ON THE EXISTENCE OF WEAK SOLUTIONS FOR
»,¢-LAPLACIAN SYSTEMS WITH WEIGHTS

OLIMPIO H. MIYAGAKI, RODRIGO S. RODRIGUES

ABSTRACT. This paper studies degenerate quasilinear elliptic systems involv-
ing p, g-superlinear and critical nonlinearities with singularities. Existence
results are obtained by using properties of the best Hardy-Sobolev constant
together with an approach developed by Brezis and Nirenberg.

1. INTRODUCTION

In a well-known paper, Brezis and Nirenberg [11] proved that, under certain
conditions, the elliptic problem with Dirichlet boundary condition

—Au =t +u> ! in Q,
w>0 in €, (1.1)
u=0 on O

possesses at least a solution, for all A > 0, where 1 < ¢ < 2* =2N/(N —2), N > 3,
2* is said to be the critical Sobolev exponent, and  C RY (N > 3) is a bounded
smooth domain. In general, the main difficulty in this type of problem is the lack
of compactness of the injection H}(Q) — L? (Q).

We recall that the perturbation Au? is essential in this kind of the problem. By
Pohozaev identity [30], problem (1.1) does not possess any solution when A < 0.

Garcia and Peral in [19] studied the existence of nontrivial solution for a class
of problems involving the p-laplacian operator, namely,

—Ayu = —div(|VulP72Vau) = Mu|72u 4 pluP” ~2u in Q,
u>0 in
u=0 on 01,

in a bounded smooth domain Q@ € RV (N > p), with 1 < p < ¢ < p* = Np/(N — p).
When p < ¢ < p*, we say that the above problem is p-superlinear. These type of
problems, which are related to the Brezis and Nirenberg problem [11] (problem
(1.1) with p = 2), have been widely treated by several authors and we would like
to mention some of them, e.g., [14, 20, 21] for 1 < p < N and [26, 28, 29] for p = 2,
see also references cited there.

Caffarelli, Kohn and Nirenberg in [12] proved that if 1 < p < N, —oc0o < a <
(N=p)/p,a<ci<a+1,d =1+a—cy,and p* = p“(a,c1,p) := Np/(N —dip),
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there exists C,,, > 0 such that the following Hardy-Sobolev type inequality with
weights is satisfied

. . /p*
( / a7 up” )" sca,p(/ e~ VulPda), Y € G (RY).
RN RN

Note that several papers have been appeared on this subject, mainly, the works
about the existence of solution for a class of quasilinear elliptic problems of the
type
—Lugp = g(z,u) + |x\751p* lu|9"%u  in Q,

where Lu,, = div(|z|~*?|Vu|P~2Vu), under certain suppositions on the exponents
l1<p< N, —o0o<a< (N-p)/pa<e <a+l d=1+4a—e and
p* = Np/(N — dp), and on the function g : @ x R — R. See, for instance,
[4, 7, 13, 16, 34, 35] and references therein. The lack of compactness is overcame
proving that all the Palais Smale sequence at the level ¢, ( (PS).-sequence, in short),
with ¢ < (d/N)(C; )N/, is relatively compact. (d/N)(Cj )N/ is so called the
critical level and C7 ,, is the best Hardy-Sobolev constant and it is characterized by

Jo lz|7?|VulPd
)P/P* }

Cro=Cr ()= inf {
D P wEWLP(Q,]z|~+2)\ {0} (fQ |x|—elp*

u|P"dx

Besides the great number of the applications known for the scalar case, for
instance, in fluid mechanics, in newtonian fluids, in flow through porous media,
reaction-diffusion problems, nonlinear elasticity, petroleum extraction, astronomy,
glaciology, etc, see [15], the above systems can involve another phenomena, such as
competition model in population dynamics, see [18] and reference therein. For the
systems case we would like to mention the papers [2, 32] and a survey paper [17]
as well as in the references therein.

In our work, we will use a version of the well-known mountain pass theorem [6] to
establish conditions for the existence of a nontrivial solution for a quasilinear elliptic
system involving the above operator and a p, g-superlinear nonlinear perturbation

—Lugy = M|z~ ul2|v|%u + palz| P2 |u|* 2oy in Q,
—Lupg = M|~ ul’ |20 + pyla| =2 ul* [0 R0 in 2, (1.2)
u=v=0 on 99,
where
Q is a bounded smooth domain of RY with 0 € €, (1.3)
the parameters A,y are positive real numbers and the exponents satisfy
1<p, g<N, —-oo<a<(N-p)/p, —oco<b<(N-—q)/q,
a<ci<a+l, b<eco<b+1l, di=14+a—-c, do=1+b—co,

N . 1.4
p" = Np/(N —dip), ¢ = Ngq/(N —daq), (14
aa75976>1a ﬁlaﬁ?eRa

with one of the following two sets of conditions satisfied:

0 9

-+ -, SR (p, g-superlinear)

p qp q

(1.5)

