HIGHER-ORDER FOR THE MULTIDIMENSIONAL
GENERALIZED BBM-BURGERS EQUATION: EXISTENCE
AND CONVERGENCE RESULTS

CEZAR I. KONDO! AND CLAUDETE M. WEBLER?

ABSTRACT. We study the global existence of solutions for the multidi-
mensional generalized BBM-Burgers equations of the form

d d d N
w3 fi(Way =83 vajaye+ Y (Z(_l)wl%ag?u) 7
j=1 =1 =1 \n=1

for (z,t) € R? x Ry, with initial data u(z,0) = up(z), = € R?, as a >
0, yn» > 0, n = 1,...,N aproach zero, and f is a sufficiently smooth
function. We also deal with the convergence of solutions of this Cauchy
problem, and the proofs are based instead on DiPerna’s uniqueness theory
for entropy measure-valued solutions.

1. INTRODUCTION

We study the existence and convergence of the smooth solutions
{u(z,t; 6,71, ..., 7n)} to the escalar multidimensional generalized BBM-Burgers
equations of the form

(1)
d d d [/ N
Ut"‘z fi(Wa, = 5Zuﬂﬂﬂjt+z (Z(_l)mrl%zaz?u) 5 (z,1) € R'xRy
j=1 j=1 j=1

n=1
with initial data
(2) u(z,0) = uo(x), r € R

as d >0 and vy, > 0,n =1,..., N aproach zero. Here we assume that the flux
function f, is a sufficiently smooth function satisfying certain assumptions to
be listed in Section 2 and in Section 3.

The model under study is motived by physical considerations from fluid dy-
namics. The equations of type (1) are related to the well known BBM equations
which were advocated by Benjamin-Bona-Mahony [2] as a refinement of the
KdV equation [2], [12], and [1]. The KdV equation was originaly derived for
water waves and it is similary justifiable as a model for long waves in many
other physical systems. It has been used to account adequately for observ-
able phenomena such as the interaction of solitary waves and dissipationless,
undular shocks. The BBM equation equation [2] is useful in that it describes
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approximately the unidirectional propagation of long waves in certain nonlin-
ear dispersive systems. In [9] we studied the existence and convergence of the
smooth solutions {u(x,t;0,71,...,vn)} for partial differential equation of the
form

N
(3)  wA f(We = Ougwr + Y (1),  (z,t) ER xRy
n=1
with initial data
(4) u(z, 0) = uo(x), z e R.

as d > 0 and v, > 0, n = 1,..., N aproach zero. We assumed that the flux
function is a given sufficiently smooth function f : R — R. We considered
solutions of hyperbolic conservation laws regularized of this equations. Follow-
ing a pioneering work by Schonbek and a work by LeFloch and Natalini, we
established the convergence of the regularized solutions toward discontinuous
solutions of the hyperbolic conservation law. Since the viscous term v;u,, and
the dissipative term Youzqz. (case N = 2) are of physical backgrounds [2] and
[3] and, as pointed out in [3] and [13], the convergences of the solution sequences
{u(z,t;6,71,7%2)} as § — 0, 1 — 0, and 2 — 0 correspond to some physical
processes, such as vanishing viscosity, etc. To get the strong convergence result,
for multidimensional equations, the proofs are based on DiPerna’s uniqueness
theory for entropy measure-valued solutions. See [5], [14], [7], [8], and [4].

The case N = 2, was studied by Hwang [6]. First the author obtained some
a priori bounds on the solution and then established its strong convergence
toward the entropy solution of the associated conservation law. The basic
strategy was to use entropy inequalities to control the limiting behavior of the
solution.

In [8], following a pionering work by Schonbek, Kondo and LeFloch studied
the convergence of the solutions of hyperbolic conservation laws regularized
with vanishing diffusion and dispersion terms of the form

(5) ur + f(u)e = €tgy + SUsggs, u=u(z,t), reERXR,.

A convergence result is also established for multidimensional conservation laws
by relying on Diperna’s uniqueness theorem for entropy measure-valued solu-
tions. In [4], Correia and LeFloch obtained convergence results for a classe of
multidimensional conservation with vanishing nonlinear diffusion and disper-
sion terms of the form

(6) up + divf(u) = div(eb; (Vu) + 583], U)1<j<d, reRYXRy.

We observe that the equations (5) and (6) are different from the equation (3)
because they have the dispersive term w,,, and have not the term u,,;. The
two papers ([8] and [4]) address the convergence of approximations conservation
laws in the framework of measure-valued solutions. This technique was used in
[9] in the prove from one the convergence results.

