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Abstract

In this work we consider coupled systems of p-laplacian differential inclusions.
We obtain the global existence of solutions and good compactness properties in
such way that the set of all possible solutions compose a generalized semiflow
which has a global attractor for each pair of positive diffusion coefficients. We
also prove that the attractors are upper semicontinuous on positive finite diffusion
parameters.

Keywords: p-laplacian reaction-diffusion systems differential inclusions attrac-
tors upper semicontinuity

1 Introduction

This work is concerning the following system:

d
—I: —div(D1|VulP2Vu) + |ulP"*u € F (u,v) t>0
(S) g‘; — div(Dy|Vv|772Vv) + V|77 2y € G(u,v) t>0
)
a—Z(r,x):a—:(t,x):O in 9Q, >0

((0),v(0)) in L*(Q) x L*(Q),

where Q C R” is a bounded, connected and smooth set, n > 1, p,q > 2, D{,D, €
L*(Q),00>M > Dj(x) >0 >0q.t.p. inQ,i=1,2, and F and G are bounded, upper
semicontinuous and positively sublinear multivalued operators.

We start by exhibiting a proof of the existence of global solutions for (S) in Section
2.1, following the same steps as in [5] in order to get global existence for a larger class
of systems. Then, by compactness arguments, we prove in Section 2.2 that the family
of all possible solutions characterize a generalized semiflow ([2]) in L?(Q) x L*(Q),
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which has a global compact invariant attractor </(p, p,) (Section 2.3). Additionally we
prove in Section 3.2 that the family {</p, p,)} is upper semicontinuous on (D1, D2).

In order to obtain the upper semicontinuity of the attractors {d( Dy, Dz)} it is enough
to guarantee uniform estimates and continuity properties of the flow. Uniform estimates
for solutions of this kind of systems are generally obtained in a very natural way. On
the other hand, although the continuity on initial data and diffusion coefficients seems
to be also direct conclusions, it was necessary to adjust a compactness theorem to fit our
needs before proving it. Compactness results played an important role in this work. In
fact throughout this text we need not only the original form of the Theorem of Baras,
which is demonstrated in [11], but also a slightly different version of it that admits
initial data in a pre-compact set, and additionally we need to appeal to a more general
result, entirely described at Section 3.1, were we obtain, as it is done in the proof of the
Theorem of Baras and by supposing almost the same conditions, the compactness of a
set of solutions {u, } of different problems, governed by different operators A*,
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uy, (0) = u.

There is a huge number of questions we can formulate and investigate after we re-
alize that problems like (S) are reasonably well posed and have its dynamics described
by multivalued semigroups which admit attractors and enjoy strong properties of con-
tinuity, dissipativity and compactness and the aim of this work is to establish the first
steps in the study of the asymptotic behavior of this kind of system.

2 On Attractors for Multivalued Semigroups Defined
by Generalized Semiflows

In this section we first give the general framework for studying attractors for differ-
ential problems without unicity. For more details we refer the reader to [8]. After
this we establish an existence result associating with (S) a generalized semiflow which
possesses a global compact attractor.

Definition 2.1. /2] A generalized semiflow ¢ on X is a family of maps
@ : [0,00) — X satisfying the conditions:

(HI) For each z € X there exists at least one ¢ € 4 with ¢(0) = z.
(H2) If p €4 and © > 0, then ¢ € G, where @™ (t) := @(t + 1),V € [0,0).
(H3) If o, w €94, and w(0) = ¢(¢) for somet > 0, then 0 € 4, where

. for 7€ 0,t
8(t) = { 3((?— ) for ze Et,ol)

(H4) If {9;}7_; C ¥ and ¢;(0) — z, then there exists a subsequence {@u} of {@;}
and @ € G with ¢(0) = z such that @ (t) — @(t) for eacht > 0.



Definition 2.2. A multivalued semigroup {T (t)},>( defined by ¥ is a family of multi-
valued operators T (t) : P(X) — P(X) such that, for eacht > 0,

T(t)E ={o(t); ¢ € 4 with (0) € E}.

Definition 2.3. We say that there exists a complete orbit through x € X if there is a
map ¥ : R — X such that, for any s € R, Y’|p+ € 4 and y(0) = x. In this case, the
complete orbit of ¥ is given by

Y(y) =Imy={y(t),t € R}.
We also say that v is a complete orbit through x.

Definition 2.4. We say that a complete orbit y : R — X is stationary if y(t) = z, for
allt € R for some z € X. We set

Z(9) = {z € X; there exists a complete orbit Y such that y(t) =z, V't € R}.

Definition 2.5. Given E CX, ¢ €9,
e () ={z € X;0(tj) = 2,t; = +o}.
ewp(E)={zeX;3¢0; c9,{9;(0)} CE, {9;(0)} € B(X), and there is {t;} C
R*, tj — o0 with @j(t;) — z}.
o 0(E) =% (E).
IfE is a bounded subset of X, then wp(E) = 0(E).
Definition 2.6. Let be A,E € P(X). We say that A attracts E if for any € > 0 there exists
T=1(&,E) > 0suchthat T (t)E C O¢(A) forallt > 7, or equivalently, dist(T (t)E,A) —
Oast — Hoo.

Definition 2.7. A subset </ is a global B-attractor if it attracts all bounded subsets of
X, and is a global point attractor if it attracts all points of X .

Definition 2.8.

(a) & is bounded dissipative or B-dissipative if there is a bounded global B-attractor
for4.

(b) 9 is point dissipative if there is a bounded global point attractor for 4.

