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Abstract

In this work we study the asymptotic behavior of p-laplacian parabolic problems of the
form u; — DApu + |ulP~2u = B(u) in a bounded smooth domain in R" and Neumann
boundary conditions when the diffusion coefficient D becomes large. We prove, under suitable
assumptions, that the family of attractors behaves lower and upper semicontinuously as the
diffusion increases to infinity.
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1 Introduction

Let 2 be a bounded smooth domain and consider the following reaction-diffusion problem

Qu - _ DAu+ f(u)
gt (1.1)
where u = (uq,- - -, uy,) , D = diag(dy, - - -,d,,) and n is the outward normal vector. It is a well

known fact that if the infj<;<,,d; goes to infinity then the solutions of (l.1)) quickly approach
solutions of

i = f(u) (1.2
(see [3], [B], [7, [10], [I1] and [12]). The physical reason for this lays in the fact that if the
diffusion is very large the concentrations quickly homogenize and the term DAwu becames a small
perturbation. Mathematically, this is justified from the fact that the subspace of constant functions
is an invariant manyfold for where it reduces to and, as D becomes large there is a
gap between the zero eigenvalue of the Neumann Laplacian and its first positive eigenvalue, which
ensures that this invariant manifold is exponentially attracting.
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In this work we prove that the same homogenization process occurs in similar p-laplacian
problems if p > 2. Let us consider the problem

0u”

Pp
(Pp) @t(o

u

(t) — DOUP (t) 4+ WP ()P 2uP(t) = B(uP (1)), t >0

) =ug,

under homogeneous Neumann boundary conditions, where p > 2,1 < D € R, ug € H = L*(Q),
B : L*(Q) — L*(Q) is a globally Lipschitz map with Lipschitz constant L > 0, and Q is a bounded
smooth domain in R™. Using the definition and the properties of the operator

APy = —div(D|Vu|p_2Vu) + |U|P—2u =—DA,u+ |u|p_2u7

with Neumann boundary conditions we have that AP is a maximal monotone operator in H [14],
and by Proposition 1 in [4] the problem (Pp) determines a continuous semigroup of nonlinear
operators SP(t) : H — H, where SP(t)uf is the global weak solution of (Pp). By Lemmas 3, 4,
5 and Theorem 1 in [4], the semigroup associate with the problem (Pp) has a maximal compact
invariant global attractor Ap in H. We prove that the family of attractors {Ap} is upper and
lower semicontinuous at infinity, that means,

max{ sup disty(a”, A>), sup distH(a,AD)} — 0 as D — +o0,

aPeAp a€A>®

where A% is the attractor of the limit problem (Pp)

a(t) + [u@®)P2u(t) = Bu(t)), t>0
(1) { u(0) = up € R,

with B = Bpg.

We use the next section to obtain the necessary uniform estimates for solutions of (Pp). In
Section 3| we discuss all relevant questions about the limit problem (Pp) and in the last section
we prove the continuity of the attractors. The lower semicontinuity in this case is a trivial fact,
once the attractor A is a subset of Ap for each D > 1.

2 Uniform Estimates

In this section we obtain L*(2) and WP(£2) estimates for the solutions u”’s of the problem (Pp),
uniformly on D > 1. As a consequence we conclude that | J p>1Ap is a compact subset of H.

Lemma 2.1 If u” is a solution of (Pp) in (0,00), then there are positive constants 1o, to such
that ||uP(t)||z < ro, for each t >ty and D > 1.



Proof: It comes from the equation in (Pp) that

52 WP @O + D Vul(7) 15 + [ u”(7) 5= (Bu”(7)),u" (7))

= (B(u”(r)) = B(0),u” (7)) + (B(0),u”(7))n
1B (7)) = BO)ullu®()lla + I1BO)|elu”()a
L{ju® ()7 + ellu®(7)]1a.

IA A

T-a.e.in (0,00), where ¢ = || B(0)||y is a constant. Then

1d
sl Ol < =G (@) [l +LI® ()17 + ellu® (),

where C, = C'(p,2) > 0. From the Young’s inequality we obtain that

ld D 2 CP D
< P p
S TP (@) < =22l + e,

where ¢; = ¢1(p) > 0 is a real number. Then by Lemma 5.1 in [15],

o)l < () + ((C{p) (2- 1>t>_p_2, V0.

Fix tg > 0 (for example ty = 1) and choose

2/p —52571/2
we (&) (e e)

Then, |[u”(t)||g < 7o, whenever t > t,.