)
A A (p, g-subcritical),
qg p q
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or

i* + % <l< 0 + 0 and % + l* =1 p,g-superlinear/critical case)  (1.6)

p q p q p q

However, the variational systems behave, in a certain sense, like in the scalar case,

there exist some additional difficulties mainly coming from the mutual actions of
the variables u and v, see e. g. [23, 33]. Another difficulty, even in the regular case,
are the systems involving p-laplacian and g-laplacian operators and their respective
critical exponents. In this situation, it is hard to find a well appropriated critical
level, mainly, when p # ¢. This open question was pointed out in Adriouch and
Hamidi [1]. But, recently Silva and Xavier in [31] were able to prove, in a certain
context and in the regular case, the existence of weak solution for a system involving
p-laplacian and g-laplacian operators with p # ¢. Still in the regular case and p = ¢,
we would like to mention the papers [2, 5, 27, 32, 36], also a survey paper [17]. In
particular, Morais and Souto in [27] defined the following critical level number
Su/p, where

Jo [Vul? + |Vv\pdx}
([ H(um)dx)p/p* 7
W = Wol’p(ﬂ) X Wol’q(Q) and H is homogeneous nonlinearity of degree p*. In
this work, we will improve the critical level by proving that all the Palais Smale
sequences at the level ¢ are relatively compact provided that
1 1 -p ~_p* 1 1
c< (== =) (pup")r—2Sv=—r + A\(- — —)M,
(p p* (k") (p pl)
where S depends of Cy,and M = M(uy,v,) > 0 depends of Palais Smale sequence.
Our first result deals with p, g-superlinear and subcritical nonlinear perturbation.

Sy = inf
=t

Theorem 1.1. In addition to (1.3), (1.4), and (1.5), assume that p; € (p,p*),
q €(q,q%), 1=1,2, with 8/p1 +6/q1 = a/pa +v/q2 = 1 and
B; < min { (a+ 1)p; + N(1 - %), (b+1)g +N(1— %)}, i=1,2. (L7

Then system (1.2) possesses a weak solution, where each component is nontrivial
and nonnegative, for each A\ > 0 and p > 0.

The next result treats the p, g-superlinear and critical case.

Theorem 1.2. Assume (1.3), (1.4) and (1.6), with p=q and a =b > 0. Suppose
also pr = q1 € (p,p*), with 0/p1 + /@1 = 1, p* = q*, P2 = c1p*, and By =
(a+ 1)p1 — ¢ with
— 1N — 1 N—p-— —
7N[17(p1/p)}<c<(p1 p+1N—(a+Dp1  (N—p—ap)(pr—p)
p—1 p(p—1)

Then, system (1.2) possesses a weak solutions, where each component is nontrivial
and nonnegative, for each A, > 0.

The p, g-superlinear and critical case with p # ¢ is studied in the following result.

Theorem 1.3. In addition to (1.3), (1.4), and (1.6), assume that p1 € (p,p*),
q1 € (¢,q%), with 8/p1+6/q1 =1, B2 = c1p™ = caq™, and By as in (1.7). Then there
exists po sufficiently small such that system (1.2) posesses a weak solution, where
each component is nontrivial and nonnegative, for each A > 0 and 0 < p < pyg.
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2. PRELIMINARIES

We will set some spaces and their norms. If a € R and [ > 1, we define L (€2, |z|®)
as being the subspace of L!(Q) of the Lebesgue measurable functions u : Q — R
satisfying

1/1
[ullzea,ele) = (/ |x\“|u|ldx) < 00.
Q

If1<p< N and —0o < a < (N —p)/p, we define W, *(£, |z|~%) as being the
completion of C§°(€2) with respect to the norm || - || defined by

Ca 1/p
Jull == (/Q|a:| P Vuprdz) .

First of all, from the Caffarelli, Kohn and Nirenberg inequality (see [12]) and by
the boundedness of 2, it is easy to see that there exists C' > 0 such that

/T
(/ e *Jufdz)" gc(/ o]~ |VulPdz),  Yu € WiP(Q, 2] ~),
Q Q
where 1 <r < Np/(N —p) and 0 < (a + 1)r+ N[1 — (r/p)].

Lemma 2.1. Suppose that Q is a bounded smooth domain of RN with 0 € Q, 1 <
p<N,—oco<a<(N-p)/p,a<e <a+l,di=1+a—ey, p* = Np/(N —dip),
and o + v = p*, then

S (Jaltl T+ (9ol
(fo lz|=ew

(u,0)eW )p/p*

u|*|v|[vdx

where

W = {(u,v) € (WoP (|| ~"))" : [u]|o] # 0},
satisfies

S = [/ +(a/y)~*"]Cs,.

The proof of the above lemma is similar to the proof of [5, Theorem 5] (see also
[27, Lemma 3] for p # 2).