(c) We say that 9 is @-dissipative if there is a bounded set By such that, for any ¢ €
4, ¢(t) € By for all sufficiently large t.

Remark 2.1. Bounded dissipative = point dissipative = @-dissipative.
(@-dissipativity is called point dissipativity in [2] ).

Definition 2.9. ¢ is asymptotically compact if, for any sequence {@;} C & with
{9;(0)} € B(X), and for any sequence {t;}, t; — oo, the sequence {@;(t;)} has a
convergent subsequence.

Theorem 2.1. [2] Let ¥ be a generalized semiflow. If 4 has a compact invariant global
B-attractor, then 9 is @-dissipative and asymptotically compact. Reciprocally, if 9 is
Q-dissipative and asymptotically compact, then 4 has a compact invariant global B-
attractor </ . The global B-attractor </ is unique and given by & = Upcpx) o(B) =
g (X). Furthermore <7 is the maximal compact invariant subset of X, and </ is mini-
mal among all closed global B-attractors.



Theorem 2.2. [8] Let 4 be asymptotically compact and @-dissipative. Then the max-
imal compact invariant global B-attractor <7 of the Theorem 2.1 can be characterized
by:

(i) o = Ugekx) @(K) ;
(ii) o is the union of all complete bounded orbits in X;
(iii) < is the union of all complete precompact orbits in X;

(iv) & is the maximal invariant bounded set in X.

2.1 On Existence of Global Solutions

The existence theorem we present in this section can be obtained through a simple
reformulation of the main result in [5], where the authors have already announced it
could be applied to p-laplacian operators. Here we only put their theorem in an abstract
form in such way we can apply it to a class of subdifferentials operators. The necessary
changes to accomplish this are pointed below. We consider the system

u +Au € F(u,v)
(P){ vi+BveGu,v)
u(0) = up,v(0) = vy.

where A and B are monotone operators of subdifferential type defined in a real Hilbert
space H.

Definition 2.10. A strong solution [weak solution] of (P) is a pair (u,v) satisfying:
u,v € C([0,T); H) for which there exists f,g € L'(0,T;H), f(t) € F(u(t),v(t)), g(t) €
G(u(t),v(t)) a.e. in (0,T), and such that (u,v) is a strong solution [weak solution] (see
Definition 3.1 and Theorem 3.4 in [3]) over (0,T) to the system (Py) below:

w+Au=f
(P1){ vit+Bv=g
u(0) = up,v(0) =g

For the purpose of getting the existence result, the main tool needed is the following
fixed point theorem:

Theorem 2.3. [1, 10] Let K be a nonempty and weakly compact subset in a real Hilbert
space H and let E : K — P(K) be such that for each u € K, E(u) is closed and convex.
If the graph of E is weakly x weakly sequentially closed, then E has at least one fixed
point, i.e., there exists at least one element u € K such that u € E(u).

Definition 2.11. Ler U be a topological space. A mapping G : U — P(H) is called
upper semicontinuous at u € U, if

(i) G(u) is nonempty, bounded, closed and convex.

(ii) For each open subset D in H satisfying G(u) C D, there exists a neighborhood
V of u, such that G(v) C D, for eachv €V.



If G is upper semicontinuous at each u € U, then it is called upper semicontinuous on
U.

Definition 2.12. Let M be a Lebesgue measurable subset in R, g > 1. By a selection
of E : M — P(H) we mean a function f : M — H such that f(y) € E(y) a.e. y € M, and
we denote by Sel E the set

Sel E={f, f: M — H is a measurable selection of E}.

Now we can state:

Theorem 2.4. Let A and B be univalued operators which are subdifferentials of con-
vex, proper and L.s.c. non negative maps, W4, g, respectively, defined in a real Hilbert
space H, with w4 (0) = yp(0) = 0. Also suppose each one A and B generates a compact
semigroup, and let F,G : H x H — P(H) upper semicontinuous and bounded multival-
ued maps. Then given a bounded subset By C H x H, there exists Ty > 0 such that
Sfor each (up,vo) € By there exists at least one strong solution (u,v) of (P) defined on
[07 TO]-

Proof. Let up,vo € H and m, r > 0 be such that || up ||z +1 < m, || vo ||z +1 < m
and max{|| wi [, | w2 [[n} < m = max{[| z[|g, || Z [[a} <1 V(2,2) € F(wi,w2) X
G(w1,w;). We can suppose, without loosing generality, that r > 1. Let Ty > 0 be such
that Tp 2 < 1 and consider the set

K={(.8):f.8 € (0, To:H), | f(1) ll 20,10 < 71l 8(0) ll 20,7y < 7}
K is nonempty and weakly compact in L?(0, To; H) x L*(0, Ty; H). We define
P, : K — C([0,To]; H) x C([0, To]; H)

by Pr,(f,g) = (u,v), where (u,v) is the unique solution on [0, Tp] of (P;). It is easy to
verify that
[ u(®) lz<m  and [v(e) [z < m

for all 7 € [0, Tp]. The Fixed Point Theorem 2.3 can be applied to the operator
¢ :K— P(K)

(f,g) — Sel F(u,v) x Sel G(u,v)

where (u,v) = Pr,(f,g). The only fact we have to guarantee is that the graph of ¢,
Graf(¢),is weakly x weakly sequentially closed in K, but it follows from theorem 3.4,
[3], Theorem 2.3.3, [11], Proposition 3.6, [3], and Theorem 3.3, [5]. So we can con-
clude that there exists (f,g) € K such that (f,g) € ¢(f,g), and consequently (u,v) =
Pr,(f,g) is a weak solution of (Py). Since (f,g) € K C L*(0,Ty; H) x L*(0,To; H),
the Theorem 3.6, [3], guarantees that (u,v) = Py, (f,g) is in fact a strong solution of
(Pr). O
In order to get global solutions we impose suitable conditions on terms F and G.



