ON MULTIPLE SOLUTIONS FOR A SINGULAR QUASILINEAR
ELLIPTIC SYSTEM INVOLVING CRITICAL HARDY-SOBOLEV
EXPONENTS

O. H. MIYAGAKI AND R. S. RODRIGUES

ABSTRACT. This paper is concerned with the existence of nontrivial
solutions for a class of degenerate quasilinear elliptic systems involving
critical Hardy-Sobolev type exponents. The lack of compactness is overcame
by using the Brezis-Nirenberg approach, and the multiplicity result is
obtained by combining a version of the Ekeland’s variational principle due
to Mizoguchi with the Ambrosetti-Rabinowitz mountain pass theorem.

1. INTRODUCTION

In this paper, we will combine a version of the well-known mountain pass
theorem due to Ambrosetti and Rabinowitz [5] with the Ekeland’s variational
principle [14] to establish conditions for the existence of nontrivial solutions of the
quasilinear elliptic system with nonlinear perturbation involving critical Hardy-
Sobolev exponents of the type

(1)

~Lapu = Ol B a2 ol + pale] P ulo 2Py i RY,
Ly = Ol Rul ol 2o+ el ful ol 20 i RY,
u,v > 0and u,vZ0, in RN,

where L. ,w = div(|z|~¢"|Vw|""2Vw) and the exponents verifies

1<p,g<N, -0 <a<(N-p)/p, —00<b<(N—q)/q,
a<lci<a+1,b<c<b+1l,di=14a—c,dy=1+b—cs,
p* = Np/(N —dip), ¢* = Nq/(N — daq), c1p* = c2q",
a,v,0,0 >1and u >0,

(Heap)
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with

(2) % + g <land 3t + ql =1, (p,g—sublinear/critical)
and

(3) he LF (RN, |z|=4"), h > 0,

where p1 € (1,p), 1 € (1,¢), and k, k' > 1 are taken such that kp, = p*, kg1 = ¢*
and 0/py +6/q = 1/k +1/k = 1.

The study of the elliptic systems has been motivated by a great number
of applications, for instance, in fluid mechanics, in newtonian fluids, in flow
through porous media, reaction-diffusion problems, nonlinear elasticity, petroleum
extraction, astronomy, glaciology, etc, see [15] and references cited there.

Technically, the variational systems behave in a certain sense like in the scalar
case. However, the study of systems has additional difficulty, mainly, coming
from the mutual action of the variables v and v, for instance, the possibility of
the existence of semisolutions, in other words, the existence of weak solutions
of the type (uw,0) and (0,v), see [21, 29]. Besides this fact, in our work,
there exists another difficulty due to the lack of compactness of the embedding
WP (Q, 2| =) — LP"(Q, |z|~?"), where © € RY is a smooth domain. In the
next section, the precise definitions of these spaces as well as some properties of
them will be established.

A pioneer work on problems involving critical Sobolev exponents is the
celebrated paper of Brezis and Nirenberg [9], in which the authors proved, among
others, that problem

—Au=u?""4pu " in Q,
>0 in Q and u=0 on 0N

possesses a solution for each p > 0, where 2 is a bounded smooth domain of
RY (N > 3),2 < r < 2*. Here 2* = 2N/(N — 2) is the critical Sobolev
exponent of the embedding HY(Q) into L?" (). From this paper, many authors
have widely studied this type of the problems with much greater generalities. See
e.g. [3, 17, 24]. The above problem involving the p-laplacian operator, that is,
the operator given by A,u = div(|Vu[P~2Vu), 1 < p < N, we would like to cite,
e.g., [7, 12, 16, 19, 27, 33] and see also references therein. We recall that in this
case the critical Sobolev exponent is p* = pN/(N — p). Now, elliptic equations
involving more general operator, such as the degenerate quasilinear operator given
by Lo pu = div(|z|~*?|Vu[P~2Vu), we refer the papers by [11, 13, 30, 31, 32] and
references cited there. Here the best Sobolev (Hardy) exponent, of the embedding
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WP (Q, |z| =) — LP"(Q, |z|~?"), is defined by p* = Np/(N —(14-a—c;)p). The
lack of compactness of the above mentioned embedding is overcame by analyzing
the critical level (1/N)S™/P, where S is the best Sobolev constant, which is given
by

S=  inf {fn [Vultdz _ } :
ueWy P(O\{0} { (Jq lul"dz) 7
While, for more general operator the critical level is motivated by the best Hardy-
Sobolev constant characterized by

C;ap = C;,p(Q) = Jo lz| P [Vu|Pd } .

in { -
ueWy P (,|z ==\ {0} | (fq lz|=e1#" |ufr” dz) "

When we are working with a system involving A, and A, operators is hard
to find a well appropriated critical level, mainly, when p # ¢g. Actually, Adriouch
and Hamidi in [1] pointed out that this is a open question. But, recently, Silva
and Xavier in [28] were able to treat, in a certain context, the case p # ¢. For the
particular case p = ¢, Morais and Souto in [26] defined the following critical level
number Sy /p, where

SH = inf {j'Q(VuPJrVUPgE} )
WA{0} | ([ H(u,v)dz)P™
W =W, P(Q) x Wy %(Q) and H is homogeneous nonlinearity of degrees p*.
Our first result deal with the case p # q.

