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1. Introduction

A classical theorem of Radó, in the form given by Cartan, states that a continuous
function defined on an open set of the complex plane which is holomorphic outside
the closed set where it vanishes is holomorphic everywhere. This theorem implies
easily that the same result also holds for functions of several complex variables.
Radó’s theorem may be regarded as a theorem about removing singularities of the
Cauchy-Riemann operator, but in that theory it is customary to impose additional
restrictions on the set outside which the equation holds and is wished to be re-
moved (for instance, the set to be removed may be required to have null capacity
or to have null or bounded Hausdorff measure of some dimension). The beauty of
the classical result of Radó lies in the fact that the set u−1(0) is removed without
any assumption about its size or geometric properties. The theorem was extended
by replacing the set u−1(0) by u−1(E) where E is a compact subset of null ana-
lytic capacity ([St]) or is a null-set for the holomorphic Dirichlet class ([C2]). A
generalization for a more general class of functions was given by Rosay and Stout
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[RS] who extended Radó’s result to CR functions on strictly pseudoconvex hyper-
surfaces of Cn and other extension (in the spirit of removing singularities of CR
functions) was given in [A]. For homogeneous solutions of locally solvable vector
fields with smooth coefficients, a Radó type theorem was proved in [HT].

In this paper we extend Radó’s theorem to homogeneous solutions of locally
integrable structures of co-rank one that are locally solvable in degree one. Thus,
we deal with an overdetermined system of equations





L1u = 0,

L2u = 0,

· · · · · · · · ·
Lnu = 0,

(1.1)

where L1, . . . , Ln, n ≥ 1, are pairwise commuting smooth complex vector fields
defined on an open subset of Rn+1 and assume that this system of vector fields has
local first integrals at every point and it is solvable in the sense that the equation





L1u = f1,

L2u = f2,

· · · · · · · · ·
Lnu = fn,

(1.2)

can be locally solved for all smooth right hand sides that satisfy the compatibility
conditions Ljfk = Lkfj , 1 ≤ j, k ≤ n (see Section 3 for precise statements). Under
these condition it is shown that if u is continuous and satisfies (1.1) outside u−1(0)
then it satisfies (1.1) everywhere (Theorem 4.1). This solvability hypothesis can
be characterized in terms of the connectedness properties of the fibers of local
first integrals ([CT], [CH]) and this characterization is one of the main ingredients
in the proof of Theorem 4.1, which is given in Section 4. Another key tool is a
refinement of the Baouendi-Treves approximation theorem, which seems to have
interest per se and it is stated and proved in Section 2 for general locally integrable
structures. In Section 5 we apply Theorem 4.1 to obtain a result on uniqueness in
the Cauchy problem for continuous solutions with Cauchy data on rough initial
surfaces.

2. The approximation theorem

The approximation formula ([BT1], [BT2], [T1], [T2], [BCH]) is of local nature
and we will restrict our attention to a locally integrable structure L defined in an
open subset Ω of RN over which L⊥ is spanned by the differentials dZ1, . . . , dZm

of m smooth functions Zj ∈ C∞(Ω), j = 1, . . . , m, at every point of Ω. Thus, if n
is the rank of L, we recall that N = n + m.

Given a continuous function u ∈ C(Ω) we say that u is a homogeneous
solution of L and write Lu = 0 if, for every local section L of L defined on an open
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subset U ⊂ Ω,
Lu = 0 on U in the sense of distributions.

Simple examples of homogeneous solutions of L are the constant functions and
also the functions Z1, . . . , Zm, since LZj = 〈dZj , L〉 = 0 because dZj ∈ L⊥,
j = 1, . . . ,m. By the Leibniz rule, any product of smooth homogeneous solutions
is again a homogeneous solution, so a polynomial with constant coefficients in the
m functions Zj , i.e., a function of the form

P (Z) =
∑

|α|≤d

cαZα, α = (α1, . . . , αm) ∈ Zm, cα ∈ C, (2.1)

is also a homogeneous solution. The classical approximation theorem for contin-
uous functions states that any continuous solution u of Lu = 0 can be uniformly
approximated by polynomial solutions such as (2.1). More precisely:

Theorem 2.1. Let L be a locally integrable structure on Ω and assume that dZ1, . . . , dZm

span L⊥ at every point of Ω. Then, for any p ∈ Ω, there exist two open sets U and
W , with p ∈ U ⊂ U ⊂ W ⊂ Ω, such that

every u ∈ C(W ) that satisfies Lu = 0 on W is the uniform limit of a sequence
of polynomial solutions Pj(Z1, . . . , Zm):

u = lim
j→∞

Pj ◦ Z uniformly in U.

