ADMISSIBLE WEAK SOLUTION OF A CONSERVATION
LAW BY GLIMM METHOD AND THE POLYGONAL
APPROXIMATIONS OF SOLUTIONS

RICARDO E. FERREIRA! AND CEZAR I. KONDO?

ABSTRACT. In this paper, we propose an alternative construction based
on the Glimm’s random choice method [G]| and the polygonal approxi-
mations of solutions by Dafermos [D] to get an admissible weak solution
to the single consevation law.

1. INTRODUCTION

We consider the Cauchy problem for a scalar conservation law

{ ur+ f(u)e =0, (z,t) € R x[0,00),

(1) u(z,0) =up(z), z €,

where f : IR — IR is locally Lipschitz continuous on IR and wg(.) is bounded,
continuous on the left and of locally bounded variation on IR.

Since ug is bounded and f is locally Lipschitz continuous, we can suppose
f is Lipschitz on [—M, M], where ||ug||cc < M. Without loss of generality, we
can assume that M is a positive interger.

In general no classical solution of (1) exists even if f and wug are smooth.
It has been demonstrated that it is possible to establish the existence of weak
solutions by many methods, see for example, [B], [B-B], [D], [S] and their
references. For more details about the Glimm method see also [G], [L], [H-L]
and their references.

The weak solution is not necessarily unique. To attain uniqueness one usu-
ally imposes additional restrictions which are motivated by stability arguments
or by physical considerations (whenever (1) is studied in connection with a
physical model).

In section 2, we will construct a sequence of approximate weak solutions us-
ing the Glimm’s random choice method [G] and the polygonal approximations
of solutions by Dafermos [D]. In section 3, we will use the convergence of the
Glimm method to obtain a subsequence convergence and we will show that the
limit of this subsequence is an admissible weak solution of (1).

2. APROXIMATION SOLUTION

An admissible weak solution of the Cauchy problem (1) is defined as in [D]:
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Definition 1. A locally bounded and measurable function u(z,t) on
IR x [0, 00) is called an admissible weak solution of (1), if for any nondecreas-
ing function h(u) and any smooth nonnegative function ¢(z,t) with compact
support in IR x [0, 00),

/ / W+ Pl drde-+ [ Iuo(e))of,0)de > 0

— 00

where

and

Flu) = / " hE)dre).

—-M

Remark 1. An application of (2) for h(u) =1 and h(u) = —1 yields

@ [ e sweddeds [ uw@ow0)de=o.
0 —o0o — oo
which is the standard condition satisfied by any weak solution of (1).

Remark 2. Ifu(x,t) is defined on R x [0,T) and (2) is satisfied for every
nonnegative ¢(x,t) with compact support in R x [0,T), then u(x,t) is called
a local admissible weak solution of (1) on IR x [0,T'), according to [D].

Initially, we assume that ug is of bounded variation on IR.

Fix an integer kK > 1. Let P = {zp = - M < 21 < ... < &3 = M} be the
partition of [—M, M| such that x; —z;_1 = 27% j = 1,2,. 8, (s = 21D,
Let fi be the piecewise linear function which commdes with f at all points
z; € P, ie.

r— X1 Ti—T
(4) fe(r) = T_;if(xj) + ;Tf(xjfl)v
where r € [z;_1,2;], j=1,2,...,s

Let K be the Lipschitz constant such that

(5) |f(w) = f(2)] < Klw— 2|,V w,z € [-M, M],
hence
(6) |fo(w) = fu(2)| < Klw = 2],V w, 2 € [-M, M],

V k € IN. Without loss of generality, we can assume that K > 1.
For each fixed k > 1, we consider the conservation law

(7) u + fr(u)e =0, (z,t) € R x [0, 00),

First, we choose mesh lengths Axy, and Aty such that the stability condition
if: = C > K holds, where C is constant and independent of k. We assume

that Az = 275, Let
Y ={(m,n) € Z° : m +n = 0(mod2),n > 0}
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and
O =1 pyey {[(m — 1) Az, (m + 1)Axy] x {nAty}}.