Theorem 1.1. Suppose that (Heyp), (2), and (3), hold true. Assume also that
max{p, ¢} < min{p*, ¢*}. Then, for each p > 0, there exists \g = Ag(u) > 0 such
that system (1) possesses a weak solution, where each component is nontrivial and

nonnegative, for each h € L* (RN |z|=P") with 0 < HhHLk/(RN a|—errty < Ao-
Before enunciating the second result, we will introduce the following definition:

Definition 1. Consider 1 < p < N, —o0o < a < (N —p)/p, a < ¢; < a+1,
dy =14a—cy, p* = Np/(N—dip), k, k', p1 = ¢1 > 1 as in (3). Fixing ¢y and Ry
positive constants, we define the set E as the subset of ¥ (RN, |z|=¢P") given by
nonnegative functions h € ¥ (RN |z|~e1P") satisfying

—(N—djp)py

djp(N—p—ap) dip *
(1 + R(pl)(Ndw)) RN=e1?" inf h > ¢y, for some R € (0, Ry).
B(0,2R)

Also, for A > 0, consider Ey the subset of E given by

Ey = {h cek: ||h||Lk/ (RN |z|—c17") < )‘} :
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Theorem 1.2. In addition to (Heyp), (2), and (3), assume thatp = q, a =b > 0,
p1 = q1. Then, for each p > 0, there exists \g = Ao(u) > 0 such that system
(1) possesses at least two weak solutions, where each component is nontrivial and
nonnegative, for each h € Ey, provided that 0 < A < Ag.

2. PRELIMINARIES

We will set some spaces and their norms. Consider {2 a smooth open domain,
not necessarily bounded, of RN with 0 € Q. If « € R and | > 1, let LY(Q, |2|®)
be the subspace of L!(f2) of the Lebesgue measurable functions u : RN — R
satisfying

l
lullLi@,je)e) = (/ﬂ Ixo‘lullda:> < 00.

If1 <p< Nand —© < a < (N —p)/p, we define WHP(Q,|z|79) (resp.
WyP (€, |2| 7)) as being the completion of C>(Q) (resp. C°(§2)) with respect
to the norm || - || defined by

|ul| = </ x|“p|Vu|pd:r) "
Q

First of all, from the Caffarelli, Kohn and Nirenberg inequality (see [10])
and the standard approximation argument, it is easy to see that there exists
C = Cy,¢; > 0 such that

P

(/ |x|—cw*|up*dm> Qe (/ x|—ap|vu|de) Nu e WhP(Q, z]-).
Q Q

The proof of the next lemma is completely similar to the proof of [4, Theorem
5] (see [26, Lemma 3| for p # 2).

Lemma 2.1. Suppose that Q is a smooth open domain, not necessarily bounded,
of RN with0 € Q,1<p< N, —oco<a< (N—p)/p,a<c <a+l,d; =1+a—cy,
p* = Np/(N — dip), and o +~v = p*, then

5= i {fn =27 (Vl? + |W|p>dm}

()W (fq ] —erP” u\o‘|v|“fda:)”%

where

W= {0 € (Wi @ulal) " fullel £ 0
satisfies
S=[(a/)/"" +(a/y)~/"] Cr .

)
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Furthermore, if C; , is achieved by wo € Wol’p(Q, |z| =), then S is achieved by
(swo, twy), for all s,t > 0 satisfying s/t = (a/v)'/?.

We define the space
Wak () = {u € LY (Q, x| =" : |Vu| € LP(Q, |xrap)} ,
equipped with the norm
HUHWj;?l Q) = HUHLp* (Q,|z|—c1P™) + ||Vu||Lp(Q"z|,ap)_

We consider the best Hardy-Sobolev constant given by

Sap=_, inf S oIVl |
WaZ (RV)\{0} (Jan || =cr?" Julp” dx) "

Also, we define

RL? () = {u€ WA (Q) s u(z) = u(lz])},

a,cy a,cy
endowed with the norm
\|U||R;;€1(Q) = ||7vb||w;,;§1 (Q)°
Actually, Horiuchi in [22] proved that, if a > 0,
- x| 7P| VulPdx -
(4) Sa,p,R = 1 inf fRN ! | = ( = Sap-
Rty @O} ([ ( [on [2|=c1P [ulP” da) 7

and it is achieved by functions of the form

Ye(x) := ka,p(e)Ua,p,e(x)aVE > 0,

where

N*dlp)

—p—a - d
bap(€) = 2eNTAP/UP and U o(z) = <6+xl<%§) -
Moreover, y. satisfies
o) [ JalmeriVurde = [ el o da.

RN RN

See also Clément, Figueiredo and Mitidieri [13, Proposition 1.4].
The proof of the next lemma can be proved arguing as in [9], more exactly, see
[31, Lemma 5.1].
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Lemma 2.2. Consider 2 a smooth open domain, not necessarily bounded, of
RV 0eQ, 1<p<N,—-c<a<(N-p)/pa<c <a+l,d =1+a—ci,
p* = Np/(N—dip), and 1, k, K> 1, where k and k' are conjugated exponents with
kl = p*. Let Ry, co be positive constants as in definition 1 and ¢ € C§°(B(0,3Ryp))
with ¢ > 0 for a.e. in B(0,3Ry) and ¥ = 1 for a.e. in B(0,2Ry), then the
function given by

Y(@)Ua,p,e(2)

Ue(®) = Tyl o)
satisfies
(6) HUE”:zP* (Q,|z|—e1r*) — L, ||vue||ip(9,|z|—ap) < S’a,ZLR + O(G(Nidlp)/dlp)a
and
O(E(N*dlp)l/dwz) ifl < %j)( |
O(EN =/ ne)) i1 = Dot
(7) ||h1/l ueHl ! Ceppry 2 (N*dlp)(P*U[(N*ClP*)P*(N*P*ap)l]N pmap
LY (Q, |z —e1P7) O(e I (N ap)
; (N=cip”)(p=1)
if l > Nepap

for all h € i (Q, |z|=P") with infp(0,2r) h > 0 for some 0 < R < Ry and h > 0.
Moreover, the inequality (7) is uniform in h € ¥ (Q, |z|=P"), h >0 for a.e. in
Q, satisfying

RN-cip* .
(1 + Rlr(N—a=ap)/(p—1)(N=dsp) ) (N—dip)l/dip st

(8)

for some 0 < R < Ry.

hECOa

Definition 2. Let us consider {(u,,v,)} a sequence in WyP(RY,|z|~) x
Wy ?(RN, || 7%). We say that the sequence {(un,v,)} is a Palais Smale sequence
for the operator I at the level ¢ (or simply, (PS).-sequence) if

I(tp, vy) — c and I (upn,v,) — 0, as n — oo.