Definition 2.13. The pair (F,G) of maps F,G : H x H — P(H), which takes bounded
subsets of H X H into bounded subsets of H, is called positively sublinear if there exist
a>0,b>0,¢c>0and my >0 such that for each (u,v) € H x H with ||u|| > mg or
V]| > mg for which either there exists fo € F(u,v) satisfying (u, fo) > 0 or there exists
go € G(u,v) with (v,go) > 0, we have both

£ < allull +bv][ +¢

and
gl < allul| +&]v]|+c

foreach f € F(u,v) and each g € G(u,v).

Let T > O arbitrary. By standard arguments one can proof that each solution of (P)
which is defined on [0,Tp), Tp < T can be extended up to [0, 7] if (F,G) are supposed
to be positively sublinear operators in H x H. The proof is the very same of that in [5].

2.2 The Generalized Semiflow Associated with (P)

Once we know that system (P) admits global solution for each initial data in L?(Q) x
L?(Q) we now intend to associate a generalized semiflow with (P).

Let D(ug,vo) be the set of all solutions of (P) with initial data (ug, vp) and consider
G = Ulugvo)etixrr D(uo,v0). We claim that G is a generalized semiflow in L*(Q) x
L*(Q). Hypotheses (H1), (H2) and (H3) in Definition 2.1 are immediately checked.
The upper semicontinuity condition (H4) can be obtained from a slightly different ver-
sion of Theorem 2.3.3, [11], proved by the same arguments, where initial conditions are
allowed to vary in a precompact subset {(uon,von)} C H x H. Consider the following

PVL: 4
Un
(an) { ? +Au, > f
Mn(o) = l/l()n
where A is a maximal monotone operator in a Hilbert space H, ug, € H and f, € K C

L'(0,T;H). When varying f, and u, we obtain a family of problems and so a family
of solutions. Define

M(K) = {un;uy is the only weak solution of (Py,), with (f,,uo,) € K x H}.

The following theorem establishes conditions under which the set M(K) enjoys
some compactness property.

Theorem 2.5. Ler H be a real Hilbert space, A : P(A) C H — P(H) be a maximal
monotone operator in H which generates a compact semigroup, {uo, } C Z(A), with
uo, — uo in H, and K = {fy;n € N} is a uniformly integrable subset in L'(0,T;H),
then the set M(K) is relatively compact in C([0,T]; H).




Now, consider {¢,} C G with ¢,(0) — z as n — 4oo. Then ¢, = (uy,vn), P»(0) =
(uo,,v0,), z = (uo,vo), and for each n, (uy,,v,) satisfies the problem

d .
CZ" +Au, = f, in (0,T)
dvy .

(Fn) a:}? +Bv, = gn in (0,7)

un(0) = up, ,vn(0) = vy,

LetK ={f,;;n e N}, K= {gn;n € N}, where f,, € Sel F(u,,v,) and g, € Sel G(up,v,),
n € N. Using the positive sublinearity of the pair (F,G) we can show that the solutions
{(ttn,vn), n € N} are uniformly bounded on [0, 7]. Since F,G are bounded operators,
we conclude that the sets K and K are uniformly bounded on [0, 7], and so, uniformly
integrable in L' (0,7; H). Then from Theorem 2.5 we have that M(K) and M (K) are rel-
atively compact in C([0,T]; H). Then (H4) follows from Theorem 3.3, [5], and Propo-
sition 3.6, [3]. So, we obtain the following

Theorem 2.6. IfF,G : H x H — P(H) are bounded multivalued maps, upper semicon-
tinuous and (F,G) is positively sublinear, then G is a generalized semiflow on H x H.

2.3 On Existence of Attractors

Let T >0, B C H x H, G the generalized semiflow associated with (P), and Pr(f,g) =
(u,v) as in the proof of Theorem 2.4, and

K(B) = {(f,g) € Sel F(u,v) x Sel G(u,v); (u,v) = Pr(f,g), and (u(0),v(0)) € B}.

The same arguments used to assure the global existence of solutions shows that, if B is a
bounded subset of H x H, then K(B) is a bounded subset of L' (0, 7;H) x L' (0, T; H), i.
e., there is a constant C > 0 such that || f{| 1o 7.1y + &l 0.7y < C: ¥ (f,8) € K(B).

Theorem 2.7. If the generalized semiflow G associated with (P) is eventually bounded
then G is asymptotically compact.

Proof. Let {@;} C G with {¢;(0)} bounded in H x H, and {¢;(¢;)} a sequence in
H x H with t; — 4-e0. We want to show that {¢;(z;)} has a convergent subsequence.
From definition @; = (u;j,v;), ¢;(0) = (u;(0),v;(0)) € H x H. As tj — +oo we can
suppose 7; > 1, Vj € Nand as G is a generalized semiflow ¢; = qo;rl = (uljr1 7sz/-71) €
G. Then for each j € N there exists fj, g; € L' (0,1;H), fj € Sel F(ut]x/_l,vtjtf_l), gj €
=1 tj—1 =1 tj—1

Sel G(u/ ,ij N), and (I,tj] ’ij ) = Pl (fj,gjzj 1

Let K; = m(K({9;(0)})) and M(K;)(t) = {u;j (¢),j €N}, i=1,2,1€[0,1], and
{S(t), t > 0} the compact semigroup generated by A on H. Once G is eventually boun-
ded, {@;(0)} = {@;(rj — 1)} is a bounded subset of H x H if j is big enough.

