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Abstract

A simple variation of the concept of boundary triples for hermitian
operators is proposed. Then it is used to find self-adjoint extensions of
some operators; in particular, with the concept of Sobolev traces, for
Schrödinger operators in the plane with a hole (and bounded smooth
boundary); the strategy may be adapted and generalized to a large
class of situations.

1 Introduction

A simple variation of the rather recent approach to self-adjoint extensions
via boundary triples (see [3, 6, 12] for descriptions of the usual procedure)
is presented. The method is first exemplified with simple models, and then
applied to find self-adjoint extensions of a quantum particle hamiltonian in
a multiply connected domain through Sobolev traces. The examples are
chosen in order to reduce technicalities so that the method becomes as clear
as possible. Surely, generalizations and more general applications can be
handled in a similar way. Currently it is been used to find self-adjoint ex-
tensions of the two-dimensional Aharonov-Bohm Schrödinger operator with
nonzero radius solenoid [5].

In Section 2 details of the proposed variation of the usual boundary forms
and boundary triples is discussed in the abstract setting of hermitian oper-
ators in a Hilbert space, including how they can be used to characterize the
self-adjoint extensions; the proof presented here is simpler when compared
with the usual approach [3, 6]. In Section 3 the method is exemplified by re-
covering the self-adjoint extensions of simple known operators. In Section 4
such boundary triples and Sobolev traces are employed to find self-adjoint
extensions of the laplacian plus a simple potential (i.e., a Schrödinger opera-
tor) in the plane with a circular hole, a particular case of multiply connected
domain with smooth boundary; as mentioned above, this example can be
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easily generalized to similar situations with bounded and smooth bound-
aries. To author’s the best knowledge this is the simplest characterization
of those self-adjoint extensions.

Some notation. Every hermitian operator T is supposed to have domain
domT dense in the complex Hilbert space H (which inner product 〈·, ·〉 is
linear in the second variable), T ∗ will denote its adjoint, T = T ∗∗ its closure
and K±(T ) = N(T ∗ ± iI), n±(T ) = dim K±(T ), the deficiency spaces and
indices of T , respectively. I denotes the identity operator and/or matrix.
Given a subset A ⊂ B, then A v B will indicate that A is dense in B (in the
underlying topology). Hp(Λ), p ≥ 1, indicates the standard Sobolev space
of order p of functions in L2(Λ). As usual, “iff” will abbreviate “if and only
if.”

2 Boundary forms and triples

If T, S are hermitian operators in H and T ⊂ S (i.e., S is an extension of
T ), one has T ⊂ S ⊂ S∗ ⊂ T ∗, and so any hermitian extension of T is a
hermitian restriction of T ∗. In general, the larger the domain of a hermitian
operator the smaller the domain of its adjoint. The choice of the domain
of S has to be properly adjusted in order to get a self-adjoint extension of
T ; further, a self-adjoint operator is maximal, in the sense that it has no
proper hermitian extensions. Recall an important and well-known result of
von Neumann used ahead: with respect to the graph inner product of T ∗

one has
domT ∗ = domT ⊕T ∗ K+(T ) ⊕T ∗ K−(T ).

Thus, if ζ ∈ domT ∗, then there are η ∈ domT and η± ∈ K±(T ) so that
ζ = η + η+ + η−, and T ∗ζ = Tη − iη+ + iη−.

2.1 Boundary forms

This subsection presents some preparatory results about boundary forms
necessary to discuss boundary triples; the discussion follows [12].

Definition 1. Let T be a hermitian operator. The boundary form of T is
the sesquilinear map Γ = ΓT ∗ : domT ∗ × domT ∗ → C given by

Γ(ξ, η) := 〈T ∗ξ, η〉 − 〈ξ, T ∗η〉 , ξ, η ∈ domT ∗.

In case T ∗ is known, Γ can be used to find the closure of T , that is, T .
Since T = T ∗∗ ⊂ T ∗, by the definition of the adjoint operator T ∗∗ one has
ξ ∈ domT iff there is η ∈ H with

〈ξ, T ∗ζ〉 = 〈η, ζ〉 , ∀ζ ∈ domT ∗,
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and η = Tξ. Since T ⊂ T ∗ one has η = T ∗ξ and so the above relation is
equivalent to

0 = Γ(ξ, ζ) = 〈T ∗ξ, ζ〉 − 〈ξ, T ∗ζ〉 , ∀ζ ∈ domT ∗,

which is a (anti)linear equation for ξ ∈ domT .
Since Γ(ξ, η) = 0, ∀ξ, η ∈ domT ∗, iff T ∗ is self-adjoint, that is, iff T is

essentially self-adjoint, then Γ quantifies the “lack of self-adjointness” of T ∗.

Proposition 1. If T is hermitian then

domT = {ξ ∈ domT ∗ : Γ(ξ, η±) = 0,∀η± ∈ K±(T )}.

Proof. If ζ ∈ domT ∗, then by von Neumann result ζ = η + η+ + η−, with
η ∈ domT , and η± ∈ K±(T ). Since Γ(ξ, η) = 0 for all ξ ∈ domT ∗, η ∈
domT , it follows that ξ ∈ domT iff for all ζ ∈ domT ∗

0 = Γ(ξ, ζ) = Γ(ξ, η + η+ + η−) = Γ(ξ, η+ + η−).

The result follows.

Let ζ1 = η1 + η1
+ + η1

− and ζ2 = η2 + η2
+ + η2

−, with η1, η2 ∈ domT ,
η1

+, η
2
+ ∈ K+(T ), η1

−, η
2
− ∈ K−(T ), be general elements of domT ∗; since

T ∗η± = ∓iη±, it follows that

Γ(ζ1, ζ2) = Γ(η1
+ + η1

−, η
2
+ + η2

−) = 2i
(
〈η1

+, η
2
+〉 − 〈η1

−, η
2
−〉
)
.