We choose a point (mAzy 4 0, Az, nAty) (mn)ey €  where 6, is randomly

chosen in [—1,1]. As in [S], there is an isomorphism, ® ~ [][0, 1], of ® with a

countable product of copies of the unit interval, so we can consider the random

points 0 being defined in a fixed probability space ®, independent of Axy.
Now, we consider the initial data

(8) oy Fm) (2,0) = ug((m — 14 600)Ax), (m—1)Ax, <z < mlaxy
0 ’ uo((m + 14 00)Ax), miAz, <z < (m+1)Axg,

where m € Z, such that m is even.
In [D], we have

Lemma 1. If f is piecewise linear, satisfies (5), and

_ — ug, T e (—oo,y],
UO(:C) o { Ur, T € (y,oo),

where u; and u, are constants in [—M, M| and y is constant in IR, then there
exists an admissible weak solution u of (1), continuous on the left, that consists
of a finite number of constant states separated by shock waves centered at
y. Moreover, TV (u(.,t)) < |u, —wl, Yt € [0,00), and |u(z,t)| < ||To||co,
V(z,t) € R x [0, 00).

Remark 3. The values intermediaries that the admissible weak solution
assume are always vertices of the polygonal fj.

Remark 4. The admissible weak solution is always increasing or decreas-
ing. Moreover, each shock wave x = Z(t), t € (0, Aty), is a straight line with
slope

di _ fu(ut) = filu”)
dat ut —u~ ’
and for any u between u~ and u™,
fe@?) = fulw) _ fr(u®) = fr(u?)

ut —u - ut —u~

where u = lim,_ )+ u(x,t) and v~ = lim,_ 50~ u(z,t).
For each fixed k£ € IN and for each fixed m € Z, such that m is even, the
Riemann problem
v+ fr(v)e =0, (x,t) € R x [0,00),
with initial data
o(,0) = up((m — 14+ 0g)Axr), x € (—o0, mAxg]
T wo((m+ 1+ 6p)Azy), =€ (mAxg,o00),
is solved by Lemma 1. Let v, 0 be the admissible weak solution this problem,
given by Lemma 1.
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(m—+2+ 61) Az

(m —3)Axy, (m — 14 6y) Ay, (m+ 1+ 60y)Axy, z

FIGURE 1. Model to construct of the function ug .

Now, for each fixed k € IN, we define
Up1(z,t) = vkmo(z,t), (m—1)Az, <z < (m+1)Azg, 0<t< A,

where m € Z is even.

In view of our stability condition S2

A = C > K, the waves don’t interact
with each other across the lines z = (m — 1)Axy.

Thus ug,; is a step function defined in the strip 0 < ¢ < Aty, constant across
the lines ¢ = (m —1)Axy, Vm € Z even, and continuous on the left. According
to Remark 2, u 1 is a local admissible weak solution of (7) and (8), Vm € Z
even.

We also have that TV (ug,1(.,t)) < TV (uo(.)), VYt € [0, Atx), and |ug1(x, t)| <
[luolloo, ¥V (x,t) € IR X [0, Atg).

Inductively, we assume that uy, had been defined in the strip IR x [(n —
I)Atk,nﬂtk) (Flg 1)

In analogous way, we define uy 41 to solve the Riemann problem

ve+ fr(v), =0, (2,t) € R X [nAtg, 00),

with initial data

vz, nlty) = {

Uk ((m — 14 0,) Az, nAt, ), x € (—oo,mAxy],
U ((m 4+ 14+ 0,) Az, nAt, ), =€ (mAzy,o00),

where (m,n) € Y and At = 1ithAt; t. Let vgm., the admissible weak
solution this problem, given by Lemma (1). (See fig (1)).