The remainder of this paper is divided into four sections. After this intro-
duction, which constitutes Section 1, we consider in Section 2 the preliminaries,
we consider in section 3 the global existence results, and the convergence results
are stated in Section 4.
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2. PRELIMINARIES

This section contains short background material on H*(R"), Young mea-
sures, and entropy measure-valued (m.-v.) solutions.
The following result is a consequence from Theorem 4.7 (page 30) of [11]:

Theorem 1. Suppose that G = G(w) is sufficiently smooth. If functions
=w(z) and W = w(x) satisfy |w||.c < N (N is a positive constant), and w,
€ H*(R") with s > [%] + 1 then for

gl gl

w* =w —

gll

we have
|G(@) — G(W)| = @n) < Csllw|| g=@n)(|G"(0)] + ||| = ) + [T 12 )

where Cj is a positive constant depending on N and on s. O
The following result is the Theorem 4.3 on [11]:

Theorem 2. Suppose that F' = F(w) is a sufficiently smooth function of
w = (w1, ..., wy) such that

(7) F(0)=0.

For any given integer s > 0, if a vector w = w(zx,t) satisfies
(8) w=w(zr) € W*P(R"), 1<p<+o0
e

(9) wlLoe@ny < M,

where M is a positive constant, then the composite function
(10) F(w) € W¥P(R")

e

(11) |F'(w)[|wsp@ny < C(M)[w|lwswmn),

where C (M) is a positive constant depenging on M.

In [13], we have a representation theorem for the Young measures associated
with a given sequence of uniformly bounded functions on LP. The correspond-
ing setting in L° was first established by Tartar [15].

Lemma 3. Let {u;} be a uniformly bounded sequence in L (R ; LP(R%)),
that is,

(12) s (Ol Leraey < K, for a.e. te R,

Then there exists a subsequence {u;} and a measurable measure valued map-
ping v : R xR, — Prob(R) (probability measures) such that, for all functions
g € C(R) satisfying

(13) g(u) =o(1+ |ul") as |u| — o0
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for some r € [0, p), the following limit representation holds

lim // g(uj(z,t)p(x td:cdt—// / N)dvz 1y (N)é(x, t)dxdt
J ndes RdXR+ RdXR+

for all p € C°(RY x R,). |
The measure-valued function v, ;) is a Young measure associated with the
sequence {u;}.

Following DiPerna [5] and Szepessy [14], we now define the measure-valued
(m.-v.) solution to the problem

d
(15) ue+ Y fi(we, =0 (2,t) € R x Ry,

(16) u(zx,0) = uo(x) r € RY.

Definition 4. Let f € [O(R)]¢ satisfy

(17) FA) =o(1+ A" for some r, 0<r<np,

(18) limsup X = FO)] < 00 for some a, -1 <a<l
IA|—0 Al d

and

(19) ug € L*(RY) N LP(RY).

A Young measure v associated to a sequence satisfying (12) is then called a mv
entropy solution of (15) and (16) if

(20) O <v(),|AN=k| > +dive <v(.),sgn(A—k)(f(\) — f(k)) ><0

in ®'(R? x Ry) for all k € R (i.e. in distribution sense), and if for all compact
sets K C R?

(21) lim —/ / < V() |[A—uo(x)| > dedt = 0.

Analogously a function u € L= (R, L}(R?)) N L= (R, LP(R?)) is called a L¥
entropy solution of (15) and (16) if d,(.) is a mv entropy solution.

In [14], we have the following uniqueness and existence results of entropy
solution of (15) and (16).

Theorem 5. (Uniqueness) Suppose that v and o are mv entropy solutions
of (15) and (16), then there exists a function

(22) w € L®(Ry, LI(RY) N L®(Ry, [P(RY))
such that
(23) vy = 0y = du(y) for a.e yeRY x Ry,

ie. v(.) and o(.) are the Dirac measure concentrated at w(.). O
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Lemma 6. Suppose that v is a Young measure associated to a sequence
{u;} satisfying (12). Then

24 Ui — U n L]
( j

loc

R4 x R,), 1<r<p

if and only if

(25) Vy = Ou(y) a.e..

O

Theorem 7. (Existence) Let f and ug satisfy the assumptions in Definition
4. Then exists a unique entropy solutionu € L= (R, L*(R?))NL>® (R, LP(R?))
of (15) and (16), which, moreover, satisfies

(O Lr ey < lluoll-@ay,
for almost every t € Ry and 1 < r < p. The measure-valued mapping vy ¢ =
Ou(z,t) is the unique entropy m.-v. solution of the same problem.