Remark 2.1 Observe that the constants o, to in Lemma depend neither on the initial data

nor on D.

Remark 2.2 For each fixed D > 1, as an easy consequence of Gronwall-Bellman inequality, there
exists a positive constant To(ub,to) such that ||uP(t)||g < To(uo ,to), Yt €[0,t] and, for initial
conditions in bounded subsets of H, we have that |[uP(t)||g < 7o, ¥V D > 1 and ¥ t € [0, o).

Corollary 2.1 There is a bounded set By in H such that Ap C By, V D > 1.

Proof: It is an immediate consequence of the above lemma and the invariance of Ap.

Now repeating the same arguments used in the proof of the Lemma 2.2 in [9] we obtain the

WHP(Q) uniform estimates:



Lemma 2.2 If u? is a solution of (Pp) in (0,00), then there exist positive constants r; > 0 and
t1 > to such that ||[uP (t)|lwre) < 1, for each t >ty and D > 1, with ty as in the Lemma .

Proof: We consider

1
) -|D vad:v—l—/vpdx], v e WhP(Q
e Y @)
+00

otherwise.

We have that ¢ is a convex, proper and lower semicontinuous map, and A” is the subdifferential
0P of pP. Let be uP a solution of (Pp). We have that

LoPwP(r) = (0P (uP(r)), ul(r)) = (B(u”(r)) — ul(r),ul(r)

(7))
= (Bu"(7)) —u7(7),u7 (7) = B(u” (7)) + B(u"(1)))
= —IBu”(r) — u? (7)llf; + (B (7)) — u7 (v), B(u"(7))),

7-a.e.in (0, 00). Therefore

1 d 1
SIB? (1)) = u? (T3 + —=¢” (u” (1)) < S| B(u”(7))II3
2 dr 2

In particular

d 1 1

d—goD(uD(T)) < §HB(uD(T))H?{ < 5/{%, VD>1and T >t a.e., (2.3)
-

where k; depends on L (the Lipschitz constant of B) and, according Remark , k1 can be

uniformly chosen on D.

By definition of subdifferential we have the following inequality

PP (uP (7)) < (97 (uP (7)), u" (7)) (2.4)
Thus,
Ld, p 2 D, D D D D(, D
sl (Ml +7(W™(7)) = (u (1), u” (7)) + 7 (u"(7))
< () (1), uP (7)) + (09" (u” (7)), u” (7))
= (B(u”(r)),u"(1))
< B ) ullu® ()i < karo, (2.5)

VD>1and 1>t a.e..



Let t > to and r > 0. Integrating (2.5)) from ¢ to t + r we obtain that
t+r 1 1
/ OP (WP (1)) dr < §||uD(t)||§{ + kyror < 57“(2) + kiror =as, VD > 1. (2.6)
t

From [2.3] and the Uniform Gronwall Lemma ([I5]), we obtain

1
PPt + 7)) < @+§k%riﬂ, Vit>toandV D > 1. (2.7)
r
Therefore
1
5||uD(e)||§V1,,,(Q) < QPWP0) <7, VE{>to+randV D > 1. (2.8)

Considering r; = (pr)'/? and t; = to + r, we conclude that |[u?(¢)|w1s@) < r1, for each £ >t
and D > 1. |

As an important consequence of Lemma it follows that (J p>1Ap is a bounded subset of
WhP(Q) and once WP(Q) CcC L*(Q), we can conclude:

Corollary 2.2 A= Jp., Ap is a compact subset of H.

3 The Limit Problem and Convergence Properties

Our objective in this section is to prove that the asymptotic dynamic of the problem (Pp) is
described by an ordinary differential equation as D increases to infinity. Firstly we observe that
the gradients of the solutions u” converge in norm to zero as D — oo, which allows us to guess
the limit problem (Pp). Then we observe that (Pp) is well posed and possesses a global compact
attractor.