Now, let 4 > 0 be such that 1 — 4 € [0, 1]. We define 7), : M(K;)(1) — H by setting

! (1) — S(h)utjjfl (1 —h). Since M(K;)(1 — h) is a bounded subset of H, then T}, is



a compact operator. Also we have

t;/_l l‘/'—l

1
I S(R)uj ~(1=h)—uj (1) IIS/Hl I fi(s) I ds, ¥ j € N.

As K = {fj,j € N} is a bounded subset of H, K; is uniformly integrable in
L'(0,1;H), so we have lim, o7}, = I, uniformly in M(K;)(1). Therefore the map
I:M(K;)(1) — M(K;)(1) is a compact operator and then, M (K, )(1) is relatively com-
pact in H. The same arguments show that M(K;)(1) is relatively compact in H, there-
fore {@;(z;)} has a convergent subsequence in H x H. O

Therefore, according to Theorem 2.1, in order to assure the existence of a compact
invariant global B-attractor for (P), it is enough to impose conditions on F,G to guar-
antee that the generalized semiflow G defined by (P) is B-dissipative and so, eventually
bounded and ¢ —dissipative.

Now, to obtain enough dissipativity properties, we restrict ourselves to systems
where A and B are p—laplacian operators on H = L?(,R) under homogeneous Neu-
mann boundary conditions. First of all, we properly define the operators A and B.

Let V = W!'?(Q). Consider the operator Ay : V — V* given by

A]u(v)i/QDI(x)|Vu(x)\”’2Vu(x)Vv(x)dx+/Q|u(x)|”72u(x)v(x)dx

for each u € V. Then, according Example 2.3.7, [3], we have that the operator A, the
realization of A; at H = L*(Q) given by

PA)={ueV,A\jucH} |
A(u) = A, if u € D(A), M

is a maximal monotone operator in H. Besides, it is not difficult to see that there are
constants w; = wi(n,0) >0, wp =wa(n,p,M) >0, ¢; =0 € R and p > 2 such that
for all u € V the following two conditions hold:

(Ayu,u)y«y > wy || ull}) +ci,

- —1
[ A =< wa [[u |l < wa(ll [l +1).

So we can conclude that Z(A) = H = L*(Q) and the operator A : Z(A) C H — H
generates a compact semigroup, [4]. We still observe that A is the subdifferential of ¢y,
where @y : L2(Q) — RU {+oo} is defined by

(u): %[/QDI(X)|V”|pdx+/Q|M\de}, ucwhr(Q)

o0, otherwise.

(]

From now on we write —div(D|Vu|P~2Vu) + |u[P~u to mean A(u) as we have just
defined.



Now we want to prove B—dissipativity for the following system:

du

> — div(Dy|VulP2Vu) + |u|P"2u € F(u,v) in (0,7)xQ
(Py) g: —div(DngqZVv) VT2 € Gu,v) in (0,T) x Q
So(1.%) = 5= (1.2) = in (0,7) x 9Q
u(0,x) = up(x),v(0,x) = vo(x) in Q

where Q is a bounded smooth domain in R", n > 1, p,q > 2, D;,D, € L*(Q) and
D;(x) > o > 0 almost everywhere in Q, i = 1,2, ug, vo € LZ(Q) F, G are bounded, up-
per semlcontmuous and positively sublinear multivalued operators in L?(Q) x L*(Q),
‘9” = Dy |Vu|P~2(Vu, 7)), and 7 is the outward unit normal vector. Observe that we al-
Ways deal with the problem (Py) like an initial value problem, and the Neumann bound-
ary condition appears, in a weak sense, in the definition of the perturbed p—laplacian
operator.

In this particular case (Py) the same conditions imposed on F, G to get global ex-
istence of solutions are enough to prove that the generalized semiflow Gy defined by
(Py) is B-dissipative. We have the following:

Theorem 2.8. Let F,G : H x H — P(H) bounded, upper semicontinuous and positively
sublinear operators. There exists a bounded set By in H x H and ty > 0 such that for
any ¢ € Gy, ¢©(t) € By, V't > tg. Then, in particular, the generalized semiflow Gy
defined by (Py) is B-dissipative.

Proof. In fact, if @ = (u,v) € Gy is a solution of (Py) then there exists a pair (f,g) €
Sel F(u,v) x Sel G(u,v), f,g € L'(0,T;H) for each T > 0 such that u,v satisfy the
problem

Ju

? — div(Dy|VulP2Vu) + |ulPPu = f in (0,7) x Q
3: — div(Da| VY1V + |1t = ¢ in (0,7) x Q
a—Z(t,x) = %(r,x) =0 in (0,7) x 9Q
u(0,x) = up(x),v(0,x) = vo(x) in Q,

Multiplying the first equation by u, the other one by v and supposing, without
loosing generality that p > ¢, we obtain

Ol < =8llu@)f+{£@),u)

2%; 5
VOlE < =8Ivn)lIE + (s(),v(0))

2dt

where 6, 5 are positive real numbers depending on Dy, D,,0,Q, p,q. From Definition



2.13, Cauchy-Schwartz and Young’s inequality it follows that

S 2@+ VO < —Cu@lh + vl +c
= —a(lumE” + o1 +C
< —c1271/2<||u<r>||,%+||v<t>u%{>q/2+c27

where Cy,C, are positive real numbers depending on Dy,D,,0,Q,p,q.
We can conclude the proof appealing to Lemma 5.1, [9]. O
From Theorems 2.1, 2.7 and 2.8 we conclude that Gy has a compact invariant
global B—attractor M(%I D) The global B—attractor 427(%] Dy) is unique and given by

,d(%th) = |J o(B)=ws(HxH).
BEB(HxH)

Furthermore ”67(%1 D2) is the maximal compact invariant subset of H x H, and is min-
imal among all closed global B—attractors. According to Theorem 2.2, we also have
that gf(%] Dy) is the union of all complete bounded orbits in H x H.