Our approach will be variational techniques, that is, we have to find
the critical points of the Euler-Lagrange functional I : Wy (RN, |z|~%) x
Wy t(RN, || ~%4) — R given by

1

1
I(u,v) = f/ \a?|_“p\Vu|pdx—|—f/ 2| 74| V| 2da
P Jry qJrN

f/N|x|*clp*huﬁrvidx - /L/N|x|701p*u?“_vld:c;
R R
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which is well defined and is of class C!, with Gateaux derivative given by

(I(u,v), (w,2)) = / |x|*ap|VU\P*2vuvwdx+/ (|| 2TV 2da
RN RN
79/H§N|I|*Clp*hu3__1viwdx — 54N|x‘761p*huivi—lzdx

eip* a— Ceip -1
—pe [ |z[meP uS T v wde — ey [ || TP ug 0] zd,
RN RN

where ux = max{0,+u} € Wy P(RY,|z|=*") (Similarly v+ = max{0,+v} €
Wy (RN, |z[749)) (see [2]).

Lemma 2.3. Let be Ao > 0 and assume that (Hegp) and (3) hold. If {(un, v,)} is
a Palais Smale sequence in Wol’p(RN, || ~9P) x Wol’q (RN, |x|’bq) for the operator

I at the level c, then {(un,,vn,)} is a bounded Palais Smale sequence for the
operator I at the level ¢, uniformly in h € Ey and p > 0 with 0 < X < Ap.

PROOF. By definition of (PS).—sequence we obtain

¢ 11ty vl [+ On(1) 2 Ity vn) = (T (wny00), (un /" v /") )
> (5= p)lunlP + (G = loall! + (F + =~ 1)

X (O 4 SO ([ P2+ ([ ]91) Ao,

[,

Therefore, as p1 € (1,p) and ¢1 € (1,q), it follows that {(u,,v,)} is bounded
in WyP(RY, |z|~9P) x Wy d(RN, |z|~%9), uniformly in h € Ey and g > 0 with
0 < A < Xo. In particular, we have that {(u,_,v,_)} and {(un,,vn )} are
bounded sequences in WP (RN, |z]=%) x W (RN, |2|~*?), then

(9) 1P = (T, 00, (i, 0)) — 0 a5 11— 00
and similarly

(10) ~[[on_ 117 = (I (tn,00), (0,00_) ) — 0 a5 n— oo,
Moreover, we get

Iun,,vny) = I(un,vn) + [Jun_|[P + [|oa_[|7
= I(un,vn) + On(1),

where O, (1) — 0 as n — oo. Hence, from (9) and (10), we obtain

I(un, ,vn,) — ¢ as n — oo.
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Similarly, if (w, z) € Wy P(RN, |z|~%) x Wy (RY, |x| "), we prove that

(1 (ngsvns)s (w,2)) = (1 (1, 00), (w,2) ) + On (1),

’
hence I (tup, ,un,) — 0 as n — ooc. O

Lemma 2.4. Suppose that (Heyp) and (3) hold. Then, for every bounded
(PS).—sequence {(un,vn)} with u,,v, > 0, for a.e. in RN there erists a
weak solution (u,v) € Wy (RN, |z|=%) x Wy {(RN, |2|7%7) of system (1), where
u,v > 0 for a.e. in Q.

PROOF. By boundedness of {(uy,,v,)} there exists (u,v) € Wy (RV,|z]|~) x
Wy (RN, |z|7%) such that u, — u weakly in Wy?(RY,|z[~%) and v, — v
weakly in W ?(RN, |2 ~%7), as n — oo.

First of all, by the diagonal argument, up to a subsequence if necessary, we
can admit that u,(r) — u(z) and v,(x) — v(z), for a.e. in RV, as n — oo.
Also, arguing as in [20] (see also, [6, 18]) we can prove that Vu,(z) — Vu(z) and
Vo, (z) — Vou(z) for a.e. € RN asn — oco.

Again, since {(un,v,)} is bounded Wy P (RN |z|=%) x Wy (RY, |z =), we
obtain that {ug—l)k} is bounded in Lﬁ(RN, |z|~°?") and {v3*} is bounded
in L% (RVY,|z[~¢7"), and from (3) we get (6 — 1)k/p* + 0k/q* + k/p* =
1; consequently, by Holder’s inequality we have that {u®~!'vJw} is bounded
in LFRYN, |z|=¢?"), for each w € Wy P(RN,|z|~%). Similarly, we get that
{ulv2=12} is bounded in LF(RN,|z|~¢27"), for each z € Wy 4R, |z|~%9). Also,

