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ABSTRACT. Let X be a simply connected finite CW complex whose cohomol-
ogy groups with coefficients in the group of integers, Z, satisfy H/(X; Z) = Z
if j = 0, n, 2n or 3n, and H’(X;Z) = 0 otherwise. Let u; generate
H™(X;Z) for i = 0, 1, 2 and 3. We say that X has type (a,b), for in-
tegers a and b, if u% = aug and ujus = buz. We show that the group G = Zo
can not act freely on a space of type (a,b) if a is odd and b is even, and that
the group G' = S! can not act freely on a space of type (a,b) if a # 0. For
the remaining pairs (a,b), we may have free actions, and thus it makes sense
to ask for the possible cohomology rings of the corresponding orbit spaces.
In this direction, we determine the possible Z3-cohomology rings of orbit
spaces of free actions of Zs on spaces of type (a,b), where a and b are even,
and of free actions of S! on spaces of type (0,b). As a consequence of these
cohomological calculations, we also obtain some results of the Borsuk-Ulam
type, concerning the existence of equivariant maps S™ — X, where S™ is
equipped with standard G-actions (G = Zs or S') and X are spaces of type
(a,b) equipped with arbitrary G-actions.

1. Introduction

Let G be a topological group and X a topological space. Associated to the
pair (G, X), there is a natural question, which concerns to the existence of a
continuous free action of G on X. There is a considerable amount of results
of this type in the literature; as a prominent example, we cite the following
consequence of the results of the paper [9] of John Milnor: the symmetric group
on three elements, S3, can not act freely on the n-sphere S™. In the positive
case, that is, if such an action exists, other natural question is the study of
properties of the orbit space X/G. In particular, we have in this setting the
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(usually difficult) question of determining the structure of the cohomology ring
of X/G, which is a useful tool; for example, the (known) structures of the
cohomology rings of the real, complex and quaternionic projective spaces RP",
CP" and K P™ appear as ingredients of many interesting questions in topology.
In this case, these spaces are orbit spaces of certain standard free actions of Zs,
St and S? on S™, S?"*! and S 3, respectively.

In this paper, we are concerned with these questions, considering G = Z, or
S! and certain special spaces, described as follows: let X be a simply connected
finite CW complex with Z-cohomology groups satisfying H’(X; Z) = Z if j =
0, n, 2n or 3n, and H?(X; Z) = 0 otherwise (n > 1). Let u; generate H"(X; Z)
for © = 0, 1, 2 and 3. Then the structure of the cohomology ring of X is
determined by the two integers a and b for which u? = auy and ujus = buz. In
this case, X is said to be of type (a,b) . These spaces include certain products
of spheres and projective spaces, and were first studied by James [7] and Toda
[13]. Section 3 of this paper will be devoted to the following non existence result:
G = Zs can not act freely on a space of type (a,b) if a is odd and b is even.
As an example of such spaces, take the one-point union of CP? and S°. In a
more simple way, it will be also showed that S! can not act freely on a space
of type (a,b) if a # 0. For the remaining pairs (a,b) we may have free actions;
for example, S x S° is of type (0,1) and admits free G-actions for G = Z,
and S! (for other examples, see [3]). Therefore it makes sense to ask for the
possible cohomology rings of the corresponding orbit spaces. For related results,
see [4] (G = Z, with p an odd prime, X of type (0,0)), [5] (G = Z, or S*, p
a prime, X a finitistic space with Z,-cohomology ring, or rational cohomology
ring, isomorphic to that of S™ x S™; we recall that a paracompact Hausdorff
space is finitistic if every open covering has a finite-dimensional refinement), [10]
(G = Zs, X of type (a,b) where a and b are odd), [11] and [12] (G = Z,, with p
an odd prime (respectively, G = S'), X a finite-dimensional CW complex with
Z,-cohomology ring isomorphic to that of a lens space L*™ (p; g1, g, --.s @m))-
We contribute to this question, determining the possible Z;-cohomology rings

of orbit spaces of free actions of Z, on spaces of type (a,b), where a and b
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are even, and of free actions of S' on spaces of type (0,b); this will be made
in Section 4. The main tool used is the Leray-Serre spectral sequence of the
fibration 7 : X¢ — Bg with fiber X, where X¢ = (Eg x X)/G is the Borel
construction of X associated to a universal G-bundle E; — Bg. In Section 2
we give a brief sketch on this topic.

