A GENERALIZATION OF THE
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ABSTRACT. We prove a generalization of the Rudin-Carleson theorem
for homogeneous solutions of locally solvable real analytic vector fields.

1. INTRODUCTION

It is well known that if a continuous function f on the closure of the
unit disc D = {# € C : |z] < 1} is holomorphic on D and vanishes
on a subset F of the boundary 0D of positive Lebesgue measure, then
f = 0. Conversely, Rudin [R] and Carleson [C] independently proved
that if £ C 0D is a closed set of Lebesgue measure zero, and if g is a
continuous function on FE, then there is f € C(D), holomorphic on D
such that f agrees with g on E. Refinements, new proofs, and some
generalizations of the Rudin-Carleson theorem were given in the works
[B],[D],[G], and [O]. For applications to peak interpolation manifolds
for holomorphic functions on domains in C™ see [Bh], [Na], [R2] and
the references in these works. In a recent paper [BH1], we proved the
following generalization of the Rudin-Carleson theorem for a class of
real analytic complex vector fields:

Theorem A. Let D be the unit disc and let L be a nonvanishing real
analytic vector field defined on a neighborhood U of D satisfying the
Nirenberg-Treves condition (P). Assume that L does not have a rela-
tively compact orbit in U. Let E C 0D be a closed set with Lebesque
measure zero and assume that g € C(0D) is constant on the intersec-
tion YN OD whenever v is a one-dimensional orbit of L. Then there is

h € C(D) satisfying:
Lh=0 inD,
hz)=g(2), z€E,

sup [h(2)] < sup g(2)].
z€0D zeE
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We recall that condition (P) is a geometric condition that charac-
terizes the class of locally solvable vector fields. This condition and the
notion of orbits will be reviewed in Section 2. Observe that a continu-
ous solution u of Lu = 0 is constant on any one-dimensional orbit of L
and this explains why ¢ is assumed to be constant on the sets v N 9D
in Theorem A.

In [BH1] we gave examples that showed that in general, if a real an-
alytic, locally solvable vector field has a compact orbit, it may not have
the Rudin-Carleson property. The main goal of this article is to charac-
terize those locally solvable, real analytic vector fields L with compact
orbits which exhibit the Rudin-Carleson property. This characteriza-
tion is given in terms of the conformal type of a one-sided tubular
neighborhood of each closed orbit endowed with the natural holomor-
phic structure induced by L (see Section 2 and Theorem 2.1 for the
precise formulation). Section 3 is devoted to the proof of this result
and Section 4 presents various examples. In Section 5, we show that
for any smooth vector field, local solvability is a necessary and sufficient
condition for the validity of the Rudin-Carleson property in arbitrary
small neighborhoods of a point in an open set. In the final section we
briefly discuss the relationship between the Rudin-Carleson theorem
and the F. and M. Riesz theorem in the spirit of [B].

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

Let L = X +14Y be a smooth vector field on an open set €2 in C where
X and Y are real vector fields. Assume that L is nonzero at each point
of Q. It is well known that condition (P) can be expressed in terms of
the orbits of the pair of vector fields {X,Y} in the sense of Sussmann
([S])- Two points belong to the same orbit of {X,Y} in  if they can
be joined by a continuous, piecewise differentiable curve such that each
piece is an integral curve of X or Y. Since X and Y are assumed to
have no common zeros, the orbits of L in {2 are immersed submanifolds
of € of dimension one or two; moreover, the two-dimensional orbits are
open subsets of 2. Let O C Q be a two-dimensional orbit of L in 2
and consider X AY € C=(Q; A*(T(2))). Since A*(T(£2)) has a global
nonvanishing section e; A ea, X AY is a real multiple of e; A es and
this gives a meaning to the requirement that X A'Y does not change
sign on any two-dimensional orbit O of {X,Y} in Q. The vector field
L satisfies condition (P) at p € Q if there is a disc U C ) centered at
p such that X A'Y does not change sign on any two-dimensional orbit
of LinU.

Suppose now L = X + iY is a locally solvable, real analytic vector
field in a neighborhood U of D = {z € C : |z| < 1}. If L is a multiple
of a real vector field, then by Lemma 2.1 in [BH1], it has the Rudin-
Carleson property, and so we will assume throughout that L is not a
multiple of a real vector field. If 9D is an orbit of L then any solution
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in D that is continuous on D will be constant on D and so we will
assume that

(2.1) 0D is not an orbit.

By real analyticity and the assumption that it is not a multiple of a real
vector field, L has a finite number of one-dimensional orbits in D. Let
C1,...,C, denote all the closed orbits of L in D. Observe that these
orbits are real analytic, Jordan curves. We divide these closed orbits
into two types. A closed orbit C; is a type I orbit if it is not enclosed
in any other closed orbit. There may however be closed orbits in the
precompact component of D\C; in D, i.e., closed orbits enclosed by
Cj. The remaining closed orbits will be referred to as type II orbits.
Suppose now (2 is a connected open subset of a two-dimensional orbit
of L in D. Since L satisfies condition (P) and is real analytic, for
each p € , there is a neighborhood U,, of p, a real analytic function
Z : U, — C such that LZ = 0, dZ # 0 and Z is a homeomorphism.
If 7/ - Uz; :— C is also another such function on a neighborhood U; of
p, then Z' o Z71 : Z(U, N U,) — C is holomorphic. In other words,
L induces a Riemann surface structure on {2 which we will denote by
(Q,L).

For each type I closed orbit C;, we fix a one-sided tubular neigh-
borhood 2; of C; that lies in the non precompact component of D\C;
such that €2; does not intersect any one-dimensional orbit of L. We
will also assume that the €2; are pairwise disjoint. The following the-
orem provides a necessary and sufficient condition for L to have the
Rudin-Carleson property.