It is then clear that the nonvanishing of Γ is related to the deficiency sub-
spaces. Boundary forms can be used to find self-adjoint extensions of T by
noting that such extensions are restrictions of T ∗ on suitable domains D
so that Γ(ξ, η) = 0,∀ξ, η ∈ D (Lemma 1). Recall another von Neumann
result: each self-adjoint extension of T is related to a unitary operator
U : K−(T ) → K+(T ) onto K+(T ) (thus n−(T ) = n+(T )); denote by TU
the corresponding self-adjoint extension, whose domain is domTU = {η =
ζ + η− − Uη− : ζ ∈ domT , η− ∈ K−(T )}. Then, explicitly one has

Lemma 1. The boundary form ΓT ∗ restricted to domTU vanishes identi-
cally.

Proof. For any two elements η = ζ1 + η− − Uη− and ξ = ζ2 + ξ− − Uξ− in
domTU (ζ1, ζ2 ∈ domT ) one has

Γ(ξ, η) = 2i (〈Uξ−,Uη−〉 − 〈ξ−, η−〉) = 0,

since U is unitary.

3



Proposition 2. Assume that T has self-adjoint extensions. Then each self-
adjoint extension of T is of the form

domTU = {ξ ∈ domT ∗ : Γ(ξ, η− − Uη−) = 0, ∀η− ∈ K−(T )},

TUξ = T ∗ξ, ξ ∈ domTU .

Proof. If TU is a self-adjoint extension of T , then domTU = {η = ζ + η− −
Uη− : ζ ∈ domT , η− ∈ K−(T )}; since Γ restricted to domTU vanishes, by
Proposition 1 one has, for ξ ∈ domTU ,

0 = Γ(ξ, ζ + η− − Uη−) = Γ(ξ, η− − Uη−), ∀η− ∈ K−.

Hence, domTU ⊂ A := {ξ ∈ domT ∗ : Γ(ξ, η− − Uη−) = 0,∀η− ∈ K−(T )}.
Now, given U , consider the linear equation for ζ+ ξ−+ ξ+ = ξ ∈ domT ∗

(of course ξ± ∈ K±(T ))

0 = Γ(ξ, η− − Uη−), ∀η− ∈ K−(T ).

By Lemma 1, any ξ ∈ domTU is a solution of this equation. Let ξ ∈ domT ∗

be a solution and write

ξ = ζ + ξ− − Uξ− + ξ+ + Uξ−;

thus

0 = Γ(ξ, η− − Uη−) = Γ(ξ− − Uξ− + ξ+ + Uξ−, η− − Uη−)

= 2i (〈(ξ+ + Uξ−)− Uξ−,−Uη−〉 − 〈ξ−, η−〉)

= 2i (〈ξ+ + Uξ−,−Uη−〉+ 〈Uξ−,Uη−〉 − 〈ξ−, η−〉)

= 2i 〈ξ+ + Uξ−,−Uη−〉, ∀η− ∈ K(T ).

Since rng U = K+, it follows that ξ+ + Uξ− = 0, or ξ+ = −Uξ−; thus
ξ = ζ + ξ− − Uξ− ∈ domTU so that A ⊂ domTU . Therefore domTU = A,
and the proposition is proved.

Remark 1. Note that the specification of the self-adjoint extensions TU in
Proposition 2 does not require the explicit knowledge of T .
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2.2 Boundary triples

A boundary triple is an abstraction of the notion of boundary values in
function spaces; this idea comes back to Calkin in 1939 [4] and Vishik in
1952 [11]. The following proposed definition is a variation of the usual one
[6, 3] which, in some sense, can be considered natural.

Definition 2. Let T be a hermitian operator with n−(T ) = n+(T ). A
modified boundary triple (h, ρ1, ρ2) for T is composed of a Hilbert space h
and two linear maps ρ1, ρ2 : domT ∗ → h with dense ranges and so that

aΓT ∗(ξ, η) = 〈ρ1(ξ), ρ1(η)〉 − 〈ρ2(ξ), ρ2(η)〉, ∀ξ, η ∈ domT ∗,

for some constant 0 6= a ∈ C. Note that 〈·, ·〉 is also denoting the inner
product in h.

In general, given a hermitian operator T with equal deficiency indices,
different boundary triples (usually, the adjective “modified” will be kept
understood) can be associated with it. Since for ζ1, ζ2 ∈ domT ∗ (by using
the above notation)

Γ(ζ1, ζ2) = 2i
(
〈η1

+, η
2
+〉 − 〈η1

−, η
2
−〉
)
,

only the deficiency subspaces effectively appear in the boundary form, and
so one may take either h = K−(T ) or h = K+(T ) (with ρ properly chosen);
in this case, say h = K−(T ), by von Neumann theory it is known that
self-adjoint extensions are in one-to-one relation with unitary operators U :
K−(T ) → K+(T ). However, it is convenient to allow a general h with
dim h = n+(T ) (recall that two Hilbert spaces are unitarily equivalent iff
they have the same dimension), and Theorem 1 will adapt von Neumann
theory to this situation.

Again, self-adjoint extensions of T are restrictions of T ∗ on suitable
domains D so that Γ(ξ, η) = 0,∀ξ, η ∈ D, and given a boundary triple for
T , such D are related to isometric maps Û : h→ h (which can be taken to
be onto; extend it by continuity, if necessary) so that Ûρ1(ξ) = ρ2(ξ) and

〈ρ1(ξ), ρ1(η)〉 = 〈ρ2(ξ), ρ2(η)〉 =
〈
Ûρ1(ξ), Ûρ1(η)

〉
, ∀ξ, η ∈ D.

