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Overview

DegreeonenonsymmetricPieri rule
New recursionsfor charactersandmultiplicities
Complexity of characterformulas
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Part 1

Degree1 nonsymmetricPieri rule
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The classicalPieri rule

TheclassicalPieri rule is acombinatorialdescription
for theproductof aSchurpolynomialwith a
complete(or anelementary)symmetricpolynomial:

hms� =
X

� � �
hor. m� strip

s� :

This is aspecialcaseof thewell-known
Littlewood-Richardsonrule for theproductof any
two Schurpolynomials.
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Jack polynomials

JackpolynomialsJ (� )
� generalizeSchur

polynomials.

In fact,J (1)
� is ascalarmultipleof s� .

ThePieri rule for thesewasfoundby Stanley in
1989:

J (� )
m J (� )

� =
X

� � �
hor. m� strip

c�
m;� (� )J (� )�

� :

TheLittlewood-Richardsonrule is notknown for the
J (� )

� .
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The nonsymmetricPieri rule

NonsymmetricanalogsF (� )
� whereintroducedin

1995by HeckmanandOpdam.
They areindexedby compositions,i.e. � 2 Zn

+ .

ThePieri rule for themis

F (� )
� F (� )

� =
X

�

g�
� � (� )F (� )�

�

where� 2 f 0; 1gn.

This is not fully known yet,but wewill givea
completeanswerfor thecase� = " k.
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NonsymmetricJack polynomials

Up to ascalarmultiple,F� canbede�ned asa
simultaneouspolynomialeigenfunctionfor the
commutingfamily of Cherednikoperators

� i = � xi
@

@xi
+

X

k<i

xi

xi � xk
(1 � sik ) +

X

k>i

xk

xi � xk
(1 � sik ) + 1 � i;

for i = 1; : : : ; n, with eigenvalues

� i = � i � � # f k < i j � k � � i g � # f k > i j � k > � i g:

Heresik is thetranspositionpermutingxi andxk.
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Main Results

Two mainquestionsansweredfor theproductF"k F� :

Whichpolynomialsoccurin thedecomposition?
Whatarevaluesof thecoef�cients?

To answerthe�rst questionweneeda few de�nitions.
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Compositiondiagrams

Thediagramof � is theset
diag(� ) = f (i; j )j1 � i � n; 1 � j � � i g.

Graphically, for � = (312):
-
j

i?

s

z z z

z

z z

or better

Usuallywe identify diag(� ) with � .
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An ordering on compositions

De�ne anorderingoncompositionsby askingthat� � �
if thereexistsapermutation� suchthat

� i < � � (i ) ; if i < � (i );
� i � � � (i ) ; if i � � (i ):

Thisextendstheusualordering� (inclusionof diagrams).
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Minimal elementsabove �

For L = f j 1; : : : ; j `g � f 1; : : : ; ng, let

� = (� 1; : : : ; � j 1; : : : ; � j 2; : : : ; � j ` ; : : : ; � n);

andde�ne � = CL (� ) by

� = (� 1; : : : ; � j 2; : : : ; � j 3; : : : ; � j 1 + 1; : : : ; � n):

� =

j 1

j 2

j 3

 cL (� ) =
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First main theorem

Theorem. g�
"k � 6= 0 if andonly if:

(i ) � = CS(� ) whereS = f i 1; : : : ; i sg := f i j� i 6= � i g,

(ii ) Eitheri s � k or # f i � kj� i = � i 1 + 1g > 0,

(iii ) if � i 1 = � 1 = � � � = � k theni 1 < k.

k !

k !
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Example

Thefollowing areall compositionsoccurringin the
expansionof F"2F(1121):

� =

Thesearesomecompositionswhichdo not occur for the
indicatedreason:

Not minimal

k !

�

Wrongi1
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Remarks

S neednotbetheonly setto satisfy(i ).

In fact,aswewill seebelow, thereis alwaysa
(unique)“maximal” setL suchthat� = cL (� ).
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Maximal sets

A subsetL = f j 1; : : : ; j `g � f 1; : : : ; ng is maximalw.r.t.
� if:

� i 6= � j 1, if i < j 1,

� i 6= � j t , if j t� 1 < i < j t ,

� i 6= � j 1 + 1, if i > j ` .

One can show that if � = CM (� ) = CL (� ) and L is

maximal, then M � L, hence� = CL (� ) determines

L uniquely. In particular, S � L.
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Remarks

Let S � L. Then(ii ) is equivalentto j ` � k.

Wearegoingto describeg�
"k � combinatorially.

Wewill needtwo auxiliarypolynomialsb� � (� ) and

b(k)
� � (� ).