In this section we will prove a refinement of the approximation theorem (The-
orem 2.2) that we will later use in the proof of the paper’s main result. In order
to prove this variation, we start by reviewing the main steps in the proof of the
classical approximation theorem. The first one is to choose local coordinates

{x1, . . . , xm, t1, . . . , tn}
defined on a neighborhood of the point p and vanishing at p so that, for some
smooth, real-valued functions ϕ1, . . . , ϕm defined on a neighborhood of the origin
and satisfying

ϕk(0, 0) = 0, dxϕk(0, 0) = 0, k = 1, . . . , m,

the functions Zk, k = 1, . . . ,m, may be written as

Zk(x, t) = xk + iϕk(x, t), k = 1, . . . ,m, (2.2)

on a neighborhood of the origin. Then we choose R > 0 such that if

V = {q : |x(q)| < R, |t(q)| < R}
then, on a neighborhood of V we have∥∥∥∥

(
∂ϕj(x, t)

∂xk

) ∥∥∥∥ <
1
2
, (x, t) ∈ V , (2.3)

where the double bar indicates the norm of the matrix ϕx(x, t) = (∂ϕj(x, t)/∂xk)
as a linear operator in Rm. Modifying the functions ϕk’s off a neighborhood of V
we may assume without loss of generality that the functions ϕk(x, t), k = 1, . . . , m,
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are defined throughout RN , have compact support and satisfy (2.3) everywhere,
that is ∥∥∥∥

(
∂ϕj(x, t)

∂xk

) ∥∥∥∥ <
1
2
, (x, t) ∈ RN . (2.3′)

Modifying also L off a neighborhood of V we may assume as well that the differ-
entials dZj , j = 1, . . . , m, given by (2.2), span L⊥ over RN . Of course, the new
structure L and the old one coincide on V so any conclusion we draw about the
new L on V will hold as well for the original L. The vector fields

Mk =
m∑

`=1

µk`(x, t)
∂

∂x`
, k = 1, . . . , m,

characterized by the relations

MkZ` = δk` k, ` = 1, . . . , m,

and the vectors fields

Lj =
∂

∂tj
− i

m∑

k=1

∂ϕk

∂tj
(x, t)Mk, j = 1, . . . , n,

are linearly independent and satisfy LjZk = 0, for j = 1, . . . , n, k = 1, . . . , m.
Hence, L1, . . . , Ln span L at every point while the N = n + m vector fields

L1, . . . , Ln,M1 . . . , Mm,

are pairwise commuting and span CTp(RN ), p ∈ RN . Since

dZ1, . . . , dZm, dt1, . . . , dtn span CT ∗RN

the differential dw of a C1 function w(x, t) may be expressed in this basis. In fact,
we have

dw =
n∑

j=1

Ljw dtj +
m∑

k=1

Mkw dZk

which may be checked by observing that LjZk = 0 and Mktj = 0 for 1 ≤ j ≤ n
and 1 ≤ k ≤ m, while Ljtk = δjk for 1 ≤ j, k ≤ n and MkZj = δjk for 1 ≤ j, k ≤ m
(δjk =Kronecker delta). At this point, the open set W in the statement of Theorem
2.1 is chosen as any fixed neighborhood of V in Ω. That u ∈ C(W ) satisfies
Lu = 0 is equivalent to saying that it satisfies on W the overdetermined system
of equations 




L1u = 0,

L2u = 0,

· · · · · · · · ·
Lnu = 0.

(2.4)

Given such u we define a family of functions {Eτu} that depend on a real parameter
τ , 0 < τ < ∞, by means of the formula

Eτu(x, t) = (τ/π)m/2

∫

Rm

e−τ [Z(x,t)−Z(x′,0)]2u(x′, 0)h(x′) det Zx(x′, 0) dx′
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which we now discuss. For ζ = (ζ1, . . . , ζm) ∈ Cm we will use the notation [ζ]2 =
ζ2
1 + · · · + ζ2

m, which explains the meaning of [Z(x, t) − Z(x′, 0)]2 in the formula.
The function h(x) ∈ C∞c (Rm) satisfies h(x) = 0 for |x| ≥ R and h(x) = 1 in a
neighborhood of |x| ≤ R/2 (R was defined right before (2.3)). Since u is assumed
to be defined in a neighborhood of V , the product u(x′, 0)h(x′) is well defined on
Rm, compactly supported and continuous. Furthermore, since the exponential in
the integrand is an entire function of (Z1, . . . , Zm), the chain rule shows that it
satisfies the homogenous system of equations (2.4) and the same holds for Eτu(x, t)
by differentiation under the integral sign. Then Theorem 2.1 is proved by showing
that Eτu(x, t) → u(x, t) as τ → ∞ uniformly for |x| < R/4 and |t| < T < R if
T is conveniently small. In particular, the set U in the statement of Theorem 2.1
may be taken as

U = B1 ×B2,

B1 = {x ∈ Rm : |x| < R/4},
B2 = {t ∈ Rn : |t| < T}.

Once this is proved, approximating the exponential e−τ [ζ]2 (for fixed large τ) by
the partial sum of degree k, Pk(ζ), of its Taylor series on a fixed polydisk that
contains the set {√τ(Z(x, t) − Z(x′, 0)) : |x|, |x′| < R, |t| < R}, a sequence of
polynomials in Z(x, t) that approximate uniformly Eτu(x, t) for |x| < R/4 and
|t| < T as k →∞ is easily constructed.