Let us consider 2 a smooth domain of RY (not necessarily bounded), 0 € Q, 1 <
p<N,0<a<(N-p)/p,a<c <a+l,di =14a—ci,and p* = Np/(N —dip).
We define the space

Wat () = {u € LV (Q, 2|77 : |Vu| € LP(Q, [2[~*7)},
equipped with the norm
||U||W;;51 Q) — HUHLP*(Q,\zrcw*) + ||VU|\LP(Q,\z|—ap)~
We consider the best Hardy-Sobolev constant given by
~ ) |x| 7P |VulPdx
Sap = inf { Jax o7 }
Wa:ty RNNO} S ([fon || =P |ulP” da)

u

Also, we define
RLP (Q) = {u e WP (Q):u(zx) = u(|:17|)}7

a,cy a,ci

endowed with the norm

HU||R}L1£1 Q) = ||U||W(};§1 (Q)°
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Actually, Horiuchi in [24] proved that

- {( Ju e VPl _y g

Sap R = inf — v =
a,p, fRN 2|17 )p/p

RE, (BN)\{0} S
and it is achieved by functions of the form

Ye(@) = kap(e)Uqpe(x), Ve>0,

where

N—dlp)

Fapl©) = coc D/ and U, (@) = (e fo BHFED )

Moreover, y. satisfies

[t = [ e i (2.1)

See also Clément, Figueiredo and Mitidieri [16, Proposition 1.4].
The next lemma can be proved arguing as in [11] (see also [35, Lemma 5.1]). For
the sake of the completeness we will give the proof in the appendix.

Lemma 2.2. In addition to (1.3) and (1.4), assume that p1 = q1 € (p,p*), 0/p1 +
d/q =1, Bo = c1p* = caq*, and By = (a + 1)p1 — c with

~N[1—(p/p)<c

Let Ry € (0,1) be such that B(0,2Rg) C Q and ¢ € C§°(B(0,2Ry)) with ¢ > 0 in
B(0,2Ry) and ¢ =1 in B(0, Ry), then the function

Y (@)Uap.c(7)
||7/’Ua,p,6 e (Q,]z|—c1P*)

ue(z) =
satisfies

HUEHZI);:* (Q"zlfclp*) = 1’ Hvuﬁng(Q’\zraz)) S SGJLR + O(G(N_dlp)/dlp)7

and
O(G(N_dlp)pl/dlpz) if > 1= p+11)71:/1 (at+1)pr
O(E(Nfdlp)pl/dlﬁ|ln(€)‘) if c = (p1 erl)N1 (a+1)p1’
P
”ue”Lm Q,|z|~P1) > (N—djp)(p—=)(N—pj—apj+c) (N—djp)(p—1)py (2'2)
€ dip(N—p—ap) dqip2 )

: ( +1)N—(a+1)p1
Zf c< p1—p P P1
The following result, which will be useful in the proof of our results, was proved
by Kavian in [25, Lemma 4.8].

Lemma 2.3. Let Q be an open subset of RN, {f,} € L"(Q), for some 1 < r < 00,
a bounded sequence such that f,(x) — f(x), for a.e. © € Q, as n — oco. Then,
ferL Q) and f,, = f weakly in L™ () as n — oo.
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Definition. Let us consider {(uy,v,)} in Wy (Q, |z]=%) x Wy 9(Q, |z| 7). We
say that the sequence {(u,,v,)} is a Palais Smale sequence for operator I at the
level ¢ (or simply, (PS).-sequence) if

I(tp,v,) — ¢ and I'(un,v,) — 0, asn — oo.

Our approach will be to use variational techniques; that is, we have to find the
critical points of the Euler-Lagrange functional

I WP (@] =2%) x W (@, o] ) — R
given by

I(u,v) /|:17| P|Vul? dr + /|x| b7 da

—/\/|x| Bruf v+d:17 /|z| B2u+v1dx,

which is well defined and is of class C!, with the Gateaux derivative

(I' (u,v), (w, 2)) :/|x|*“p|Vu|p*2Vqudx+/\x|*bq|Vv|q*2Vszdx
Q
—)\0/ |x|_51uflviwd$—)\5/|x| Pyl v 5 12

—,uoz/\ac| Py~ 1v+wdx—u'y/ 2|7 PeuG )" 2 da,

where uy = max{0, +u} which is in W, "*(, |z|~%) (Similarly v+ = max{0, +v}
which is in W, 4(9, || ~%9); see [3]).

First of all, we are going to show the geometric conditions of the mountain pass
theorem.

Lemma 2.4. In addition to (1.3) and (1.4), assume that one of the following
conditions hold:

(i) the case (1.5), p; € (p,0*), ¢; € (¢,¢%), with 0/p1+6/q1 = a/p2+7/q2 = 1,
and B; as in (1.7), forz-l 2.

(i) the case (1. ), D1 ( p,p*), ¢1 € (¢q,q%), with 0/p1 +6/q1 = 1, 1 as in
(1.7), p2=p", @2 = q*, and B2 = c1p™ = c2q".
Then the Euler-Lagrange functional I satisfies:
(a) There exist o,p > 0 such that

Iw0) > 0 if (o) = p. (23)
(b) There exists e € Wy P (2, || %) x Wy 9(, |z| %) such that
I(e) <0, el >R forsomeR > p.
Proof. Part (a). For (u,v) € Wy (Q, |z]=%) x Wyd(, |z|~*9) with ||(u,v)| < 1,

we have

oCPr/p aCP2/p
A [P = p

1
T(u,0) > (- )

1 sCu/q /4
+ (ol = A o = p = ]
q Q1 q2
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1
> —lull” -