3 Dependence on Parameters

In this section we consider the problem

d
e —div(D}|Vuy |P72Vuy ) + lup [P2uy, € F(uy,vy) in - (0,T) x Q

ot
avl g A q-2 q—2 .
P o div(Dy |Vvy |72V ) + val? vy € G(up,vz)  in (0,7) xQ
A
0 0
L,j (t,x) = %(t,x) =0 in  (0,T)x0Q
uy, (0,x) = 1 5 (x),v2(0,x) = v 2 (x) in  Q

where ug 3,9, € L*(Q), D}, D} € L*(Q), D} (x) > ¢ > 0 almost everywhere in Q,
i=1,2,1€[0,4)] and D} — DY in *(Q)as A —0,i=1,2. Q, p,qand F,G are
supposed to satisfy the same conditions as in Section 2.2. For each A € [0,49] we can
associate a generalized semiflow G, which has a global compact invariant B-attractor
), as it is proved in Section 2.3.

For the purpose of obtaining the upper semicontinuity of {A; } Ae[0,20] ON A=0
we only need to guarantee that the associated flow enjoys properties of continuity and
solutions of (Py, ) can be uniformly estimated. For getting the continuity of the flow, we
first announce a compactness result. After this we show that the conditions imposed
on (Py, ) are sufficient to guarantee uniform estimates and then we obtain the upper
semicontinuity of the attractors.

In this section we denote AP! (6) = —div(D*|V6|P~2V6) + |6|P~20, and analo-
gously B (9) = —div(D4 V6|92V 8) +|6/726; P! the semigroup generated by
AP and T, the multivalued semigroup defined by G, .

10



3.1 A Compactness Argument

Let A be a metric space and consider the following Cauchy problem:

dup | 42

—= 4+ A E)
<PA>{ g TAM S

MA(O):M()EH

where f; € L'(0,T;H), VA € A, A* is a maximal monotone operator in a Hilbert space
H, A* = 9¢* is the subdifferential of some convex, proper and lower semi continuous

non negative map ¢* : H — R, and suppose NaeaD(9*) = H and that for each u €
NaeaD(¢%) there exists a constant k(u) > 0 such that ¢* (u) < k(u), ¥ A € A. Let
{$*(1)} be the semigroup generated by A* in H.

Lemma 3.1. For each ug € H fixed, {S*(.)uo}pcp € C([0,T];H) is equicontinuous at
to=0.

Proof. In fact, let h > 0. We first suppose ug € Ny cAD(¢*). From Theorem 2.1.1,
(111,
||S* (R)uo — uo||ir < 3||uo — I uo||r, Where J3 = (I+hd¢*)~".

Also, from Proposition 2.11, [3], 5-|ug —Jruo||3 < 0™ (uo) < k(ug), YA € A. Then
1% (R)uo — uo||g < 6hk(uo), ¥V A € A,

and it guarantees the equicontinuity of the family {S*(.)ug} e at fo = 0. Now let
n—oo

up € H, and consider a sequence {ul} C N; cAD(¢*) such that u} — ug. Given € > 0,
let Ny € N such that ||u87° —up|lg < §. Then

N, N N
IS* (hyuo — ol < |S* (h)uo — ™ (h)ug® |z + [IS™ (h)uig” — g ||
+ U —uollar < 2/[u) — uol|p + 6hk (1)), VA € A

and we get the result. O
Let K = {f;, A € A} be an uniformly integrable subset of L! (0, T;H) and let

M(K) = {uy;uyis the only weak solution of (P;) on [0,T],A € A}.

We have
Theorem 3.1. [fforeacht € [0,T), the set M(K)(t) = {uy (t);uy, € M(K)} is relatively
compact in H, then M(K) is relatively compact in C([0,T); H).

This result can be proved by using Lemma 3.1 and following exactly the same steps
as in Theorem 2.3.1, [11].

Theorem 3.2. Let us suppose that K = {f, A € A} is an uniformly integrable subset
of LY(0,T;H). If for each t € (0,T] and h > 0 such thatt —h € (0, T), the operator Ty, :
M(K)(t) — H defined by Tyuy (1) = S* (h)uy, (t — h) is compact, then M(K) = {uy; A €
A} is relatively compact in C([0,T]; H).
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Proof. The proof follows Theorem 2.3.3, [11]. For each ¢ € (0,7] and & > 0 with
t—h € (0,T] we define T, : M(K)(t) — H by Thuy (t) = S*(h)uy (t — h). Using the
hypothesis we have that 7, is a compact operator. From Lemma 2.3.1, [11] and hy-
pothesis on K, %in(l) T, = I uniformly on M(K)(z). Therefore the identity operator

I:M(K)(t) — M(K)(t) is a compact operator and then since that M(K)(¢) is a boun-
ded set in H we have that M(K)(t) is relatively compact for each ¢ € (0,T]. Note that
M(K)(0) = {uo} is relatively compact in H. We get the result from Theorem 3.1. [J

3.2 Upper Semicontinuity of Attractors

For each A € A := [0, A4y] let 27}, be the compact invariant global B-attractor associ-
ated with the generalized semiflow G, defined by (Py, ). Our objective in this section
is prove that the family of attractors {A), } < is upper semicontinuous at A = 0. To ac-
complish that we appeal to Theorem 1.2 in [7] which is rewritten below in generalized
semiflow context:

Theorem 3.3. Let A be a metric space, A1 be a non-isolated point and let {Gj },cp a
family of generalized semiflows in the Banach space X satisfying:

(i) For each A € A, Gy has a compact and invariant global B-attractor <), and
Unea @, € B(X); -

(i) The multivalued map defined by Gy, A — Ty (t)(<), & = Ujcn 94, is w-upper
semicontinuous at Ay for large t, i.e., there exists ty > 0 such that for each t > ty fixed,
given € >0, 36 > 0 such that Ty, (t)(/) C O¢(Ty, (t)()), VA € O5(A1).

