
A PROOF OF BOCHNER’S TUBE THEOREM

J. HOUNIE

Abstract. We give a proof of Bochner’s tube theorem based on
the Baouendi-Treves approximation formula.

Introduction

The classical Bochner tube theorem ([Bo], [BM]) states that if ω ⊂
Rm is a connected open set, any holomorphic function f(z) defined on

the tube Ω = T (ω)
.
= ω + iRm ⊂ Cm can be holomorphically extended

to the convex hull ch(Ω). This theorem has been extended in several

directions by different authors: [Ko], [Ka], [BD]. A standard ingredient

in the proof of the classical result, as well as in many generalizations,

is some version of what is known as the lemma of the folding screen.

See, e.g., [H1, Lemma 2.5.11], [Ka, Lemma 4.1], [Ka, Prop 5.1], [BD,

Lemma 3.2], [Ko]. The simplest version of the folding screen lemma

roughly says that if ω ⊂ R2 contains the set

K = {(x1, 0) : 0 ≤ x1 ≤ 1} ∪ {(0, x2) : 0 ≤ x2 ≤ 1}

then the Ω-hull of K + i{y2
1 + y2

2 < r2} must contain a set T (Kr) =

Kr + iR2, with K ⊂ Kr ⊂ ch(K) with the property that, as r ↗ ∞,

the sets Kr fill up ch(K). Roughly speaking, the classical proof goes

as follows. Given a holomorphic function f(z) defined on the tube

Ω = T (ω), by considering sets like T (K) contained in T (ω), looking

at the Taylor series of f(z) centered at points in T (K) and invoking

the folding screen lemma one may continue analytically f(z) beyond

each T (K). Then, to address monodromy difficulties, a delicate and
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indirect argument shows, assuming that ω is star-shaped, that analytic

continuations corresponding to different Taylor series agree. Then the

general case is proved (see [H1, p.42] for details).

The idea behind the proof we offer here is to show that

(a) there is a sequence of entire functions fj(z) converging to f(z)

uniformly over compact subset of sets Ω and

(b) ch(Ω) is contained in the domain of convegence of the sequence

(fj), obtaining the extension in a simple way.

The approximating sequence is obtained by an appropriate version of

the Baouendi-Treves approximation formula [BT] which furnishes a

more tangible expression for the extension of f as a limit of explicit

integral formulas that depend on the restriction of f to a totally real

submanifold of the tube. The convergence of the sequence on ch(Ω) fol-

lows from constructing appropriate analytic discs which is quite simple

in the tube situation.

1. Definitions and lemmas

Given a set X ⊂ Rm, the tube T (X) over X is the subset of Cm

defined by

T (X) = X + iRm = {z = x + iy : x ∈ X, y ∈ Rm}.

Let us denote the unit disc in C by ∆ = {z ∈ C : |z| < 1} and by ∆̄

its closure. A continuous function A : ∆̄ → Cm is called an analytic

disc in Cm if it is holomorphic on ∆. We say that the point A(0) is

the center of the analytic disc and the subset A(∂∆) is the boundary

of the analytic disc. If X is a subset of Rm or Cm we denote by

ch(X) the convex hull of X, i.e., the set of linear convex combinations

{
∑N

j=1 tjxj, xj ∈ X,
∑N

j=1 tj = 1, tj ≥ 0}.

Lemma 1.1. Let ω ⊂ Rm be an open connected set and assume that

x0, x1 ∈ ω, η ∈ Rm. For any 0 < t < 1 there exists an analytic disc

A : ∆̄ → Cm

such that

(1) A(∂∆) ⊂ Ω,
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(2) A(0) = tx0 + (1− t)x1 + iη
.
= xt + iη.

Lemma 1.2. Let ω ⊂ Rm be an open and connected set and let f(z)

be a holomorphic function defined on the tube Ω = T (ω). There exists

a sequence of entire holomorphic functions fj(z), j ∈ N, that converges

to f(z) uniformly over compact subsets of Ω.

These two lemmas easily imply

Theorem 1.1 (Bochner’s tube theorem). Let ω ⊂ Rm be an open

connected set. Every holomorphic function f(z) defined on the tube Ω =

T (ω) can be extended as a holomorphic function defined on ch(Ω) =

T (ch(ω)).

Proof: Consider the open set ω1 ⊂ ch(ω) of convex combinations

with two terms tx1 + (1 − t)x2, x1, x2 ∈ ω, 0 ≤ t ≤ 1, then the set

ω2 of points of the form tx1 + (1 − t)x2, x1, x2 ∈ ω1, 0 ≤ t ≤ 1,

and so on. We obtain in this way an increasing sequence of open sets

ω ⊂ ω1 ⊂ ω2 ⊂ · · · ⊂ ch(ω) that becomes stable after a finite number

of steps. In fact, by Carathéodory’s theorem [H2, p.41], ωm = ch(ω).