N
it is easy check that {|Vu,|[P~2Vu,} is bounded in (Lﬁ(RN, |x|_“p)> and

. N
{|Vv,]|972V v, } is bounded in (LF(RN, |x\*bq)) . Moreover, as a/p*+7/q* = 1
we get

a—1 o/ M T ag” p’—-l ¢'—1
=1 T Fo =D o =1 T p(g =D 1and =, 17 1

and using Holder’s inequality again, we achieve that {u,
L#T(RY, |2]7%") and {un®v, 71} is bounded in L7 (RN, || ~¢29").
Therefore, from [23, Lemma 4.8] we obtain the following weakly convergences
Vu, — Vu weakly in (L7 (RN, |2|7%))N as n — oo,
Vu, — Vo weakly in (La1 (RY, |z|~%))N as n — oo,

ul 0w — u? 0w weakly in L¥(RYN, |z|~¢1P") as n — oo,
0,5-1 0,5—1 T k(N | |—cip”
u, vy 2 = u’v°" z weakly in L¥(R™ | || 74P ) as n — oo,

a=1y,7} is bounded in

a—1 a—1 : pii N —c1p”
up o) — u® 0Y weakly in Lr =1 (RY || ) as n — oo,
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_ _ . _a* —eip®
ulvl ™t =y weakly in L7 -1 (RY, |2| 7)) as n — oo,

where (w,z) € Wl (RN, |z]=%) x W U(RN, |z|~b2).
Hence, by the definition of (P.S).— sequence we conclude

(I (u,v), (w, 2)) = lim (I (n,vn), (w,2)) =0 as n — oo,

n—oo

for all (w,z) € WyP(RN,|z]~) x W, 4(RN,|z|~%9), that is, (u,v) is a weak
solution of system (1). O

Lemma 2.5. Let (u,v) be the weak solution of system (1) above obtained, which
is a weak limit of a (PS).-sequence. Then, each component of (u,v) is nontrivial
provided that one of the conditions below hold

i) ¢<0.

i) p=g,a=bp" =¢", and 0 < c < () (up) 77 577

PROOF. Let {(tn,v,)} C Wy P(RY,|z|~%) x Wy ¥ (RN, |2|7%7) be a bounded
(PS).—sequence, with u,,v, > 0 for a.e. in RY, such that u, — u weakly in
WyP(RY, 2| ~97) and v, — v weakly in W 4(RY, |z|7%9), as n — oco.

Suppose by contradiction that u(z) = 0 for a.e. € RY. As in the proof of
Lemma 2.4 we get

lim |z| =P hulvddz = 0.
n—oo [pN

Then, we obtain

n—oo

0= lim <I’(un,vn),(un,0)>: lim <||un||pua/ |x|cw*ugvgdx)
n— oo RN
and

0= lim <I/(un,vn), (O,Un)> = lim (|vn||q - /ry/ |x|_clp*ugvgda€> .
n—oo RN

n—oo

We can take [ > 0 such that

(11) [ = lim W = lim 22l — ) lim 2| =P uS ) .
n—oo n—oo 7V n—0oo JpN

Also, we get

(12) c = HILHOICI(U"’U”): (%—F%—I)ZEO,

so we have (7).
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Now, supposing a = b, p = q, and p* = ¢*, then by Lemma 2.1 we see that the
constant S is well defined and S > 0. If [ = 0, then ¢ = 0, which is an absurd.
Thus, we can suppose that [ > 0, and by the definition of S we achieve

b
</ |x|clp*uz”3dx)p S < funl P+ [Jvn][?, ¥n.
RN
Therefore, by taking the limit in the above inequality and using (11), we have
(L) 5 < (a+l=p,
then
(13) > (,u) 7 (p*)%s’pf—p.
Substituting the equation (13) in (12) we obtain
c> (5= E)p p)7r 87,
hence we conclude (7). O
Lemma 2.6. In addition to (Heyp) and (3), assume that p = ¢, 0 < a=b <
(N —p)/p, and p* = ¢*. Then, all the Palais Smale sequences {(un,vs,)} C
2
(Wol’p(RN,m_“p)) for the operator I at the level c, with u,,v, > 0, is

precompact provided that

*

(14) ¢ < (=) ()7 r ST — K(h),
where

K(h) = [1 - ((%5)} lim AN|x\_Clp*huiU2dx.

n— oo
PROOF. We have by Lemma 2.3 that {(u,,v,)} is a bounded sequence in
2 2
(Wol’p(RN, |m\*“p)) ; consequently, there exists (u,v) € <W01’p(RN, |x|*‘”’)>
such that u, — u and v, — v weakly in Wy?(RN,|z|~%), as n — oo. By
the diagonal argument, up to a subsequence if necessary, we can admit that
Un(7) — u(r) and v,(z) — v(z), for a.e. in RV, as n — oco. Also, as in Lemma
2.4 we can suppose that Vu, (r) — Vu(x) and Vv, (z) — Vo(z), for a.e. z € RY,
as n — oo.

Define u,, = u,, —u and v,, = v,, —v. Then, by the Young’s inequaltity, we infer
that {u?v?} is a bounded sequence in LF(RY, |z|~°P"), therefore, by [23, Lemma
4.8] we obtain ufv? — ufv® weakly in LF(RY, |2|~°?") as n — co. In particular,
we have
(15) lim 2|~ hul vl da :/ 2| =P bl de,

RN

nn
n—oo [pN
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for all function h € L¥ (RN, |z|=P") with h > 0.
Now, by a Brezis and Lieb result [8, Theorem 1], we have

i (uall? = i+ [[ull? + 0, (1), a5 n — oo.
it [Joal [P = (117 + [0]]7 + Ou(1), as n — .
iii.:

/ [~ un | o] — / [~ | O]
RN RN
:/ 2| =P [u|*|v]Vdz 4+ On(1), as n — oco.
RN

We recall that the proof of identity iii. follows arguing as in [26, Lemma 8].

In virtue of Lemma 2.4 we have that (u,v) is a weak solution of system (1),
that is, (I (u,v), (w,2)) = 0 for all (w,z) € (WyP(RN,|z|~))2. By using (15)
and i. — iii., we get

L
RN
= [Jun||P = [[ul[” = po [/ || =P ug da —/ 2|~ u v da | + O (1)
RN RN

_ <1’(un,vn), (un,0)> _ <1’(u,v), (u,0)> +0n(1)

=0,(1), as n — co.