Theorem 2.1. Let D be the unit disc and let L be a nonvanishing real
analytic vector field defined on a neighborhood U of D satisfying the
Nirenberg-Treves condition (P) and (2.1). Let E C 0D be a closed set
with Lebesgue measure zero. Then the following are equivalent:
(1) For each type I closed orbit Cj, the Riemann surface (2;,L) is
conformal to the punctured disc with the standard structure.
(2) For every g € C(OD) that is constant on the intersection yNOD
whenever «y is a one-dimensional orbit of L, there is h € C(D)
satisfying:
Lh=0 1in D,
M) = g(), =€,
sup |h(z)| < suplg(z)].
z€E

z€0D

Remark 2.2. In Section 4 we will give examples of real analytic, lo-
cally solvable wvector fields with compact orbits with and without the
Rudin-Carleson property.
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3. PROOF OF THEOREM 2.1

We will consider two cases:

Case 1. Assume that L has a single type I compact orbit C contained
in D. Let v;, 7 = 1,...,n denote the one-dimensional, noncompact
orbits of L in D. Consider the complement in D of the noncompact
one-dimensional orbits, Df = D\ U;L:1 7; and consider the connected

components Dy, k = 0...,N of D¥. We now fix k and study the
boundary of Dj. Note that if p € D N 0Dy then p € v; for some
j > 1. Therefore, if V' is a sufficiently small disc centered at p, V'\v;
is a disjoint union of two domains V; and Vo, with VN Dy = V;. It
follows that Dy has a real analytic boundary near p. We suppose from
now on that p € 9D, N 9D. We will consider different possibilities. If
the orbit of L at p is two-dimensional, by the real analyticity of L, we
can find a disc B centered at p such that BN D C Dj. This means
that near p, 9D} consists of 9D N B in this case. Assume next that the
orbit at p is one-dimensional. If L is transversal to 9D at p, then the
orbit «y; through p divides a disc W centered at p into two connected
pieces W7 and Wy with Wy N D = W N Dg. Thus near p, Dy has a
piecewise real analytic boundary consisting of two curves that intersect
at p. Suppose now that L is tangent to D at p. Let 7, continue to
denote the one-dimensional orbit through p. By the real analyticity, in
a small disc V' centered at p, if 7? = 7, NV, there are three possibilities:

(i) Assume 7; C DU{p}. Then since p € 9Dy, either 7; C 0Dy, or
7; \ {p} contains a subarc with an endpoint at {p} that bounds
0Dy, (in the second case, replace 75. by this subarc and call it
%b> Near each ¢q € 7?, Dy, lies on one side of fy;. Hence near

p, either 0D = 7?, or 0Dy, consists of ,y? and a subarc of 9D
with one endpoint at p.

(ii) Suppose ’y';- N D = {p}. Near p, each side of ’ylj’- is contained in
distinct two-dimensional orbits. It follows that for some neigh-
borhood V' of p, V'ND C D, and so 0Dy, near p equals V'NOD.

(iii) Assume ’yg =~tU~", where v~ C D, and vt N D = (. Again
each side of ’y']’- is contained in a two-dimensional orbit and so
near p, 0D consists of v~ and an arc in 9D with p as an
endpoint.

We thus see that 0Dy is piecewise real analytic consisting of a finite
number of curves each of which is either an arc of some v;, 1 < j <n,
and the endpoints of this arc belong to the intersection of v; with 0D,
or an arc in 0D with endpoints contained in the intersection of 9D with
a pair of one-dimensional orbits v; U~;, 1 < j < j° < n. Note also
that, whatever 0 < k£ < N, 0D, N 9D contains an open arc. Let Dy be
the connected component that contains the closed orbit C. Notice that
Dy \ C has two connected components, a simply connected one, that
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we may call the interior of C and denote it by )y, and an annular one
that we will denote by 2, so Q = Dy \ Q.

Assume (1) in the theorem holds for the Riemann surface (2, L)
where €21 is the one-sided annular neighborhood of C in 2. We may
assume that € is bounded by C and a real analytic, simple closed
Jordan curve ¥. Consider the Riemann surface (2, L). Because the
fundamental group of €2 is the integers, by Theorem IV.6.1 in [FK], this
Riemann surface is conformal to either the punctured disc, an annulus
of the form {z : a < |z| < b} for some a,b > 0, or the punctured
plane where each one is equipped with the standard structure. Since
02 intersects 0D on an arc where the orbit of L is two-dimensional,
there is an open set €y such that Q9 \ ©Q has nonemtpy interior and
() is contained in an orbit of L in U of dimension two. This shows
that (€2, L) is a prolongable Riemann surface (we recall that a Riemann
surface S is called prolongable if there exists a Riemann surface S’ and
an injective holomorphic map f: S — 5" with f(S) not dense in S’).
In particular, (€2, L) cannot be conformal to the punctured plane.

Next if (2, L) is conformal to an annulus of the form {z : a <
|z| < b} for some a,b > 0, let F': (Q,L) — {z:a < |z] < b} be a
conformal map. Since ¥ divides €2 into two components, it follows that
F(9) equals one of the components of {z : a < |z| < b} \ F(X). This
contradicts the assumption that (€2, L) is conformal to the punctured
disc. It follows that (€2, L) is conformal to the punctured disc. Let
F : (Q,L) — A\ {0} be a conformal map. We will now use the
arguments in [BH1] to show that F' extends continuously to 9Q\C, and
this extension is injective and preserves sets of null Lebesgue measure
on the part of 99 \ C that is disjoint from the one-dimensional orbits.
We will also show that F' has a continuous extension to € which is
injective away from the one-dimensional orbits, and that maps distinct
one-dimensional orbits to distinct single points.

Let zp € 09). Assume first that zo € 9D and that zg is not contained
in a one-dimensional orbit of L. Suppose z; is a sequence in () that
converges to zp. If the sequence F(z;) does not have a limit, then it
clusters at least at two points on A\ {0}. Without loss of generality we
may assume pp = F(z9r) converges to v and qp = F'(225+1) converges
to w where v and w are two points on the boundary of A\ {0}. Let
T, and Ty be two continuous arcs in A such that 77 contains the py
and ends at v while 75 contains the ¢; and ends at w. We may assume
that dist(77,73) > ¢ for some ¢ > 0. Let Z be a first integral which
is a homeomorphism from a disc U’ about 2y to a neighborhood of
the origin and mapping U' N Q onto V. Let G = Fo Z 1. Let S; =
F~Y(T}), j = 1,2. For r > 0 small, let C, be the intersection of the
circle of radius r centered at 0 with the region V. Observe that if r
is small enough, say r < ry for some ro > 0, Z71(C,.) intersects both
S1 and Sy since these sets are connected and both accumulate at zg.
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Let C, = {re® : 0;(r) < 6 < 02(r)}. Let C. = G(C,). Observe that
C! contains points of both T} and T since Z~!(C,.) intersects both S}
and S5. Since G is holomorphic, it follows that