Next the linearity of Û will be established.

Lemma 2. Each isometry Û above is a linear and unitary map.
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Proof. Note that rng Û = h and it will suffice to show that this operator is
invertible and linear. To simplify the notation, ρ1 and ρ2 will not appear in
what follows.

If Û(ξ) = Û(η), then

0 =
〈
Û(ξ)− Û(η), Û(ξ)− Û(η)

〉
=
〈
Û(ξ), Û(ξ)

〉
−
〈
Û(ξ), Û(η)

〉
−
〈
Û(η), Û(ξ)

〉
+
〈
Û(η), Û(η)

〉
= 〈ξ, ξ〉 − 〈ξ, η〉 − 〈η, ξ〉+ 〈η, η〉 = ‖ξ − η‖2;

therefore ξ = η and so Û is injective and Û−1 : h→ h exists.
If Û−1(ξ1) = ξ and Û−1(η1) = η, since by hypothesis

〈
Û(ξ), Û(η)

〉
=

〈ξ, η〉, ∀ξ, η, then 〈ξ1, η1〉 =
〈
Û−1(ξ1), Û−1(η1)

〉
; since Û is bijective such

relation holds for every vector in the space. In this relation, if ξ1 = Û(ξ2),
then

〈
Û(ξ2), η1

〉
=
〈
ξ2, Û−1(η1)

〉
, again for all vectors of h.

Now, for all η, ξ, ζ ∈ h and a, b ∈ C, one has〈
Û(aξ + bη), ζ

〉
=
〈
aξ + bη, Û−1(ζ)

〉
= ā

〈
ξ, Û−1(ζ)

〉
+ b̄

〈
η, Û−1(ζ)

〉
= ā

〈
Û(ξ), ζ

〉
+ b̄

〈
Û(η), ζ

〉
=
〈
a Û(ξ) + b Û(η), ζ

〉
,

showing that Û(aξ + bη) = a Û(ξ) + b Û(η), that is, Û is linear.

Theorem 1. Let T be a hermitian operator with equal deficiency indices.
If (h, ρ1, ρ2) is a (modified) boundary triple for T , then the self-adjoint ex-
tensions TÛ of T are precisely

domTÛ = {ξ ∈ domT ∗ : ρ2(ξ) = Ûρ1(ξ)}, TÛξ = T ∗ξ,

for each unitary map Û : h→ h.

Proof. A necessary condition for the restriction of T ∗ to a domain D be
self-adjoint is that the corresponding boundary form vanishes identically on
D. Given the boundary triple, taking into account Lemma 2 and the discus-
sion that precedes it, Lemma 1 and Proposition 2, such D’s are necessarily
obtained through unitary maps Û : h → h and it is enough to check that
actually each TÛ is self-adjoint.

Clearly TÛ is a hermitian extension of T . If η ∈ domT ∗Û one has

〈T ∗Ûη, ξ〉 = 〈η, TÛξ〉 = 〈η, T ∗Ûξ〉, ∀ξ ∈ domTÛ .
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Then,
0 = ΓT ∗

Û
(η, ξ) = 〈T ∗Ûη, ξ〉 − 〈η, T

∗
Ûξ〉

= 〈ρ1(η), ρ1(ξ)〉 − 〈ρ2(η), ρ2(ξ)〉

= 〈ρ1(η), ρ1(ξ)〉 − 〈ρ2(η), Ûρ1(ξ)〉

= 〈ρ1(η), ρ1(ξ)〉 − 〈Û∗ρ2(η), ρ1(ξ)〉

= 〈ρ1(η)− Û∗ρ2(η), ρ1(ξ)〉, ∀ξ ∈ domTÛ .

Since ρ1 has dense range in h, it follows that ρ1(η) − Û∗ρ2(η) = 0, that is,
ρ2(η) = Ûρ1(η) and η ∈ domTÛ . Therefore, TÛ is self-adjoint.

Often a boundary triple for differential operators gives self-adjoint ex-
tensions in terms of boundary conditions, and different choices of the triple
correspond to different parametrizations of such extensions. In applications
sometimes it is convenient to distinguish the spaces ρ1(h) from ρ2(h) by
different symbols.

3 Simple examples

In this section boundary forms will be used to get explicitly self-adjoint
extensions of unidimensional Schrödinger operators. The main goal is to
illustrate the method, but such examples will also indicate the way of dealing
with more involved situations—see Section 4.

Example 1. [Free particle in a half-line] The initial energy operator is
Hψ = −ψ′′, domH = C∞0 (0,∞) v L2(0,∞), which has n− = n+ = 1.
Also H∗ has the same action as H but with domH∗ = H2[0,∞) and, for
ψ,ϕ ∈ domH∗, on integrating by parts, the boundary form is

Γ(ψ,ϕ) = ψ′(0)ϕ(0)− ψ(0)ϕ′(0),

since the elements of domH∗ vanish at infinity. Now define the vector spaces
X := {Ψ = ψ(0)− iψ′(0) : ψ ∈ domH∗} and the map Y = ρ(X) := {ρ(Ψ) =
ψ(0) + iψ′(0) : Ψ ∈ X}, and observe that

〈Ψ,Φ〉 − 〈ρ(Ψ), ρ(Φ)〉 = 2iΓ(ψ,ϕ)

(of course Φ = ϕ(0)− iϕ′(0)), so that a boundary triple was found (think of
X = ρ1(domH∗) and Y = ρ(domH∗), with ρ2 = ρ above.)