3. GLOBAL EXISTENCE OF SOLUTIONS

In this section, first we study the existence of global smooth solutions to the
Cauchy problem (1)-(2). Where ¢ and v,, n = 1,..., N are positive constants,
f is a sufficiently smooth function.

Denote F(u) the Fourier transform of u with respect to the variable z,
F~!is the inverse transform of F. As a routine matter, the solutions of the
Cauchy problem (1)-(2) have the following integral representation

d t i)y
(26) u(z,t) = G(t)ug — Z/O G(t—s)F™ (%> dS

7[2?:1(25:1 ’Ynfjgn)]t
(1+0]€]?)
operators {G(t)}+>0 satisfies the properties of semigroup.
In the following lemma we give some estimates which will be used in this
section:

where G(t)u = F~1  exp

} F(u)) . The family of linear

Lemma 8. For 6 > 0, > 0 and, v, > 0, n = 1,..., N, we have the
following inequalities:

2n —2% (TN 4€2m)9
) apr{ e } SO S b= L2 and
i=1,....d;
.. 5;2 -2 ZL(ZL ”Ynszn)o 1.
11) Wexp (1 T 5|§|2) S (27169) y ] = 15 )d’

) 1612 ex —2300 1 (T 1€80 | _ (e + 29 16m)
1 ep{ (+ 01 <

gler {—22?_1@5_1%@")9
2

iv)

W P (1+6l¢)?) } < (26y1e0) 7.
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Proof. The proof follows from simple computations. O

To begin, define the operator

d t i\U)x;

AT—{uec<[o,T1;H[%]+1<Rd>>;|u<t>—G<t>u0| (41, < 0l ()10

*(ra) CON

t € [0,7]} and the norm in Ag by |u(z,t)|| 4, = sup [l ()]l [4] 1 o an
0< H (R)
Our local existence result will follow from the propertles of L given in the
following lemma:

Lemma 9. Suppose that f;, j = 1,...,d, are sufficiently smooth funcions.
Assume that u(t), ug € mlsl (RY) and that
— < .
@0 lutt) = Gleuoll fgpun , < ol gy, VEE0.T]
If T > 0 is sufficiently small, then the following hold:
(i) Lu(t) € HIEFYRY) with

Hﬁu(t) - G(t)UJOHH[%]Jrl( < HUOH [%] ’ vt € [Oa T]

Rd) — (ra)
and

< 2”“’0” [%] ) vt € [OaT]a

Lu(t d
H u( )HH[E]JA(R @) (RY)

() 1€ult) < Clluol g1,
(iii) £ maps Ar into itself;
iv) L is a contraction on Ar.

Proof. Without loss of generallity, we take f;(0) =0, j =1,...,d.
(i) Let u(t) € HL2 [5 ]H(Rd) satisfying (27), then using the properties of Fourier
transform on L?(R?), and the Parseval’s equality we have

[[Lu(t) — G(t)uoHH[%]ﬂ(Rd) <

25 (SN, 1 €= S’}52|<z£>aF<fJ( )I?

d ot GXP{ a+oeP)
E/o W / T+ PP e

using the Lemma 8 (ii) and the Parseval’s equality

=

d

t 1 ,
SZ/O m Z / (@) F(fj(u)[*dS ¢ ds

|a|<
d_ o 15N 19140
- HL2 (R4) s
_Z/o [271e(t — 5)]2 a
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using the Theorem 4.3 on [11] (page 22)
t Cllul) 1474

=Jo [2me(t —9)]2

(Rd)ds

if
T'<Cm

where C is a positive constant depending on ||uo|| a4 gay’

(ii) The estimate (ii) is the consequence from (i) and for s > [2] +1 we have
the continuous inclusion H[% ]“(Rd) C L>®(RY).

(iii) To proof (iii), we only need to show if v € C([0,T7; H[%]H(Rd)) then
Lu e C([0,T); HEIF (R)). Let to € (0,T]. Let t € (0,T). Without loss of
generallity, we take ¢y < t. We have

(| Lu(t) — L‘U(to)HH[g]ﬂ(Rd) < NG (t)uo = Glto)uoll 4]

S | P S

1 (F(fj (u(t - T()1)x+ EKJ“';-Q()U(to - T))xj)> HH[

(Re)

dr
%]+1(Rd)

d to
>
j=1"0
=A+B+C.
For A, using Parseval’s equality,
p |t = tol[uoll o ®e)
- 2tg

To estimate B, we use the Parseval’s equality, the Lemma 8 (i), and the The-
orem 4.3 on [11]

B =

R S L iy F (e - 1))