GQ(T)

c<£(q{):/ G (rei® |1 db.
91(r)

Applying the Schwarz inequality we get:

c2 02(r) ,
— < 27T/ |G’ (1) |?r df
r 01 (r)

which in turn leads to the contradiction that

o 02 (r)
oo:c2/ —d’r’<27r/ / |G’ (re®®)|?r df dr < .
0 01(r)

It follows that F'(zj) has a limit and therefore F' extends continuously
upto the point zg. If F(z9) = 0, then F' will map a neighborhood of zy
in 0D to 0 which would force F' to be constant since by the analyticity
of L and (2.1), except possibly at a finite number of points, 0D is
noncharacteristic for L. It follows that F'(z9) € 0A.

We wish to prove the same property for F~! away from the finite
number of points which as we will see later are the images of the one-
dimensional orbits under F'. This would be equivalent to showing that
F' is locally one-to-one at the boundary points zy as above which we
will next show.

We claim that at each hypocomplex point zg € 02 as above, the
function F' extends to be a homeomorphism up to zg. To see this, first
assume that L is transversal to 0D at zy. In this case, after contracting
U about zp, Z(U N 9D) is a real analytic piece of the boundary of V'
through the origin. The function G is holomorphic on V', continuous
up to the boundary near the origin, and sends a real analytic boundary
piece of V' through 0 into the boundary of the disc A. By the Schwarz
reflection principle, G extends as a holomorphic function in a neighbor-
hood of the origin which in turn leads to a real analytic extension of
F past zg. Suppose now z; € 0f2 is another hypocomplex point where
L is transversal to 0D and assume that F'(zp) = F(z1) = w. Then
since F' extends as a solution past both zy and 21, and L is hypocom-
plex at these points, the extended F' is an open map and hence there
are neighborhoods Uy, Uy, W of zp,z; and w respectively such that
F(Uy) = F(Uy) = W. Moreover, because F' is extended using the re-
flection principle, we may assume that F(UyNQ) = WNA = F(U;NQ).
But this contradicts the injectivity of F' on Q. Hence F(z9) # F(z1).
Recall that since D is not an orbit of L, there are only a finite number
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of points on 0D where L is not transversal to dD. Suppose now zs, z3
are two points in 92 N JD where F(z2) = F(z3) and assume that L is
transversal to dD at zo and tangent to 0D at z3. We have seen that
there is a neighborhood Us of z5 in D where F is one-to-one and such
that F'(Us) is a neighborhood of F(zy) in A. But then, if z € Q and is
sufficiently close to z3, F'(z) ¢ F(Usz), contradicting the continuity of
F at z3. Therefore, F'(z3) # F(z3). Finally, suppose z4 and z5 are two
points in 02 N @D where L is hypocomplex and assume L is tangent
to 0D at both points and F'(z4) = F(z5) = wy. Since there are only
a finite number of such points in 0D, there is an open arc I in 9D
containing z4 in its interior and consisting of hypocomplex points such
that z4 is the only point where L is not transversal to dD. Since F is
one-to-one on I\{z4}, F(I) is an open arc in JA containing wy in its
interior. There is also a similar arc J with z5 in its interior and we may
assume that I and J are disjoint. But then this would contradict the
injectivity of F' on I U J\{z4, 25} and so we must have F'(z4) # F(z5).
Hence F' can be extended as a homeomorphism up to the part of the
boundary of €2 that is disjoint from the one-dimensional orbits. It is
also real analytic past all but a finite number of the points that don’t
lie in the one-dimensional orbits.

Assume next that zp € 92 N D N~; for some j > 1 and write, for
simplicity of notation, v; = I'. Write L = X + Y with X and Y real
vector fields. Replacing L, if necessary, by a convenient nonvanishing
multiple of L we may assume that I is a closed integral curve of X
joining two points A and B that belong to dD. Since Y vanishes on T,
it vanishes identically on any integral curve of X that contains I' (by
analyticity). We may consider an integral curve I'; of X that extends
I' past both endpoints A and B, so that I'y is a one-dimensional orbit
of L in a neighborhood U of D with endpoints in U \ D. In a tubular
neighborhood V of I'y we may choose coordinates that rectify the flow
of X and in which L has a canonical form. More precisely, we may
choose local coordinates (z,t), so that V is expressed as |z| < 1, || < 2,
z(p) =t(p) =0, z(A) =x2(B) =0, t(A) =1, t(B) = —1 and L has the

form 3 3
L=—+ib(z,t)
with ¢t +— b(x,t) > 0 and not identically zero for 0 < =z < 1, and

b(0,t) =0, —2 <t < 2. The intersection of Q2 with V' is described by
ANV ={(z,t): 0<z <1, Bz) <t<alzr)}.

Here, a(x), f(z) are continuous on [0, 1] and analytic on (0, 1], a(0) = 1,
B(0) = —1 and their graphs are contained in 9D N J2. By restricting
F to 2NV, we obtain an injective map F'(x,t) from QNV into D. We
may assume that F' has already been extended as a homeomorphism
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from
{(z,t): 0<z <1, Blz) <t<az)}

into D. Hence, F(z,t) maps the graphs t = a(z), t = 8(z), 0 < = < 1,
into some open arcs A'C , B'D C 0D. Consider the vertical segment
T. = {e} x [B(e),a(e)], 0 < e < 1, that is mapped by F into a curve
F(T.) contained in D that joins two boundary points AL = F'(¢, a(e)) €
A, Bl = F(e,0(e)) € B'D’. Notice that Al — A" and B. — B’ as
e — 0. The length of F(T;) is

a(e) a(e)