Lemma 3.1 If for each D > 1, u” is the solution of (Pp) in (0,00), then for each t > ti, the
sequence of real numbers {||VuP(t)||g}p>1 has a subsequence {||VuP(t)||g} which converges to
zero as { — +00, where ty is the positive constant of Lemma[2.9

Proof: Let T > t; and ¢ € (t1,T), where #; is as in Lemma [2.2] From the equation in (Pp) it
comes that

S IP @ + D1 VuP(r) I+ [ wP(7) = (BP(), u”(r)) =
— (BuP(7) = BO),u”(7) s + (B(0).u”(r))

1B(u” (7)) = BO)|lallu® (D)l + [ BO)]arllu® (7)1
12+ c||uP (T)||g < ko, T —ace. in (t,T) (3.9)

VANRVAN



where ky > 0 is a constant which is independent of D. Integrating (3.9)) from ¢; to 7', we obtain

1 T T
NP @+ D [ 1 9ae) fpar+ [P [ dr <
t1

t1

g 1 1
< [ adr o G < RaT + 7 = k(D).

t1
In particular

T
D [ IVl e) I dr < k()

t1

that implies

T

1

t/uwﬂﬂ%mgﬁmﬂeo%pe+w
t1

that means,
T
I VuP(.) 15 =021ty i) :/ ‘H vuP (1) 8 —O’ dr — 0 as D — +o0.
t1

Therefore there is a subsequence {|| Vu"*(7) ||?} such that
| VuP(7) [F— 0 as { — 400, T —a.e. in (t1,T),
and so there exists a subset J C (¢1,T) with Lebesgue measure m((t1,7)/J) = 0 such that
| VuPt(7) [[P— 0 as £ — 400, VT € J.

Given t € (t1,T) we claim that there is at least one s € J with s < t, on the contrary we would
have (t1,t) N J = 0, so m((t1,T)/J) > 0 which is a contradiction. Now pick one s € J with
t1 <s<tandlet h=t—s. Let ¢ >0 and ¢y = {(g) be such that if ¢ > ¢, then
[vuP (@)l < 5.
P2
We have from (Pp)

diTngf(uD"'(s + 7)) = (0P (uP? (s + 7)), uP (s + 7)), T—a.e in (0,T).

where |
D L) - |:Dg/ |Vv|pdx+/ |v|pdx} : v e WP(Q)
p Q 9)

400, otherwise.



Therefore
1 1
ﬁ[DeHVUDZ(S + B[P+ luP (s + h)||7] — —[DeHVuDZ(S)Hﬁ + [luPe (s)[17]
= P WP (s + h)) — " (uP(s))
h d h
= / d—gon(qu(s%—T / (0P (uP (s + 1)), ul? (s + 7)) dr
0 T
h
= / (BuP*(s 4 1) — uf‘f(s ~|—T),u£‘f(s + 7)) dr
0
h h
= / (BuP(s + 1), uP (s 4+ 7)) dT—/ (uP(s 4 7),uP"(s + 7)) dr
0 0
h h
< [ 1B Dl s+ Dl dr = [ (s 1) dr
0 0
1 " D 2 1 h D 2 " D 2
< 3 | Bu™ (s +7) |5 dr + 5 |ur (s + )5 dr — | Nuz* (s +7)|5 dr
0 0 0
1" D 2 1" 2
= S| IBu™(s+1)gdr—< | lu(s+7)|dr
2 Jo 2 Jo
I D 2
< 5 |Bu™(s + 7)||3 dr
0

1 [h 1
S - / k’ldT = —k’lh.
2 Jo 2

where k; depends on L (the Lipschitz constant of B) and, according Remark 2.1 ki can be
uniformly chosen on D,. Thus,

1
D D D
IV uP (s + D) < IV (3) I+ 5 0™ (o)} + -k (3.10)
and so,
1
|Vule(s + h)|b < | Vule(s P+ 57‘1 + —kzl\T — t], (3.11)

where 7 is the positive constant which appears in Lemma, [2.2]
Now we choose ¢; = ¢;(¢e) sufficiently large such that

1

—k T —t] <e/2
Dz T+ 1 1| <¢g/2,



whenever ¢ > ¢, and we consider ¢y = l5(¢) = max{ly, ¢, }. For { > {5 we have

IVuPe ()P = |[[VuP(s+t—s)|?
1
< [[VuP(s)|P + o ™+ —kllT — 1]
< S5,
2 2 7
Asp> 2
| Ve (t) [15,< [m(@)2YP)" || VaPe(t) ||B< [m(@)V2 1 P) e,

So,

| VuP(t) ||[z— 0 as { — +o0.

As we can see the above Lemma is telling us that the equation

a(t) + lult
(B){wm: uo

OI2u(t) = Blu(t)), t>0
€ R,

with B = Bjg is a good candidate for the limit problem. For this reason we give below two results
where we guarantee that (Ppr) is a well posed problem which possesses a global attractor.

Lemma 3.2 The problem (Pr) has an unique global solution.

Proof: We consider ¢, : R — R and ¢ : R — R given by ¢,(v) = |[v[P2v and ¢ (v) = [ |s[P~2s
respectively.