9CP1/p aCP2/p
()\ + i )
b1 P2

||u||min{p1 b2}

1 .
+ ol ol
q

sCn/4q
(A +u
Uil

yC22/1
q2 )
Hence, as p < min{p1, p2} and ¢ < min{q1, g2}, we can choose p € (0,1) such that
Iw,0) 2 0 if |(u,0)] = p.
Part (b). The proof follows by taking (ug, vo) € Wy P(Q, || =) x W 4(RQ, || =)
with ug, .vo, # 0. Then, defining (u¢,v¢) = (tl/pU(),t%’Uo), for t > 0, we obtain

1 1 o
ey < (ol + o) =t 3 [ fal g 3 do = —o0,  (2.)
P q Q *
as t — oo. O

From the mountain pass theorem [6] we get a (PS).-sequence {(un,v,)} in
Wo P (9, 2] 77) x Wy (82, |z|~*7), where

0 <o <c= inf max I(h(t 2.5
<o<c igrfél[gfﬁ(()) (2.5)

and
P = {h e C(0, 1], We (@, o] %) x WS, 2] 0)) : h(0) = 0, h(1) = €}, (2.6)
with I(e) = I(toUo,to’Uo) < 0.

Lemma 2.5. In addition to (1.3) and (1.4), assume that one of the two following
conditions hold:

(i) the case (1.5), p; € (p,p*), ¢; € (¢,q%), with 0/p1+06/q1 = a/pa+~/q2 = 1,
and B; as in (1. 7) for i=1,2.
(i) the case (1.6), pr € (p,p*), 01 € (¢, ¢"), with 0/py + 0/qr =1, Br as in
(1.7), p2 =p", g2 = q*, and B2 = c1p” = c2q".
Let {(tn,v,)} C WoP(Q,]z|~9P) x Wy UQ, |x|~%) be a (PS).-sequence. Then
{(tn, ,vn, )} is a (PS)c-sequence which is bounded uniformly in p > 0.

Proof. Let ; = min{py,p2} and 02 = min{q1, g2}, we have
¢+ [[(un, vn) | + On (1) = I(tn, vn) = (I'(tn, vn), (un /01,05 /02))

1 1 1
> (2 _ Py(Z -
> 91>||unu = gl
+ Ao +——1/\xl Prud w) da

—l—u +——1 /|x\ 52un+v;’+dx

> (- 9i>|| ol + G = gl

Therefore, independently of A > 0 and u > 0, we conclude that {(un,v,)} is
a bounded sequence in Wy (€, |z|~%) x Wy?(2, |z|7*?). In particular, we have
that {(un_,v,_)} and {(un,,vn )} are bounded sequences in WP (2, |z|~%) x
Wy'?(€, |2|749), then

—Nun_IIP = {I'(un,vn), (un_,0)) -0 as n— oo (2.7)
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and similarly

—|lvn_[|* = (I'(un,v0), (0,0,_)) = 0 as n — oo. (2.8)
Moreover, we get

1 1
I(un+’”n+) = I(un,vn) + ;H“nf "+ ganf 9= 1(un,vn) + On(1).

Therefore, from (2.7) and (2.8), we obtain I(uy,_,v,,) — ¢ as n — oo. Similarly, if
(w,z) € Wy P(S, || %) x Wy 9(Q, |z|~*7), we prove that

(I'(Unts vng ), (w, 2)) = (I'(Un, vn), (W, 2)) + On(1),

hence I'(uy,, ,un,) — 0 as n — oo. O

3. PROOF OF THEOREM 1.1

Lemma 3.1. Suppose that (1.3) and (1.4) hold. Assume that p; € (p,p*), ¢; €
(¢,9%), i = 1,2, with 0/p1 + 6/q1 = a/p2 + v/q2 = 1, and Bi,i = 1,2, as in
(1.7). Then, every (PS)c-sequence {(un,vn)} with u,,v, > 0, for a.e. in Q, is
precompact.

Proof. From lemma 2.5, the sequence {(uy,v,)} is bounded in W, (£, |z|~%) x
WO1 9(Q, |z|~b). We can assume, passing to a subsequence if necessary, there exists
(u,v) € Wy P(Q, x| =) x Wy 4(Q, |x| =) satisfying u,, — u and v, — v weakly, as
n — oo. From the compact embedding theorem [35, Theorem 2.1], we obtain

Up — u in LPY(Q, 2| 7P) N LP2(Q, 2] 7)  as n — oo,

v, — v in LO(Q, x| 7P) N Le(Q, x| %) as n — oc.
Since there exist f € LP1(Q, |z|~"1) and g € L% (9, |z|~71) such that |uy,|(z) < f(x)

and |v,|(z) < g(z), for a.e. x € Qand all n € N, applying the Lebesgue’s dominated
convergence theorem we infer that

lim | |27 (u, — u)dz =0, (3.1)
n—oo O

and similarly
lim | |z]7"2u® 1) (u, — u)dz = 0. (3.2)
n—oo O

Now, taking the upper limit in the equation

/ |z~ (|Vun [PV, — [VulP~>Vu) V(u, — u)dz

Q

= (I'(un,vn), (U, — u,0)) — / || =P | VuP~2VuV (u, — u)d
Q

+ AG/ lz| P uf =10l (u,, — u)dx + ua/ 2|~ P2u 1) (u,, — u)dz .
o Q

Using the definition of (PS).-sequence, the weak convergence, (3.1), and (3.2), we
obtain

limsup/ 2|~ (|Vu, [P~*Vu, — |VuP~*Vu) V(u, — u)dz = 0.
Q

n—oo
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Consequently, by a well known lemma (see e.g. [20, lemma 4.1]) we achieve, up to
a subsequence, that u, — u strongly in Wol’p(Q7 |z| =) as n — oco. Analogously,
we get v, — v strongly in Wy4(Q, |z| %) as n — occ. O