Thus, the main task is to prove that Eτu(x, t) → u(x, t) as τ →∞ uniformly
on B1×B2 and in order to do that one proves first that a convenient modification
of the operator Eτ , to wit,

Gτu(x, t) = (τ/π)m/2

∫

Rm

e−τ [Z(x,t)−Z(x′,t)]2u(x′, t)h(x′) det Zx(x′, t) dx′,

converges uniformly to u on B1×B2 as τ →∞. This is easy because (2.3′) ensures
that the operator u 7→ Gτu is very close to the convolution of u with a Gaussian,
which is a well known approximation of the identity. In particular, the uniform
convergence Gτ → u holds for any continuous u and it is irrelevant at this point
whether u satisfies the equation Lu = 0 or not. After Gτu → u has been proved,
it remains to estimate the difference Rτu = Gτu−Eτu and it is here that the fact
that Lu = 0 is crucial.

Let B1 and B2 be as described before in the outline of the proof of Theorem
2.1 and set B̃1 = {x ∈ Rm : |x| < R}. In the version we want to prove u need
not be a solution in a neighborhood of V but on a smaller open subset of B̃1×B2.
With this notation we have

Theorem 2.2. Let u be continuous on B̃1 × B2 and assume that there is an open
and connected set ω, 0 ∈ ω ⊂ B2, such that

Lu = 0, on B̃1 × ω.

Then Eτu(x, t) → u(x, t) uniformly on compact subsets of B1 × ω as τ →∞.
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Remark 2.3. The main point in Theorem 2.2 is that as soon as the equation holds
on B̃1×ω, in order to obtain a set where the approximation holds we do not need
to replace ω by a smaller subset, although we must shrink B̃1 to B1 and the radius
T of B2 has been initially taken small as compared to the radius R of B̃1. Under
some more restrictive circumstances, we may even avoid taking T is small, as the
proof of Theorem 4.1 below shows.

Proof. The formula that defines Eτu(x, t) only takes into account the values of
u(x, 0). It will be enough to prove that Eτu → u uniformly on compact subsets of
B1 × ω as j →∞. The argument that shows in the classical setup that Gτu → u
uniformly on B̃1×B2 applies here word by word, because it only uses the fact that
u is continuous on the closure of B̃1 ×B2 and it is carried out by freezing t ∈ B2

and showing that Gτu is an approximation of the identity on Rm, uniformly in
t ∈ B2. Hence, the proof is reduced to showing that Rτu = Gτu− Eτu converges
uniformly to 0 on compact subsets of B1 × ω.

When u satisfies Lu = 0 throughout B̃1 ×B2, we have the formula

Rτu(x, t) =
∫

[0,t]

n∑

j=1

rj(x, t, t′, τ) dt′j , (2.5)

where

rj(x, t, t′, τ) = (2.6)

(τ/π)m/2

∫

Rm

e−τ [Z(x,t)−Z(x′,t′)]2u(x′, t′)Ljh(x′, t′) det Zx(x′, t′) dx′

and [0, t] denotes the straight segment joining 0 to t. This may be shown by writing
for fixed ζ and τ

g(t′) = G̃τu(ζ, t′) =
∫

Rm

e−τ [ζ−Z(x′,t′)]2u(x′, t′)h(x′) det Zx(x′, t′) dx′

and applying the fundamental theorem of calculus

g(t)− g(0) =
∫

[0,t]

n∑

j=1

∂g

∂t′j
(t′) dt′j . (2.7)

Then a computation that exploits that Lju = 0, j = 1, . . . , n, shows that (see
[BCH, p.64] for details)

∂g

∂t′j
(t′) = r̃j(ζ, t′, τ) (2.8)

where

r̃j(ζ, t′, τ) =
∫

Rm

e−τ [ζ−Z(x′,t′)]2u(x′, t′)Ljh(x′, t′) det Zx(x′, t′) dx′.

Hence, (2.7) for ζ = Z(x, t) shows that Rτu = Gτu − Eτu is given by (2.5)
and (2.6). Let’s return to the case in which u is only known to satisfy Lju = 0,



A Radó theorem for locally solvable structures of co-rank one 7

j = 1, . . . , n, on B̃1 × ω. We still have, for t ∈ ω,

g(t)− g(0) =
∫

γt

n∑

j=1

∂g

∂t′j
(t′) dt′j . (2.7′)

where γt denotes a polygonal path contained in ω that joins the origin to t. On the
other hand, (2.8) remains valid in the new situation. This is true because its proof
depends on integration by parts with respect to x — which can be performed as
well on B̃1 × ω— and on local arguments. Thus, we get

Rτu(x, t) =
∫

γt

n∑

j=1

rj(x, t, t′, τ) dt′j , (x, t) ∈ B̃1 × ω. (2.5′)

This gives the estimate

|Rτu(x, t)| ≤ C|γt| max
1≤j≤n

sup
t′∈ω

|rj(x, t, t′, τ)|, (x, t) ∈ B1 × ω.