Let X, Y be spaces equipped with free G-actions. Then it makes sense to ask
for the existence of equivariant maps f : X — Y. For example, one formulation
of the celebrated Borsuk-Ulam theorem is that there is no map from S™ to S”
equivariant with respect to the antipodal action when m > n. As a consequence
of our cohomological calculations and using some basic facts on characteristic
classes, we also obtain some Borsuk-Ulam results concerning the existence of
equivariant maps S™ — X, where S™ is equipped with standard G-actions
(G = Zy or S') and X are spaces of type (a,b) equipped with arbitrary G-

actions. This is the content of Section 5.

2. Preliminaries

In this section, we describe the main tool used to obtain our results, the
special Leray-Serre spectral sequence mentioned in Section 1; as a reference, see
for example [2; Chapter 7]. Given a G-action on a finitistic space X, there is
an associated fibration 7 : X¢ — Bg with fiber X, where By is the classifying
space for G and X¢g = (Eg x X)/G is the Borel construction of X associated to
a universal G-bundle Eg — Bg. There is also a natural map 7 : Xg — X/G.
When G acts freely on X, n : Xg — X/G is a homotopy equivalence, and
thus the cohomology rings H*(X¢) and H*(X/G) are isomorphic. Associated
to the fibration 7 : X¢ — B¢, one has the cohomological Leray-Serre spectral
sequence, which is then a suitable tool to study H*(X/G) when the action is free.
This spectral sequence has Es' = H*(Bg; HY(X)) as its Ey-term and converges
to H*(X¢), in the sense of Bredon [2]; here, the coefficients H!(X) means
H'(X) twisted by the action of m1(Bg). If m1(Bg) acts trivially on H*(X), then
the Ey-term takes the simple form Ey' = H¥(Bg; H'(X)). In this case, the



product structure in the spectral sequence induces a product in the subalgebras
E;° and Ey* which coincides with the cup products coming from H*(Bg) and

H*(X), respectively. Also, the edge homomorphisms

H?(Bg) = E§° — E}° — ... — EPY, = B2 C H?(X(), and

H9(Xg) — EX = By C ... C ByY = HI(X)
are the homomorphisms

1 H?(Bg) — HP(Xg), and

i - HY(X¢) — HY(X),

respectively; here, i : X — Xg is the inclusion map. For a more detailed
exposition on spectral sequences, see for example [8]. The following well known

facts will be also needed:

Zslt], degt =1, G = Z,,

H*(Bg; Zs) =
(Bai Z2) {Zg[t], degt =2, G =S

Finally, the following technical result will be useful.

Proposition 2.1. Suppose G = Zy or S* acts freely on a finitistic space X
with H (X ;Zy) = 0 for all j > n. Then H'(Xg;Zy) =0 for all j > n.

For G = Zs, see [2], and for G = S!, see [12].
3. Non existence of certain Z, and S' free actions

This section is devoted to the proofs of the results referring to the non ex-
istence of free actions of Z, and S!, announced in Section 1. For G = Z,, one

has the following

Theorem 3.1. Let X be a space of type (a,b), characterized by a natural
number n > 1, where a is odd and b is even. Then G = Zs can not act freely
on X.

Proof. Suppose, on the contrary, one has a free G = Zs-action on X,

and consider the Leray-Serre spectral sequence associated to the corresponding
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fibration 7 : X — Bg. By the Universal Coefficient theorem, H"™(X; Zy) = Zs
for i =0, 1, 2 and 3. Let v; € H™(X;Z,) be the generators, i = 1, 2, 3. Then
we have v} = vy and vjvy, = 0. The additive structure of H*(X) gives that
m(Bg) = Zy acts trivally on H*(X). In this way, Er' = H*(Bg) ® H'(X) and
the spectral sequence does not collapse at the Es-term, which implies that some