Now, according to Theorem 1, a domain D so that the restriction H∗|D
is self-adjoint is characterized by unitary maps between X and Y . Since X
and Y are unidimensional, such unitary maps are multiplication by eiθ for
fixed 0 ≤ θ < 2π. Therefore, the domain of self-adjoint extensions of H are
so that Ψ = eiθρ(Ψ) for all Ψ ∈ X. Writing out such relation

ψ(0)− iψ′(0) = eiθ
(
ψ(0) + iψ′(0)

)
,
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and so (1− eiθ)ψ(0) = i(1 + eiθ)ψ′(0); if θ 6= 0 one has

ψ(0) = λψ′(0), λ = i
(1 + eiθ)
(1− eiθ)

∈ R.

Therefore the self-adjoint extensions Hλ of H are characterized by the fol-
lowing boundary conditions

domHλ = {ψ ∈ H2[0,∞) : ψ(0) = λψ′(0)}, Hλψ = −ψ′′,

for each λ ∈ R ∪ {∞}. The value λ = ∞ is for including θ = 0, which
corresponds to Neumann boundary condition ψ′(0) = 0. Dirichlet bound-
ary condition occurs for λ = 0. Thus, this well-known example has been
recovered via such boundary triple.

Example 2. [Free particle on an interval] The initial energy operator is
Hψ = −ψ′′, domH = C∞0 (0, 1); one has n− = n+ = 2. Also H∗ has the
same action as H but with domH∗ = H2[0, 1] and the boundary form is,
for ψ,ϕ ∈ domH∗, again upon integrating by parts,

Γ(ψ,ϕ) = ψ(1)ϕ′(1)− ψ′(1)ϕ(1)− ψ(0)ϕ′(0) + ψ′(0)ϕ(0).

Based on Example 1, define the two-dimensional vector spaces of elements

Ψ =
(
ψ′(0)− iψ(0)
ψ′(1) + iψ(1)

)
, ρ(Ψ) =

(
ψ′(0) + iψ(0)
ψ′(1)− iψ(1)

)
,

for ψ ∈ domH∗. A direct evaluation of inner products leads to

〈Ψ,Φ〉 − 〈ρ(Ψ), ρ(Φ)〉 = −2iΓ(ψ,ϕ),

and a boundary triple was found.
By Theorem 1, a domain D so that H∗|D is self-adjoint is characterized

by a unitary 2× 2 matrix Û so that Ψ = Ûρ(Ψ) for all Ψ. Writing out such
relation one obtains the boundary conditions(

I − Û
)(ψ′(0)

ψ′(1)

)
= −i

(
I + Û

)(−ψ(0)
ψ(1)

)
and the domain of the corresponding self-adjoint extension HÛ of H is com-
posed of the elements ψ ∈ H2[0, 1] so that the above boundary conditions
are satisfied; also HÛψ = −ψ′′.

In case (I + Û) is invertible (similarly if (I − Û) is invertible) one can
write the above boundary conditions as

A

(
ψ′(0)
ψ′(1)

)
=
(
−ψ(0)
ψ(1)

)
,
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where A = i
(
I + Û

)−1 (
I − Û

)
is a self-adjoint 2× 2 matrix. By allowing

some entries of A taking the value ∞ it is possible to recover some cases(
I + Û

)
is not invertible; nevertheless, it is not always a simple task to

recover all such cases, so that the boundary conditions in terms of Û seems
preferable.

The choices for the matrix Û

a) I, b) − I, c)
(

0 1
1 0

)
, d)

(
0 −1
−1 0

)
,

impose, respectively, the boundary conditions: a) ψ(0) = 0 = ψ(1) (Dirich-
let); b) ψ′(0) = 0 = ψ′(1) (Neumann); c) ψ(0) = ψ(1) and ψ′(0) = ψ′(1)
(periodic); d) ψ(0) = −ψ(1) and ψ′(0) = −ψ′(1) (antiperiodic).

The end point a is regular for the differential operator

H = − d2

dx2
+ V (x), domH = C∞0 (a, b) v L2(a, b),

with −∞ < a < b < +∞ if for some c ∈ (a, b) (and so for all such c)
one has

∫ c
a |V (x)| dx := limd→a+

∫ c
d |V (x)| dx < ∞; b is regular for H if∫ b

c |V (x)| dx := limd→b−
∫ d
c |V (x)| dx < ∞. If an end point is not regular it

is called singular.
From the theory of differential equations [10] it is known that the space

of solutions of the K∓-equation

H∗ψ = −ψ′′ + V ψ = ±iψ, ψ ∈ domH∗,

is two-dimensional and if a is a regular point then any solution ψ has finite
limits ψ(a) := ψ(a+) = limx→a+ ψ(x) and ψ′(a) := ψ′(a+) = limx→a+ ψ′(x);
if a is singular then such limits can be divergent. Ahead, Wx[ψ,ϕ] =
ψ(x)ϕ′(x)−ψ′(x)ϕ(x) is the wronskian of ψ,ϕ at x ∈ (a, b), and Wa[ψ,ϕ] :=
limx→a+ Wx[ψ,ϕ], Wb[ψ,ϕ] := limx→b−Wx[ψ,ϕ].

Example 3. If the potential V is such that both end points 0, 1 are regular,
then the deficiency indices of Hψ = −ψ′′+V ψ, domH = C∞0 (0, 1), are equal
to 2, and for any ψ ∈ domH∗ the boundary values ψ(0), ψ(1), ψ′(0), ψ′(1)
are well defined. Thus, its self-adjoint extensions can be characterized in
the same way as in Example 2, through the same boundary conditions.
Particular cases are

V (x) = a lnx, V (x) = a/xα, α < 1, a ∈ R.
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For singular endpoints the limit values of ψ,ψ′ could not exist, so that
the strategy presented in the above examples is not guaranteed to work.
However, in some cases it is possible to properly adapt that strategy in
order to get self-adjoint extensions. This will be illustrated in the next
example.