Then dist (<), <7y, ) — 0, as A — Ar.

We have the following:

Lemma 3.2. If (uy,,v; ) is a solution of (Py, ), then there exist positive numbers ro and
a constant ty > 0 such that || (uy,(2),vy (O))||Hxa < ro, for eacht >ty and A € A.

Proof. In fact, if (uy,v,) satisfies (Py, ), then there exists (f3,gx) € F(uy,vy) X
G(uy,,vy,) such that

J
I % —div(DF [Vup [P Vug) +up [Pz = fi

Py 4
ZE —div(D[Vvalt2Vva) + |val? vy =g

The very same arguments employed in the proof of Theorem 2.8 can also be applied
here observing that the constants §,0,C,C, can be uniformly chosen for A € A, once
D}(x) > o > 0 almost everywhere in Q, i = 1,2,V A € [0,A0] and D} — D?, in L*(Q)
as A — 0, and so there is a positive constant M; > 0 such that || D? =) <M,V A €A
Thus there are positive numbers ry and #o such that || (uy (¢), vy (t))||mxs < ro, for each
t>1fyand A € A. O

Remark 3.1. The constants ro and to in Lemma 3.2 are independents of the initial
values and can be chosen uniformly on [0, Ag].

12



Remark 3.2. If (uy,v;) is a solution of (Py,), then there exists a positive number
K = K(ugp,vo,t0) such that || (uy,(t),v; (1)) |zxu <K, Yt €[0,10]. If the initial values
are all in a bounded set of H x H or if uy (0) = ug, v, (0) =vg, ¥ A € [0, 4], then K is
uniform on [0, A), i.e., we have that ||(uy, (t), vy (1) |lExa < K, for each A € [0, A] and
for each t > ty. In this case we can consider ty = 0 in Lemma 3.2.

Lemma 3.3. There exists a bounded set By in H x H such that <), C By, ¥V A € [0, Ag].

Proof. Let (x;,y;) € o, Since /) =T, (ty) <), where T), is the multivalued semiflow
defined by G, . Then, from Lemma 3.2, we have ||(xy,y1)||lgxz < ro- O

Thus, the family {G; } (0,4, satisfies condition (i) in Theorem 3.3. Now by using
Lemma 3.2 and the fact that F' and G are bounded, we can repeat the arguments used
in [6], Lemma 2.2 for each equation in (P}) to obtain:

Lemma 34. If @) = (uy,v,) € Gy, then there exist positive constants k > 0 and t| > to,
independents of A, such that

@2 ) llwir@xwia@) = llua @Ollwin@) + Iva@)llwiaq) <k

foreveryt >t and A € [0, Ag], where to is the positive constant in the Lemma 3.2.

Remark 3.3. If (uy,v;) € G, with initial values all in a bounded set of WP (Q) x
W4(Q) or ifuy (0) = ug, v2(0) =vo, VA € [0, Ao), then there exists a positive constant
K such that ||(uz (),va ())llwir@)xwia) < K, VA €[0,4] and V't € [0,11]. In this
case we can consider t; = 0 in Lemma 3.4.

As a consequence of Lemma 3.4 we have that U, .27, is a bounded subset of
WP (Q) x W4(Q) and so we can conclude the following:

Lemma 3.5. of = U) 597, is a compact subset of H x H.

Theorem 3.4. The map A — T, (t)(&) is w-upper semicontinuous at A; = 0 for each
t>0.

Proof. Suppose, on contrary, that there exists a number #, > 0 such that the map A —
T).(to) (/) is not w-upper semicontinuous at A; = 0. So, there exists a y-neighborhood
O4(To(to)(27)) such that for each n € N there exists 0 < A, < min{Ao, %} and §, €
T, (10) () with &, & Oy(To(t)(</)). ( Note that A, — A; =0 as n — oo ). Then
San = 02, (t0) = (uz, (10),v2,(10)), @3, € Gz, 92,(0) € .

It is enough to show that there is a subsequence {";:lnk} of {£,,} with élnk —§& €
To(t0) (o), and so we obtain a contradiction.

In fact, we have that @3 = (uy,,v;,) is a solution of (Py, ) with (uy,(0),v,,(0)) €
. So, there exists 3, ,g,, € L'(0,T;H), with

2, (1) € F(uz, (1),v2,(1)), 82,(1) € Guy, (1),v2,(1)) a.e.in (0,T),
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and such that (u,,v;, ) is a weak solution over (0,7) of the system (P}{n) below:

az%l

A _ _ .
3 —div(DY"|Vuy, [P~ Vuy, ) + lu, [P 2up, = fo, in (0,7)

(Pﬂl, ) avlﬂ - Zrn q—2 q—2 .
n ; —div(Dy" |V, |T77Vvy, ) v, [T va, = &4, in (0,7)

uy, (0) = ug 5,,va,(0) =vo 4,

We can suppose 7y € (0,T). As o7 is compact (uy, (0),vy,(0)) — (uo,vo) € <. Let

u, () = 1(uop,) 12, (-)> v, (-) = 1(vo,2,)82,(-) and z3, () = I(uo)f3,(+) and wy, (-) =
I(vo)g;, () be the solutions of the problems

9z, A
" div(Dy"|Vzy, [P2V P2 =
(P a0) o (D" [Vap, [PV, ) + [z, 122, = o,
22,(0) = uo
and
aW;L 2
n o qs n q-—2 q—2 _
(P o) a1 div(Dy"[Vwy, [777Vwy, )+ wa, | "wa, = g4,
Wkn(O)ZVQ,
respectively.

