contradicts our hypothesis.

As for the second requirement in the definition of I'-convergence it follows
again from Theorem 2.6 (iii) in [1] along with the penalization hypothesis. B

Lemma 3.3 If k = 0 then &. '-converge to £y in IL' where

oH2(S,) + /m IB(Tw) — h(v)|dH?,
Eo(u,v) = ¢ if (u,v) € BV(Q, {a, B}) x BV (09, {c, 3'}) (7)

0o, otherwise in IL*

Although in the proof of Theorem 3.1 in [1] the authors only care for the
case lim._,gelnd. = k > 0, a careful reading of the proof shows that the same
holds true when k = 0, except that now the third term on the right-hand side
of &, namely H'(S,), is dropped.

The computation of the I'-limit above holds regardless of hypothesis (H)
which will only be needed in the next section.

4 Existence of an isolated minimizer for the I'-limit

It is worthwhile to mention that the problem of finding local minimizers
of our original functional was reduced to finding a local isolated minimizer of
the T-limits & and &, (see (6) and (7)), which is a more tractable geometric
problem though not a simple one.

It would be simpler, as will be seen in the proof of the next lemma, if when
minimizing the area- and the arc-length-functionals we could restrict the class
of competing sets to those rectifiable sets whose orthogonal projection would
cover all of the interface.

Lemma 4.1 If (H) holds then (ug,vo) ( given by (2) and (3)) is a IL'-local
isolated minimizer of & if 0 < k < oo and a IL'-local isolated minimizer of
Eoif Kk =0.



Proof It suffices to prove that 3 6 > 0 such that for any (u,v) €
BV (Q{a, B}) x BV(0Q,{a’,8'}), with 0 < |[[(u,v) — (ug,v0)l[1 < 9, it
holds that

(4.1.4) HQ(SUO) = HQ(S) < H2(Su):
(4.1.41) H*(S,,) = H'(C) < H'(S,) and
(4.1.440) [y, |R(Tug) — h(vo)|[dH? < [oq |h(Tw) — h(v)|dH?>.

Proof of (4.1.7). We prove that H*(S) < H?(S,,) for any u € BV (O, {«, 8})
with 0 < ||u — ug|| 10y < 9, for suitable 6 > 0, where O is given in (H).

From (H), for some h > 0 we may write
0NN IO = {(0(z)cost,b(z)sint, z),0 <t < 2w, —h < z < h}. (8)

In order to explore the local geometry of the domain, we make a change
of variables A : O — K which takes O into a right circular cylinder and is

defined by o o
s = ((53) = (5) )

A is a diffeomorphism and taking into account that 0 is absolute minimum
of 0, we obtain

JA Y (2,y, 2)| = (%i) > 1, (9)

V(z,y,2) € K, z#0.
We may suppose without loss that O = O, US U Og where
On ={(z,y,2) €Q:0< 2z < h}

and
Op={(z,y,2) € Q: —h < 2z <0}.

Note that A(S) = S and as such
H(S) = H*(Sa,), (10)

where @y = ug 0 A" = axx, + Bxky Ka=A(O,) and K< A(Op).

10



Define 7 =uo A™! € BV(K, {a, 3}) and denote

K'={z € K :u(z) = a}
K ={z € K :7(z) = 8}

(11)

In the sequel P : IR® — IR? stands for the usual orthogonal projection and
IR? is identified with IR* x {0}. Hence it follows that either

(a)P(Sz) =S or
(b) P(Sx) & S.

If (a) holds then H?*(Sz \ S) > 0, because 0 < ||u — Uol| (k). Therefore
there exists a set Wy C Sy such that Wz NS = 0 and H?(Wg) > 0. This fact
along with (10) and Corollary 1, p. 76, of [8] yield

2 2
0= Lo o) @+ 1 (i)
>/ o /Wu dH>
=M*(Sz) = H*(P(Sa)) = H*(S), (12)
and this case is proved.
If (b) holds then we set for ¢ € [0, h)
LS x {t} and 1,28 x {—t}
and either:
(b1) ;N Sz #0 foranyte (0,h) or I_;NSz#0 foranyte (0,h);
(by) I to € (0,h) such that ;N Sz =0 and I, NSz =0, VtEeE (to, h).
Suppose that (bs) holds. In this case one easily check that
H?(Sx) > 2H*(P(Sg)). (13)
Since || — o || 1 (k) < ||u — uol|11(0), in this case we may take J, the bound

for ||u —wuo|L1(0), to be

§ = (510‘)%2(5) h (14)

thus implying

11



0</K|ﬂ—ﬂo|dx:(ﬂ—oz){\[(aﬂl(g\—|—|K50Kg|}

where K7 and Kj are defined in (11). Therefore

_ _ 1
max {| Ko N KG|, [Ks 0 K2} < JHS)h. (15)

One easily verifies that K; = (K; N Kj) U (K; N KJ) U (0K5 N K;), since
OKEN K| =0 (I =op).