UF(T.)) = / |Fy(e,t)| dt = / (U2(e,t) + VE(e, 1)) /2 dt
B(e) A(e)
with F = RF+iSF = U+4V. Since LF = 0, i.e., U, = bV, V; = —bU,,

we have

2 ote) 2 2 1/2 i
UF(T.)) = (/6( ) b(a,t)(Um(a,t) +V; (é,t)) dt)

a(e) a(e)
g/ b(e,t) dt/ b(e, t)(UZ(e,t) + V(e b)) dt
B(e) B(e)

(2.2) < / ety dt 1(e) < Ce1(6),

-2

On the other hand,

1 1 pa(e)
/0 I(e)de = /0 /ﬂ(a) be, t) (Uz (e, t) + Vi (g,t)) dtde

1 pa(e) NU

= / / det (0,

0 JpB(e) 8(57

Since the integral on the left hand side is finite, we see that the prod-
uct €l (e) cannot remain bounded below by a positive constant in any
neighborhood of the origin. In other words, there is a sequence £; \, 0

such that £;1(g;) \, 0 and (2.2) shows that £(F#(1,)) — 0. Hence,
|Az, — BL,| — 0 and we conclude that A" = B’. Notice that the region

;/)) dtde = area(F(Q2NV)) < 7.

F({(x,t) 0<z<egy, Blx)<t< a(ac)})

is bounded by the closed curved made of three arcs, to wit, the circular

arc from AL to A’, the circular arc from B’ = A’ to B{ and the

curve F'(T;;) that joins B to AL . It is therefore easy to see that the
diameter of that region tends to zero as j — oo, so given r > 0 we may

find jg such that

F({(z,t): 0<z<egy, Blz)<t<alz)}) CAA,T), j=>jo
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This shows that, if we extend F' to {0} x [—1, 1] by setting F'(0,t) = A’,
—1 <t <1, we obtain a continuous extension.

Finally, we need to consider the continuous extendability up to
points 2o that are in 9QNOD N~;, for some j > 1. Such a point will be
in D, ={z: |z| <r},r>1,soit must belong to €, (the analog of ).
Reasoning as above we see that a conformal map F, : Q, — A\ {0}
extends continuously upto zg. This in turn leads to the continuity of F
since we could have taken it to be the restriction of F,. to £2. Observe
next that F(X) is a simple closed curve that disconnects A and with
0 in its interior. Since €; is conformal to A\ {0}, we conclude that
as p — C, F(p) — 0, so F' has a unique continuous extension up to
C and F(C) = {0}. Summing up, F' can be continuously extended up
to QU 0Dy, this extension is injective on the pieces of Dy made up of
subarcs of D and sends each of the pieces made up of one-dimensional
orbits v, j > 1, to points A; € JA, in particular F'(0Dg) C OA. More-
over, it takes sets X C 0D of Lebesgue measure zero into subsets of
OA of Lebesgue measure zero.

To consider the Rudin-Carleson problem, we are given a closed set
E C 0D with |E| = 0 (| - | denoting the Lebesgue measure in 9D)
and we may assume without loss of generality that the intersections
v NOD C E, 1 < j < n. We are also given a continuous function
g € C(E) which is constant on each v; N9D C E, j =1,...,n. Since
F : 0Dy — OA is continuous and preserves sets of Lebesgue measure
zero, E = F(E) is a closed set in A of measure zero. The fact that F
maps the 7; to single points implies that there is § € C( ~) such that
go F = g on the set E. By the Rudin-Carleson theorem, there is a
holomorphic function h on A which is continuous on A, agrees with §
on E and

sup |h(z)| < sup[g(z)]

z€0A 2€FE
Set hg = hoF. Then ho is continuous on QU Dy and Lhg = 0 in Q.
If v;, j > 1 is a one-dimensional orbit of L that is a piece of 9Dy, we
know that F(vy;) = A;, so ho(7;) = h(A;) = §(A;). This shows that
ho agrees with g on the intersection

DoNE.

Finally, we may extend ho continuously to all of Dy by declaring that
ho assumes the value h(0) on the closed orbit C as well as in the interior
of C. Thus hg is continuous on Dy and it is easy to see that Lhg = 0
on Dy. The construction of hqy also shows that
sup |ho(2)] < sup [g(z)].
z€0Dg z€E
For the components Dj;, j > 1, using the method of proof of the main
theorem in [BH1], we may find continuous functions Fpp, € C(D;) such
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that LEp, = 0in D, Fp,(D;) = A (where A is a copy of the unit disc
in C) and Fp, is injective on D; and on the portion of dD; that lies
in D and is disjoint from the one-dimensional orbits. The remaining
part of 0D, is made up of subarcs C; of some v;, 1 < j < n, and
each subarc C is mapped by Fp, into a single point A, € A, with
Ay # Ay for £ # {'. Moreover, we may use these functions Fp, j > 1,
and hg, to obtain a continuous function h € C(D) such that Lh = 0 in
D, and that agrees with g on E. Furthermore,

sup |h(z)| < sup |g(2)].
D E

Thus (2) in the theorem is satisfied.

Suppose now (2) is satisfied. Consider the structure (21, L). This
structure can not be conformal to the punctured plane since it is pro-
longable. Assume F' : (Q;,L) — {z : a < |z| < b} is conformal
for some a,b > 0. The methods in [BH1| show that F' extends as
a homeomorphism up to the boundary piece ¥ and we may assume
that it maps ¥ onto {w : |w| = b}. It then follows that as z — C,
F(z) — {w: |w| = a}. Let h € C(D) be a solution of L in D. There
exists A holomorphic on {z : a < |z| < b} such that h = ho F on €.
Since h is continuous up to C and is constant on C, h extends continu-
ously up to {w : |w| = a} and is constant on this circle. It follows that
h is constant on 2. But then h would be constant on arcs of 9D that
intersect 0€). This contradicts the validity of (2). Hence (1) holds.