We will show how to extend f(z) from T (ω) to T (ω1), then the same

procedure will allow us to extend f(z) from T (ω1) to T (ω2) and after

m iterations the extension to ωm = ch(ω) will be reached.

Consider the sequence fj(z) given by Lemma 1.2. To extend f(z) to

T (ω1) it is enough to show that every point of T (ω1) has a neighborhood

on which the sequence fj(z) converges uniformly, since in this case

the limit will define a holomorphic function on T (ω1) that extends f .

Applying Lemma 1.1 to a generic point zt = xt + iη ∈ T (ω1), x0, x1 ∈
ω, η ∈ Rm, we obtain an analytic disc centered at zt and boundary

contained in a compact subset of Ω. By the maximum principle fj ◦A

is a Cauchy sequence at the origin because fj(z) converges uniformly

on the compact set A(∂∆). Then, by taking small translations of A we

obtain a family of analytic discs Aζ = ζ + A, ζ ∈ Cm, |ζ| < ε, whose

centers cover a neighborhood of zt and whose boundaries are contained

in a fixed compact subset of Ω. Hence, fj(z) converges uniformly in a

neighborhood of zt, as we wished to prove. �
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2. Proof of lemmas

2.1. Proof of Lemma 1.1. We may take coordinates in Cm such that

x0 = 0, x1 = (1, 0, . . . , 0), and η = 0. By connectedness, there exists a

smooth curve γ(s) : [0, 1] → ω such that γ(0) = 0 and γ(1) = x1 and we

may assume that γ(s) is flat at s = 0 and s = 1, i.e., all derivatives of

positive order γ(k)(s), k ≥ 1, vanish at the endpoints s = 0 and s = 1.

Choose 0 < ε < min(t, 2π(1 − t)) and define a function u : ∂∆ → Rm

as follows

u(eiθ) =


0 if 0 ≤ θ ≤ 2πt− ε,

γ
(

θ−2πt+ε
ε

)
if 2πt− ε ≤ θ ≤ 2πt,

x1 if 2πt ≤ θ ≤ 2π − ε,

γ
(

2π−θ
ε

)
if 2π − ε ≤ θ ≤ 2π.

Set

K(w) =
1

2π

∫ 2π

0

eiθ + w

eiθ − w
u(eiθ) dθ, |w| < 1, 0 < t < 1.

Notice that, since u(eiθ) is smooth, K(w) can be smoothly extended

up to |w| = 1 and

K(eiθ) = u(eiθ) + iHu(eiθ)

where H denotes the Hilbert transform. Then K is an analytic disc

with boundary contained in Ω. The center of K is

K(0) =
1

2π

∫ 2π

0

u(eiθ) dθ

=
1

2π

∫ 2π−ε

2πt

x1 dθ + O(ε)

= (1− t)x1 + O(ε) = xt + O(ε).

By taking ε > 0 small, we may assume that the error term is smaller

than the distance δ = dist(γ([0, 1]), ∂Ω) from γ([0, 1]) to ∂Ω. Hence,

we may find ζ ∈ Cm, |ζ| < δ, such that the translated analytic disc

A(w) = ζ +K(w) has the required properties, namely, A(∂∆) ⊂ Ω and

A(0) = xt. �

The next lemma, the proof of which we include for the sake of com-

pleteness, is based on a standard variation of a particular case of the

Baouendi-Treves approximation theorem.
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2.2. Proof of Lemma 1.2. We will assume, without loss of generality,

that 0 ∈ ω. Let f(z) = f(x + iy) be a holomorphic function defined

on Ω = T (ω) = ω + iRm. Choose a function h(y) ∈ C∞
c (Rm) satisfying

h(y) = 0 for |y| ≥ 2, h(y) = 1 for |y| ≤ 1 and set hr(y)
.
= h(y/r). For

τ, r > 0, the approximation operator is

Eτ,rf(z) = (τ/π)m/2

∫
Rm

eτ [z−iη]2f(0 + iη) hr(η) dη, z ∈ Cm.

Here [ζ]2
.
= ζ2

1 + · · · + ζ2
m for ζ = (ζ1, . . . , ζm) ∈ Cm, which explains

the meaning of [z − iη]2 in the formula. Clearly, Eτ,rf(z) is an entire

function of z. The modified approximation operator is

Gτ,rf(x, y) = (τ/π)m/2

∫
Rm

e−τ |y−η|2f(x + iη) hr(η) dη,(2.1)

(x, y) ∈ ω × Rm,

and the remainder operator is

(2.2) Gτ,rf(x, y)− Eτ,rf(x + iy) = Rτ,rf(x, y), x + iy ∈ Ω.