From (P} ) we obtain

1 1 !
5 I, @) 7= 5 o, |7 +/0 (f2 (), 1z, (5)) udls.

As {ugy,} is a convergent sequence there exists a positive constant R such that
I 4o 2, lI7< R*. Thus,

1 1 g
3 i, (00 1B 58+ [ 73, (5).3, (5) s

From Gronwall inequality and hypotheses on F, G we obtain that there are positive
constants o, 3, ¥ and C such that

uz, () le < C+yT
+ Jola [l ua, (s) ler +B 1| va, (s) [lz)ds.

So, there exists a positive constant M independent of ¢ such that

[EVRONIZES M+/Ot[0€ [, (5) llr +B ([ va, (s) l|m)ds.

Analogously, there exists a positive constant M independent of ¢ such that

1920 (0) D= 81+ [ 18 113, ) 1+t 3,5 Nl

Adding these two inequalities and denoting by N = M +M and p = o+ 3 we have

14, (0) | + [ va, (8) [l < N+P/0t[|| 1, (8) e + || va,(s) [|]ds
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and by Gronwall-Bellman inequality follows that
lu, () ez + [ va, (1) [l < NePT

forall ¢ € [0,T], and for all n € N.

As F and G carry bounded sets of H x H in bounded sets of H there exists L > 0
such that

[, le<L e | 82, (@) [l < L

forall z € [0,T], and for all n € N. _

LetK={f;,;neN},K={g; ;neN},M(K)={z;,;neN}and M(K) ={w,, inc
N}. Once K and K are bounded sets, it is easy to see they are uniformly integrable sub-
sets.

Given ¢t € (0,T] and & > 0 such that ¢t — h € (0,T], consider the operator T}, :
M(K)(t) — H defined by Tj,z;, (1) = S* (h)zy, (t — h).

Statement 1: The operator 7}, : M(K)(¢) — H is compact.
In fact, let Z be a bounded subset of M(K)(¢). Consider the set

S = {§*(h)zy, (t — h);n € N such that z;, (1) € B}.

Our goal is to prove that S is relatively compact in H. As W''?(Q) cC H = L*(Q), it
is enough show that S is a bounded set in W''P(Q). Let z;, () € M(K)(t). We define

vy, [t —ht] = Hby v, (t) =S™(t—(t—h))zy,(t —h), forall T € [t —h,t].
Observe that v, is the only solution of the problem

{dc;i"(f)wrpb?”(m(r)):() t—h<t<t
vxn(t —h) = Z)Ln([—h)
where
Lo, 1,
(PD%’I =1 [Dl ./Q|Vv|pdx—|—./9|v|pdx}, veEW P(Q)
o0, otherwise.
We have
4 _ [agPt P )\ = (W) P
o 0n ) = (207 0. 52 0) - (G0, 52 0)
v .
= — aiﬂ () |4<0, ace. in [t —h,1].

Then, calculating the integral from ¢ — & to 7, we obtain

})nvmnal.pz 0PV (1)) < OOV (it — 1)) =PV (2t — ).

Thus, our work is show that {(leM (za(t —h))} is a bounded set, since

S = {vy,(t);n € Nsuch that 7, () € A}.
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We already knows that there exists L > 0 such that
| f2,(7) [[a<Land || g3, (7) [[a< L, forall0 < 7 <T and foralln € N,

and z; and w, satisfy

¢
22, (0) l2(0) <l wo |2 +/0 | £2,(7) 1200 d7, V£ €[0,T]

and .
[ wa, () 2 <l vo ll2(0) +/0 | 82, (%) lz2(q) d7, V£ € [0, T].
Then,
22, (0) 20y <l w0 ll2(0) +L.T, ¥ €€ [0,T] and ¥V n € N
and

|| W?Ln (6) HLz(Q) S || Vo ||L2(Q) +LT, VE S [0, T] anan S N

Since t — h > 0 there exists r > 0 such that t — 4 > r. Using the Uniform Gronwall
Lemma, we can show that there exists 7; > 0 such that

n B
""" (23,(0+7)) <7, VneNand 6 > 0.

In particular, considering @ =t — h — r, we have

An -
o (z3,(t—=h)) <r,VneN,

This conclude the proof of Statement 1. O

Then we have by Theorem 3.2 that the set M(K) is relatively compact in C([0,T]; H)
and so there exists z € C([0,7];H) and there exists a subsequence {z;, (-)} such that
23, — 2in C([0,T];H).

As each z;, is a solution of (Py, ), then z;, verify

1 1 !
e, 0= 01P< 5 12,6 =0 I+ [ (3, (8) a2, (8) - O)T @)
N
forall 0 € @(AD%") CWIP(Q) CHandyy, — APV (@) and forall0 <s<t<T.