We have that 1 is a convex, proper and continuous map, so 0y : R — R is a maximal
monotone operator in R (see Example 2.3.4. in [I]). From Fundamental Theorem of Calculus
we have ¢'(v) = |v[P~?v = ¢,(v). Using the definition of subdifferential and lateral derivatives
we obtain 0y (v) = ¢'(v) = ¢,(v). Therefore ¢, : R — R is a maximal monotone operator with
D(¢p) = S

Since B : R — R is globally Lipschitz map, from Theorem 3.17 and Remark 3.14 in [I] we can
conclude that the problem (Pp) has an unique global solution. ]
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Theorem 3.1 The problem (Ppr) defines a semigroup of class K which is B-dissipative, and so
there exists a global B-attractor A associated with it. Moreover, the attractor A> is equal to the
union of all the bounded complete trajectories in R.

Proof: We define S(t) : R — R by S(t)vg = v(t), with v being the unique global solution of the
problem (Pp) and v(0) = v. It is easy to see that S(t) verifies the semigroup properties.



We will show that S(¢) is of class K and also it is B-dissipative. In fact, multiplying the

equation v; + ¢,(v) = B(v) by v and using the Young’s Inequality we obtain

1d ., 1
el < _Z P
SO < =P +c,

where ¢ > 0 is a constant. Therefore, the map y(t) = |v(t)|* satisfies the inequality

Cy(t) <~ + 2.

So, by Lemma 5.1 in [15],

2

2en 2/ T2
Iv(t)lzé(—c) g 1(2—’—1)15 V>0,
1 2
. 2/p --2 1/2
Fix 79 = 1 and choose sy = (%) + 1(% _ 1) To

p—2
. Then,
lv(t)] < so, whenever ¢t > 75 = 1. (3.12)

The inequality (3.12)) guarantees that the semigroup is B-dissipative.
Now, once we have that

1d, 3
5 771V OF + 8u(o(t)u(t) = Bu(h)o(?)
and since ¢,(v(t))v(t) = |v(t)[P > 0, then
%%]U(t)ﬁ < |B(u(t)) = B(0)|[u(t) — 0] + | B(0)][o(t)

1 = 1
< L@ + 5IBO)P + 5l ¥ >0,

where L is the Lipschitz’s constant of B. Integrating the above inequality from 0 to 7, 7 € [0, 7q],
we obtain

lv(7)|? < |vol?® + |§(0)|2 —|—/ (2L + Du(t)* dt, ¥V 7 €[0,7).
0
So, by Gronwall-Bellman’s Lemma it follows that

lw(T)]2 < (Jvol? + |B(0)[?)e+V, v 7 € [0, 7). (3.13)

Using (3.12]) and (3.13)) we conclude that for each ¢ > 0, S(¢) maps bounded sets into bounded
sets. As a result we conclude that for each ¢ > 0 the operator S(¢) : R — R is compact.
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Thus, the Theorem 2.2 and the Proposition 2.2 in [13], guarantee that the semigroup S(t)
has a maximal compact invariant global B-attractor A>, given as union of all bounded complete
trajectories in R. [

The next result guarantees that (Pp) is in fact the limit problem for (Pp), as D — +oc.

Theorem 3.2 For each D > 1, let uP be the solution of (Pp) with u”(0) = u and let u be the
solution of (Pr) with u(0) = ug. If uY — ug in H as D — +oo, then for each T > 0, uP? — u in
C([0,T); H) as D — +oc.

Proof: Let T > 0 fixed and suppose that uf — ug in H as D — +o0.

Subtracting the two equations in (Pp) and (P) and making the inner product with u” — u
we obtain

(uf —up,u” —uyy + (APu” — ¢, (u),u” —uyy = (B(u”) — B(u),u” —u)y.

Using the Tartar’s Inequality [16] we obtain that there are constants Cy,Cy > 0, both inde-
pendent of D, such that

(APuP — ¢, (u),u” —u) > DC||VuP — Vullh + Cy|u” — ul|h > 0.
Thus,

1d
5%”“[) - U||?1

D

<utD — U U — U’)

(B(u”) = B(u),u” —u)
1B(w”) = B(u)|lullu® — ullx

L|ju® — ulj%, a.e. in (0,7).

IN A IA

Integrating from 0 to ¢, t < T, we obtain

t
[u®(t) = u(®)|7r < llug’ — uoll%; +/0 2L[uP(s) — u(s)||% ds
So, by Gronwall-Bellman’s Lemma we obtain
[u”(t) —u®)l < ug —uollze*™, Vit €[0,T].