Case 2. Assume that L has at least two compact orbits of type I. Let
Y15+ -+»Ym be the one-dimensional orbits in D and write D \ UJL;v;

as a union UZI\Ll W; of components. Assume that (1) in the theorem
holds. As before for each i, OW; is piecewise real analytic consisting
of arcs of the 7; or dD. For each 14, let Ci,... ,Cf” be all the type I
compact orbits in W;. For each t = 1,...,n;, let D! be the relatively
compact region in D bounded by C} and let Q! denote the one-sided
tubular neighborhood of C} that is disjoint from Di. We may assume
that the Q¢ are pairwise disjoint and Q¢ = C; U X% for some analytic,
closed Jordan curves ¥i. When (1) in the theorem holds, for each i
and t, there is a conformal map Z; : Q¢ — A\ {0}. Moreover, as we
saw in Case 1, we can extend each Z} continuously to D! by setting it
to be zero there. Fix ¢ and consider the component W,. Consider the
equivalence relation on W; such that the equivalence classes [z] are

(1) single points [z] = {z} if 2 ¢ U}, D,

(2) [z]=Diif ze D, and 2 < t < n,.
In other words, for ¢t > 2, we collapse F@ to a single class. For each
t > 2, fix once for all a point z; € Di. We denote by W; = W;/~ the
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quotient space with its natural topology and we will define a conformal
structure on W; \ D%. We need to define an atlas of local holomorphic
charts. If [z] = {2z}, z ¢ U}, Dj, is a class of type (1) we may take a
local first integral of L that is a homeomorphism on a neighborhood of z
that does not intersect | i, Di. In the case of the [z] (2 <t < n;), we
choose the neighborhood as [z;] U [Q¢] = [2¢] U Q¢ and the holomorphic
coordinate will be given by Z! on Q! and maps [2] to zero. These
charts are holomorphically related on their overlaps and turn V[/Z \ D¢
into a Riemann surface. Observe that W; \D_i has the integers as its
fundamental group and it is conformal to the punctured disc, due to
the assumption that this is so for the structure (Qi,L). Given g as
in (2) in the theorem, we may now reason as in case (1) to solve the
Rudin-Carleson problem in V[/Z which also solves the same problem in
W; by composition with the quotient map W; — VI/Z The solutions
on the W; can then be glued together to lead to a solution on D and
hence (2) holds. Conversely if (2) in the theorem holds, the arguments
used in case (1) show that (1) has to hold.

4. SOME EXAMPLES
The motivation for Examples 1 and 2 below comes from [BM].

Example 1. Consider a one-form w expressed in polar coordinates as
w=e" (dr +ir(1 — 4r®)h(r?)do)
where h(t) is real analytic on R, and h(0) = 1. We can express w as
w= A(z,z)dz + B(z,2)dz
where
2A(2,Z) = 1+ (1 — 4r?)h(r?) and B(z,%z) = ** (1—(1—4r*)h(r?)).

The condition that h(0) = 1 ensures that w is a real analytic form in
the plane. Let L be a real analytic, non vanishing vector field in the
plane such that (w,L) = 0. Observe that the only one-dimensional

orbit of L is given by
1
= 0): r=—=>.
fy {(T, ) r 2}

It is easy to see that L is elliptic away from v and hence L is locally
solvable everywhere in the plane. Let ﬁll) = a + ib. By separation of

4
variables, in the region Q = {z : 1 < |z| < 1}, one gets a solution of L
of the form

1 a-+1b '
Z(r,0) = (r — 5) ePr+i0
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where E(r) is a real analytic function. If & is chosen so that a > 0, then
the structure induced by L on €2 is conformal to the standard one on
a punctured disc as can be seen by using the injective solution Z(r, ).
By Theorem 2.1, such an L will have the Rudin-Carleson property. On
the other hand, if h is chosen so that ¢ = 0, then L will not have the
Rudin-Carleson property.

Example 2. Example 1 can be modified to get a locally solvable, real
analytic vector field with several orbits that are concentric circles (see
[BM]). We will now give an example with two compact orbits which
are not contained in each other.

Set
0 0
(a2 9 2 oy, 9
X=0B-2%(x 1)6;15 2x(x Q)yay,

Y = —z(2? - Z)y% + 22%(1 — yz)2 (z,y) € R%

oy’
The vector field X has four critical points, (+1,0), (&+/3,0) on which
Y does not vanish, so the complex vector field L = X 4+14Y has no zeros.
We have

XAY =2(3 —2?) (2% — Da?(1 — ¢?) — 22%(2? — 2)%°
= 2952(1 —y - (2 x2)2)8m A Oy
which means that X and Y are linearly dependent if and only if
r=0 or (2°-2)2+y*=1
Thus the analytic set X A'Y = 0 has 3 connected components that are
analytic curves, two Jordan curves C; and Cy (each one of them is the
mirror image of the other with respect to the y-axis) plus the y-axis.
Call ; the interior domain bounded by C;, j = 1, 2. Notice that X and
Y are tangent to C; and Cs and since L never vanishes, C; and Co are
orbits of L. For instance, to check that X is tangent to C; observe that
the gradient of (22 —2)? 4+ y? is proportional to Z = (z? —2)220, + y0,
while
X -Z=(3-2H)(*—-1)(a* - 2)2x — 22(2? — 2)y°
= —2z(2* — 2)( — 42® + 3+ y* + 2*)
= —2z(z* — 2)((2* —2)* +¢y* — 1)

and the last factor of the right hand side vanishes on C}, j = 1,2. Since
X and Y are linearly independent on 2, and 2s, both are 2-orbits. Set
Q3 = R\ (Ql U Ql). Then X and Y are linearly independent on
QF = Q3N {xr >0} and Q3 = Q3N {x < 0} and since X is transversal
to the y-axis it is easy to see that (23 is an orbit. Thus, X AY vanishes

neither on {21 nor on 25 and vanishes but does not change sign on (3,
showing that L satisfies condition (P).
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Example 3. We will now describe a method to produce locally solv-
able vector fields L with a large number of closed 1-dimensional orbits.
Suppose we are given a locally solvable vector field Ly defined on R?
with closed 1-dimensional orbits C; bounding disjoint 2-dimensional
orbits Q;, 7 =1,...k on which Ly is elliptic. Assume that these orbits
are contained on the half plane x > 0 and no noncompact 1-dimensional
orbit intersects z > 0 (what happens for z < 0 is irrelevant). We will
also assume that Lg is elliptic at any point of the y-axis, that X is
transversal to the y-axis and that {x > 0} \ U§:1 Q; is a 2-dimensional
orbit of Ly on {x > 0}. We may write Ly = Xo + iYy where