Since |K,| = |Kjs| = H*(S) h, (15) and the last remark yield

_ 3 — 3
|K,N K" > 1H?(S)h and |KzN Kj| > ZH?(S)h.

Define

Y. déf{(x’y,z) € K:(r,9,0) eP(Kang),0<z<h};

PP déf{(x’yjz) € K :(x,y,0) eP(Kngg),—h<z<O}.

(16)

Thus K, N Kg C Yo, KgN Kg C Y3 and

HA(P(K, N KF)h = 51| 2 | K00 KF| > SHS)h (L= 0,),
from where we conclude that
HA(P(K: 0 KT)) > 2%2(3) (I=a,8).
Altogether these facts produce
H*(P(K.NKY)NP(KsNKR)) > ;HQ(S).
Since P(Sgz) 2 P(K, N K}) N P(KzN Kj) using (13) we conclude that
H?(Sz) > 2H*(P(Sy)) > H*(S)
and the proof of this case is complete.

Now if (by) holds, we may suppose without loss that I; N Sz # 0, for any
t € (0,h). By defining

A Y (z,y,0) € S: —0(0) < = < 0(0) — s}.

12



we obtain

251/20(0)s — 52 > H*(S) — H*(A,) (17)

on the account that 2,/20(0)s — s? and s are, respectively, the length and the
height of a rectangle containing S\ As.

In this case by taking d, the bound for ||u — wug||L1(0), to be

(6 =)
32

§= 20(0)h — h2 h?

the same proof for (15) yields

_ _ 1
max {| Ko N KG|, [Ks N K2} < @\/QG(O)h — h2 h?.

Thus |K; N KJ'| > H*(S)h — 551/20(0)h — h? h? (I = «,3). Using again the
sets 3, and X3 (see 16) we conclude that

HA2(P(K, N K") > H*S) — 312 20(0)h — h2h (I = a, )

and since P(Sz) 2 P(K, N K() N P(KzN K§) we have

H*(P(S7)) = H*(P(Ko N KY) N P(Ks N KE))

>H*(S) — 116\/26)(0)h — h2 h.

Thus we infer that 3 s; € (0, h/4) such that
H*(P(Sz)) = H'(As,). (18)

Now by defining the sets L, % & x [~t,t], t € [h/2, h),

ig déf{(xayaz) € K:(z,9,0) € P(KoNK*NL;),0 < z<t} and
S5t (2,y,2) € K : (2,y,0) € P(KgN KGN L), —t < 2 < 0}

we find P(Sz N L;) 2 P(K,NKJNL)NP(KzNKjN L) and using the
foregoing arguments the following inequality is established

H2(P(Sz N L)) > HA(S) — 1’161 20(0)h — h2.

In particular for ¢ = h/2 we conclude that there exist sy € [s1,h/4) such
that

H*(P(Sz N Lyj)) = M (As,) < H(As), (19)

13



with s; as in (18). Thus, for each t € (h/2,h), 3 s = s(t) € [s1, 52 satistying
H(As,) < HA(P(Sa N Ly)) = H*(As) < H(Ay,). (20)
Since u € BV (K, {«, 3}) satisfies (by) for each t € [h/2, h) the set {;N(K,N
K") C IR? is rectifiable and
Per;, (K, N K*) = H' (I, N Sg) >0
where Perx A stands for the perimeter of the set A in X.

Since P(l; N'Sz) C P(Sz N L;), from the fact that S is a disc and the
definition of A, one readily verifies that

HY(1; N Sz) > 21/20(0)s — 52 > 24/20(0)s; — 57, (21)
for each t € [h/2,h), with s as in (20).
Given that Sz = (Sz N Lyj2) U (Sz N {K \ Ly/2}) and that the application

t — Per;, (K, N KY) is integrable (see [7], for instance), the co-area formula
and (21) yield

h—s1

HA(Sa N (K \ L)) = |- Perlt(K NEDdt+ [ Perlt(K N K dt

>2511/260(0)s; — 53 + /2\/20 0)s — s2ds
—=2511/20(0)s; — 53 + H*(A,,) — HA(A,,).

This fact along with (17), (19) and Corollary 1, p. 76, of [8] imply

H?(Sz) > H*(Sa N {K \ Lis2}) + H*(P(Sa N L))
>2511/20(0)s; — 57 + H?(As,)
> HA(S)

and the proof for this case is established.