However, due to the fact that the factor Ljh(x′, t′) vanishes for |x′| ≥ R/2, we
have

∣∣∣e−τ [Z(x,t)−Z(x′,t′)]2
∣∣∣ ≤ e−cτ , (x, t) ∈ B1 ×B2, |x′| ≥ R/2, t′ ∈ B2,

for some c > 0. This follows, taking account of (2.3′), from

<[Z(x, t)− Z(x′, t′)]2 ≥ |x− x′|2 − |ϕ(x, t)− ϕ(x′, t′)|2

≥ |x− x′|2
2

− |ϕ(x′, t)− ϕ(x′, t′)|2

≥ c. (2.9)

Note that |x− x′| ≥ R/4 for |x′| ≥ R/2 and |x| ≤ R/4, while the term |ϕ(x′, t)−
ϕ(x′, t′)| ≤ C|t− t′| will be small if t and t′ are both small which may be obtained
by taking T small. Thus

|Rτu(x, t)| ≤ C|γt|e−cτ , (x, t) ∈ B1 × ω. (2.10)

If K ⊂⊂ ω, there is a constant CK such that any t ∈ K can be reached from
the origin by a polygonal line of length bounded by CK so (2.10) shows that
|Rτu(x, t)| → 0 uniformly on B1 ×K. ¤

Corollary 2.4. Under the hypotheses of the theorem, there is a sequence of polyno-
mial solutions Pj(Z1, . . . , Zm) that converges uniformly to u uniformly on compact
subsets of B1 × ω as j →∞.

¤
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3. Structures of co-rank one

A smooth locally integrable structure L of rank n ≥ 1 defined on an open subset
Ω ⊂ Rn+1 is said to be a structure of co-rank one. Thus L⊥ is locally spanned by
a single function Z that, in appropriate local coordinates (x, t1, . . . , tn) centered
around a given point, may be written as

Z(x, t) = x + iϕ(x, t), |x| < a, |t| < r,

where ϕ(x, t) is smooth, real valued and satisfies ϕ(0, 0) = ϕx(0, 0) = 0. Then, L
is locally spanned by the vector fields

Lj =
∂

∂tj
− i

ϕtj

1 + iϕx

∂

∂x
, j = 1, . . . , n,

on X
.= (−a, a)× {|t| < r}. It turns out that [Lj , Lk] = 0, 1 ≤ j, k ≤ n. Given an

open set Y ⊂ X, consider the space of p-forms

C∞(Y,
∧

p) .= {u =
∑

|J|=p

uJ(x, t)dtJ , uJ ∈ C∞(Y )}

as well as the differential complex

L : C∞(Y,
∧

p) −→ C∞(Y,
∧

p+1)

defined by

L =
∑

|J|=p

n∑

j=1

LjuJ(x, t) dtj ∧ dtJ .

The fact that L2 = 0 ensues from the relations [Lj , Lk] = 0, 1 ≤ j, k ≤ n.

Definition 3.1. .1 The operator L is said to be solvable at ω0 ∈ Ω in degree q,
1 ≤ q ≤ n, if for every open neighborhood Y ⊂ X of ω0 and f ∈ C∞(Y,

∧
q) such

that Lf = 0, there exists an open neighborhood Y ′ ⊂ Y of ω0 and a (q − 1)-form
u ∈ C∞(Y ′,

∧
q−1) such that Lu = f in Y ′. If this holds for every ω0 ∈ Ω we say

that the structure L is locally solvable in Ω in degree q.

If z0 = x0 + iy0 ∈ C and Y ⊂ X we will refer to the set

F(z0, Y ) = {(x, t) ∈ Y : Z(x, t) = z0} = Z−1(z0) ∩ Y

as the fiber of the map Z : X −→ C over Y . The local solvability in degree q can be
characterized in terms of the homology of the fibers of Z for any degree 1 ≤ q ≤ n,
as it was conjectured by Treves in [T3]. The full solution of this conjecture took
several years (see [CH] and the references therein). In this paper we will only
consider locally solvable structures of co-rank one that are locally solvable in degree
q = 1. For q = 1, the geometric characterization of local solvability at the origin
means that ([CT],[CH],[MT]), given any open neighborhood X of the origin there
is another open neighborhood Y ⊂ X of the origin such that, for every regular
value z0 ∈ C of Z : X −→ C, either F(z0, Y ) is empty or else the homomorphism

H̃0(F(z0, Y ),C) −→ H̃0(F(z0, X),C) (∗)0
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induced by the inclusion map F(z0, Y ) ⊂ F(z0, X) is identically zero. We are de-
noting by H̃0(M,C) the 0-th reduced singular homology space of M with complex
coefficients. In other words, (∗)0 means that there is at most one connected com-
ponent Cq of F(z0, X) that intersects Y . Thus, if q ∈ Y , z0 = Z(q) is a regular
value and Cq is the connected component of F(z0, X) that contains q, it follows
that

F(z0, Y ) = Y ∩ F(z0, X) = Y ∩ Cq.

4. A Radó theorem for structures of co-rank one

Consider a smooth locally integrable structure L of rank n ≥ 1 defined on an open
subset Ω ⊂ Rn+1. A function u defined on Ω is a Radó function if

i) u ∈ C(Ω) and
ii) satisfies the differential equation Lu = 0 on Ω \ u−1(0), in the weak sense.

We say that L has the Radó property if every Radó function is a homogeneous
solution on Ω, i.e., the singular set where u vanishes and where the equation is a
priori not satisfied can be removed and the equation Lu = 0 holds everywhere.