Therefore u” — u in C([0,T]; H) as D — +o0, whenever uy — g in H as D — +oc. |
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4 Continuity of Attractors

In this section we prove that not only u” — w as D — oo but we have also that the family of
attractors {Ap} behaves continuously as the diffusion parameter increases to infinity. We start
by introducing the following lemma which guarantees that the relevant elements to describe the
asymptotic behaviour of these problems are around its own spatial average if D is large enough.

Lemma 4.1 If for each D > 1 ug’ € Ap and uyg = limp_. uOD in H, then ug is a constant
function.

Proof: Let {u’} be a sequence with ul € Ap, for each D > 1, and let ug = limp_ o uf’ in H.
Since each Ap C WHP(Q2) € WH2(Q), from Poincaré-Wirtinger’s Inequality ([2]) we have

lug = uf |l < ClIVug |la, (4.14)

where C' > 0 is a constant and uf = ﬁ Jo ub () da.

Consider ¢; > 0 as in Lemma and let ¢ > t;. Therefore, once attractors are invariant sets
under the flow, for each D > 1,

ud = uP(t) = SP(t)(vy), for some vy € Ap.

From Lemma [3.1| we have that the sequence of real numbers {||Vu®(?)| |z} p>1 has a subsequence
{IIVuPe(#)||z} which converges to zero as £ — +oo. Therefore

IVug | = | Vu @)l — 0 as € — +oo.

From ({.14)

Hué)e—?HHHO as { — +oo0.

Then, using the Triangular Inequality, we conclude that
|| uo —@HH — 0 as { — +oo.

. D . . . D . . .. .
Since uy,* — wug in H implies u,* — wuo in H, we consider the characteristic function xq €

L?() to obtain that u)* — Ty (convergence of real numbers) and this implies that u)* — 7 in
H = L*(Q). So we conclude that ug = T and then ug is a constant function. |

Now we are ready to prove the next:

Theorem 4.1 The family of global B-attractors {Ap; D > 1} of the problem (Pp) is upper semi-
continuous at infinity.
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Proof: Let {ul’} be an arbitrary sequence with ul’ € Ap, for each D > 1, and D — +o0. Using
the Lemma 1.1 in [6], to get upper semicontinuity of the family of global B-attractors it is sufficient
to guarantee that {ul’} has a convergent subsequence whose limit belongs to the B-attractor 4>

of the limit problem. By Corollary [2.2, A = U Ap is a compact subset in H. Therefore there
D>1
exists a subsequence {ug)j} of {uf’} such that ué)j — o in H as j — +o00. By Lemma , up € R.
Our objective is to show that uy € A*. Using the Proposition 2.2 in [I3], it is sufficient to
construct a bounded complete trajectory ¢ : R — R through uy.
Let {SP(7)} and {S(7)} the semigroups associated with (Pp) and (PL) respectively. For each
j €N, consider t; > j, t; <ty <...<t; <...and x; € Ap, such that SPi(t;)(z;) = uli,
From Theorem B.2] we obtain

SPi(t; +t)(x;) — S(t)up in H as j — +oo, Vt > 0.

Now consider the sequence {S?i(t; — 1)(z;)} C Ups; Ap. We know from Corollary [2.2] that,
passing to a subsequence if necessary,

SPi(t; —1)(x;) — 21 in H as j — +oo.
From Lemma [4.1] we have that z; € R. Appealing once more to Theorem [3.2] we obtain that
SPi(t; —14t)(z;) — S(t)zy in H as j — +oo, V> 0.

Notice that S(1)z; = up.

Proceeding inductively, we find for each 7 = 0,1,2,--- , a real number z, such that S(1)z,.4; =
2. Given t € R, we define ¢(t) to be the common value of S(t + )z, for r > —t. Then we have
that ¢ is a bounded complete trajectory through wuy. |

Remark 4.1 Notice that each bounded complete trajectory of the limit problem (Pp) is in par-
ticular a bounded complete trajectory of the problem (Pp). Therefore A C Ap, ¥ D > 1.
Consequently we obtain that the family of attractors {Ap; D > 1} of the problem (Pp) is lower
semicontinuous at infinity i.e.,

sup disty(x,Ap) — 0 as D — +oo.
reA>®

Thus, using the Theorem and the Remark [4.T we obtain that the family of attractors
{Ap; D > 1} of the problem (Pp) is continuous at infinity.
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