Proof of (4.1.i7). Since the proof is basically the same as the previous one
we just mention the modifications needed.

The transformation A now takes the set 0O N I into

OK ¥ ABO N o9)
= {(0(0) cost,f(0)sent, z), t € [0,27), —h < z < h}.

14



Moreover, for each 7 € BV (0K, {c/, 3'}), such that H'(S5) > 0, either
(a) P(S5) =C

or
(b) P(S7) C C.

If v = v o A™! satisfies (a), the very same computation used to prove (12),
can be utilized to prove that H'(S,) > H'(C).

Now if ¥ = v o A1 satisfies (b), a few and natural modifications (regarding
the sets K and K}, [, and I_; now defined on 0K') allow us to conclude that
one of the following cases occur:

(b)) ;N Sz #0 foranyte (0,h) or I_,NSz#0 foranyte(0,h);
(bQ) = t() S (O, h) such that lt N Sﬁ = @ and lft N SU = (Z), Vte (to, h)

If (b2) holds, then by choosing d, the bound for ||u — ug||z1(0y, to be § =
(6" = o)

THl(C)h, one shows (using the very same arguments from (4.1.7)) that

H(S) > 2HY(P(Ss)) > HL(C).

Now if (b1) holds, in a similar fashion we define the sets Ly, and Sh/2, igh/ 2

—_ N
in 0K . In this case we may take § = (ﬁSOZ)h2 and from the fact that
Sy = (S5 N Luyz) U (Sy M {DK \ Lyss}) we obtain

HY(Sy N Lyja) > HY(P(Sy 0 L)) > HY(C) — h/2 and
HY((Ss N {OK \ Lyj2}) > h/2,

which implies H'(Sz) > H'(C). In this way the proof of (4.1.77) can be com-
pleted.

Proof of (4.1.ii7). By (f5) we have

/M [P(Two) — h(vo)|dH? = [h(er) — h(a/)| H*(My) (1 € {a, B}).

l

For (u,v) as above; i,1 € {«, 5} and j € {«/, 5}, we define

,/\/lﬁjd:ef{x e M;:Tu(x) =i,v(x) = j}.

15



Then M[ = Mf)zo/ U Ml B’ U Mlﬁa/ U Mlﬁﬁ/ and

«

/Ml |h(Tu) — h(v)|dH? = _E{ZB} |h(i) — h(j)|H* (ML)
je{al\8')

From (f5) and the definition of h, one easily sees that

[7(8) = h(a)] > |h(B) = h(B)] = |h(a) = h(a)].
Likewise |h(a)) — h(3")| > |h(a)) — h(c/)| and thus for | € {a, (5},

/M () — h(v)|dH? > |h(c) — h(a)|H2(M).

1

Therefore
Tug) — 2 / Tu) — 2
| n(Tug) = hwo)ldH? < [ h(Tu) = h(v)ldH,
and the proof of (4.1.7i7) is also complete.

At last the proof of Lemma 4.1 is established by choosing §, the bound for
| — uo||£1(0), as the minimum of the bounds picked above and noting that

[, ) = (uo, vo) 1 = llw = woll i) + llv = voll L1 o0)-

In this way if (u,v) € IL' satisfies 0 < [[(u,v) — (uo,vo)llg1 < ¢ then
Eo(up, vo) < Eo(u,v) if 0 < Kk < 0, and Ep(ug, vo) < Eolu,v) if kK = 0. ]

5 The remaining hypotheses of De Giorgi’s Theorem

In this section we verify hypotheses (2.3.iii) and (2.3.iv) of Theorem 2.3.

The compactness result (2.3.iii) has been proved in [1] (see Theorem 2.6
(i)) and we now prove (2.3.iv) using the usual direct method of Calculus of
Variations.

Let & defined by (5). From (fs), 3C > 0, p > 2 and d € R such that
F(t) > C|t]P — d.

Let us fix 6 > 0 and € > 0. Since & > 0, there is a constant M > 0 such
that
M = inf{&.(u,v) : (u,v) € Bs}.

16



Let {(ui,v;)},cy be a minimizing sequence. From the above remark on the
growth of F it follows that (u;) is a bounded sequence in H'(Q2) and as such
there exists u. € H'(Q2) and a subsequence of (u;) (still denoted by (u;)) such
that

u; — u, in H'(Q) and  wu; — u, in L*(Q).

Moreover by the properties of the trace operator,

Tu; — Tu, in H1/2(8Q) and Twu; — Tu, = v, in L*(99).