Theorem 4.1. Assume that L is locally solvable in degree 1 in Ω. Then L has the
Radó property.

The Rad property has a local nature: it is enough to show that a Rad function
u satisfies the equation Lu = 0 in a neighborhood of an arbitrary point p ∈ Ω such
that u(p) = 0. We may choose local coordinates x, t1, . . . , tn such that x(p) =
tj(p) = 0, j = 1, . . . , n, in which a first integral Z(x, t) has the form

Z(x, t) = x + iϕ(x, t), |x| ≤ 1, |t| = |(t1, . . . , tn)| ≤ 1,

where ϕ is real valued and ϕ(0, 0) = ϕx(0, 0) = 0. Let us write

I = (−1, 1), B = {t : |t| < 1}, X = I ×B.

By Theorem 2.1, we may further assume without loss of generality that any contin-
uous solution of Lv = 0 defined on a neighborhood of |x| ≤ 1, |t| ≤ 1, is uniformly
approximated by Eτv for |x| < a, |t| < T , where a and T are convenient positive
small values. Of course, we cannot apply this to our Rad function u since u is not
known to satisfy the equation everywhere.

In order to prove that Lu = 0 in some neighborhood of the origin we will
consider different cases.

Case 1

Assume that ∇tϕ(0, 0) 6= 0, say ∂ϕ(0, 0)/∂t1 6= 0 (this is the simple elliptic case).
Then, replacing the coordinate function t1 by ϕ and leaving t2, . . . tn unchanged, we
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obtain a local change of coordinates defined in a small ball centered at the origin.
In the new coordinates we have ϕ(x, t) ≡ t1. Then the system (2.4) becomes





(
∂

∂t1
− i

∂

∂x

)
u = 0,

∂

∂t2
u = 0,

· · · · · · · · · · · ·
∂

∂tn
u = 0.

Take an arbitrary point p = (x0, τ1, τ
′), τ ′ = (τ2, . . . , τn) such that u(p) 6= 0

and a cube Q centered at p that does not intersect the zero set of u. Choosing Q
sufficiently small, we may approximate u uniformly on Q by polynomials in the first
integral Z = x+it1. Then, for fixed t′, the restricted function ut′(t1, x) = u(x, t1, t

′)
is a holomorphic function of x + it1 on a slice of Q. Keeping τ ′ = t′0 fixed and
varying (x0, τ1), it turns out that ut′0(t1, x) = u(x, t1, t

′
0) is a holomorphic function

of x + it1 outside its zero set so, by the classical Rad theorem it is a holomorphic
everywhere. Similarly, keeping (x0, τ1) fixed and letting t′ vary, we see that the
function t′ 7→ u(x0, τ1, t

′) is locally constant on the set {t′ : u(x0, τ1, t
′) 6= 0},

thus constant on its connected components. The continuity of u then shows that
t′ 7→ u(x0, τ1, t

′) is constant for fixed (x0, τ1). Hence, u is independent of t′ =
(t2, . . . , tn) and the restricted function ut′0(t1, x) = u(x, t1, t

′
0) is a holomorphic

function of x + it1 so u satisfies Lu = 0 in a neighborhood of the origin.
We already know that ϕx(0, 0) = 0 and in view of Case 1 we will assume

from now on that
∇x,tϕ(0, 0) = 0. (4.1)

We recall that, for z0 = x0 + iy0 ∈ C and Y ⊂ X, the set

F(z0, Y ) = {(x, t) ∈ Y : Z(x, t) = z0} = Z−1(z0) ∩ Y

is referred to as the fiber of the map Z : X −→ C over Y . To deal with the next
cases, the following lemma will be important; its proof is a consequence of the
classical approximation theorem.

Lemma 4.2. The Rad function u is constant on the connected components of the
fibers of Z over X.

Proof. Let q ∈ X. Assume first that u(q) 6= 0. Then u is a homogeneous solution of
L on a neighborhood of q and by a standard consequence of Theorem 2.1 applied
at the point q, u must be constant on the fibers of some first integral Z1 of L
defined on a sufficiently small neighborhood of q. The germs of the fibers at q are
invariant objects attached to L and do not depend on the particular first integral,
i.e., replacing Z1 by Z, there exists a neighborhood W of q such that u is constant
on F(z0,W ), z0 = Z(q) = x0 + iy0. Let {x0} × Cq be the connected component
of F(z0, X) \ u−1(0) that contains q and denote by {x0} × C#

q the connected
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component of F(z0, X) that contains q, so Cq ⊂ C#
q . We have seen that u is locally

constant on {x0}×Cq, hence it assumes a constant value c 6= 0 on {x0}×Cq. This
implies that u cannot vanish at any point on the closure of {x0} × Cq in X and
therefore Cq is both open and closed in C#

q so Cq = C#
q . Hence, {x0} × Cq is a

connected component of F(z0, X) and the lemma is proved in this case.
Assume now u(q) = 0 and let {x0} × Cq be the connected component of