Analogously, we can show that there exists w € C([0,T]; H) and there exists a sub-
sequence {w;, (-)} such that w, — wem C([0,T];H), verify

1 1 :
S Iwa, ()= P< 3wy, ()0 P+ [ (g3, () —yaws, (0 03 @)
N
forall € 2(BP2") C W'4(Q) C H and y;, = B (8) and forall 0 < s <1 < T.

As || f3,(7) [m< L and || g3,(7) [[#< L, forall 0 < 7 < T and for all n € N, we
conclude that there exists a positive constant L such that

| f, HLZ(O,T;H)S L and | g2, ||L2(0,T;H)§ L, forallneN.
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As L*(0,T;H) is a reflexive Banach space there are f,g € L?(0,T;H) and subse-
quences, which we do not relabel, {3, } and {g;, } such that f; — fand g; — gin
L*(0,T;H). Consequently f;, — f and g3, — gin L'(0,T;H).

Statement 2: u; — zand v, — win C([0,T];H). Moreover, f(t) € F(z(t),w(t))
and g(r) € G(z(t),w(t)) a.e. in [0,T].
In fact, let t € [0,T]. We have

[, (1) = 2(0) I <[ wea, (£) = 22, (1) e + | 2, (1) = 2(2) [|z -

Then,
sup [Ju, (1) =2(t) |lm < sup [[1(uop,)fa, (1) = 1(u0) f3,(t) |u
t€[0,T] t€(0,7]
+osup [[z,(1) =2(1) [|m
t€(0,7]
< luop, —uo | + sup [z, () =2(¢) [#— 0

t€(0,T]

as n — +-oo. Therefore u;, — zin C([0,T]; H). Analogously we can show that v, — w
inC([0,T];H).

So, by Theorem 3.3 in [5], f(¢) € F(z(¢),w(z)) and g(¢) € G(z(¢),w(¢)) a.e. in
[0,T]. O

Now observe that since

fo, ~f in L*0,T;H)
implies that
fo, =~ f in L[*s,t;H),VO0<s<t<T;

and z;, — zin C([0,T]; H) implies that z; — z in C([s,7]; H) and consequently

G, —z em L*(s,;H),VO<s<t<T;

then
aw =122, = O) 2050wy — (F = h 2= 0) 12 1)
forall 0,h € H.
Now consider 8 € D(AP) ¢ W''P(Q) C H and let be i = AP () € H. We consider
v3, = APV () = —div(D™|V8|P~2V8) + [6]7~28. Note that 2(APY" ) = D(ALY), ¥ n €
N. We already knows by (2) that holds

1 = 1 — t —
Sz 0-BF < S 1z©-81+ [ (3,0 a2 ()-8
1 — 't - = —
= 15,6 =B+ [ ()= htTi—3,.2, (1)~ B)dr
1 — 4 _ _
= 519,60+ [ (5 =R, (@) B
+ /t@fmn,zx,,(r)f@dr- )
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Statement 3: [} (h—y;, .23, (T) — 0)dT — 0 as n — +oo.
In fact, consider the function B"(x) = D9(x) — D{L" (x). Since we are supposing that
1B" | = (@) = 1D} — D} | 1=(q) — 0 as n — co, from Holder’s Inequality, we obtain for
each 7 > 0, that yields the following inequality

(h—=yp,,23,(t) — )

(h,23,(7) = 0) — (2,22, (7) — 0)
= (B"|V6|"?V8,V(z,(1)) ~V6)

< B [ VOV 21|V (s, (7)) — VOl
< B i VB9 s, (0l [ [VBIPa]
<

18"l (IVB1,1V 22, (2, + V85,

where % + ﬁ =1.
Using the Lemma 3.4 and the Remark 3.3, we have that

(178,19, () + 1781

is uniformly bounded for A, € [0,A¢] and T > 0, that is, there is a positive constant C,
independent of 4, € [0, 4], such that

(I8, IV (23, (), + [ V8II5) <€, ¥ 7= 0and 2, € [0, Ag].
Then
r o t
| 69322, (0) = B)de < [ 1B l1m(0)Cdt < B0 CT — 0

as n — oo, O
Taking the limit in (4) as n — +co, we obtain

1 — _
EIIZ(I)—GII2 fllz 9||2+/ —0)dt+e,Ve>0.
So,
1 — _
S 120 -8 P< 5 1) -8 P+ [ (e ~B)dt

for all § € D(AP") and i = APY(9) and forall 0 < s <1 < T.
In the same way, we can show that

1 — —
S Iw) =8 1P< 3 [ w(9) -8 |2+ [ (g(e) ~Tw(r) - B)ax

forall 6 € D(BDz) and 1 = BDZ(G
0

So (z,w) € G with (z(0), w(
(z(t),w(t)) € To(t)(), ¥Vt > 0.

Jand forall 0 <s <z <T.
)) = (ug,vo) € 7. Then,
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Thus, defining &y = (z(f),w(to)) € To(to) (<), we obtain

6, — o llaxu = [l uy,(t0) —z(to) la + || va,(t0) —w(t0) llu
< sup luy, (7) —2(7) la + sup ||vy,(T) —w(t) [a— 0,
7€[0,T] 7€(0,T]

as n — +oo, which is a contradiction, and so we conclude that the map
[0,4] 24— T (t)(<)

is w-upper semicontinuous on A; = 0 for each ¢t > 0. 0
Therefore, the family {G, }5¢(0,4,) satisfies the condition (ii) of the Theorem 3.3.
Therefore, we obtain immediately, by Theorem 3.3, the following result:

Theorem 3.5. The family of attractors {2} }j.c(o 3, associated with the problem (Py; )
is upper semicontinuous on A| = 0.
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