We take another subsequence of (u;), still denoted by (u;), so that u;(x) —
ue(z) a.e. in Q and Tu;(y) — v-(y) a.e. in 9. Since F(u;(z)) — F(u.(z)) a.e.
in Q and G(Tu;(y)) — G(v:(y)) a.e. in 02, we now resort to Fatou’s Lemma
and results from semi-continuity to conclude that

E(ue,v.) <liminf & (u;,v;) = M.

1—00

Since Bj is closed in IL' and (u;, Tw;) — (ue,v.) in IL', we conclude that
(ue,ve) € Bs. [

6 Proofs of the main results

Once Theorem 2.3 is proved our main results will follow from standard
procedures.

Proof of Theorem 1.1

As mentioned we have verified in the previous sections all the hypotheses
of Theorem 2.3 for the family of functionals &..

Then there exists an ey > 0 and a sequence {(ue,, V,) }o<e,<eo in IL' (g — 0
as j — oo) such that each (uc,,v;) is a IL'-local minimizer of &

Moreover ||(ue;, ve;) — (uo, vo)|[g 1 — 0, as g — 0.

From the penalization imposed on &, we have u., € H 1(Q) and ve, = Tu;.
Since H'(£2) and H'/2(9Q) are continuously imbedded in L'(£2) and L'(952),
respectively, there are constants C; and C5 satisfying

lull 2@y < Cillullmi o), Yu e H(Q) and 2
HUHLl(BQ) S CQHUHHl/2(8Q), V’U -~ H1/2(aQ).

17



Also by continuity of the trace operator T : H'(Q) — HY%(09), there
exists a constant C'5 such that

ITull 1200 < Cillullinay. Vu € H'(S). (23)

Let ¢’ > 0 be such that
gEj (u&‘jvvé‘j) S gEj (U,U) (24>
whenever (u,v) € IL' satisfies [|(u, v) — (uc,,ve,)|lp1 < 0"
Also let u € H'(2) be such that

5/
U — U, || i) <9, where d=—————. 25
o= e s ey (25)

Hence using (22) and (23), one easily obtains
[(u, Tu) = (ue;, Tue )1 < (Cr 4 CoCs)[lu — ue; || i) < 6

Therefore, in view of (24), E. (u.,) < B, (u).
Summing up, for u € H'(Q) satisfying (25), we have E. (u.,) < E.,(u).

But critical points of E,; are weak solutions of (4) and now, as usual, we
conclude that u.; is a classical solution by resorting to bootstrap arguments.

Since W'P(Q), for p > 3, is continuously imbedded in H'(2), we infer that
ug, is also a local minimum of E. in W'?(Q). With this information and
using the variational characterization of the eigenvalues of the corresponding
linearized problem at u.,, we evoke the results established in [5] to conclude
that in fact u., is a stable (in the sense of Liapounov) stationary solution to

(1). [ |
Proof of Theorem 1.3

A careful reading of the proof of Theorem 1.1 reveals that the replacement
of (f5) with (fg) only requires a new proof (actually simpler) of Lemma 4.1 in
order to establish Theorem 1.3.

It suffices to prove that (ug,vo) = (a, @) is an isolated IL'-local minimizer
of & if 0 < k < 0, and of &; in case of k = 0.

Noting that H?(S,,) = H*(S,,) = 0, Lemma 4.1 will be proved by showing
that (fg) implies the strict inequality (4.1.ii7).

18



We compute
Eo(ug, vo) = /89 |h(a) — h(a')|dH? = |h(a) — h(a')|H?(052), (26)

and take (u,v) € BV(Q,{«, 5}) x BV(0Q,{d, 7'}) satisfying 0 < ||(u,v) —
(uO?vO)H]Ll(Q) < 4.

Then defining

M2z € 00 : Tu(z) = i,v(z) = j} (i€ {o, B} € {,3})

we obtain
[ In(Tw) = h@)|aH? = 37 |AGi) = h()HE(Ms,).
i=a,3
j=a B’

Since [h(B) — h(a/)] > |h(a) = h(a’)| and |h(a) = h(8")| > |h(B) — h(3")], (f6)

implies

Eolu,v) = o H2(S +/ h(0)|dH? + HY(S,)
> aQ\h(Tu)— h(v)|dH? = .; (i) — h()|H3 (M)
> ZB (@) H* (M) = E(uo, vo)-

Thus (ug, vo) is an isolated IL'-local minimizer of & (likewise for &p).

The rest of the proof now follows exactly as in the previous case. |

7 Appendix

The necessity of (f5) in Theorem 1.1

We claim that (f5) is a necessary hypothesis for (2.3.ii) of Theorem 2.3 to
be satisfied.