Proof of theorem 1.1. By combining lemmata 2.4 and 2.5, there exists a (PS).-
sequence {(u,, vy)} in Wy P (Q, |z|~%) x W %(, || =) with u,, v, > 0, for a.e. in
Q. Moreover, from lemma 3.1 there exist (u,v) € Wy (€, |z|~%) x W 4(Q, |z|~9)
and a subsequence of {(uy, v,,)}, that we will denote by {(uy,v,)}, such that u,, — u
strongly in Wy (Q, |z|~%") and v, — v strongly in Wy'%(2, |z|~%9), as n — oo.
Then, we conclude that

I(u,v) =c>0 and I'(u,v)=0,

that is, (u,v) is a nonnegative weak solution of system (1.2). Moreover, it is easy
to check that u,v Z 0. d

4. PROOF OF THEOREM 1.2

First of all, notice that by lemma 2.4 the geometric conditions of the mountain
pass theorem for the functional I are satisfied.
The next three lemmata are crucial in the proof of this theorem.

Lemma 4.1. Let {(un,v,)} C (WyP(Q,]x]~%))? be a bounded (PS).-sequence
such that un,v, > 0, for a.e. in Q, and there exists (u,v) € (WyP(Q,|z|~"))?
satisfying u, — u and v,, — v weakly in WOI’p(Q, |x|~%P), as n — oo. Then, (u,v)
is a weak solution of system (1.2) and u,v > 0 for a.e. in ).

Proof. Arguing as in the proof of lemma 3.1, by combining the compact embedding
theorem [35, Theorem 2.1] with the Lebesgue’s dominated convergence theorem,
we obtain that w,v > 0 for a.e. in (),

lim [ |z| Pl wde = / 2| Pl lwde,  Yw € WP (Q, |z]7%P), (4.1)
and
lim | |z| P ulod zde = / 2| Pl zde, V2 e WP (Q, |z 7).  (4.2)

n—oo Q

Notice that Vu,(z) — Vu(z) and Vv, (z) — Vo(z), for a.e. z € Q, as n — oc.
These facts can be proved arguing as in [9] (see also [8, 20, 22]).

Since {(tn, vy)} is bounded in (W, P(9Q, |x|~))2, we have {|Vu,[P~2Vu, } and
{|Vv,[P~2Vv,} are bounded in (L7 1 (€2, |z|=7)). On the other hand, since a +
v = p*, by the Hélder’s inequality, we infer that {u,* 'v,7} and {u,“v,”" "'} are
bounded in L#(Q, |z|~¢P"). Therefore, by lemma 2.3 we get

Vi, — Vu and Vv, — Vv weakly in (L7°T (Q, |z|~%))N (4.3)
and

a—1 a—1

o v" weakly in L7 1 (Q, |z|~P"),  (4.4)
as n — 0o. Consequently, using (4.1) — (4.4) we obtain

(I (u,0), (w, 2)) = Tim (I’ (un, v0), (w,2)) = 0, ¥(w,2) € (Wy"(Q, |2 ~7))%,

a, v—1 a,v—1 o
Uy Uy — U v , U v, — U

that is, (u,v) is a weak solution of system (1.2). O
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Lemma 4.2. In addition to (1.3), (1.4), and (1.6), assume thatp=q, 0 < a =0,
pL=q € (p,p*), with 0/pr +6/q1 = 1, p* = ¢*, and B = c1p*. Then, all the
Palais Smale sequences {(un,vn)} C (WyP(, |x|~%))? for the operator I at the
level ¢, with uy,,v, > 0 for a.e. in 2, are precompact provided that

1 1 s\ =P 5 _p"
c < (5 — E)(Mp )P**PSP**P + ]{()\)7 (45)

where
1 1
K(\) =Ap1(- ——) lim /|x|_ﬂlu2vidx.
b p1 n—>Jo
Proof. By Lemma 2.5 the sequence {(un,v,)} is bounded in (WyP(Q, |z|~%))?;
consequently, there exists (u,v) € (WP (€2, |z|~*))? such that u, — u and v, — v
weakly in Wol’p(Q, |x|~P), as n — oo. Then, by combining the compact embedding
theorem [35, Theorem 2.1] with the Lebesgue’s dominated convergence theorem,
we infer that u,(x) — u(x), v,(z) — v(z), for a.e. in Q, as n — oo, and
lim | |z|"# w0l de = / || =P w0 da. (4.6)
Moreover, as in Lemma 4.1 we can suppose that Vu,(x) — Vu(z) and Vo, (z) —
Vo(x), for a.e. z € Q, as n — 0.
Define 4, = u, — u and ¥, = v, — v. By Brezis and Lieb [10, Theorem 1] we
have
() Nunll? = l@nl|” + [[ul[” + On(1), as n — oo.
(i) [lonl[” = loa][” + V]| + On(1), as n — oo.

iii
(i) /|33|7Clp* un|a|vn|’yd$_/|x|7clp*|an|a|f’n"yd$
Q Q

- / (|~ [l o[z + On(1), s n — 0o,
Q

We recall that the proof of identity iii. follows arguing as in [27, Lemma 8].