Example 4. The self-adjoint extensions of domH = C∞0 (0, 1) v L2(0, 1),

(Hψ)(x) = −ψ′′(x)− 1
4x2

ψ(x), ψ ∈ domH,

will be found. If Ω is an open subset of R, AC(Ω) indicates the set of
absolutely continuous functions in every bounded and closed subinterval
of Ω.

If ψ ∈ domH∗ = {ψ ∈ L2(0, 1) : ψ,ψ′ ∈ AC(0, 1), (−ψ′′ − ψ/(4x2)) ∈
L2(0, 1)} one has

H∗ψ = −ψ′′ − 1
4x2

ψ := u ∈ L2(0, 1),

which is a nonhomogeneous second order linear differential equation for ψ;
the general solution of the corresponding homogeneous equation H∗ψ = 0 is
b1ψ1(x) + b2ψ2(x), b1, b2 ∈ C, with ψ1(x) =

√
x and ψ2(x) =

√
x lnx, whose

wronskian is Wx[ψ1, ψ2] = 1, ∀x ∈ [0, 1]. Introduce ϕ = ψ/
√
x so that

(xϕ′)′ = xϕ′′ + ϕ′ = −
√
xu,

and since
√
xu ∈ L1[0, 1], on integrating one gets

ϕ′(x) =
b2
x
− 1
x

∫ x

0

√
s u(s) ds.

By Cauchy-Schwarz, the function x 7→ 1
x

∫ x
0

√
su(s) ds is also integrable in

[0, 1], so that

ϕ(x) = b1 + b2 log x−
∫ x

0

ds

s

∫ s

0

√
t u(t) dt

and finally ψ(x) = b1
√
x+b2

√
x log x+vψ(x), (note that bj = bj(ψ), j = 1, 2)

with
vψ(x) = −

√
x

∫ x

0

ds

s

∫ s

0

√
t u(t) dt.

By Cauchy-Schwarz again,

|vψ(x)| ≤
√
x

∫ x

0

ds

s

∣∣∣∣∫ s

0

√
t u(t)

∣∣∣∣ dt
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≤
√
x

∫ x

0

ds

s

s√
2
‖u‖2 =

x3/2

√
2
‖u‖2,

so that vψ is differentiable, vψ(x) ∼ x3/2, v′ψ(x) ∼ x1/2 for x → 0. The
above procedure is an alternative to the use of the variation of parameters
formula.

The boundary form is, for ψ,ϕ ∈ domH∗, ψ(x) = b1(ψ)
√
x+b2(ψ)

√
x log x+

vψ(x) and ϕ(x) = b1(ϕ)
√
x+ b2(ϕ)

√
x log x+ vϕ(x),

Γ(ψ,ϕ) = W1[ψ,ϕ]−W0[ψ,ϕ]

= ψ(1)ϕ′(1)− ψ′(1)ϕ(1) + lim
x→0+

(
−ψ(x)ϕ′(x) + ψ′(x)ϕ(x)

)
= ψ(1)ϕ′(1)− ψ′(1)ϕ(1)− b1(ψ)b2(ϕ) + b1(ϕ)b2(ψ).

Based on Example 1, define the two-dimensional vector spaces of elements

Ψ =
(
b2(ψ)− ib1(ψ)
ψ′(1) + iψ(1)

)
, ρ(Ψ) =

(
b2(ψ) + ib1(ψ)
ψ′(1)− iψ(1)

)
,

for ψ ∈ domH∗. A direct evaluation of inner products leads to

〈Ψ,Φ〉 − 〈ρ(Ψ), ρ(Φ)〉 = −2iΓ(ψ,ϕ),

and a boundary triple was found. The self-adjoint extensions HÛ of H are
associated with 2× 2 unitary matrices Û that entail the following boundary
conditions (

I − Û
)( b2(ψ)

ψ′(1)

)
= −i

(
I + Û

)(−b1(ψ)
ψ(1)

)
,

that is, the domain of the self-adjoint extension HÛ of H is composed of the
elements ψ ∈ domH∗ so that the above boundary conditions are satisfied;
also HÛψ = H∗ψ, ψ ∈ domHÛ . The reader can play with different choices
of Û in order to get explicit self-adjoint extensions.

Example 5. Let T = −id/dx with

domT = C∞0 (R \ {0}) = C∞0 (−∞, 0)⊕ C∞0 (0,∞).

One point was removed and the self-adjoint extensions are obtained from
domT ∗ through suitable matching conditions at the origin (recall that in
case the domain is C∞0 (R) the operator T is essentially self-adjoint). Set
T1 = T |C∞0 (−∞,0) and T2 = T |C∞0 (0,∞), so that T = T1 ⊕ T2. One has
domT ∗ = {ψ ∈ AC(R \ {0}) : ψ′ ∈ L2(R)}, T ∗ψ = −iψ′. Further,

domT ∗1 = {ψ ∈ AC(−∞, 0) : ψ′ ∈ L2(−∞, 0]},

11



domT ∗2 = {ψ ∈ AC(0,∞) : ψ′ ∈ L2[0,∞)},

and T ∗1 , T
∗
2 with the same action as T ∗.