F(z0, X) that contains q. We will show that {x0} × Cq ⊂ u−1(0). Suppose there
exists a point q1 ∈ {x0} × Cq \ u−1(0) 6= ∅. By our previous reasoning, u would
assume a constant value c 6= 0 on the connected component {x0}×Cq1 of F(z0, X)
that contains q1. Since q1 ∈ {x0} × (Cq1 ∩ Cq) we should have Cq1 = Cq and
consequently u(q) = c 6= 0, a contradiction. Hence, u vanishes identically on
F(z0, X). ¤

At this point we will exploit the assumption that L is locally solvable in
degree one. By the geometric characterization of locally solvable structures of co-
rank one, we know that given any open neighborhood X of the origin there is
another open neighborhood Y ⊂ X of the origin such that, for every regular value
z0 ∈ C of Z : X −→ C, either F(z0, Y ) is empty or else the homomorphism

H̃0(F(z0, Y ),C) −→ H̃0(F(z0, X),C) (∗)0
induced by the inclusion map F(z0, Y ) ⊂ F(z0, X) is identically zero. As men-
tioned at the end of Section 3, this implies that if q ∈ Y , z0 = Z(q) is a regular
value and Cq is the connected component of F(z0, X) that contains q, it follows
that

F(z0, Y ) = Y ∩ F(z0, X) = Y ∩ Cq.

By Lemma 4.2 u is constant on Cq. This shows that u is constant on the regular
fibers F(z0, Y ) of Z over Y but, using Sard’s theorem, a continuity argument
shows that u is constant on all fibers F(z0, Y ), whether regular or not. Hence,
after restricting u to Y , we may write

u(x, t) = U ◦ Z(x, t), (x, t) ∈ Y , (4.2)

with U ∈ C0(Z(Y )). Once U(x, y) has been defined, (4.2) will still hold if we
replace Y by a smaller neighborhood of the origin. Thus, redefining I and B as
I = (−a, a), B = {|t| ≤ T}, with 0 < a < 1, 0 < T < 1 conveniently small, we
may assume from the start that

u(x, t) = U ◦ Z(x, t), (x, t) ∈ X.

Shrinking I and B further if necessary we may also assume, recalling (4.1), that

|∇x,tϕ(x, t)| ≤ 1
24

for (x, t) ∈ X. (4.3)
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Write

M(x) = sup
|t|≤T

ϕ(x, t)

m(x) = inf
|t|≤T

ϕ(x, t)

so
Z([−a, a]×B) =

{
x + iy : |x| ≤ a, m(x) ≤ y ≤ M(x)

}
.

The functions M(x) and m(x) are continuous and we may write

{x ∈ (−a, a) : m(x) < M(x)} =
N⋃

j=1

Ij

where Ij ⊂ (−a, a) is an open interval for 1 ≤ j ≤ N ≤ ∞. We also write
N = (−a, a) \⋃N

j=1 Ij and

Dj = {x + iy : x ∈ Ij , m(x) < y < M(x)}, 1 ≤ j ≤ N.

Case 2

We suppose now that 0 = Z(0, 0) ∈ ⋃
j Dj , i.e., we will assume that 0 ∈ Ij for

some j (that we may take as j = 1) and m(0) < 0 = ϕ(0, 0) < M(0). If (0, 0) is
in the interior of u−1(0), it is clear that Lu vanishes in a neighborhood of (0, 0)
as we wish to prove, so we may assume that u does not vanish identically in any
neighborhood of (0, 0). Hence, there are points q = (x0, t0) ∈ I1 × B such that
z0

.= Z(q) = x0 + iϕ(x0, t0)
.= x0 + iy0 ∈ D1 and u(q) 6= 0. Let {x0} × Cq be

the connected component of F(z0, I1 ×B) that contains q. Cover Cq with a finite
number L of balls of radius δ > 0 centered at points of Cq and call ωδ the union
of these balls. Notice that any two points in ωδ can be joined by a polygonal line
γ of length |γ| ≤ (L + 2)δ. Thus, ωδ is a connected open set that contains Cq

and, since m(x0) < y0 < M(x0), there is no restriction in assuming that q has
been chosen so that ϕ(x0, t) assumes on ωδ some values which are larger than
y0 as well as some values which are smaller than y0. Indeed, consider a smooth
curve γ(s) : [0, 1] −→ B such that for some 0 < s1 < 1, ϕ(x0, γ(0)) = m(x0),
ϕ(x0, γ(s1)) = y0, ϕ(x0, γ(1)) = M(x0) and ϕ(x0, γ(s)) ≤ y0 for any 0 ≤ s ≤ s1.
Having fixed γ(s), we may choose a largest s1 ∈ (0, 1) with that property. This
means that there are points s > s1 arbitrarily close to s1 such that ϕ(x0, γ(s)) > y0.
Let [s0, s1] be the connected component of

{s ∈ [0, 1] : ϕ(x0, γ(s)) = y0}
that contains s1 (note that 0 < s0 ≤ s1 < 1). Set q = (x0, γ(s0)), q′ = (x0, γ(s1))
and notice that γ(s) ∈ Cq for s0 ≤ s ≤ s1 by connectedness so q′ ∈ Cq. For any
ε > 0 there exist ε0, ε1 ∈ (0, ε) such that γ(s0 − ε0) and γ(s1 + ε1) are points in
ωδ on which ϕ(x0, t) takes values respectively smaller and larger than y0.