By Lemma 4.1 we have that (u,v) is a weak solution of system (1.2), that is,
(I'(u, ), (w, z)) = 0 for all (w,z) € (WyP(RN,|z|~%))2. By using (4.6) and (i)~
(iil), we get

lianll? — pc /Q | it 5]l

=l = JulP = [ [ fal =" e~ [ Jal -7 urvda] + 0,01)
Q Q

= (I'(un, vn), (tn, 0)) = (I'(u, ), (u,0)) + On(1)

= 0,(1), asn — oo.

Analogously, we obtain

[l — 1y / |~
Q

Thus, we can take [ > 0 such that

I 5P .
= lim | = lim 15 ]1” = p lim / || =P |y || On | da.
Y =)0

n—oo « n—oo

U |“|0n | dx = O, (1).
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If I = 0 the result is proved. Suppose by contradiction that [ > 0. By the definition
of (PS).-sequence we get

c+0,(1)
= I(up,v,) — i(I’(un,vn), (tn, vp))
D1
1 1 a—l—*y /
= (- Un |l + ||vn, xclpuqﬂdaj
(& = )l + fonll) + "
= 2~ Lyl + 12 ||ff’>+<1 Lyl + o)
p p " P

——1 /|ac| cp ~"v“*da:—&—/|90| e’y v"*dm] +0,(1)

L Lo
== it (]; = o el + 1l l)
1

1
+(——=)p"|l+ /x_clpugvgdx +O0,(1
(o [+ | +0a(1)

(4.7)

1 1 1 1 «
===+ (=-—) )\pl/ 2| Pl da + up*/ || ~P u%ﬂdw]
p p p M Q

1
L /|x| "y de + O (1)
P1 p*

1 1
=(=— = )p*l+ )\pl(f - — /\x| Arufvdde
p p*
+u(=— 7)p*/ lz| =P uo) da + O, (1)
p Q
1 1

1 1
> (== )l an(c = ) [ e[ ufvlde + 0(1),
p p P P1Jao

Using the definition of S we have
« p/p" -
([ 1ol wgoyde)™" 5 < flunl” + Jonll”, v,
Q

Hence, taking the limit in the above inequality we get
L\p/p* & ok
(=)"" S <(a+l=p'l
W

then

1> ()75 () 755 575, (4.8)
Substituting (4.8) in (4.7) and taking the limit, we obtain

1 1 —p_ ~_p*

¢ (= ) up") 7T ST + K(),

p P

which contradicts the inequality (4.5). O

Lemma 4.3. We can choose e in (2.6) such that ¢ given by (2.5) satisfies

¢ < (5= =) (") S (4.9)

1
p p*
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Proof. Let us consider sy = 81(8(1’(15’1‘{)1%1 and tog = tl(s‘ft?)%, where s1,%1 > 0 and
s1/t1 = (a/7)"/?, and u, the function defined in lemma 2.2. Then, it is suffices to
prove that there exists € > 0 such that

1 3 p*

p )7 —r S7 D
)

iggl(t(soue)vt(toue)) < ( -

SRR

Due to the geometric conditions of the mountain pass theorem, for each ¢ > 0,
there exists t. > 0 such that

0 < o < supl(t(soue), t(toue)) = I(te(Soue), te(toue))-
>0

Moreover, supposing by contradiction that there exists a subsequence {t. } with

te. — 0 as n — oo, we obtain

€n

€n

0<o< I(t€71,(50u571,)7t5n (tOUen))
B oy Bl
< e, [P+ =], ||
p p

tP -
< (4 ) S+ O P/ 7) 0 s o,

n

which is an absurd. Then, there exists [ > 0 with ¢, > [, for all ¢ > 0. Consequently,
by using lemma 2.2 and putting cy = IP*s{td, we get

t]eg Sertﬁ) P —B1,,P1 p*
il;}(:;f(t(soue),t(toue)) < p(w)p/p* Ul )*ACO Q|x| ugde — pty . (4.10)
> 50t
Note that
—1 Sp+tp *17 P
t = (up™) 7 (A) e |7 411
1= )7 () 7 (411)

is the unique maximum point of f, : (0,00) — R, given by

(sh + )P

P _ P
el

fe(t) =
Also we know that

(A+B)F < A* + k(A+ B)F !B, (4.12)
for all A, B >0 and k > 1 [26]. Observe that the following identity holds

[%] = [(a/v)”“’* + (a/v)"’/p*] . (4.13)