U |*| 0 |V dex

Analogously, we obtain
loalle =y [l e = Ou(1)
R

Thus, we can take [ > 0 such that

[|tn|[” — 13 [T ]l” — 1 —cp” g g Y
n—oo ¢ nlL»rIolo Y Mnll»ngo RN|:L.‘ ‘Un‘ |'Un| dz.

If I = 0 the result is proved. Suppose by contradiction that [ > 0. By the definition
of (PS).—sequence we get

C+On(1) = I(unavn) - p%<l/(unavn)7(un’vn)>
= (2= Z)(linll? + [15a]P) + (2 = L) (UulP + [Jv][P)
(16) +(2E2 - )/ ||~ hufvldz + On(1)
]RN

p*

%*%MW+%@fu@mTW%ﬁ@m+oan

Y
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By using the definition of S we achieve

D
- p*
( [ e uzvzdx) 5 < unl P + [Jonll?, v,
]RN

Hence, taking the limit in the above inequality we get

(1) 5 < (arap=p

then
(17) 1> (u)7 7 (p*) s S 5.
Substituting (17) in (16) and taking the limit, we obtain
c> (= L)(up*)7 5§75 — K(h),
which contradicts the inequality (14). O

3. PROOF OF THEOREM 1.1

Consider h € LF (RN, |z[~¢") \ {0} with h > 0 for ae. in RV and
(u,v) € Wy (RN, |z|~%) x Wy (RN, |#]|~9) with ||(u,v)|| < 1, then we obtain
(18)

I(u,v) > min{y, ¢} (|[ul["x P9 4 ||of[mextpad)
= (e 2Ol gy
e (0 I 4 2T ([ul Y o] i)
> ||(U, ,U)Hmax{p,q} 21—max{p,q} min{%, %}

—k1(h)]|(u, )| [rintpoarkmmax{pal — g, ()] (u, v)|[minteTaT} mmaxipal,

(ulfmintesnd 4 [fo]mintrr.asd)

where

ke (h) = 2 (pilcm/p + ;{cql/q) 1l]

RN, || 12"

and

_ QP /P ,ch*/q
ka() = 2 (252 4+ 29
Let fp . : (0,400) — R be given by
Trou(s) = kl(h)smin{pl,ql}fmax{p,q} + /62(u)smin{zf‘»q*}*max{p,q}7

where min{p1, ¢} < max{p, ¢} < min{p*, ¢*}. Therefore, the minimum point of

fh# is

1
o (max{p,q} —min{pi1,q1 })k1(h) | min{p™,¢"} —min{p1.q1}
Sh,u = )

(min{p*,¢* } —max{p,q}) k2 (1)
for all [[A][ (BN [~y > 0.
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Then, for each p > 0, we can choose A\g = Xo(p) > 0 satisfying for
all h € LF (RN, |z|~P") with 0 < HhHLk/(RN oj—e1rt) < Ao the conditions:

0 < sppu < 1and 20m@dpd min{1/p,1/q} — fau(snu) > 0. Consequently,
by (18) we have

I(u,0) > (sp,,)"™ra) (-max(na} minfd 1} — fy o (sp,,)) > 0,

for all (u,v) € WyP (RN, |z[~9) x Wy (RN, |z ~9) with ||(u,v)|| = sp.., Where
0< ||h||Lk/ (RN |z|—c1P¥) < Ag.

Now, we will adapt an argument used by Mizoguchi in [25, Theorem 1] (see
also [3]). The operator I|m : B(0, sp,;.) — R is bounded from below and
continuous. Evidently

il’lfam 1 > 0.
Let us take (ug,vo) € Wy P(RN, |z|=%) x Wy (RN, |z|~%9) with wug,vo > 0 for
a.e. in RY and h.ug.vg # 0, then we get ¢y € (0,1) such that

1(t5/ "0, 5/ "v0) < (Llluol P + Llwolle) ¢ — 543 / e hufuide <0
R

and (t(l)/puo,t(l)/qvg) € B(0, sp ). Therefore, we have
infiB(o,sh,M)

Now, for each & satisfying

1< infB(Ovsh,H) I<0< infam 1.
(19) O < f < infaiB(O,sh,“) I — infB(Qsh’u) I7

follow from definition of the infimun of I in B(0,s,) that there exists
(wo,¢, 20,¢) € B(0, sp,,,) such that
(20) I(U)Q75,Zo)5) < inffB(O,sh,“) I+E€.

Thus, the Ekeland’s variational principle implies that there exists (ue,ve) €
B(0, sp,,,) satisfying

(21) I(ug, ve) < I(woyg, 20.¢)

and

(22) I(u§,v§) < I(wv Z) + §||(w7z) - (ufvvf)”v (U), Z) 7é (uﬁa UE)'
In particular, by combining (19), (20), and (21), we obtain

I

I(ug,ve) < infaiB(()’shw) ,

then (ug, ve) € B(0, spp)-
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Let us define the operator T : B(0, s5,,,) — R given by
T(w,z) = I(w, 2) + &]|(w, 2) — (ug, ve)ll,
so by (22) follows that (ue,ve) is a strict local minimum of T, therefore
T((U€, Uf) + 77(“% Z)) — T(’U{, Uﬁ)
n
for n > 0 small and (w,z) belongs to unity sphere of WyP (RN, |z|~%) x
Wy (RN, || ~%). Thus, we obtain
I((ufvvé) +77(w,z)) - I(Ug,?)g)
n
and passing to the limit as n — 0 it follows that

<I/(u§,vg),(w,z)> 2 _€||(waz)”7

>0

+¢l[(w, 2)[| =0,

therefore
(11 (g, ve)l| < €.