differential
N nlN k+rl—r+1
d,: E' — B}

must be nontrivial. This is only possible for r = n+1, 2n+1 and 3n+ 1, which
gives that Eg b= E&! for every k and [. Note that E§ L= 7, for every k when
[ =0, n, 2n or 3n, and E;c’l = 0 otherwise. Our strategy will be to study the
effect of the nontrivial differentials on the generators of E* 2 H*(Bg)® H'(X).
If t € H'(Bg) is the generator, then by dimensional reasons d,(t* ® 1) = 0
for every s > 1 and r > 2. We assert that d,.1(1 ® v;) = 0. Otherwise,
dni1(1 ®vy) = 1" @ 1, and then the multiplicative properties of the spectral
sequence give dp,1(1 Q@ v3) = d, 1 (1 ®@0v}) =d, 1 (1 ®v1)(1®vp)) = 0. Thus,
dni1 (1 @ 01)(1 ®@ v2)) = dp41(1 @ (v1.02)) = 0 and dpi1((1 @ v1)(1 @ v2)) =
(dpi1(1®01))(1 ®vy) = t" @ vy gives the contradiction. Now we assert that
dni1(1 ® vy) = 0. Otherwise, d,,11(1 @ vy) = t"" @ vy, and then 0 = d,,;;((1 ®
v1)(1®@vy)) =" @ v} = " ® vy, a contradiction. Now, if d,,;1(1 ® v3) # 0,
then two lines in the spectral sequence survive to infinity, and this contradicts
Proposition 2.1. Thus d,,41(1 ® v3) = 0, which means that d,,; is trivial and
Eyt = ER = B for every k and I. By dimensional reasons, dan41(1®v;) = 0,
and then the same argument above shows that dg,1(1®wvs) = 0. It follows that
at least two lines in the spectral sequence survive to infinity, again contradicting

Proposition 2.1. This completes the proof. O

Concerning the existence of free S'-actions on spaces of type (a,b), we have

the following

Theorem 3.2. Let X be a space of type (a,b), characterized by a natural

number n > 1. If a is nonzero, then G = S' can not act freely on X.



Proof. In [13], Toda showed that the existence of a space of type (a,b) with
a # 0 implies that n must be even, and thus the Euler characteristic of X,
x(X), is 4. Now if Z, with p an odd prime acts on a finite CW complex X and
if I C X is the fixed point set of the action, then the Floyd formula of [6] says
that x(X) = x(F) (mod p). If ¢ : St x X — X is an action of S! on a space
X of type (a,b) with a # 0, we can choose an odd prime p and to consider the
restricted action ¢’ : Z, x X — X, to conclude that x(Fiz(¢')) = 4 (mod p),
that is, x(Fiz(¢’)) # 0 (mod p). Then Fiz(¢') is nonempty, and so ¢’ is not

free. Therefore, ¢ is not free, which gives the result. U

4. The cohomology ring of orbit spaces of Z, and S' free actions on

spaces of type (a,b)

The structure of the Z;-cohomology ring of the orbit space of a free action
of Zy on a space of type (a,b), when both a and b are even, is given by the

following

Theorem 4.1. Let G = Zsy act freely on a space of type (a,b), characterized
by a natural number n > 1, where both a and b are even. Then, as a graded

commutative algebra,
H*(X/G7 ZQ) = ZQ['ru z]/<x3n+1’ 227 an+1>7

where degx = 1 and degz = n.

Proof. In this case, for the generators of H*(X), we have the relations v? = 0
and v1vy = 0. As in Theorem 3.1, for the corresponding spectral sequence, one
has that Ea' =~ H*(Bg) ® HY(X), the sequence does not collapse at the F-
term and no line can survive to infinity. Arguments as those used in Theorem
3.1, based on the multiplicative properties of the spectral sequence, show that
dpi1(l®@v1) = 0, dyy1(1 @ v3) = 0 and dp11(1 ® vy) # 0. Therefore, we
get that EﬁQ = Zo for every k if [ = 0 or 3n. Also, we have Eﬁz = 7o
for k =0, 1, 2,..., nif [ = n. In the remaining cases, Eﬁfr2 = 0. Again,

the multiplicative properties show that do,1(1 ® v;) = 0, ¢ = 1, 2, 3, and



dgny1(1 @ v3) # 0. Thus ES!, = Zy for k < 3nif | = 0, and E},, = Z, for
k < mn if [l = n. This determines the additive structure of H*(X¢), given by