We define ug i1 = Vg m,n in the strip R x [nAt, (n + 1)At;). Hence,
we have that TV (ugnt1(.,t)) < TV(up(.)), Vt € [nDty, (n + 1)Aty), and
[ur nt1(z, )] < J|uolloo, V(x,t) € R X [nAtg, (n 4+ 1)Atg), Vn=0,1,2,....

In particular, uy »41 is piecewise constant, continuous on the left, with jumps
occurring along of straing lines in the strip IR x [nAtg, (n + 1)Aty), for each
fixed n € IN.



ADMISSIBLE WEAK SOLUTION OF A CONSERVATION LAW 5

For each fixed k € IN and for each fixed 6 € ®, we define
ugg k) (T, 1) = Up, Ay (T, 1) = upn(2,t), (2,t) € R X [(n — 1)Aty, nAty),
n € IN.

Remark 5. Since ii’: = C > K, the restriction of ug y(.,t) on any

interval [x1, 3], is solely determined by the restriction of ug(.) on the interval
[#1 — (1 + Kt),x2 + (1 + Kt)] (finite domain of dependence) and

TVigy,a0) (W) (1) < TVie,— (14 Kt),e0+ 1+ K1) (W0 ()

Lemma 2. For each fixed k € IN, for each nondecreasing function h(u)
and each nonnegative function ¢ € C}(t > 0), we have that, in each strip
R x (IAtg, (I + 1) Aty),

(I+1)At
/ / U(@ k) )bt + Fk(u(e k)>¢z) dx dt
+/ I(u (e,k)(iﬁ,lAt:))qﬁ(x,lAtk)dx

_ /°° T(ugo (@, (L + DAL )b, (1 + 1)Aty) dz > 0,

—0o0
where
u
Few) = [ B (o).
-M
. (I + 1)ty
Ty f:;
X
Ty 1:‘1
Dy Dy
Uy \ u2
I
i r
a ) 29 b IOty

FI1GURE 2. Model of local admissible weak solution in the strip
R x (ZAtk, (l + 1)Atk).
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Proof. Indeed, without loss of generality, we assume that in the strip IR x
(IAtg, (I + 1)Aty), there exists only a discontinuity Z(t), with slope a =
%, according to [D], connecting the states u; and ws, (Fig. 2).
In this case, we observe that the line of discontinuity Z(¢) subdivide the strip
R x (IAtg, (I + 1)Aty) into two disjoint regions D and Ds.

We assume that the compact support of ¢ is in [a,b] x [0,00). We notice
that ¢(a,t) = ¢(b,t) = 0, Vt € [0,00). The oriented boundary of D; is
parametrized by T'1(s) = (s,lAt;) where a < s < xg, I'a(s) = (Z(s),s)
where [At, < s < (I 4+ 1)Atg and T'5(s) = ((x1 + a) — s, (I + 1)Atg) where
a < s < z1. In analogous way, the oriented boundary of D is parametrized by
T'1(s) = (s,l1Atg) where x5 < s < b, Ta(s) = (2((21+1) Aty —s), (21 +1) Aty —s)
where [At, < s < (I + 1)Aty, and Ts(s) = ((b+ 1) — s, (I + 1)Aty,) where
T < s<b.

Integrating, we have

(l+1)Atk [e%e}
/ / (I(wo,k)) 0t + Fr(wo,r)de) dedt =
l —

Aty

//Dl(I(U1)¢t+Fk(u1)¢z)dxdt+//DZ(I(U2)¢t+Fk(u2)¢m)d1}dt.