0 0
XO = a(a,yy)% + b('ray)a_y
0 0
YO = C(‘,L‘uy)% + d('ruy)a_y

are real vector fields. Mimicking the way one obtains the Mizohata
vector field out of the Cauchy-Riemann vector field, consider the 2-fold
transformation ®(x,y) = (2%,y). This leads us to define new vector
fields

0
pumm— 2 _—

0
_ 2 2
Y]. - C(‘/L. 7y) ax _I_ 2xd(x 7y) ay

Restriction of ® to the half-planes x > 0 and x < 0 is a diffeomorphism
that pulls back (XO + iYo) |{z>0} to a multiple of L; = X; +4Y;. Then
each one of the k 1-orbits of Ly contained in x > 0 is mapped by
®~! into a couple of 1-orbits of L;, generating 2k 1-orbits for L;.
Furthermore, the restriction of L; to either z > 0 or x < 0, satisfies (P).
By the hypothesis made on Ly, Xg A Y) is, say, positive for x = 0 and
this implies —writing X, AY; = (2, )0, A0y— that f(z,y) = zvy(z,y)
with (0, y) > 0 and since [ does not change sign on the complement of
the closure of the bounded 2-orbits, it follows that v > 0 everywhere on
the complement of the closure of the bounded 2-orbits. Hence (3(z,y)
will change sign across the y-axis which is contained in a 2-orbit. We
now consider the vector field

L2 = X1 +Z£CY1 = X1 + ZY2

Since Y5 is a nonvanishing multiple of Y; for x # 0, the 1-orbits of
Lo and L, are the same, in particular L, has exactly 2k closed 1-orbits.
On the other hand, X1 A Yz = 22y(x,y)0, A 9, will not change sign on
any 2-orbit, because v does not change sign on any 2-orbit.

For instance, by a translation to the right of the vector field X + Y
defined in Example 2, we may obtain an Ly satisfying the required
hypothesis with £ = 2 and duplicate the number of closed 1-orbits to
4. This process can be continued.
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Example 4. We will next describe a locally solvable, real analytic
vector field with one compact and one noncompact orbit. Let p1(z,y) =
22 +y? — 1 and pa(x,y) = x — 3. Define the real vector fields X and Y
by

0 0
X =4(1 — 2%)pa(z, y)Qa—x — 2ypa(x,y) (2zp2(z,y) + p1(z, y))a—y

and
B , 0
Y = —2ypa(x,y)2xp2(x,y) + p1(2, y))@ + (2zpa(z,y) + p1(z,y)) oy

Let L = X + Y. 1If pa(a,b) = 0, then Y(a,b) = p1(a,b)* 5. = (8 +
bZ)G% # 0. Suppose pa(a,b) # 0. Then if X(a,b) = 0, either |a| = 1
and b= 0 or |a| = 1 and 2ap2(a,b) + p1(a,b) = 0. Suppose first |a| =1
and b = 0. Then

Y (a,b) = (2apz(a,b) + p1(a, b))z% =(2— 6a)2% # 0.

On the other hand if |a| = 1 and 2ap3(a, b) + p1(a,b) = 0, then
0 = 2aps(a,b) + p1(a,b) = 2 — 6a + b

and the latter equals zero when |a| = 1 only if (a,b) = (1, —2) or (a,b) =
(1,2). Thus we see that the vector field L is nonzero away from these
two points. We have: X (p1) =0 =Y (p1) on the set where p; = 0 and
X(p2) =0 =Y (p2) on the set where p = 0. It follows that the circle
71 = {(z,y) : pr(z,y) = 0} and the line 2 = {(z,y) : p2(z,y) = 0}
are one-dimensional orbits of L = X +14Y. Let {2 be a bounded, simply
connected region containing {(x,y): z* +y* <1} U{(3,y): -3 <y <
3} and such that € N9 is connected. We choose €2 so that the two
points (1, —2) and (1,2) are not in 2. We have

X AY =4pa(z,9)*(2zp2(2,y) + p1(z,y))*(1 — 2° — y*)0p A Oy

Observe that the set o = {(z,y) : 2zpa(z,y) + p1(x,y) = 0} is a circle
which intersects v; at two points and is disjoint from 5. Since

X (2p2 + pr1) = 24(1 — 2®)p3(x — 1) — 4y p2(22p2 + p1),

we see that X is transversal to o except at the points (1,2), (1,—2)
which are not in €. It follows that in €2, the vector field L has 2 one-
dimensional orbits, namely, 7; and 5 N €2, and three two-dimensional
orbits: {(z,y) : 22 +y? < 1}, {(z,y) € Q: 22 +y? > 1, x < 3}, and
{(z,y) € Q: 22 +y? > 1, 2 > 3}. Observe also that L is real analytic
and locally solvable in 2.
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5. A LOCAL VERSION OF THE RUDIN-CARLESON PROPERTY

The next result characterizes those locally integrable, smooth vector
fields which satisfy a local version of the Rudin-Carleson theorem.

Theorem 5.1. Let L be a smooth vector field satisfying condition (P)
in an open set D. For each point p € D there is a neighborhood U, such
that if Q C Uy is a rectangle, E C 0Q is a closed set with Lebesgue
measure zero and g € C(0Q) is constant on the fibers of a first integral

Z, then there is h € C(Q) satisfying:
Lh=0inQ, h(z)=g(z) Vz€ E and sup|h| <2sup|g|.

Conversely, given a locally integrable smooth vector field L on D, if
there is a neighborhood W, of each point p € D such that for every
rectangle Q C W, and every closed set E C 0Q) of Lebesgue measure
zero and g € C(0Q) constant on the fibers of a first integral Z, there
is h € C(Q) satisfying: Lh = 0 in Q, h(z) = g(z) Vz € E, then L
satisfies condition (P) in D.

Proof. Suppose L is a smooth vector field satisfying condition (P).
Then it is well known that it is locally integrable (see Theorem 3.2
in [T]). We may assume that in a rectangle @ = (—A4,A4) x (0,7),
L = % + a(x,t)a% and Z(z,t) = x + ip(x,t) is a first integral of L,
with ¢ real-valued. The local solvability of L implies that for each
rxe(—AA),

the function ¢ +— @(z,t) is monotonic on (0,7).