/ Z / exp{ TEED) wea

ol <[4

< / A= g

< Ot —told™,

dr
(R%)

where C' depending on HUOHH[%]H(W)'

Finally for C, we use the Parseval’s equality, the Lemma 8 (i), we have

c<o / st =) = fyestto ~ )| pg7,,

(Re)
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and from Theorem 1

to
< o6 / lu(t — ) — ulto — )|
0
<C

ul8l+ ga

where C' — 0 when |t — tg| — 0 because u € C([0,7]; HY(R)) and u €
c([0,T); HEIF (RD)) and to —r € [0, 7).
iv) Let u, v € Arp,

[1Lu(t) — L'v(t)HH[%]H(Rd) <

2 (N 7 &5~ S>}§2|(Zg)aF(fJ( )= fiW)?

2/ Z / exp{ — T+ 31¢?)

lol<[4

e () = fi @I 474

2 (Rd)d

<Z/ [271e(t — s)]2

and from Theorem 1 we obtain

¢ Cllu(s) —v(s)]|

= i/ ufrg
= 1
j=170 [271e(t — s)]2
_ () = v(s)llas
- 2
if T'< Cv1, where C' is a positive constant depending on ||ug|| GEFR O
H!L?2 (R%)

We can now obtain the local existence of solutions of (1)-(2):

Theorem 10. Suppose that uy and f;, j = 1,...,d, satisfy the same
assumptions as in Lemma 9 then the Cauchy problem (1)-(2) admits a unique
local smooth solution

ue C([0,T]; HEF (RY).

Furthermore, for each integer k > [4] + 1, we have i) u € C((0,T]; H*(R?));
i) u € C((0,T); H*(R?)) n C1((0, T); H:= 1(Rd)) if N <3;
iii) u € C((0, T); HF*N=3(R4)) n C1((0, T); H*~Y(RY)) if N > 3,
where T' depends on 7, and HUOHH[%]“(W)'
Proof. Let v = 0 and u™ = L(u™"'). Then by induction the estimates
of the Lemma 9 (i) and (#) hold for each u™. Furthermore, by Lemma
9 (iii) and (iv), £ maps Ag onto itself and is contractive. From Banach’s
fixed point theorem, the integral equation (26) possesses a unique solution
u € C([O,T];H[%]H(]Rd)). To prove the regularity results, we only need to
show if u € C((0,T]; H(RY)), I > [4] + 1, then u € C((0,T]; HFY(RY)) N
CH((0,T); H(R?)). Let t; € (0,T), we only need to show that u €

dg

=

ds
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C([t1, T); HFY(RY) and ue € C([ty, T); H'(R?)). We take t, = 4. Then the
semigroup property of G implies that, for ¢t > ¢

F(fj(u)a;)
2 t)=G(t —t2) E t— ————2 1 ds.
( 8) U(:C, ) G 2 -1 to G |: 1+5|§|2 °
To begin, using the Parseval’s equahty and the Lemma 8 (iii) and (iv) we have

1wl 1 (may <

N 2n —t5 :
{ Z / exp{ 2= 1((21:7:3[25)] Je t>}|(if)aF(u(t2))|2d§}

|| <141

d

. exp{ 239 1((21326'1577352" 1(t— s)}§2|( g)aF(fJ(u)”Qd )
+j¥1‘/t2 la| <l+1 ‘/Rd (1 +4[¢%)? ¢ s

_2[2:?:1(271 1 ”Ynf —12) 2
< {Hz/ exp{ Tkt }|§| 66 Fulta)) ds}

[N

2[00 (Cay mEE™M)(E—s) ) :
Lo exp { B e 1€/ €)° F( ()
+ / / e ds
2 )Y 22 i+ 01?2
+ 24715
< (72 ”Yl) Hu(t2 HHZ(Rd) +Z Hf] ( ))HHZ(Rd)dS
27172 . [2071e(t — )]z
we use the Theorem 4.3 on [11]
1
2d715 t
< (772 * PYI) llu(t2)[l g ray +dC/ —H METED) ds
21172 [2671e(t — )]

On the other hand, note

G F()y) (e e
F(u); = _Z (1+ 6]€]2) - (1+0l€]2)

F(u)
and for t, = & < t; <t we have from (28)

ZF [1+5|2|>)}

d 2n _ 2n —
et [ Em ) { (351 oy W& t2>}F(u(w]

(1+41€?) (1+9[¢]?)

n = (N m &M (=)
.t Z;l:l(zgzl W&} )exp{ - (1+6}§’|Yz) }F(fj(u)xj)
+Z/ F ds.
~ i, (1 + 3¢

Jj=1
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Then

1
2

FU ()5, )1 ’
Z/Rd TETIEDE d5}+

|| <1—-1

e ()| -1 (ray < Z{

d N " =209 N v &™) (t—t2)
D51 (et m&G™))? exp { =k :

} (€Y F (u(t))|2

L L. T+ 0P
d N n —230 1 (T 1€ (t—s)
) / t / (-1 (s 1S WGXP{ LT }
+
2 ) B e TERRE

(i) F(f;(w) ledf} ds=A+ B+C.