Indeed if (f5) does not hold we may suppose, for instance, that

/a VF > :/ VF. (27)
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Next we take the function ¢ in (H) to be 6(z) = 1 + 2%. For each t > 0
define
H,={(z,y,2) € O : 2z =1}
and choose u € BV (Q,{a, 8}) and v € BV (99, {</, 5'}) such that

Su=HNO{xr e O :ulx)=p0} D045 =HNIO, {y € 0N : Tu(y) =
y={yed:u(y) =}l =ap)

Then

®(u,v) = oHA(S +/ h(v)| dH? + cHY(S,)

=omb*(t) + |h(a) — ()HMW!
+(B) = h(B) MGy + [h(B') = h(B)|[ M| + c2m6(t)

Since ®(ug,vy) = om + |h(a’) — h(a)||M?| + |h(3) — h(B)||IMP| + 2, it
follows that ®(u,v) < ®(ug,vp) if and only if

om(0%(t) — 1) + c2m(0(t) — 1) < (|h(a') — h(a)| — [A(B') — h(B)])| MG |
for in this case M* = MGs UM,

Note that by assumption

t
(MGl =27 [(L+ VT H 2 dz,
0

and then above inequality reads

om(0*(t) — 1) + 2m((t) — 1)
21 (14 22)V/1 + 22 dx

< Ih(@) = hle)] = 10(3) ~ h(3) =22 [ VF - [ VF}

Note that the left-hand side of the above inequality goes to zero as t — 0
whereas the right-hand side does not depend on ¢ and is positive by virtue of

(27). We conclude that (ug, vg) is not a local minimum of the I'-limit functional
.

Proof of Theorem 2.3

Underlying our procedure is De Giorgi’s Theorem ([6]) whose proof in our
case for the reader’s convenience is presented below.

By (2.3.ii) there exists an isolated minimiser (ug, vo) of & in Bs(ug, vy), for
some d > 0.
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Given that & T-converge to &, there exists a sequence {(a.,,b.,)} C IL!
such that (ac;,be,) — (uo,vo) in IL' and

lim & (ac,,b:;) = Eo(uo, vo)- (28)

=00
By its turn, (2.3.iv) guarantees the existence of a sequence {(u.,,v.,)} C IL!
of minima of & in Bs(uo, vo).

For j large enough, (a.,,b.;) € Bs(ug,vo). Hence since (u.,,v.;) is a mini-
mum in Bjs(ug, vg), it follows that

Ee,(ue;,ve,) < & (ae,,be, ), (29)
thus implying that {&,, (ue,,v,)} is a bounded sequence.
On the other hand, it follows from (29) and (28) that for any subsequence

{e;.} it holds

11g£f gé‘jk (ué‘jk ) Uf:‘jk) S llg})rolf g&jk (az’:‘jk ) b&‘jk) = ]}Lrgo gé‘jk (aajk ) bajk)

:go(U(),U()). (30)
We claim that (u.,,v;) lies in the interior of Bs(ug,vo). In other words,
(te;,ve,) is a local minimum of &, .

Suppose by contradiction that there exists a subsequence (keeping the same
notation) {(u.,,v,)} C IL' such that

H(u5j7 Uf-?j) - (uOvUO)HILl =9. (31>

By (2.3.iii) there is another subsequence {(u.; , v, )} and (@,7) € IL" sat-

isfying (ue;, ,ve; ) "% (w,7) in L.
Therefore from (31) we infer that [|(@,v) — (uo, vo)|/p1 = 6.
Once again from (2.3.1) and (30) we conclude that

50 (U, @) < hl?—lxl)rolf ggjk (Ugjk s ’Ugjk) = So (Uo, Uo),

which contradicts the fact that (ug,vg) is a isolated minimum, thus proving
our claim.

We assert that [[(ue;, ve;) — (uo, vo)lly 1 — 0.
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To that end, we suppose by contradiction that 3 > 0 and a subsequence
{(ue;, s ve;, )} C {(ue;,ve;)} such that

0 <7 < [I(ue, ,ve,, ) = (10, v0) 1 < 0.

Since the sequence {&;; (ue; ,ve; )} is bounded, by (2.3.iii ) we find another
subsequence (keeping the same notation) {(ue, ,v.; )} C IL' and (7,7) € I
such that (u, ,v.; ) — (4, ?) in IL!, and as such

0<vy< (@) - (UO>UO)||ILl < 6.
This implies that (7, v) # (ug, vp). Now (2.3.1) and (30) yield
&o(w,v) < iminf &, (ue,, . ve,, ) = Eouo, vo),

thus contradicting the fact that (ug,vg) is an isolated minimum and this com-
pletes the proof. [ |
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