Suppose the set E' and the function g € C(9Q) are as in the theorem.
Let © be the union of the two-dimensional orbits of L in (). We can
write

Q= U(aj,bj) x (0,T)

where N < oo and the union is a disjoint union. For each j, let Q; =
(aj,b;)x(0,T). For each j, set E; = ([aj,b;] x {0, T}NE)U({a;,b;} x
{0,T}). Since L satisfies condition (P), the set Z(Q;) is a simply
connected set whose boundary is a rectifiable, simple closed curve. In
particular, by a version of the Riemann mapping theorem, the classical
Rudin-Carleson theorem applies to Z(Q;). Fix j. We can find points
D, q € [a;,b;] x {0, T} such that the oscillation of g on the set [a;, b;] x
0.7},
08Cla; b,]x (0,7} (9) = |9(P) — 9(q)]-

Let G; be continuous on Z(Q);), holomorphic on the interior Z(Q);)
such that G;(Z(x,t)) = g(z,t) — g(p) for (z,t) € E; and

SupZ(Qj)|Gj| < Sup[aj,bj]x{o,THg —g(p)l-



16 S. BERHANU AND J. HOUNIE

This is possible by the Rudin-Carleson theorem since g is constant on
the fibers of Z. Observe that

OSCZ(Qj)Gj < 208C[q, b;]x{0,T} (9).

Define F;(z) = G;j(z) + g(p). Then Fj is continuous on Z(@Q);), holo-
morphic on the interior Z(Q;), Fj(Z(z,t)) = g(z,t) for (x,t) € Ej
and

oscz(q,) Iy < 208¢(q; ,1x{0,7}(9)-

Define now

Mot = { Fy(Z(x,t)), if (z,t) € Qy
T g(z,0), if (z,t) ¢ Usla;, b;] x [0,T].

Observe that h(z,t) = g(x,t) for (z,t) € E. We will show next that h
is continuous on Q. Clearly h is continuous on €. Suppose (zg,tg) € Q
and zg ¢ U;(a;,b;). Let (xg,tr) — (zo,t0). Suppose (zy,,tx,) is any
subsequence. If there is an infinite subset (Y, t,,) of this subsequence
which is disjoint from €2, then h(ym,tm) = g(ym,0) and so by the con-
tinuity of g, h(Ym, tm) — g(z0,0) = h(xo, o). If there is no such subse-
quence, without loss of generality, we may assume that for each k;, there
is ki such that zy, € [ag,by]. Assume first that zo ¢ U {aj, b5}
Then h(xkiatki) = Fk; (Z(Ikz, tkl)) and

(ks the) = hlarg, 0)| = [Fiy (Z(h; th:)) = Fiy (Z(ak;, 0))]

< 208Cq,, b,,]1x{0,1}(9)-

Observe that |ag — by| — 0 because we are assuming that zo ¢
UN [aj,bs]. Since g(ax,0) = g(aw, T), g(bis,0) = g(be:, T), and |az —
br;| — 0, the oscillation osc(q,, »,,1x{0,7}(9) goes to zero as k; — oo,

and hence since
h’(ak;a 0) = g(ak§7 O) - g(l'o, 0)7

it follows that h(xg,,tr,) — h(xo,0) = h(xo,to). We have shown that
if o ¢ UL {a;,b;}, and (zy,tx) — (x0,t0), then every subsequence
of h(zk,tr) has a further subsequence that converges to h(zg,tp). It
follows that h is continuous at (zo,%o) whenever zo ¢ U {a;,b;}.
Suppose now xy € Uévzl{aj,bj}. Without loss of generality, assume
xo = a; for some i. Then clearly h is continuous from the right (in z)
at (xo,to). If (z;,t;) — (20, to) with each z; < ¢, we can consider sub-
sequences of h(z;,t;) as before to conclude that h(x;,t;) — h(zo, o).
We have thus shown that h is continuous on Q.

We will next show that Lh = 0 in Q. Let ¢(z,t) € C§°(Q). Fix a
two dimensional orbit Q; = (a;,b;) x (0,T"). For each sufficiently small
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€ > 0, let ¢e(x) € C5°(a,,b;) such that ¢.(z) =1 on (a; +€,b; —€)
and for some constant C' independent of ¢, |4/ (z)| < Ce~!. From the
definition of A, it is clear that Lh = 0 in @);. We therefore have

0= /Q hL' (e (x)(x,t)) dzdt  (since 1 (x)p(z,t) € C52(Q5))

(5.1)
- /Q h(w, )b () L (x, £) davdlt

J

_ /Q h(z, t)a(z, . (x)) (x, t) dadt.

J

Clearly, as € — 0,

(5.2) /Q h(z, ) (z) L(x,t) dodt — o h(z,t)L')(x,t) dodt.

The function . (z) is supported on a set of measure at most 2¢ and on

the support of this function, a(z,t) = O(e). Since ¥.(z) = O(e™1), it
follows that when € — 0,

(5.3) /Q h(z,t)a(x, t)y.(x)Y(x,t) dedt — 0.

J

From (5.1)-(5.3), we conclude that

/ hL')(z,t) drdt = 0
Q

J

and hence
(5.4) / hL')(z,t) drdt =0
Q

where by definition, {2 was the union of the two-dimensional orbits of
L in Q. Recall that L = & + a(z,t) 2. Let

N=A{ze (A A :a(x,t) =0, 0<t < T}

and set
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The implicit function theorem implies that the set A/ \./\7 is a countable
set. Therefore, using this and (5.4), we have

T
/Qth@b(x,t)dxdt:/O /Nh(x,t)Lt@D(x,t)dxdt

:/T / Iz, ) Lo (x, ) dadt
/ / z,t)Lh(x, t) dtdx
(/ e (z,t) dt) dx

(smceha:t ) = h(z,0) for x € N)

It follows that Lh = 0 in Q.