If x belongs to a ball of Rm centered at the origin and contained in ω,

a convenient formula for the remainder operator expresses it as a path

integral of a one-form (see [BCH, p.64])

Rτ,rf(x, y) =

∫
[0,x]

m∑
j=1

rj(x, y, ξ, τ, r) dξj,

where [0, x] denotes the straight segment in Rm that joins 0 to x and

the coefficients of the one-form are given by

rj(x, y, ξ, τ, r) = (τ/π)m/2

∫
Rm

eτ [x−ξ+i(y−η)]2f(ξ + iη)Ljhr(η)(−i)m dζ.

Here Lj denotes the vector field Lj = −i∂/∂ηj and dζ = dζ(ξ, η) is the

m-form

dζ(ξ, η) = dζ1 ∧ dζ2 ∧ · · · ∧ dζm

= d(ξ1 + iη1) ∧ d(ξ2 + iη2) ∧ · · · ∧ d(ξm + iηm)

More generally, if x ∈ ω and γx is a polygonal path joining the origin

to x we still have the analogous expression

Rτ,rf(x, y) =

∫
γx

m∑
j=1

rj(x, y, ξ, τ, r) dξj
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because the proof of the formula involves integration of an exact one-

form whose integral is path independent. Let ω1 ⊂ ω be open, con-

nected and relatively compact, let R > 0 be a large number and denote

by BR ⊂ Rm the ball of radius R centered at the origin. If γx ⊂ ω1 we

have the estimate

|Rτ,rf(x, y)| ≤C|γx| max
1≤j≤n

sup
ξ∈ω1

|rj(x, y, ξ, τ, r)|,(2.3)

for (x, y) ∈ ω1 ×BR.

However, due to the fact that the factor Ljhr(η) vanishes for |η| ≤ r,

choosing r > 2R we have∣∣∣eτ [x−ξ+i(y−η)]2
∣∣∣ ≤ e−cτ , (x, y) ∈ ω1 ×BR, , |η| ≥ r, ξ ∈ ω1,

for some c > 0. Furthermore, if we take ω1 as the interior of a finite

and connected union of closed dyadic cubes, we may find a constant

Cω1 such that all points x ∈ ω1 can be reached by a polygonal line γx

of length |γx| ≤ Cω1 . Therefore,

|Rτ,rf(x, y)| ≤ Ce−cτ , (x, y) ∈ ω1 ×BR, r > 2R,

showing that Rτ,rf(x, y) → 0 uniformly on ω1 ×BR for r > 2R. Thus,

given any compact subset K ⊂⊂ Ω, and ε > 0 we may find R > 0

and ω1 as above with ω1 ⊂⊂ ω such that K ⊂ ω1 × BR and then

choose r > 2R and τ > 0 large enough so that |Rτ,rf(x, y)| < ε on K.

On the other hand, the modified approximation operator (2.1) is the

approximation of the identity associated to the Gaussian and converges

uniformly to f(x + iy)hr(y) on ω1 × Rm, which agrees with f(x + iy)

for |y| < R. Hence, (2.2) shows that |Eτ,rf(z)− f(z)| < 2ε for z ∈ K

if r > 2R and τ is large enough. Using a diagonal procedure, one may

find now sequences rj ↗ ∞, τj ↗ ∞, such that fj(z) = Eτj ,rj
f(z)

converges to f(z) uniformly on compact sets of Ω. �

3. Final remarks

A domain Ω ⊂ Cm is said to be a Runge domain if it is a domain

of holomorphy and every holomorphic function on Ω can be uniformly

approximated over compact subsets of Ω by entire functions [H1, p.52]
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(some authors [V, p.216] do not require that Ω be a domain of holo-

morphy). It is well known that convex open sets are Runge domains

with the more stringent definition.

A known consequence of Bochner’s tube theorem is that any holo-

morphic function f(z) defined on a tube Ω = T (ω) ⊂ Cm may be

approximated by entire functions. The argument goes as follows: start

by extending f(z) to ch(Ω); since the latter set is convex, therefore a

Runge domain, the extension may be approximated by entire functions

on ch(Ω) and a fortiori on Ω. In this work we have taken the oppo-

site path, showing directly that any holomorphic function of Ω may

be approximated by entire functions and then using this fact to prove

Bochner’s theorem.
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