By the Caffarelli-Kohn-Nirenberg’s inequality, VVO1 P(Q,|z|7) C Walfl (RM). Then

Sup < Ci . (4.14)
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Substituting (4.11) in (4.10), from (4.12), (4.13), (4.14), and using lemma 2.2, we
obtain

supl (t(soue), t(toue)) < (

p¥ 71) g v/p* g —a/p"1Q
t>0 )(Mp ) {[(’Y) +( ) ]Sa,p,R

1
P Y

"d\'—‘

*

N—-djp %
+ O(e @ )}p g —)\co/ 2|~ PruPr da
Q

*

1 1 —p [0 N O o~ pip
<(=- )(up )7 ()P +(2) 77 ]S,
p { v v } (4.15)
+O(e 411’1 )—)\co/|x\_ﬂlufldx
Q
<= Ly B (0% + @1z, )
SN e gl g “P
Lo Ty - )\co/ 2|~ uPt da
Q
Now, from lemma 2.1 and (4.15), we get
11 N-d
supl (t(sot.), H(toue)) < (= — —)(up™) 75 575 + O mr)
t>0 p p* (4.16)

- )\co/ |z| P uPr de.
Q

< (p1—p+1)N—(a+1)py  (N—p—ap)(p1—p)

we have
p—1 p(p—1)

Supposing that ¢

(N=—pitapr+c)p—1)(N —dip) (N —dip)(p—1)p SN- dip
dip(N —p — ap) dyp? dip

)

then, by lemma 2.2 and by (4.16), we can take a € > 0 small enough such that

1 1 N—d
supl (t(soue). H(toue)) < (- — —)(up") 727 577 + O(c e )
t>0 p D*

(N—dyp)(p—1)(N—pj—api+c) (N—dyp)(p—1)p;
_ O(E dyp(N—p—ap) dqp2
1 1 —p ~_p*
<(7 —)(Mp )P**PSP**P.
p p*
This completes the proof. O

Proof of theorem 1.2. From lemmata 2.4, 2.5, and 4.3, there exists a bounded
(PS)e-sequence {(un,v,)} in (WoP(Q,]x|~9))? with ¢ > 0 satisfying (4.9) and
Up, Uy > 0 for a.e. in Q. Since that p; € (p,p*), it follows that ¢ verifies (4.5).
Thus, we have by lemma 4.2 that there exists (u,v) € (Wy™P(Q,]z|~%"))? with
U, — u and v, — v in Wy P(Q, |x|~%), as n — oo. Hence, we conclude

I(u,v) =¢>0 and I'(u,v)=0,

that is, (u,v) is a nontrivial and nonnegative weak solution of system (1.2). O
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5. PROOF OF THEOREM 1.3

The proof follows the steps the proof of theorem 1.2. By lemmata 2.4 and 2.5,
there exists a (PS).sequence {(u,,vy,)} in Wy P(Q, |z ~9) x W 4(Q, |« =) with
¢ > 0 given as in (2.5) and uy,, v, > 0 for a.e. in Q. Moreover, {(u,, v,)} is bounded
uniformly in p > 0, that is, there exist M > 0 such that ||(u,,v,)|| < M for all
n € N, uniformly in g > 0. Consequently, we get that ¢ < M uniformly in p > 0.

Due to the boundedness of {(u,,v,)}, there exists a subsequence, that we will
denote by {(un,v,)}, and (u,v) € Wy (Q, |z]~%P) x Wd(, |z|~*7) with u, — u
weakly in Wy (Q, |z| =) and v,, — v weakly in W, '%(Q, |z|~9), as n — co. Then,
arguing as in lemma 4.1 we obtain that (u,v) is a weak solution of system (1.2)
with u,v > 0 for a.e. in €.

Now, we will prove that there exists po > 0 such that u, v is nontrivial, provided
that 0 < p < po.

Supposing by contradiction that u(xz) = 0 for a.e. = € Q and proceeding as in
the proof of theorem 1.2, we obtain [ > 0 such that

P q
u v .
I = lim lunl® _ lim L plim [ |z|~? ulv)dx
n—oo « n—oo ’-}/ n—oo Q
and
. @ v
c= lim I(up,v,) =(—+—=—1)l > 0. (5.1)
n—oo P q

On the other hand, by Young’s inequality and definitions of C; , and Cf , we obtain

o o
L < M Cr )RRt/ M Cy )/
1 - p* a,p q* »q
(P"+p)/p (a"+a)/q
o * \—p* i * \—q" T
< [ (Ca) T T (G

where 7 = max{p*/p,q¢*/q} if I > 1, and 7 = min{p*/p, ¢*/q} if | < 1. Therefore,

aP*+p)/p . e +a)/a . =
> = (cr P/l (o) | T
L2 (T ) T T ()]

Thus substituting the above inequality in (5.1) and taking uo > 0 small enough we
conclude

(»"+p)/p
o
— 4+ l _ 1) [M(ai*
P q p

for all 0 < p < po, which is an absurd.

fy(q*-s-q)/q =1

c>( (Czﬁp)—p*/p + O;q)—q*/q)} 1 > M,

q*

6. APPENDIX

Proof of lemma 2.2. From equation (2.1) we obtain
||Vye||1£p(RN,|x\—ap) = (ga,P,R)p*/(p*ip) = (ka,p(ﬁ))pHVUMLE||Z£p(RN,|x\—ap)a