Next, for small δ > 0, we consider the approximation operator Eτu on (x0 −
δ, x0+δ)×B

.= Iδ×B (with initial trace taken at t = t0) and we wish to prove that
Eτu converges to u uniformly on Iδ × ωδ, after choosing δ > 0 sufficiently small
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to ensure that u does not vanish on Iδ × ωδ and therefore satisfies the equation
Lu = 0 there. This is proved almost exactly as Theorem 2.2. The main difference
is that here we do not want to shrink the ball B, so in order to prove the crucial
estimate (2.9) we use instead (4.3) to show that the oscillation of ϕ on ωδ is ≤ δ/6.
In fact, for |x′ − x0| ≤ δ and t, t′ ∈ ωδ, we have

|ϕ(x′, t)− ϕ(x′, t′)| ≤ |ϕ(x′, t)− y0|+ |y0 − ϕ(x′, t′)|.
Given t ∈ ωδ, there exists t• ∈ Cq such that |t− t•| < δ. Then

|ϕ(x′, t)− y0| = |ϕ(x′, t)− ϕ(x0, t•)| ≤ |x′ − x0|+ |t− t•|
24

≤ δ

12
.

Similarly, |y0 − ϕ(x′, t′)| ≤ δ/12, so

|ϕ(x′, t)− ϕ(x′, t′)| ≤ δ

6
, |x′ − x0| ≤ δ, t, t′ ∈ ωδ.

Thus, we obtain

|x− x′|2
2

− |ϕ(x′, t)− ϕ(x′, t′)|2 ≥ δ2

16
− δ2

36
≥ c > 0

for |x − x0| ≤ δ/4 and |x′ − x0| ≥ δ/2. The arguments in the proof of Theorem
2.2 allow us to show that Eτu → u uniformly on Iδ ×ωδ. As a corollary, we find a
sequence of polynomials Pj(z) that converge uniformly to U on Z(Iδ × ωδ) which
is a neighborhood of z0 because t 7→ ϕ(x0, t) maps ωδ onto an open interval that
contains y0. Therefore we conclude that U(z) is holomorphic on a neighborhood
of z0.

Summing up, we have proved that the continuous function U(z) is holomor-
phic on

D1 = {x + iy : x ∈ I1, m(x) < y < M(x)}
except at the points where U vanishes. By the classical theorem of Rad, U is
holomorphic everywhere in D1, in particular it is holomorphic in a neighborhood
of z = 0 and, since u = U ◦Z, this implies that the equation Lu = 0 is satisfied in
a neighborhood of (x, t) = (0, 0).

Case 3

This is the general case and we make no restrictive assumption about the central
point p = (0, 0), in particular, any of the inequalities m(0) ≤ ϕ(0, 0) ≤ M(0) may
become an equality. It follows from the arguments in Case 2 that U is holomorphic
on

Dj = {x + iy : x ∈ Ij , m(x) < y < M(x)}, 1 ≤ j ≤ N.

This already shows that Lu = 0 on Z−1(Dj) which, in general, is a proper subset of
Ij×B. To see that u is actually a homogeneous solution throughout Ij×B we apply
Mergelyan’s theorem: for fixed j, there exists a sequence of polynomials Pk(z) that
converges uniformly to U on Dj . Thus, L(Pj ◦ Z) = 0 and Pj(Z(x, t)) → u(x, t)
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uniformly on Ij ×B, so Lu = 0 on Ij ×B for every 1 ≤ j ≤ N . Thus, we conclude
that Lu = 0 on

(
(−a, a) \ N )×B. The vector fields (2.4) may be written as

Lj =
∂

∂tj
+ λj

∂

∂x
, λj = − iϕtj

1 + iϕx
, j = 1, . . . , n.

To complete the proof, we wish to show that
∫

I×B

u(x, t)Lt
jψ(x, t) dxdt = 0

for any ψ(x, t) ∈ C∞0 (I ×B). For each 0 < ε < 1, choose ψε(x) ∈ C∞(−a, a) such
that

1. 0 ≤ ψε(x) ≤ 1;
2. ψε(x) ≡ 1 when dist (x,N ) ≥ 2ε and ψε(x) ≡ 0 for dist (x,N ) ≤ ε;
3. for some C > 0 independent of 0 < ε < 1, |ψ′ε(x)| ≤ Cε−1.

Since u is a solution on
(
I \ N )×B,

0 =
∫

I×B

u(x, t)Lt
j(ψε(x)ψ(x, t)) dxdt

=
∫

I×B

u(x, t)ψε(x)Lt
j(ψ)(x, t) dxdt−
∫

I×B

u(x, t)λj(x, t)ψ(x, t)ψ′ε(x) dxdt.

Observe that since λj(x, t) ≡ 0 for (x, t) ∈ N × B and ψ′ε(x) is supported in the
set {x ∈ R : ε ≤ dist (x,N ) ≤ 2ε},

lim
ε→0

∫

I×B

h(x, t)λj(x, t)ψ(x, t)ψ′ε(x) dxdt = 0,

while

lim
ε→0

∫

I×B

u(x, t)ψε(x)Ltψ(x, t) dxdt =
∫

I×B

u(x, t)Ltψ(x, t) dxdt.