By Green’s theorem, we have

//D (L (u1)de + Fie(u1) o) da dt =

x1

_ / )b IO ) d + / (un)d(a, (1 + DAL do

(1+1) Aty
+ / [~ al(ur) + Fy(un)|$(E(s), s) ds
1Aty

and

//172 (L(u1)dt + Fi(u2)¢s) do dt =

b

b
—/ I(uQ)qa(x,lAt;)der/ I(ug)d(z, (1 + 1)ty ) da

T2 1

(I+1) Aty
+/ [al(ug) — Fi(u2)]p(Z(s), s) ds.
1Aty
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Therefore,

(I+1) Aty poo
/ / (I(ueo,m)) bt + Fr(ugor))de) dedt =
Ity —00
b
- [ Huon w1080l 10t0) do
b
+/ I(ugg,ry(z, ([ + 1)At)p(x, (I + 1) Aty) da

(I41) Aty
+/ [a(I(uz2) = I(u1)) + (Fi(u1) — Fi(u2))]o(Z(s), s) dt.
1At

Since a = %, according to [D], so by Lemma 6.1 of [G-R] we have
that

Jilwa) = Jeles) (1) — gun)) + (Fifun) - Fi(un) > 0.

Uy — U1
It follows that
(lJrl)Atk (')
/ / (I(wo,k)) Pt + Fi(wo,r))pz) dz dt
!

ANty —00

+/ g (2, 106 b, L) do

— 00

_/mIW@M%U+MAQDMLU+UAQMx20

— 00

3. CONVERGENCE
By constructing, the sequence of functions (ug,x)) satisfies

9) u@m (s oo < uollee = M,
(10) TV (upr(.,t) < TV(ul(.)) = Mz,

where M is independent of 6 and k, and M> is independent of 6, k and ¢.
Lemma 3. Let ti,t5 > 0, then

(11) / a0 (21 11) — oy (2 12) | dr < Mi[[ty — o] + Aty).

where M3 is independent of 6, k, t1 and ts.

The proof is analogous as the corresponding result in [S], Corollary 19.8.
Since (u(g,x)) satisfies (9), (10) and (11), we have that

Theorem 2. There is a subsequence (ugg,;)) C (k) convergent in
Li, (R x [0,00);R) to a function ug, for each fixed 6 € ®.
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The proof is carried out in the same way as [S].

Now, we must use the Glimm method to show that the limit function is an
admissible weak solution of (1).

Let 6 € @, given any nondecreasing function h(u) and any nonnegative
function ¢ € C§(t > 0), we define a functional £, by

(12)
Ly(I(u / / )y + F(u )d)m)dzdtJr/ I(ug(x))p(x,0) dx.

— 00

Our goal is to produce a ug for which £4(I(ug), F(ug)) > 0 for each nonde-
creasing function h(u) and each nonnegative function ¢ € C} (¢t > 0).

For each fixed k € IN, for each nondecreasing function h(u) and each non-
negative function ¢ € Cg(t > 0), the function ug y satisfies

(I4+1) Aty 00
/z / (I(wo,k)) Pt + Fi(uo,r))pz) dz dt

YANAN —00

+ / (o (2,106 ) dla, L0t do

— 00

- /jo I(uo i (z, (I + 1) At ) p(x, (I + 1) Aty) dz > 0.

in the strip IAt, <t < (I 4+ 1)Aty, for each I € IN, according to Lemma 2.
If we sum this over 1 we get

o0

/ / I(ugg i) pr + Fr(u (6,k))¢m)d$dt+/ I(u k) (x,0))0(x,0) do

— 00

+Z/ (wo 1)) (@, L) S, LA ) de > 0,

where [I(ug,k))](z, IAR) = (g g (x, IAE) — T(ug g (z, IAL)).
Now, we have that

Lemma 4. For each nondecreasing function h(u), and each nonnegative
function ¢ € C3(t > 0), we have

// (I(U(e,k))¢t+Fk(u(e,k))¢z)d$dt—>// (I(ug)¢r + F'(ug)¢s) dz dt,
>0 t>0

when k — oo.