Hence, we can construct {(u,,v,)} € Wy P (RN, |z|~%) x Wy 4(RN, |z|7%) a
(PS)c—sequence with ¢ := infg(q, ,) I, which, by virtue of Lemma 2.3, can be
considered bounded and u,, v, > 0 for a.e. in RV,

Consequently, by Lemma 2.4 we have that system (1) possesses a weak solution
(u,v) € Wy P(RN, |2|~%) x Wy (RN, || ~%7) with u,v > 0 for a.e. in RY. Finally,
as infp(,s, ) I <0, by Lemma 2.5 we have that u,v are nontrivial. O

4. PROOF OF THEOREM 1.2

Analogously to the proof of Theorem 1.1, for each p > 0, we can find Ay > 0,
a (PS).—sequence {(un,v,)} C (Wol’p(RN, |x\*“p)>2 with uy, v, > 0 for a.e. in
R, and o, p € (0,1) satisfying
(23) Hw,z) 20 if |[|(w,2)]|=p,

and

I(up,vy) — inf I <0 and I/(un,vn) — 0, as n — oo,
B(0,p)

for each h € E,, provided that 0 < A < Ag.

From the boundedness of {(un,v,)}, uniformly in h € Ey and g > 0 with 0 <
A < Ao, we obtain K (h) < M|[h|[,,/ BN [z|-c10*) 0 as [[R]],,/ BN [z|-c10*) 0,
for some M > 0. Therefore, changing Ag by other smaller, if necessary, we get

lnfmj <0< (% - p%)(p*/u,)z‘*_i—pgm — K(h)’



ON MULTIPLE SOLUTIONS FOR A SINGULAR QUASILINEAR ELLIPTIC SYSTEM 15

for all h € Ey, since that 0 < A < Ag. Consequently, by Lemma 2.6 there exists
a subsequence of {(un,v,)}, that we will be denoted by {(u,,v,)}, such that
u, — u and v, — v strongly in W, * (RN, |z|~%), as n — oco. Hence, we conclude

I(up,vn) — I(u,v) <0 and I (tn,vy) — I (u,v) =0, as n — oo,

that is, (u,v) is a weak solution of system (1), where u,v are nonnegatives and
I(u,v) < 0. Moreover, from Lemma 2.5 we obtain that u, v are nontrivial.
In the next steep, we will prove the existence of the second weak solution.

2
Consider (ug, vg) € (WOI”’(RN, |x\*“p)> with ug.vg # 0 and ug, vy > 0 for a.e.

in RV, then we obtain

(24)

I(t"/7ug, 1'/700) < L (Jfuoll” + [luol|?) t — put 7 / |~ ug vy de — —oo,
RN

as t — oo.
Thus, by (23) and (24) we have the geometric condition of mountain pass
theorem, provided that h € E) with 0 < A < Ag.

Lemma 4.1. Let us consider sg = sl/(s‘ftlf)r%* and tg = tl/(sﬁf‘tY)z%*, where
s1,t1 >0 and s1/t; = (a/v)l/p, and ue the function defined in Lemma 2.2. Then,
there exists €, > 0 such that

1 1

Sup[(t(30u6)7t(t0ue)) < n< (* — f*)(up*)%ngifp,
20 PP

uniformly in h € Ex with ||h||Lk/( > 0.

RN, [z|~e1P™)
PROOF. Due to the geometric conditions of the mountain pass theorem, for each

€ > 0 there exists t. > 0 such that

0<o< Sl;%) I(t(soue), t(toue)) = I(te(soue), te(toue)).
t>

Moreover, if we suppose by contradiction that there exists a subsequence {t, }
such that ¢, — 0 as n — oo, we obtain, by using Lemma 2.2, that

0 < o <supsql(t(soue, ), t(toue,))
< ﬁ(sl) + tp)(g + O( (N*dlp)/dlp)) !
= 5% 0/\Pa,p,R €n )
as n — oo, which is an absurd. Then, we have [ > 0 with t. > [, for all ¢ > 0.

Consequently, by using Lemma 2.2 and putting co = IP*s{t), we get
(25)

sP4tP
sup I (t(soue), t(toue)) < <11p
20 (s‘f‘tl’)?*

mnp) £ e [ ol de - g
RN
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Notice that
1

) sh+tf  \ P -p e

(26) t1, = (up*)» > (W) [Juel
is the unique maximum point of f, : (0,00) — R, given by
. (Sp+tp 17
fe(t) = Emes

It is easy to see that the following inequality holds,

|:D _ th

(27) (A+B)F < AF + k(A+ B)F'B,
for all A, B >0 and k > 1 (See [24]). Observe that
(28) [aatbte] = (/7% + (afy)~o/7'].

By using the Caffarelli-Kohn-Nirenberg’s inequality it follows that
Wy P (RN, |[z]=%) ¢ WEP (RV), then

(29) Sup < <Ci,

Substituting (26) in (25), from (27), (28), and using Lemma 2.2(6), we obtain

supl (t(souc), ttouc)) - < (L = L) (up™)7s {[(%)Pl* +(2)7 1Sap.r

*

N—dyp pf—p *
R UGEE )} fco/ |z| =P huPrdz
RN

Combining (4) with (29) we get

supl (t(sou:tltoue)) < (= )" 77 {7 + (9710, )7
= —dip

+O0(e ™ ap )—co/ || =" huPr da
RN

Now, from Lemma 2.1, we have

N—-dip

supl (t(soue), t(toue)) < (5 — p)(up*)¥™r 25575 4 0@ mr)

(30) =0 )
—co/ |z| =P huPrdz.
RN

Suppose that p; < (N —c1p*)(p — 1)/(IN — p — ap) and observe that

N—d N—d
(31) ( dlég)pl < dlplpv
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then, by Lemma 2.2 and (30), we get

supl (t(souc), t(toue)) < (5 — p%)(up*)ﬁgﬁ + O(e(N=dip)/dip)
>0
_O<€(N—dlp)l)1/d1p2)

IA

< (= L) ()7 e S,
uniformly in h € Ey, for some 7 > 0 and € > 0 small enough.