Zo ®7Zy forn<j<2n,

H(X¢) =< Z, for 0<j<n-—1land 2n+1<j<3n,
0 otherwise.
Now, we compute the ring structure of H*(X¢). The element 1 ® v, € Ey"
is a permanent cocycle; since the edge homomorphism
H"(Xg) — E%" = EX C ... C By" = H*(X)
is the homomorphism i* : H*(X¢g) — H™(X), 1 ® v; € EY" determines an
element z € E%" such that i*(z) = vy, and clearly 2% = 0. Write z = t®1 € ELP.
Then 23" = (0 and zz"™ = 0. Thus the total complex Tot E**, given by
(Tot B2 = € B,

k+l=m
is a graded commutative algebra isomorphic to

Tot EX* = Zolw, 2] /(x* T, 22 za™ 1),

where degx = 1 and degz = n.

Thus H*(X¢) has the same description, which completes the proof. 0

For free actions of G = S! on spaces of type (0,b), we have the following

result.

Theorem 4.2. Let G = S act freely on a space X of type (0,b), characterized
by a natural number n > 1. Then H*(X/G;Zs) is isomorphic to one of the

following graded commutative algebras:

3n+1 2 n+1

(Z)ZQ[(E,Z]/(I’ 2,z 7sz>7
where degx = 2, degz = n.
n4l

(1) Zolx, 2] /{z 2

where degx = 2, degz = 2n and b is odd.

722>7

Proof. The argument in the proof of Theorem 3.2, based on the Floyd
formula, shows that n must be odd. Since m(Bg) = 0, the Es-term of the

corresponding spectral sequence is E5' = H*(Bg) ® H'(X) and, similarly as
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before, the sequence does not collapse at the Fs-term and by Proposition 2.1
no line can survive to infinity. We have that Eg = 7, for every k even when
Il =0, n, 2n or 3n, and Ef’l = 0 otherwise. Let v; € H™(X;Z,) be the
generators, i = 1, 2 and 3; in this case, v = 0 and v,v; = bvg (mod 2). First,
assume that d,, 1 (1®wv1) = 0. Using the multiplicative properties of the spectral
sequence and the fact that no line can survive to infinity, we can easily show
that dnyr(1® va) = t"2 @ vy and dnyr (1 ® v3) = 0, where t € H%(Bg) is the
generator. By dimensional reasons, da, 1 = 0, and so d3z,.1(1 ® v3) # 0. This
gives that 5 4o = Zo for every k even with k < 3n—1,if [ = 0. Also, this gives
that Eg;fH = 7y for every k even with k¥ < n — 1, if [ = n. In the remaining
cases, Eéf,f o = 0. Note that Ej3,,» = FE.. Thus the additive structure of

H*(X¢) is given in this case by

HJ(XG):{O fOr]:22+1(Oglg%ornglg?mz—?))orjzgn’

Z otherwise.

Write 7%(t) = # € H*(X¢). Then 2% = 0, and the multiplication by z,
pU () BR — B
is an isomorphism for k < 3n — 1 if [ = 0 and for K < n — 1 if | = n. Therefore,
U () 2 HY(Xg) — H*2(Xo)

is an isomorphism for every k even with k& < n — 1. Then the element 1 ® v; €
Eg’" is a permanent cocyle and so determines an element z € E2™ such that
i*(z) = vy and 22 = 0. Clearly, zz"> = 0. If follows that the total complex

Tot £ is a graded commutative algebra isomorphic to

3n+1 2 n+1

Tot EZF = Zolx, z]/[{(x 2 2%z 2 ),
where degx = 2, deg z = n.
Therefore,
H*(Xg) = Z2[$,Z]/<$3n2+1 : 22,zanH>,

where degx = 2, deg z = n.