For A, from Theorem 4.3 on [11]

L elior e |’
A‘E{M;l v (LTI df}

Jj=1
4T uu(t) | v ey
- 1)

and

PSR

dg

[N
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For C,

[

4 S (o €2 () F (f(u)a, )
¢ Sz/m » 2011 01E2)3( —5)

4 S (S €2 (&) F (£ (w)a, )
/ |a|; 1 [ Re

¢ s ds

21+ 3EP)(t —5) &

j=1"1

=

ds

d N 2n e Y (w).... 2
i Zj:l(zn:47n§j NGO F (f(w)a, ) dﬁ]}

R 2(1+0[E[7)%(t = s)

<Z/ /Rd 6|(Zf)a(F(fj(u)mj)|2

b t—s)

dg

|| <1—-1

S (N &N ) F(f (w1 ]
R 203(t — 5) dei o ds

tCH.fJ HHHN 3 (RA)
<Z/ t—s ds

[ s e,
to (t—s)2

where C = C(8, 71, .-, YN, |‘UOHH[%]+1(R‘1))'

To finish, the proof is quite similar to the Lemma 9 (iii), using the Theorem
4.3 of [11] and the Theorem 1, and its proof will be omitted. O

In the order to extend these solutions globally, that is, to all of t > 0, we
first give the following lemma.

Lemma 11. Suppose u(z,t) = u(x,t;d,71, ..., 7n) a solution of (1) and (2)

on R? x [0,t1] (t; > T). Then we have the following estimates:
i)

d d N t1
(29) / 2+ 63 fug, 2| do 423 Z%/ 0" ul2dadt
R j=1 j=1 Ln=1 o Jre 7

d
:/ ol +8 3" o, |2
R =

i) If [[u(t)|| poo(ray < C(m1,T), for all 0 < t < ty, then for each multiindex
a=(ay,...aq) withag >0, k=1,...,d and |a] > 0 we have

d d ¢
1 J '-Yl 1 j 2

(30) < / Douf? + 63 D uf| de+ S 2 / D% udrdt
2 Jra ; ; 2 Jo Jra
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d
2
Jj=

N t1 ;
Z”yn/ / | DPnu|2dxdt
1 [n=2 0 JRrd

1 a, |2 B2 2
§§/Rd | D%y +5Z|D 1u0| dz+ C(y1,T Z / /Rd | DYu|“dxdt

[vI=lal

where 3, = (o, ..., j_1, @ + N, 041, ..., Ag).

Proof. We multiply (1) by 2u and integrate in R? and in [0, #;], we obtain
(29).

Let @ = (aq, ..., aq) such that o, > 0, k = 1,...,d and |a| > 0. We multiply
(1) by (=1)l*ID?*y, and integrate in R and in [0, 1], we have

1 .
31) = Du? 46 [DAul?| d n/ DPrul*dxdt
@) 5 [, [10mP+ Z| o] a3 |30 [ 1D%

j=1 Ln=1

1
= 5/ |Dau0|2+5Z|Dﬁlu0|2 dx+(— |O‘|Z/ o, D**udzdt.
Rd

Jj=1

The last integral can be estimated using the Theorem 4.3 on [11].

t1 —1 t1
1)|a|/ fi (), D**udzdt < %—/ / | D f;(u)|*dwdt
0 Rd 2 0 R4
n (" :
+ _/ \DA w2 dzdt.
2 0 Rd

Since [|u(t)|| o ®e) < C(71,T), we have from Theorem 4.3 on [11] that

//|D“f ) 2dwdt < 020N ”“’ Z//|D’Yu|2d:cdt
Rd

Ivl=lal
This estimates and (31) we give (30).

We can now state our global existence result:

Theorem 12. Suppose that uy and f;, j = 1,...,d, satisfy the same
assumptions of the Theorem 10. Then the problem (1)-(2) has a global smooth
solution

u e 0([0, 00); HIEIFL(RY).