In order to find the deficiency indices consider the K±-equations

(T ∗2 ± iI)ψ± = 0,

whose solutions are proportional to ψ±(x) = e±x. Similarly for T1. Hence
n−(T1) = 0 = n+(T2), n−(T2) = 1 = n+(T1), and combining these values
one obtains n−(T ) = 1 = n+(T ). Now, for ψ,ϕ ∈ domT ∗ the following
boundary form is found (on integrating by parts):

Γ(ψ,ϕ) = 〈T ∗ψ,ϕ〉 − 〈ψ, T ∗ϕ〉

=

(∫ 0−

−∞
+
∫ ∞

0+

)
dx
(

(−iψ′(x))ϕ(x)− ψ(x)(−iϕ′(x))
)

= i
(
ψ(0+)ϕ(0+)− ψ(0−)ϕ(0−)

)
.

Introduce the one-dimensional vector spaces X = {ψ(0+) : ψ ∈ domT ∗}
and Y = {ψ(0−) = ρ(ψ(0+) : ψ ∈ domT ∗} and note that Γ(ψ,ϕ) = 0 is
equivalent to the equality of inner products

〈ψ(0+), ϕ(0+)〉 = 〈ρ(ψ(0+)), ρ(ϕ(0+)〉.

Self-adjoint extensions are got on domains D ⊂ domT ∗ so that Γ(ψ,ϕ) = 0,
∀ψ,ϕ ∈ D, that is, X and Y are related by unitary maps eiθ, 0 ≤ θ < 2π;
explicitly ψ(0+) = eiθψ(0−).

Therefore, the family of operators

domTθ = {ψ ∈ AC(R \ {0}) : ψ′ ∈ L2(R), ψ(0+) = eiθψ(0−)},

Tθψ = −iψ′,

constitutes the self-adjoint extensions of T . The case θ = 0 agrees with the
momentum operator P with initial domain C∞0 (R).

4 A multiply connected domain

Some self-adjoint extensions of a Schrödinger operator with infinite defi-
ciency index will be found. It will combine the spherical symmetry with
the topological property of multiply connectedness. Some specific results on
Sobolev traces will be recalled in a suitable way. For simplicity, the under-
lying space will be the plane with a circular hole, but it is clear that this
can be adapted to spaces with boundaries so that the trace construction
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applies (e.g., smooth and compact boundaries); in fact, it is far from having
exhausted all the possibilities this method can be applied.

Let B(0; a) be the open ball centered at the origin and radius a > 0
in R2, Λ = R2 \ B(0; a), and its closure Λ = R2 \ B(0; a); thus Λ is the
real plane with a circular hole and its boundary ∂Λ is the circumference
S = {(x1, x2) ∈ R2 : r = (x2

1 + x2
2)

1
2 = a}.

For simplicity the potential will be a bounded continuous function V :
Λ→ R, with V (x) = V (r) (i.e., V is spherically symmetric), and the initial
hamiltonian is the hermitian operator

H = −∆ + V, domH = C∞0 (Λ).

Polar coordinates x1 = r cosϕ, x2 = r sinϕ are introduced so that L2(Λ)
is unitarily equivalent to L2

rdr([a,∞)) ⊗ L2
dϕ(S), and consider the functions

em(ϕ) = eimϕ/
√

2π, 0 ≤ ϕ ≤ 2π,m ∈ Z, so that for ψ(r, ϕ) = R(r)em(ϕ),

H(Rem) =
(
− d2

dr2
− 1
r

d

dr
+
m2

r2
+ V (r)

)
Rem,

and after the unitary transformation τ : L2
rdr([a,∞))→ L2

dr([a,∞)), (τR)(r) =√
rR(r), one obtains for τHτ−1 restricted to the subspace spanned by em

Ĥm =
(
− d2

dr2
+
m2 − 1/4

r2
+ V (r)

)
, dom Ĥm = C∞0 (a,∞).

The original problem is thus reduced to the study of infinitely many Schrödinger
operators on [a,∞) with potentials

V̂ (r) = (m2 − 1/4)/r2 + V (r), m ∈ Z.

One then rather easily checks that, for all m, the deficiency indices of Hm

are equal to 1 (the point here is that a > 0), so that n+(H) =∞ = n−(H).
Although a ψ(r, ϕ) ∈ H1(Λ) is not necessarily continuous, it is possible

to give a meaning to the restriction ψ(a, ϕ) = ψ|∂Λ(ϕ) ∈ L2(S) via the
so-called trace (more properly, it should be called Sobolev trace) of ψ; see
ahead. It turns out that there is a continuous linear map γ : C1

0 (R2) ⊂
H1(Λ)→ L2(S), γ(φ(r, ϕ)) = φ(a, ϕ), that is, there is C > 0 so that

‖γφ‖L2(S) = ‖φ(a, ϕ)‖L2(S) ≤ C ‖φ‖H1(Λ), φ ∈ C1
0 (R2).

Note that for φ ∈ C1
0 (R2) the boundary values φ(a, ϕ) are well defined

for any angle ϕ. By density, this map has a unique continuous extension
(keeping the same notation) γ : H1(Λ) → L2(S), called the trace map (see
chapters 1 and 2 of [9] and also [1, 2]), and one defines ψ(a, ϕ) := γ(ψ) for
all ψ ∈ H1(Λ). Some important properties of the trace γ(ψ) are as follows
(since its smooth boundary ∂Λ is compact).
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(i) For ψ ∈ H1(Λ) the trace is not defined in a pointwise manner, only as
a function in L2(S). General elements of L2(Λ) do not have a trace
defined.

(ii) the range rng γ v L2(S) and the following Green formula holds∫
Λ

∂ψ(x)
∂xj

φ(x) dx+
∫

Λ
ψ(x)

∂φ(x)
∂xj

dx = a

∫ 2π

0
ψ(a, ϕ)φ(a, ϕ) dϕ,

for all ψ, φ ∈ H1(Λ), j = 1, 2.