19ell? e o paf=erry = Bap )/ = (hap(€))P [Varpicl? e o oy -crrey:
We observe that
VU p.e(x) if |z| < Ry
V() Uape(®) =  Ugp,e(@)V(x) + Y(2)VUqgpe(z) if Ry < |z| < 2Ry
0 if |z > 2R,
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and
N —p—ap || [d1P(N —p=ap)/(p=1)(N—d1p)] =25
VUape(x) = — ’ dip(N—p— “D(N—dip)\N/dip
p—1 (€ + |z|dp(N—p=ap)/(p—1)( 1p))N/dip
Therefore,
el V@) @lPde = 00 + [ ol *7VUs, a)Pd
Q R
= O0(1) + (Sap.r) 77 (kap(€)
an

*

dx

d
/Q|x‘_mp* W(x)Ua,px(x)lp*dm =0(1) + /RNlerlp* |Ua,p,6(x) P

Consequently,
2|17 |V (2)|Pdr = o) + (ga,p,R)p*/(p*_p)(ka,p(€>)_p
/n' N = o) T G T P g 0) 7
_ (Fap()P[0(1) + (Sap,r)" /" 7P) (Kap(€)) 7]

[O(ka’p(e)p*) + (Sa’p’R)p*/(p*fp)]p/p*
< Sap.r + Olkap(€)?)
— S‘ap R+ O(E(Nfdlp)/dlp)'

Now, we prove that ||u. is as in (2.2). Considering the changes of

le
LP1(Q,]z]=F1)
variables by the polar coordinates and s = Rglefl/ar with a =
obtain

d1p(N—p—ap)

—D(N—dip)’ V€

/ |x|—(a+1)P1+C|an’p’€|p1 dz
Q

20(1)+ [ [af P, , [ da
|z|<Ro
Ry rf(a+1)p1+c+N71

_ 6.1
_O(l)+wzv/0 (€ + ro)(N=dip)pi/dip dr (6

—(N—djp)py + (N—py—apj+c)(p—1)(N—djp)

= O(l) —l—wN(Rg‘e) dip dyp(N—p—ap)

e~/ s—(a+1)p1+c+N—1
X / — ds
o (Ry® + s)(N—dip)p1/dp
Assuming that ¢ =[(p1 —p+ 1)N — (a + 1)p1]/(p — 1), we see that
—(N —dip)p1 + (p =DV —p1 —ap1 +c)(N — dip)

=0,
dip dip(N —p — ap)
(N —p — ap)p
—(a+Dpy+etr N 27O,
( )p1 »—1)

Therefore, by (6.1),

(at1) e /e 8—(a+1)P1+c+N—1—a7(N7ddllpp)p1
—(a+1)p1+c p1 >
/Q d [PUapl" do 2 WN/l [(Ros)=@ + 1](N=dip)p1/dip ds
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WN _
2 (Ro_“ + 1)(N7d1p)p1/d1p | In(e)| = O(l1n(e)])-

Hence, we obtain
O(lIn(e)])
[OQ) + (Sap, )"/ #" =9 (k)]
O(|In(e)[)

/ ||~ (Pt Py >
Q

(ka.p (€))7 [Okap(€)) + (Sap /@ -0)]" /"
> O(E(N*dlp)p1/d1p2| In(e))).
Assuming that ¢ > [(p1 —p+ 1)N — (¢ + 1)p1]/(p — 1), we have
—(N —dip)pr | (N =p1 —apr +¢)(p = YV = dip)

>0,
dip dip(N —p — ap)
(N —p—ap)p:
—(a4+1pr+c+N——— = 7 50,
( )P e
Consequently, by (6.1),
/|x‘*(a+1)p1+c‘¢Ua7p7E|p1dx
Q
» (1) + (R 7 + Eomggl ot
1 1
—(a+1)p1+c+N—-1 >
. (Raa + 1)(N—d110)171/d1p /1/2 s dS - O(l)
Hence, we get
/ ‘x|*(a+1)171+0|u€|;01d1. > O(l)
Q - (kaqp(e))*pl [O(ka’p(e)p*) + (Sa,p,R)p*/(p**p)]pl/p*
O(kq p(e)pl)
> )
T [O1) + (Sapr)P/ P*=P)|pr/P"
> O<€(N—d1p)p1/d1p2).
Ife<[lpr—p+1)N —(a+1)pi]/(p— 1), we see that
—(N —dip)ps n WN=pr—ap+9)p-HIN —dip) _
dip dip(N — p — ap) ’
(N —p—ap)p:
—(a+1)pr+c+N————="—<0.
( )p1 =
Using (6.1) we obtain
/ x|~ IR YU [P d
Q
1
2 0(1)6 —(N;;i;P)Pl + (N—P1—dalppl(-l%—vr:l(;_—:;§N—d1P) / 37(a+1)p1+C+N71d8
1/2

—(N—djp)p1 + (N—pj—apy+c)(p—1)(N—djp) )

> 0(6 dip d1p(N—p—ap)
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Hence, we conclude

(1
2]
(3]
[4]

(10]
(1]
(12]

(13]

14]
[15]
(16]
(17]
(18]
(19]
20]
21]

(22]

—(N—djp)p; + (N—py—apj+c)(p—1)(N—dyp)
(6 dip dyp(N—p—ap) )

O(1) + (Sup 1)/ @ =) (kg (€))7

/ |x|7(a+1)p1+c|u5\p1dx >
Q

dyp(N—p—ap) dip

[
>0

( (N—py—apj+c)(p—1)(N—dyp) _(N—djp)(p—1)p;
; )
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