Conversely, suppose the locally integrable vector field L satisfies the
Rudin-Carleson property for every smooth subdomain of a neighbor-
hood of the origin. Let Z(x,t) = x + ip(x,t) be a first integral of L
near the origin such that

O

(5.5) -

1
5

(@ t)‘g

Assume L does not satisfy property (P). Then we may assume that
for some A, T >0, g € (—A,A) and 0 <ty < T,

(56) 90('2:07 0) < ()0(‘7:07t0)7 and QO($0, to) > @(‘T()a T)

By changing ¢ if necessary, and choosing 1" close enough to tp, we may
also assume that:

(5.7)

o(xo,t) < p(xo,to) VYVt € [0,T] and p(x0,0) < p(x0,T) < @(x0,t0)-

Let 6 > 0 such that
(5.8) o(z,0) < p(z,T) < p(x,tp) whenever |z — x| < 0.

We will reason in the rectangle Q@ = [zo — 0,29 + d] x [0,T]. Let
xx € [xo — d,0 + d] be a sequence converging to zo. Let E C 9Q
be a closed set with measure zero containing the sequence {(zy,T)}.
Choose g € C(FE) such that

(5.9)

g(zk, T) =0Vk and g(p) # 0 for some p € EN{(z,T) : |z—xo| < 6}.
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Suppose now h(z,t) € C(Q), Lh = 0 in the interior of Q, and h = g
on the set E. Estimate (5.5) allows us to use the Baouendi-Treves
approximation theorem ([BT], [BCH, p.53]) to produce a sequence of
entire functions Hy such that Hp(Z(z,t)) — h(z,t) uniformly on Q.
In particular, by (5.8), there is a connected open neighborhood V' of
the set {Z(z,T) : |x — x9| < §} on which the sequence Hy(z) will
converge to a holomorphic function H. Since H(Z(xy,T)) = 0 for
every k and Z(xy,T) — Z(x9,T) € V, we must have H = 0 on V.
But this contradicts the assumption that h(p) = g(p) # 0. Therefore,
L does not have the Rudin-Carleson property on Q).

6. A LINK WITH THE F. AND M. RIESZ THEOREM

In [B] Bishop proved an abstract theorem which permits a gener-
alization of the Rudin-Carleson theorem to some situations where a
version of the F. and M. Riesz theorem is valid. Bishop’s theorem has
been a key tool in the study of peak-interpolation sets for A(€2) where
Q is a bounded domain in C" (typically strictly pseudoconvex) and
A(Q) is the algebra of holomorphic functions on ) that are continuous
up to the boundary (see [Bh], [R2], [Na] and the references therein).
We state here a strengthened version from [G] of the theorem proved
in [B]:

Theorem 6.1. (Theorem 12.5 in [G]) Let C(X) be the uniformly-
normed Banach space of all continuous complex-valued functions on a
compact Hausdorff space X. Let B be a closed subspace of C(X). Let
Bt consist of all (finite, complex-valued, Baire) measures p on X such
that [ fdu =0 for all f in B. Let fi be the regular Borel extension of
the Baire measure p. Let S be a closed subset of X with the property
that i(T) = 0 for every Borel subset T of S and every p in B+. Let f be
a continuous complex-valued function on S and A a positive continuous
function on X such that | f(x)| < A(z) for all x in S. Then there exists
F in B with |F(x)| < A(x) for all x in X and F(z) = f(z) for all x
mn S.

If X =T equals the unit circle and B denotes the space of continu-
ous functions on T which are restrictions of functions holomorphic on
the unit disc D and continuous on the closure D, then a measure p
on T is in Bt if and only if it is the boundary value of a holomorphic
function on D. By the F. and M. Riesz theorem, it follows that any
i € B is absolutely continuous with respect to Lebesgue measure and
so the preceding theorem implies the Rudin-Carleson theorem. The
classical F. and M. Riesz theorem was generalized for solutions of lo-
cally integrable vector fields in the paper [BH2]. However, unlike the
holomorphic case, there are two reasons why we cannot use the F. and
M. Riesz property of a vector field together with Theorem 6.1 to deduce
the Rudin-Carleson property. Given a vector field L in a neighborhood



20 S. BERHANU AND J. HOUNIE

of D, let A denote the subspace of C(0D) which are restrictions of
functions u € C(D) that satisfy Lu = 0 in D. In general, A is not a
closed subspace of C'(9D). Moreover, if 4 € A*, it may not be the
boundary value of a solution of L in D. For example, if M = 8% —}—z’y;—m
is the Mizohata vector field and p is a measure on T which is of the
form p = d(0,1) — d(0,—1) Where J,, denotes the Dirac mass at p, then
fthdﬂ = 0 for every h € C(D) that satisfies Mh = 0 on D. Such a
measure cannot be the boundary value of a solution of M. Thus for
a general vector field, a measure that is orthogonal to the boundary
values of continuous solutions may not be a boundary value of a so-
lution and in fact, it may not be absolutely continuous with respect
to Lebesgue measure. If a vector field L satisfies the hypotheses of
Theorem 2.1, we have the following:

Corollary 6.2. Suppose L is a vector field as in Theorem 2.1 defined
on a neighborhood U of D and satisfying the equivalent conditions (1),
(2) in the theorem. Let A denote the algebra of continuous functions h
on D satisfying the equation Lh = 0 in D. Let yu be a complex Baire
measure defined on 0D with the property that

/ hdu =0
oD

for every h € A. If a closed set E C 0D has Lebesgue measure zero and
it is disjoint from the one-dimensional orbits of L in U, then u(E) = 0.

Proof. Let F be a closed subset of E. Let P be a positive continuous
function on 0D such that:

(1) P=1onF.

(2) For any y ¢ F, P(y) < 1.
An application of Theorem 6.1 in the proof of Theorem 2.1 shows that
there is h € A that equals 1 on F' and satisfies |h(p)| < 1 for p ¢ F. By
hypothesis, for each positive integer n, we have [ h™du = 0. Letting
n — 0o, we are led to conclude that p(F) = 0. By the regularity of the
measure (i, it follows that u(E) = 0.

Let L = a% + ixa%. This vector field is locally solvable and the
y-axis is a one-dimensional orbit. Therefore, if u € C(D) satisfies
Lu = 0 in D, then it is constant on the y—axis. It follows that if
p = d@,1) — 9(0,—1), then faDud,u = 0 for all such solutions. Note
that L satisfies the hypotheses of Theorem 2.1 since it has no compact
orbits. This example shows that in Corollary 6.2, the set £ has to be

disjoint from the one-dimensional orbits.
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