Proof. Indeed, following [D], let k € IN be fixed, if u € [-M, M], then there
exist p € P such that |u —p| <27 so

(13) [f(u) = fr(w)| < |f(u) = fe@)| + | fe(p) — fru(u)] < 2K|u —p| < 251
We notice that

(14) [Py (uio,n)) — Fug)l < |Fi(uor) — Fr(uo)| + [Fr(ug) — F'(ug)|.
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We set H = max{|h(—M)|,|h(M)]|}, so

U(6,k)
/ h(¢) d§’ < Hlug k) — ugl,

6

|F(ug) — Fi(up)| \[zMOW@/Zh@qu

(15) 11 (wo.k)) — I (up)| <

S‘LZMOﬂﬂah@w
< ) - Sl +| [ (7€) - @) ance)
< g (H +20)

(16) < 3;,3—,[1(

(A7) [Fr(ugor) — Fr(ug)| =

Let B C R X [0,00) be a subset compact. From (13)-(17) we have

//|IU(9k) UQ|d.Z‘dt<H//|U(9k)—UQ|d.rdt—>0

when k£ — oo, and

K
/[Ble(U(e,k))—F(Ue)|d$dt < 21@710

JrHK// lugg, k) — ug| dv dt — 0,
B

when k£ — oo, where C is a constant that only dependent of B and of h. Since
uo,e) = up i Ljp (R x [0,00); R). O

/””M@%@ﬂgHKmM>uw

2

Thus our existence theorem will be proved if we can show the next Lemma.

Lemma 5. Let 0 € ®. Then ug = limy_. o U(g,k) IS an admisssible weak
solution of (1) provided that the following two conditions hold:

(18) I(ugky(-,0)) — I(uo(.)),
and

1
weakly, when k — oo.

Since

[ (uor(z,0)) — I(uo(z))| = < Hlup ky(z,0) — uo(w)l,

(g, k) (,0)
/ h(e) de
uo(z)
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and
[ (ugoe)] (5 IA)] = [T(ugp (2, IAL)) = I(ugg k) (a, IAL))]
U(g,k)(m,lAt;r)
< / h(E) de
U(g’k)(z,lAt;)
< Hlugg (@, IAL) — g, (x, 1AL )]

< H|[ugg,m] (- IAO)],

so the proof of the Lemma 5 is consequence of the next Lemma.

Lemma 6. Let 6 € ®. Then

(20) U(G,k)( ,0) = uo(.)
and
(21) [U(gyk)]( . lAtk) — 0,

=1

weakly, when k — oo.

Since u(g,k)(x,0) — uo(z), when k — oo, and [ug k) (z,0)[, uo(z)| < M,
V x € IR, we can obtain (20) using the Lebesgue Theorem.
Thus, we need to show that (21) holds. To this end, in [S], we have that

Theorem 3. There is a null set N C ® and a subsequence Az, — 0
(consequently Aty, — 0) such that for any § € ®/N and any nonnegative
function ¢ € C}(t > 0), (21) holds.

The next theorem is our main result.

Theorem 4. If ug(.) is bounded, continuous on the left and of locally
bounded variation on IR, there exists a null set N C ® and a subsequence
Axy; — 0 such that if 0 € ®/N, h(u) is any nondecreasing function and
¢ € Ci(t > 0) is any nonnegative function, then ug = limp,; —ooti(g,k,) 18
such that L4(I(ug), F(ug)) > 0. Moreover, ug satisfies the finite domain of
dependence property.

Proof. Assume first that wug(.) is of bounded variation, so choose a subquence
(Axy,) of (Axy) such that (20) holds. By Theorem 3, choose a subsequence
of (A, ), for simplicity we write (Axy,), such that for § € ®/N (21) holds.
By Theorem 2, choose a subsequence (U(eyk;)) C (u(g,k,)) such that (U(@ﬁk;))
converges. Then by Lemma 4 ug is an admissible weak solution of (1).

For each j € IN, ug, k) has the finite domain of dependence property, according
to Remark 5, so ug has the same property. Therefore, we can relax the assump-
tion that ug(.) is of bounded variation on IR and replace it by the condition



that ug(.) is of locally bounded variation on IR. Furthermore,

[B-

(B]
(D]

[G]

G-

1

TVigy o) (o (1) < TVig,—(14Kt)00++K1)] (W0(-))-
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