Furthermore, for each integer k > [%] + 1, we have

) u € C((0, 00); HY(RY));

i) u € C((0,00); H*(R?) N CL((0, 00); HFH(RY)) if N < 3;

iii) u € C((0, 00); HFN=3(R4)) N C1((0, 00); HF"Y(RY)) if N > 3.
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Proof. From Theorem 10, there is a unique solution u(x,t;0,v1, ..., Yn) =
u(z,t) defined up to time 7' and satisfies (i)-(iii) of the Theorem 10. Further-
more, from Lemma 9, we have for 0 <¢ <T

Ol < Clol g,
and consequently holds the Lemma 11.
We consider the problem (1) with initial data u(z,T) = ur(z). From Lemma

11, we obtain that up € HIZIT(R?) and |jur| 1. < C(y,T). Then,
H[z]“(Rd)

by Theorem 10, u(z,t) can be extended up to time 27. Now suppose that

u(zx, t) been defined up to time kT for some integer k, and that for each integer

> [%] + 1, we have

a) u € C((0,kT); H'(RY));

b) u € C((0,kT); H(R%)) N C((0, kT); H'=Y(RY)) if N < 3;

c) u € C((0,kT]; HHN=3(RY)) N C((0, kT); H=(RY)) if N > 3,

and the Lemma 11 holds for 0 t < KT. From Lemma 11 we have upr €

HUE ) and [lurl] 14

d
2+1

<
(&) < C(v1,T). Proceeding inductively, we thus
R

establish the existence of the solution u(z,t) in all of t > 0 and u(x, t) satisfies
(1)-(iii).

O

4. CONVERGENCE RESULTS

Let {u" = wu(z,t;0,71,....,78)} be a sequence of solutions of (1)-(2) ob-
N

tained previously, for ¢ and =, sufficiently smalls (§ + Z”yn — 0) and we
n=1

take the smooth initial data uj = u(z,0;6,71, ..., 7n). We assume also that

up € L*(RY) N L2(R?) on (16) satisfies

(32) lim ug = ug in  LYRY)NL*RY).

’Y*)

We will now prove that the solutions of (1)-(2) converge toward the entropy

solution of the associated hiperbolic problem (15) and (16). For each ug €

L?(RY), the Cauchy problem (15)-(16) admits a unique entropy solution u €

L>(R, L2(R%)) in the sense of Kruzkov. See again [10], [5],[14], and [7].

Assume that, for some constant Cy > 0 independent of §, 1, ..., YN,

|‘UOHH[%]+1(Rd) + Hu0|‘HN+1(Rd) S CO'
We can now state our convergence results:

Theorem 13. Assume f;, j = 1,2,...,d sufficiently smooth satisfy the
growth condition ||f;()\)|\oo <C,VAXER.If§ = 0(4}), and v, = 0(yn—173) for
n > 2, then, when v; — 0, the solution u” of (1)-(2) converges in L}, (R xR})
(for 1 < r < 2) toward the unique entropy solution in the sense of Kruzkov of

the Cauchy problem (15)-(16).

Proof. We will rely on the convergence framework proposed by DiPerna [5]
for L solutions and generalized to LP solutions by Szepessy [14] and Kondo
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and LeFloch in [7]. Consider a Young measure v associated with the sequence
{u7} and based on the uniform L? bound (29).

First for all we establish that v is a mv entropy solution of (15) and (16).
We must check entropy inequalities associated with (15), that is,

d
(33) v >+ Y < >4,<0,
j=1
where 77 : R — R is a convex function with (at most) linear growth at infinity
and the entropy flux ¢ (u”) = 7'(u”)fj(u”) is normalized so that 1;(0) = 0.
By the definition of the Young measure, we only need to establish that, in the
decomposition

0 !
(34) gn(uﬂ-;a?j j —Z W t)e; — 0N (U)Us ,Ua, 1]

Jj=1

d N
+Z{Z nJrl,_Yn )8271 lu]mj _|_(_1)n,_ynn//( )um]a2n 1 }_F1+F2
n=1

j=1
where
d d (N

Ty = (600 (W ta;0)a; — 0" (Wta; ey + > {Z 1) [ ()32 Y,

J=1 j=1 (n=1

N d
* Z(—l)"%n”( )y, 32" lu} and I'y = —m Z m]., we have
n=2 —1

and
(36) I, <0.

(It is a standard matter to deduce, for all convex entropy pairs, holds (33) from
0
(35) and (36). Namely it follows because %n(u'y) + E 8—1/)j (u”) converges
7
g=1 """

to a nonpositive measure in D'(R? x R, ), from (35) and (36). On the other
hand, from the definition of te Young measure that the terms in (34) converge
(in the sense of distibutions) to their ”natural” limits,

nu”) =<v,n>, Yju’) =~<v,; >
Inequality (20) (for all k£ € R) then follows by a standard regularization of the
function |u — k[.)