Ifpr = (N —c1p*)(p—1)/(N —p—ap), by (31), (30), and Lemma 2.2, we can
choose € > 0 small enough such that

supl (i(soue), t(toud) < (5 L) (up*) 77§75 + O(eN=hn)/dir)
In(e)])

-p  ~_p*
< (5 — 5)(up*) 77§77,

,O(E(N*dlp)m/dlp2

IN

uniformly in h € Ey and for some n > 0.
Assume that p; > (N —c1p*)(p — 1)/(N — p — ap), then we have

(N—c1p™)(p—1)(N—dip) (N—dip)p1
dip(N—p—ap) dip

so, from (31), (30), and Lemma 2.2, there exists € > 0 small enough satisfying

supl (f(souc). t(touc)) - < (L — L) (up™) 77 875 + O(eN—dip)/dap)
t>0
- (N*dw)(P*l)(N*cw*)_(N*d1p)p1+(N*d1p)P1
—0(6 d1p(N—p—ap) dip dqp2 )

<

—p ~_p*
< 0 < (5= ) (upt) T r ST,
uniformly in h € Ey and some 1 > 0. Thus, we conclude the proof of Lemma

4.1. (]

Fix € > 0 as in the above claim.
By equation (24), we obtain ¢ > 0 such that
I(#(souc), t(touc)) < 0,

uniformly in h € Ey, for each 0 < A < Ag.
Applying the mountain pass theorem [5] we get a (P.S).-sequence {(wy, zn)}
in (WyP(RN,|z|~%))2, where

<c=1i <
(32) 0<o=<c ,llgtfen[gfg]f (h(t)) < 02251 (t(soue), t(toue))
and
(33)

T = {heC(o.1], Wy (®Y, |z]=) x W (RY,[a]~0)) :h(0) = 0,h(1) = e},
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with e := (£(soue), t(toue)).

Thus, from Lemma 2.3 we can assume that {(wy, z,,)} is a bounded sequence
and wy, z, > 0 for a.e. in Q, uniformly in h € Ey and p > 0 with 0 < A < Ag.
Also, changing Ay > 0 by other smaller, if necessary, from Lemma 4.1 we obtain

0<c<n<(t—L)(up*)r >S5 — K(h),

uniformly in h € Ey, if 0 < A < Ag. Then, by Lemma 2.6 we obtain (w, z) €
(Wy P (RN, |z|=%P))? and a subsequence of {(wp,z,)}, that we will denote by
{(wn, 2n)}, satisfying w, — w and z, — z strongly in WyP(RN, |z|~%), as
n — oco. Hence, we have

I(wy, 2n) — I(w,2) = cand I (wn, z,) — I (w,2) =0, as n — oo,

that is, (w,z) is a weak solution of system (1) with w,z > 0 for a.e. in RY.
Moreover, from Lemma 2.5 we obtain that w, z are nontrivial.
Evidently (u,v) # (w, z), because I(u,v) < 0 < I(w, 2). O
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5. APPENDIX

Proof of Lemma 2.2. The proof of (6) can be found in [31, Lemma 5.1] (see
also [13]). We are going to prove only the inequality (7).
First of all notice that by equation (5) we obtain

|‘Vy6”1£p(RN7|w‘—n,p) = (ga,p,R)p*/(p*ip) = (ka,p(e))”‘VUa,p,6||I£p(RN7\w\—ap)

and

||y6||§p* (RN |z|-e1p*) = (ga,p,R)p*/(p*_p) = (ka,p(e))p*HUa,p,e

©
Lr™ (RN, |z|~aop)"

Therefore, we get

/ 2| YU dz = O(1) + / 2] Ui e
Q |z|<Ro

39 = 0+ [ el Uil da
RN

*
*

= O) + (Sap.r) 77 (kap(€)) 7"

We will prove that ||hl/an,p,€||lLl(Q PRI verifies the inequalities (7).
Considering the change of variables by the polar coordinates we obtain

(35)
/Q [ =7 R U do

B

(0,2R)

ldx

> inf h / |x‘7clp*‘Ua,p,e|ld‘r+/ 2| =P U, .| da
B(0,2R) B(0,2R)\B(0,R) B(0,R)

2R R
> WN inf h / r-ap +N_1|Ua7p,e ld'f" +/ r-ap +N_1Ua,p,e|ld’f‘>
0

B(0,2R) R

Now, we will calculate each one of the integrals of the above sum. Let us
dip(N—p—ap) 1}

consider o = - (N—dip)’

(36)

2R 2R N
—c1p*+N—-1 1 r—C1P -
/ r Ua,p,e drz/ 4(1+Ta)(N—d1P)l/d1;dr
R R

2R .
_ PP +N71*[a(N*d1p)l/d1P]d
~Jn (r—at1) (N -d@P)i/die r

2R
" . (N=dyp)l
> 1 / r cip"+N—-1—-« I d?‘,

=dip)l
(R—o+1)  @1p




ON MULTIPLE SOLUTIONS FOR A SINGULAR QUASILINEAR ELLIPTIC SYSTEM 21

and making the change of variables s = R~'e~!/®r, in the second integral of the
sum in (35), we get

R *
* —(N—djp)l | (N—ci1p")(p—1)(N—djp)
[ e N = (R RS
(37) 0 1/
—c1p*+N-—1
X = ds
/O (R—a_;’_sa)(N*le)l/le

Ifl < (N —ep*)(p—1)/(N — p— ap), we have that

(N—dip)l | (N—c1p)(p=1)(N—dip) . (N—dyp)l
_ d];p + jfp(l\?—p_ap) 2) > 0and N —c1p _anlp>0_

therefore, by (35) and (36) we obtain

—a41)(N=dip)l/dip

e 1 wn (infg(o,2R) h) 2R —Clp*-&-N—l—aM
|z[ =P h ‘1/)Ua,117,é| dr > " y T dir dr
Q R

(N—dyp)l
_clp*-}—N—aTIl? 1

S <wnRNclp* infB(07gR) h) <2

(1 + Ro)N—dip)i/dip
= O(R,h).