(iii) The kernel of the trace operator is the Hilbert space

H1
0(Λ) := {ψ ∈ H1(Λ) : γ(ψ) = ψ(a, ϕ) = 0},

which can also be defined as the closure of C∞0 (Λ) in H1(Λ).

(iv) In a similar way, if ψ ∈ H2(Λ) one has a well-defined trace γ(∂ψ/∂r),
which will be denoted by ∂ψ/∂r(a, ϕ). Note that ∂ψ/∂r stands for the
normal (with respect to ∂Λ) derivative, and this derivative belongs to
H1(Λ).

(v) The ranges of both trace maps H2(Λ) 3 ψ 7→ ψ(a, ϕ) and H2(Λ) 3
ψ 7→ ∂ψ/∂r(a, ϕ) are dense in L2(S), and the following Green formula
holds∫

Λ
∆ψ(x)φ(x) dx+

∫
Λ
∇ψ(x)∇φ(x) dx = a

∫ 2π

0

∂ψ

∂r
(a, ϕ)φ(a, ϕ) dϕ,

for all ψ, φ ∈ H2(Λ).

Now a subtle point must be mentioned. At first sight one could (wrongly)
guess that the domain of the adjoint H∗ isH2(Λ). However, in Rn, n ≥ 2, for
open sets Ω ⊂ Rn, Ω 6= Rn, there are functions ψ ∈ L2(Ω) with distributional
laplacian ∆ψ ∈ L2(Ω) that do not belong to H2(Ω); the point is that other
derivatives, as first derivatives, of ψ need not exist as functions! It turns
out that

domH∗ = {ψ ∈ L2(Λ) : (−∆ψ + V ψ) ∈ L2(Λ)}

and H∗ψ = −∆ψ + V ψ, ψ ∈ domH∗, and this domain is strictly larger
than H2(Λ). Further, domH∗ is not contained in any Hs(Λ), s > 0! See [7],
[8] and references therein.

By using the above characterization of H∗, some self-adjoint extensions
of H will be found via suitable restrictions of H∗. The boundary form of H,
for ψ, φ ∈ domH∗, is

Γ(ψ, φ) := 〈(−∆ + V )ψ, φ〉 − 〈ψ, (−∆ + V )φ〉.
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By restricting to those self-adjoint extensions whose domains are contained
in H2(Λ), Sobolev traces can be invoked, the continuity of the potential
guarantees that V |∂Λ = V (a) is well posed and the above Green formula
can be used to compute, for ψ, φ ∈ H2(Λ),

Γ(ψ, φ) = a

∫ 2π

0

(
ψ(a, ϕ)

∂φ

∂r
(a, ϕ)− ∂ψ

∂r
(a, ϕ)φ(a, ϕ)

)
dϕ.

Introduce ρj : H2(Λ)→ L2(S), j = 1, 2, by

ρ1(ψ) = ψ(a, ϕ) + i
∂ψ

∂r
(a, ϕ),

ρ2(ψ) = ψ(a, ϕ)− i∂ψ
∂r

(a, ϕ),

and so

(2i/a) Γ(ψ, φ) = 〈ρ1(ψ), ρ1(φ)〉L2(S) − 〈ρ2(ψ), ρ2(φ)〉L2(S).

A boundary triple for H in the Sobolev space H2(Λ) has been found
with h = L2(S). As before (i.e., by Theorem 1), from this boundary triple
the self-adjoint extensions HU of H are characterized by unitary operators
U : L2(S) ←↩ so that ρ1(ψ) = Uρ2(ψ), ∀ψ ∈ domHU , and HUψ = H∗ψ.
After writing out this relation one finds

(Id − U)ψ(a, ϕ) = −i(Id + U)
∂ψ

∂r
(a, ϕ).

Therefore, all self-adjoint extensions of H with domain in H2(Λ) were found
and they are realized through suitable boundary conditions on ∂Λ; such
boundary conditions are in terms of traces of elements of H2(Λ). Below
some explicit self-adjoint extensions are described.

1. U = −Id.

In this case

domHU = {ψ ∈ H2(Λ) : ψ(a, ϕ) = 0} = H2(Λ) ∩H1
0(Λ),

HUψ = (−∆ + V )ψ, ψ ∈ domHU . This is the so-called Dirichlet
realization (of the laplacian if V = 0) in Λ.

2. U = Id.

In this case domHU = {ψ ∈ H2(Λ) : ∂ψ/∂r(a, ϕ) = 0}, HUψ =
(−∆ + V )ψ. This is the so-called Neumann realization.
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3. (Id + U) is invertible.

In this case one gets that for each self-adjoint operator A : domA v
L2(S)→ L2(S) corresponds a self-adjoint extension HA. In fact, first
pick a unitary operator UA so that A = −i(Id − UA)(Id + UA)−1,
domA = rng (Id − UA) and rng A = (Id − UA); remind of Cayley
transform. Now, domHA is the set of ψ ∈ H2(Λ) with “∂ψ/∂r(a, ·) =
Aψ(a, ·),” prudently understood in the sense that

(Id − UA)ψ(a, ϕ) = −i(Id + UA)
∂ψ

∂r
(a, ϕ),

in order to avoid domain questions. Of course the quotation marks
can be removed in case the operator A is bounded.

Similarly, for each self-adjoint B acting in L2(S) there corresponds
a unitary UB, and if (Id − UB) is invertible, then it corresponds the
self-adjoint extension HB of H with domHB the set of ψ ∈ H2(Λ) so
that “ψ(a, ·) = B ∂ψ

∂r r(a, ·),” in the sense that

(Id − UB)ψ(a, ϕ) = −i(Id + UB)
∂ψ

∂r
(a, ϕ).