Before proving (35) and (36), we first obtain some estimates.
We multiply (1) by (—1)"v;02: u for k € {1, ...,d} and i € {1,..., N— 1}, and

integrate in R? and in [0, 77,
d

x /R 108l 53 106, () dﬁz Zm / / 01 Qd:cdt]
j=1 n=1

Jj=1
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:%/ u0|2+52| (o) )|?| dat(— %Z/ / (), 0% udadt
R

and the last integral can be estimated using (29):

d T d T
[ 21 2
—1)" j§_1~/0 e I (u)x] 8kad$dt < Cj§_1~/0 ~/]Rd |uac]| dxdt

72 d T _ ”Y'2 T
+-L / / 020 u|?dadt < Cyy ' + —1/ / 02! u|*dxdt
d—=Jo Jra 2 Jo Jra

and we obtain

Yi 2 2 ”Yz 2i 12
67 g |+5Z| i (ug,)?] do+ - // |02 u|2dadt
+z Zw / / 01 (0" w)|2dzdt| < vyt
j=1 [n*=1

where n* means that n # i if j = k.
We multiply (1) by y1u, and integrate in R? and in [O 7],

T
[ ddtmz [ e oty Y[ 5220 [ o 24
0 R4

Jj=1

—Z[Zm | uo|d:c]—~ylz / [, 55w, uidad.

j=1 Ln=1

n=1

The last integral can be estimated using (29)

T T T
—”yl/ / fj(u)xjutd:cdtSC”yl/ / |ux].|2d:cdt+£/ / ufd:cdt
0 Jrd 0 Jrd 2 Jo Jre
o
+ / / uldzdt.
2 0 ]Rd

We obtain

T
”yl/ / d:cdt—i-(?”ylZ/ / [t ;¢ d:cdt—i-z
0

Jj=1

<C.

Z%%/ |07} ()| *dx

n=1

Now we can deduce that (35) and (36) hold. Let # € C§°(R? x (0,T)) such
that 8 > 0.
We have for each j € {1,...,d}, from (38) that

T
< €010z, || L2 rax 0,7)) [/ / qujt|2d:cdt]
0 R4

1
< 05%71 ’

[N

Uty ;¢ O, dadt
Rd
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and from (38) and (29) (with n = 1)

" U Uy Ug 1 Odzdt] < C6

T 30 7 3
/ / g, |*dadt / / |Us,¢|Pddt
o Jre 0 Jrd
< 0oyt
When n = 1, we have from (29)

T
/ / Uy, Oy, dadt / / [te, |2dxdt
Rd 0 Rd

<r2,9>_—~ylz/ / wyu? fdzdt < 0.
R

For n > 2 we use (37) (w1thz—n—1and]—k)

/ / |82" 1u|2d:cdt]

Rd

1

2

1
7 <Cm < Cvf

and

=

82" Yub,, dzdt

< Cvyp
Rd

L1 _1
<OVl ?

and finally, we use (37) and (29)
/ / [tg, | d:cdt] |:/ / |82" Ly? d:cdt]

5 -3 -1
<Cmiv,2im

um]82" Yubdzdt| < Cvy,

Rd

This proves (33).

To show that (21) is satisfied for v we follow the detailed argument in Kondo
and LeFloch [7].

When v — 0, from (33) and (32), we obtain
(39)

d
_/ n(uo(z))6(x, O)d:c—/ / < V() > th:cdt—/ / > < Yy 0y > O dwdt <0,
R R, JRd Ry JRE ST

in the sense of distributions. Let K C R? be a compact. Let Q C R? be a open
and bounded subset such that K C Q. Using in the formulation (39) a function
O(z,t) = 01(x)02(t), compactly supported in 2 x [0,T) and having 60y, 602 > 0,
we obtain

@0 ~6:(0) [

Q

(o ()01 (x)dz — /

R

d
/ 0, (t) / > < Vaay ) > Oray (x)dad.
Ry et

The estimate of right side can be estimated using the definition of the Young
measure. For that, let I C R be a compact such that in R — I we have

92t(t)/ < V(z,t), 1 > 01 (x)d:cdt <
N Q

n(u) = au + b, a,be R
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and consequently, 1’ (u) = a. Since ¢'(u) = n'(u)V f(u) then in R — I we have
¥j(u) = afj(u). Thus

d
/ 0, (t) / D < Vi) ¥y > 01, (w)dadt
Ry Qo
d
< / 92<t>2[ / 190l (1|61, () + / / Jaf; (V)| dv |61, (2)|dz | dt,
R4 j=1 Q QJR-T
d