N (N—dip)l
cap*+N—a == )

Then, since h > 0 for a.e. in Q and infg(g2r) h > 0, from (34) we get

. 1Y Uq p,e I —erp

—c l PellplQ, c1P™)

/ lz|~ P hlu|'de = T L]
Q 3P

LP* (2| ~C1P")
O(R,h)

(O(W)+(Sap,r)P"/ " =) (ki (€)= )P
O(R,h) (ka.p(€)"

(O(1)+(Sap,r)P"/ " =2)) /P

O(R, h)O (N =dip)/drp*),

Y

Moreover, we have for h satisfying (8) that
9—c1p"+N—[a(N—dip)l/dip] _

—c1p* + N — [a(N — dip)l/dip]

O(R, h) > WNCo [ =¢p > 0,

therefore

[ lel e hludldn = ot
Q

uniformly in h € ¥ (Q, |z|~P") satisfying (8).
Supposing | = (N — e1p*)(p — 1) /(N — p — ap), we see that

_ (N—dip)l + (p—1)(N—c1p*)(N—dip)

WN—dip)l _
dip dip(N—p—ap) ’

=0and N —c1p* — « Tip
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consequently, by (35) and (37), we obtain

e —c1p*+N—1

* s
zl=ar b WU lde > w inf h s
/Q| | WJ a,p,e| =z N(B(o,zR) ) 0 (Ria_i_sa)(N*dlp)l/dlp
671/04
: —c1p*+N—1—[a(N—dyp)l/dyp]
> w inf h s b ds
- N(B(O,QR) )~/1 (f/Rs)*aJrl)(N—le)l/dw
. e /e
Z (.AJN(lIlfB(Ung) h) 371d5

(R—o+41)(N=dip)l/d1p 1
a(N—dyp)l/d :

w Rla 1p)t/d1p] (lnfB(0,2R) h) ln(€—1/a)

= N (14+Re)(N—dip)l/d1p

RN—ear (infB(O,ZR) h) 1

(1+Ra)(N—d1P)l/d1p | H(€)|.

— wWN
«@

Thus, as h > 0 a.e. in Q and infg(g2r) h > 0, from (34) we get we have

wy RN=e1p” infpo,oR) b (o)
(il trRey(N—dip)l/dip

z|~aP p ucltdx .
/Q o= hufds > oo

N—cyp*
)(R U 02 ) (Vi as? ()|

V

(14+Ro)(N—=dyip)l/dip

Y

(0(1)+(Sa,p,R)p*/(p*—p))l/p*
= O(h; ]%)6(]\r7‘ili”)l/illz>2 ‘ ln(e)|7

and if h satisfies (8), it follows that O(h, R) > é, > 0, then
[ el e = O ),
Q

uniformly in h satisfying (8).
Assuming [ > (N — ¢1p*)(p — 1)/(N — p — ap), we get

—(N—dip)l | (N=c1p”)(p=1)(N—dyp)
dip dip(N—p—ap)

(N—dip)l

ot <,

<0Oand N —c1p* — «
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By using (35) and (36), we obtain

c1p®)(pP—1)(N—dyp)

* (N—
/ 2l hlyUcfde 2 wn( inf )h)(R%)“N—dwﬂ/dw+ 3N ap
Q )

/1 g—cp " +N-1
X ds
1/2 (Rfoz + Sa)(N_dlp)l/dlp

wy RN 1P (infp o, gy h)

> (1+Ra)(N—d1P)l/d1p
* 1
—(N—djp)l | (N—c1p")(p—1)(N—dyp) *
xXe  dip + d1p(N—p—ap) / g +N-1 7
1/2
> O(1)RN 1P (inf 50, r) h) 7(Ndfi1p)l+(Nfcépp()1(vz7:;z(al\;;d1p)
= (14 Re)(N—dip)l/dyp € ! !
7(N7d1p)l+(Nfcw*)(pfl)(Nfdw)
> O(h,R)e @» d1p(N—p—ap) ,
therefore, we conclude
—(N—dyp)l

+ (Nfclp*)(pfl)(l\’;dhp)

dyp(N—p—ap

2|~ b | de > QT DT :
€ = - - * *

o (O(W)+(Sap.r)P"/ ®™ =P (a p(e)—7" )"
—(N—d1p)l+(N—C1P*)(p—1)(N—d1p)

O(h,R) € dip dip(N—p—ap) (ka,p(e))l

> * /(p* —p)\L/P*
(O(1)+(Sa.p.r)P*/ " =P))
(N—c1p®)(p—D)(N—dyp) _(N—dyp)(p—1)l
= O(h’ R)O € d1p(N—p—ap) d1p? ’

and if h satisfies (8), it follows that O(h, R) > é; > 0, hence we get

» . (N—d1p)(p—1)(N—cy1p*) (N—dyp)(p—1)l
||~ hlulde > Oe ar@=r—ap Py ’
Q

uniformly in h satisfying (8). O
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