Again the quotation marks can be removed in case the operator B is
bounded.

Note that 4. ahead are, in fact, particular cases of 3. in which A =Mf

and B =Mg.

4. U is a multiplication operator.

Given a real-valued (measurable) function u(ϕ) put U = Meiu(ϕ) . If
{ϕ : exp(iu(ϕ)) = −1} has measure zero, then

f(ϕ) = −i1− e
iu(ϕ)

1 + eiu(ϕ)

is (measurable) well defined and real valued. The domain of the cor-
responding self-adjoint extension is

domHU = {ψ ∈ H2(Λ) : ∂ψ/∂r(a, ϕ) = f(ϕ)ψ(a, ϕ)}.

Similarly, if {ϕ : exp(iu(ϕ)) = 1} has measure zero,

g(ϕ) = i
1 + eiu(ϕ)

1− eiu(ϕ)

is real valued and the domain of the subsequent self-adjoint extension
is

domHU = {ψ ∈ H2(Λ) : ψ(a, ϕ) = g(ϕ)∂ψ/∂r(a, ϕ)}.

Special cases are given by constant functions f, g.
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5. A = −id/dϕ
with domain H1(S) = {u ∈ H1(0, 2π) : u(0) = u(2π)}. The corre-
sponding self-adjoint extension has domain{

ψ ∈ H2(Λ) : ψ(a, ϕ) ∈ H1(S), “
∂ψ

∂r
(a, ϕ) = −idψ

dϕ
(a, ϕ)”

}
.

Since the deficiency indices of H are infinite, there is a plethora of self-
adjoint extensions of the laplacian in the multiply connected domain Λ =
R2 \ B(0; a). Some of them can be quite unusual and hard to understand
from the physical and mathematical points of view.

Remark 2. The choice of Λ = R2 \B(0; a) was for notational convenience.
In a similar way one finds expressions for the boundary form of H = −∆+V
with domain C∞0 (R2 \ Ω), with Ω ⊂ R2 an open set with compact boundary
∂Ω of class C1; when restricted to domains in H2(R2 \ Ω), Sobolev traces
(as well as similar properties as above) are properly defined in this setting,
and one can also consider Rn, n ≥ 2. For such more general multiply
connected regions, one must consider the normal derivative ∂ψ/∂n at the
boundary ∂Ω, instead of ∂ψ/∂r, and also the corresponding modifications in
the expressions of Green formulae [2], [9].

Remark 3. By using a continuous extension of the trace maps to the dual
Sobolev spaces H−1/2(∂Λ) and H−3/2(∂Λ), in [7] one finds references and
comments to her previous works on all self-adjoint extensions of the laplacian
in terms of self-adjoint operators from closed subspaces of H−1/2(∂Λ).

Example 6. Let 0 < a < b <∞ and

Ωab = {(x1, x2) ∈ R2 : a ≤ (x2
1 + x2

2)
1
2 ≤ b}

be a closed annulus in R2; set Λab = R2 \ Ω and consider the laplacian
H = −∆, domH = C∞0 (Λab). This operator is hermitian and its adjoint is

domH∗ = {ψ ∈ L2(Λab) : ∆ψ ∈ L2(Λab)},

H∗ψ = −∆ψ; this domain is strictly larger than H2(Λab). Under the re-
striction of ψ, φ ∈ H2(Λab), the boundary form Γ(ψ, φ), in terms of Sobolev
traces, equals

b

∫ 2π

0

(
ψ(b, ϕ)

∂φ

∂r
(b, ϕ)− ∂ψ

∂r
(b, ϕ)φ(b, ϕ)

)
dϕ

−a
∫ 2π

0

(
ψ(a, ϕ)

∂φ

∂r
(a, ϕ)− ∂ψ

∂r
(a, ϕ)φ(a, ϕ)

)
dϕ.
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With elements of L2(Sa)⊕L2(Sb), where Sa and Sb are the circumferences in
R2, centered at the origin and radii a an b, respectively (so ∂Λab = Sa∪Sb),
introduce the vector spaces of functions

Ψ =
(√

a∂ψ∂r (a, ϕ)− i
√
aψ(a, ϕ)√

b∂ψ∂r (b, ϕ) + i
√
bψ(b, ϕ)

)
, ρ(Ψ) =

(√
a∂ψ∂r (a, ϕ) + i

√
aψ(a, ϕ)√

b∂ψ∂r (b, ϕ)− i
√
bψ(b, ϕ)

)
,

and analogous for φ, denoted by Φ and ρ(Φ). By using the auxiliary space
L2(S1), evaluation the inner products gives

〈Ψ,Φ〉L2(S1) − 〈ρ(Ψ), ρ(Φ)〉L2(S1) = −2iΓ(ψ,ϕ),

and a (modified) boundary triple is found.
The self-adjoint extensions HU of H, with domains in H2(Λab), are char-

acterized by unitary operators U : L2(Sa) ⊕ L2(Sb) ←↩ so that Ψ = Uρ(Ψ),
∀ψ ∈ domHU , and HUψ = H∗ψ. Writing out this relation one finds the
boundary conditions

(I − U)
(√

a∂ψ∂r (a, ϕ)√
b∂ψ∂r (b, ϕ)

)
= −i (I + U)

(
−
√
aψ(a, ϕ)√
bψ(b, ϕ)

)
.

As before, the choice of the identity operator U = I gives the Dirichlet
realization of the laplacian in this domain. Other choices of U being similar
to previous discussion. Such simple characterization of these self-adjoint
extensions also appears to have been reported here for the first time.
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