<c t%(t)dH—Zlim/ 92@)/ lalClw (2, )61, ()| dedt
FEcitia’s N R

Ry

d
<C t%(t)dH—Zlim/ 02(t)|a|C | (t) 2 (ray |O1a, || 2Ry dt
R — =0 Jr

+ j=1 +

SCl/ O (t)dt.
Ry

Therefore

(41)

—92(0)/ n(uo(x))t?l(x)d:c—/ 92t(t)/ < V(z,t), 1 > 91($)d$dt < Cl/ 92(t>dt
Q R, Q R,

Thus the function
V(t)=—-Ct —|—/ < V(y),n > 01(z)dw
Q

satisfies the inequality

dfo(t
(42) - / V(t) 2(t) gy < 62(0) / n(uo ()01 (z)dz.
Ry dt Q
Using in (41) a test function #2 > 0 compactly supported in (0,7T), we find
— [ v d0a(t) 4y <0,

that is (in the sense of distributions) the function V' (t) is decreasing and, there-
fore, has locally bounded total variation. Since it is uniformly bounded, V (¥)
has a limit as t — 07T, that is,

a) for every convex and tame entropy n = n(u) and for every smooth function
6 = 6(x) with compact support in 2, the function

t— / < V(gp),n > 01(z)dw
Q

has locally bounded total variation and admits a trace as t — 0.
Now fix a time tg > 0 and consider the sequence of continuous functions

1 for t € [0, to]

05(t) = 7(%164) for t € [to, to + €
0 for t>to+e
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From the regularity property (a) above, we see easily that

dos (¢
- V(t)Adt - V(td), when e— 0.
R, dt

Since 65(0) = 1 and ¢ is arbitrary, (42) yelds

V(tg) = —Chto + /Q < V(o) M > O1(x)dr < /Q n(uop(x))b1 (x)dx

for all tg > 0 and, in particular,
(43)

lim / < V() > 01(x)dr < / n(uo(x))b1 (z)dx, V0 = 61(x) > 0.
) Q

t—0t J¢
Note that the left-hand limit exists, in view of (a).
Consider the set of all linear, convex and finite combinations of the form
Z a;01 ;(z)U;(u), where aj > 0, Z aj = 1, the functions U; are smooth and
r ,

j
convex in u and the functions 6, ;j(z) > 0 are smooth and compactly support,

with moreover
|Uj(w)br,(z)| < Clul + |Uj(z)]

with ¢ > 0 and ﬁj € L'(Q). This set is dense (for the uniform topology in
u and the L' topology in ) in the set of all functions U = U(u,x) that are
convex in v and mensurable in x and satisfy

U (u, )| < Clu| + U ()]
for some C' > 0 and U € L*(Q). Therefore by density we can deduce that

(44) limsup/ < V(@) U(, ) >drx < / U(uo(z), z)dz
t—0t Jo Q
for all U = U(u,x) that are convex in u and mensurable in z such that

\U(u,z)| < Clu| + |U(x)| with U € L'(Q) and C > 0. Then, by choosing
U(u,z) = |u—wug(x)| in (44) we obtain

limsup/ < V() [u—uo(z)| > dr =0,
t—0t Jo

and, consequently, we obtain

(45) lim < V() | — uo(z)| > dx = 0.
t—0t J i

Now suppose that (21) is not true, that is, exist a ¢g > 0 and a sequence {7}
such that T,, > 0, T,, — 0, and

1 [T
(46) —/ / < V(ap), [u—uo(x)] > dxdt > e, vT,,.
oo Jk '

From (45), we have a § = d(eg) such that
€0

(47) / < V(g pys U —uo(x)| > do <
K 2

if 0<t<é.



THE MULTIDIMENSIONAL GENERALIZED BBM-BURGERS EQUATIONS 19

Since T,, — 0, exist a T, < d. From (46) and (47) we obtain then
1 T

Tno 1 no ¢ €
€ < / < V() [u—ug(w)] > dedt < —— Dap =2
Tno 0 K
and that is a contradition.

T Jo 2 2

Hence v is a mv entropy solution of (15) and (16). It follows then from
Theorem 5 that there exists a function u € L> (R, L*(R%))N L (R, LP(RY))
such that

vy = 5u(y) for a.e. Yy € RY x Ry,
that is, v(.) is the Dirac measure concentrated at wu(.) and w is the unique
entropy solution of (15) and (16). Finally, from Lemma 6, u; — u in L], (R? x
Ry), for 1 <r < 2.
O
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