It follows that
∫

I×B
u(x, t)Ltψ(x, t) dxdt = 0 and hence Lu = 0 holds on I×B. ¤

5. An application to uniqueness

The Radó property can be used to give uniqueness in the Cauchy problem for
continuous solutions without requiring any regularity for the initial “surface”. Let
L be smooth locally integrable structure of co-rank one defined on an open subset
Ω of Rn+1, n ≥ 1, and let U ⊂ Ω be open. We denote by ∂U the set boundary
points of U relative to Ω, i.e., p ∈ ∂U if and only if p ∈ Ω and for every ε > 0, the
ball B(p, ε) contains both points of U and points of Ω \U . The orbit of L through
the point p is defined as the orbit of p in the sense of Sussmann [Su] with respect
to the set of real vector fields {Xα}, with Xα = <Lα, where {Lα} is the set of
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all local smooth sections of L (we refer to [T1], [T2] and [BCH, Ch 3] for more
information on orbits of locally integrable structures).

Definition 5.1. We say that ∂U is weakly noncharacteristic with respect to L if for
every point p ∈ ∂U the orbit of L through p intersects Ω \ U .

Recall that if Σ = ∂U is a C1 hypersurface, Σ is said to be noncharacteristic
at p ∈ Σ if <L|p is not tangent to Σ for some local smooth section of L. This im-
plies that the orbit of L through p must exit U , so for regular surfaces the notion
of “noncharacteristic” at every point is stronger than that of “weakly noncharac-
teristic”. Similarly, if Σ is an orbit of L of dimension n that bounds some open
set U , it will be a smooth hypersurface that fails to be noncharacteristic at every
point and also fails to be weakly noncharacteristic. On the other hand, it is easy
to give examples of a regular hypersurface Σ that bounds U and is characteristic
precisely at one point p while the orbit through p eventually exits U . In this case Σ
will be weakly noncharacteristic although it fails to be noncharacteristic at every
point.

Theorem 5.2. Let L be a smooth locally integrable structure of co-rank one defined
on an open subset Ω of Rn+1, n ≥ 1. Assume that L is locally solvable in degree
one in Ω and that ∂U is weakly noncharacteristic. If u is continuous on U ∪ ∂U ,
satisfies Lu = 0 on U in the weak sense and vanishes identically on ∂U , then there
is an open set V , ∂U ⊂ V ⊂ Ω such that u vanishes identically on V ∩ U .

Proof. The proof is standard. Define w ∈ C(Ω) by extending u as zero on Ω\ (U ∪
∂U) (the continuity of w follows from the fact that u vanishes on ∂U). Then w
is a Radó function and by Theorem 4.1 the equation Lw = 0 holds in Ω. By a
classical application of the Baouendi-Treves approximation theorem the support
of a homogeneous solution is L-invariant, i.e., S

.= supp w may be expressed as a
union of orbits of L in Ω and the same holds for its complement, Ω\S ⊃ Ω\U 6= ∅
(note that since ∂U is weakly noncharacteristic U is not dense in Ω). The fact that
∂U is weakly noncharacteristic implies that the union V of all the orbits of L that
intersect Ω\U is an open set that contains ∂U on which w vanishes identically. ¤
Example. Consider in R3, where the coordinates are denoted by t1, t2, x, the func-
tion

Z(x, t) = x + i a(x)(t21 + t22)/2.

Here a(x) is a smooth real function that is not real analytic at any point and
vanishes exactly once at x = 0. Then Z(x, t) is a global first integral of the system
of vector fields

L1 =
∂

∂t1
− i t1a(x)

1 + ia′(x)(t21 + t22)/2
∂

∂x

L2 =
∂

∂t2
− i t2a(x)

1 + ia′(x)(t21 + t22)/2
∂

∂x

which span a structure L of co-rank one. This structure is locally solvable in degree
one due to the fact that any nonempty fiber of Z over R3, F(x0 + iy0,R3), is either
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a circle contained in the hyperplane x = x0 if x0 6= 0 or the whole hyperplane x = 0
if x0 = 0, thus a connected set. If

U = {(x, t1, t2) ∈ R3 : t31 > x}
it follows that ∂U is weakly noncharacteristic with respect to L so theorem 5.2 can
be applied in this situation. The choice of a(x) also prevents the use of Holmgren’s
theorem even at noncharacteristic points.

Consider now a discrete set D ⊂ U such that every point in ∂U is an accumu-
lation point of D and set U1 = U \D. We have that ∂U1 = ∂U ∪D is not regular
but it is still weakly noncharacteristic, so if a continuous function u satisfies

L1u = 0 on U1

L2u = 0 on U1

u = 0 on ∂U1

then u must vanish identically on a neighborhood V of ∂U1 and since R3 is the
union of three orbits of L, namely, x > 0, x = 0 and x < 0, it is apparent that
u vanishes identically. Notice that L1 and L2 are Mizohata type vector fields and
they are not locally solvable when considered individually, so uniqueness in the
Cauchy problem for this example does not follow from the results in [HT].
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A Radó theorem for locally solvable structures of co-rank one 17
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