Now, consider the case in which dyy1(1 ® v1) = t"2° ® 1. In this case, we
must then have d,,11(1 ® vg) = 0. If b is even, vyvy = 0 implies that 0 =
A1 (1©01)(1®v3)) = "2 @1y, a contradiction. So, b must be odd. Thus we
have d,,11(1®v3) = "5 ®@uy. It follows that Ebl =7y fork=0,2,4,..., n—1
if | =0 or 2n, and E%! = 0 otherwise. In this way,

The element 1 ® vy € ES*Q” is a permanent cocyle, hence it determines an
element z € E%?" such that i*(z) = v, and 2? = 0. Write 7*(¢t) = z. Then

i1

r € H*(Xg) comes from t @ 1 € E20 and z72 = 0. If follows that the total

complex Tot E* is a graded commutative algebra given by

n+1

Tot EX* & Zolx, 2] /{x 2 , 2%)

where deg x = 2, deg z = 2n and b is odd. Since H*(X) has the same descrip-
tion, the proof is ended. U

5. Some Borsuk-Ulam results

As mentioned in Section 1, we can obtain some Borsuk-Ulam results by using
the results of Section 4 together with some basic facts on characteristic classes.
If n — X is a real vector bundle, we write w;(n) to denote its i-th Stiefel-

Whitney class.

Theorem 5.1.

1) Let X be a space of type (a,b), characterized by a natural number n > 1,
where a and b are even. Suppose X is equipped with an arbitrary free Zs-action,
and S™ is equipped with the antipodal action. Then there is no equivariant map
S™ — X if m > 3n.

2) Let X be a space of type (0,b), characterized by a natural odd number
n > 1. Suppose X is equipped with an arbitrary free S'-action, and S*™ is
equipped with the standard (complex multiplication) S'-action. Then there is no

equivariant map S*™ 1 — X if m > 3t



Proof. To prove 1), suppose, on the contrary, that there exists an equivariant
map f : S™ — X. Denote by f : S™/Zy = RP™ — X /7, the map induced
by f, and by A — X/Z, the real line bundle associated to the free Zsy-action on
X; we recall that the total space of A is X x R/~ where ~ identifies (x,r) to
(T'(x),—r), T being the generator of the action. Denote by ¢ — Bz, = RP®
the universal real line bundle and by ¢ — RP™ its restriction to RP™. By
the proof of Theorem 4.1, the element z = t ® 1 € ELC of degree 1 comes
fromt®1 € E,” = H(RP*®) ® H(X), where t € H'(RP*) is the generator.

Because the edge homomorphism

HY(RP®)=E,° - E;° — ... — EX* C HY(X/Zs,)

is the homomorphism 7* : H'(RP*>) — H'(X/Z,), we get that 7*(t) = x. By
[14, Chapter III] (alternatively, see [1, Chapter IV]), 7 is a classifying map for
A — X/Zsy, and thus z = 7*(t) = 7*(w1(£)) = wy1(A). Since f is equivariant,
¢ — RP™ is the pullback of A by f, and thus by naturality f (wy(\)) = w1 (¢');
that is, f : H'(X/Zy) — H'(RP™) maps x into the generator ' € H'(RP™).
By Theorem 4.1, 0 = 7*(m3”“) = /371 on the other hand, since m > 3n + 1,
"3+l e H3"H(RP™) is nonzero, thus giving the contradiction.

The proof of 2) follows the same lines of 1). Suppose, on the contrary, that
there exists a S'-equivariant map f : S?"*' — X, and let f : S?"F1/S! =
CP™ — X/S' be the map induced by f. Write A — X/S! for the complex line
bundle associated to the free S'-action on X. In this case, the total space of ) is
the orbit space of X x C by the diagonal action of S', coming from the free action
of S' on X and the complex multiplication on C; in the subsequent approach, A
will be considered as a 2-dimensional real vector bunde. Denote by £ — Bg1 =
C P the universal complex line bundle and by ¢ — CP™ its restriction to
CP™, both also considered as 2-dimensional real vector bundles. In the proof
of Theorem 4.2, x € H?*(X/S') is the image of ¢ under 7* : H*(CP>) —
H?(X/S'); since also in this case 7 is a classifying map for A — X/S!, this
gives that © = 7*(t) = 7" (w2(§)) = wo(A). Again, because f is equivariant,

¢ — CP™ is the pullback of A by f, and so naturality gives f (wy(\)) =
10



we(&) =t € H*(CP™), t' the generator of H*(C'P™). In the situations i) and

ii) of Theorem 4.2, we have 2”2 = 0; in this way, 0 = f (z 2 ) = t""2

However, because m > 3”2—+1, 2m > 3n + 1, and thus ¢ H3"TL(CP™) is

nonzero. This gives the desired contradiction.

O
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