They will bede�ned by playinga jeude�èches(an
arrow shootinggame).
First,we recallsomefundamentalconcepts.
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Compositionstatistics

For aboxs = (i; j ) of � wede�ne thecoarmlengthand
thearm lengthsas

coarma0
� (s) arma� (s)

s

so

# = a0
� (s) = j � 1; # = a� (s) = � i � j :
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Compositionstatistics

For aboxs = (i; j ) of � wede�ne theleg lengthas

  :

so

# = l� (s) = # f k < i j j � � k + 1 � � i g
+ # f k > i j j � � k � � i g:
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Compositionstatistics

For aboxs = (i; j ) of � wede�ne thelowerhooklength
polynomialas

d0
� (s) = (a� (s) + 1)� + l� (s):

  :

e.g.d0
� (3; 2) = 2� + 3. Wealsode�ne theupperhook

polynomialas
d� (s) = d0

� (s) + 1:
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Compositionstatistics

Thecontentof abox in � is de�ned as

c� (s) = (a0
� (s) + 1)� � l 0

� (s):

  :

e.g.c� (3; 2) = 2� � 1.

Remark: the eigenvalue� i is just the contentc� (i; � i ) of

therightmostboxon row i of � .
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

� +3  d�

3� +5 2� +3 � +1

� +1  d0
�

2� +4 � +3

� +2  d0
�

3� +4 2� +2 �

2� +3 � +1

� +2  d�

�
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

For themoment,forgetthenon-coloredrowsandthink of the
coloredonesasif they formedacycle,namelyregardthe®rst row as
if it camebelow thelastone.

Placethearrowscloseto theright endof each(colored)row as
follows.
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

%

� +3 "

3� +5 2� +3 � +1 "

� +1

2� +4 � +3 "

� +2 #

3� +4 2� +2 � #

2� +3 � +1 #

� +2

� .

Thearrowscanonly reachasfarasthenext row in cycle.
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

%

� +3 "

3� +5 2� +3 1 "

� +1

2� +4 1 "

� 1 #

3� +4 � 1 � #

2� +3 � +1 #

� +2

� .

b� � :=2 (� +3)(3 � +5) (2 � +3) 2(� +1) 2(� +2) 2(3 � +4) � 2
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

Now wearegoingto takek into account.

Do soby placingashieldon row k protectingfrom thearrows.

Thenrepeatthejeude�èches.
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Hook tableaux

Let � = (01312), � = (13211)andk = 1. ThenL = f 1; 2; 3; 5g is
maximalw.r.t. � and� = CL (� ).

� +3

3� +5 2� +3 1

� +1

2� +4 1

� +2  shield

3� +4 � 1 �

2� +3 � +1

� +2

�

b(1)
� � := � 2 (� +3) (3 � +5)(2 � +3) 2(� +1) 2(� +2) 3(3 � +4) � 2
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Secondmain theorem

Theorem. If g�
"k � 6= 0 then

g�
"k � =

8
>>><

>>>:

(� + k)b(k)
� � + (c� (j p) � c� (j ` ))b� � ;

if k = j p 2 L;
(c� (j p) � c� (j ` ))b� � ; if j p < k < j p+1 ,
� � b� � ; if k < j 1,

where
c� (i ) := c� (i; � i ) = � i � � l0

� (i )

is thecontentof therightmostboxon row i of � .
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Example

Usingtheaforementionedvaluesof b� � andb(1)
� � for

� = (01312)and� = (13211), we �nd that

c� (1) = � � 2; c� (5) = � � 4;

andthus

g�
1� = (� +1) b(1)

� � +(( � � 2)� (� � 4))b� �

= � 2(� +1) 2(� +3) 2(3� +5)(2 � +3) 2(� +2) 2(3� +4) � 3
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Example

For � = (045), � = (451) andk = 2, we �nd that

g(451)
2;(045) = � 24(� + 2)(2� + 1)3(3� + 1)2

(� + 1)2(5� + 3)(3� + 2)

(4� + 1)(5� + 2)(� � 1)� 5:

Thusit is notalwayspossibleto de�ne a “global sign”
for eachcoef�cient.
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Idea of the proof

Therearesomerecursionsfor theg�
"k � .

Thereis anexact,non-combinatorialformulafor
xi F� by Marshall.

Firstguesswhich � will occurandguessthevalueof
g�

"k � .

Thenuseeitherrecursionor closedformulato show
theguessis correct.

Endof part1
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Part 2

New recursionsfor charactersandmultiplicities
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Preliminaries - 1

g - simpleLie algebraof rankn

h � g - Cartansubalgebra
! 1; : : : ; ! n 2 h� - fundamentalweights

P = Zh! 1; : : : ; ! ni - weightlattice

P+ = Z+ h! 1; : : : ; ! ni - thedominantweights

� = f � 1; : : : ; � ng � P - simpleroots

Q = Zh� 1; : : : ; � ni - root lattice

E = Rh� 1; : : : ; � ni with Killing form h; i
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Preliminaries - 2

� _
i = 2� i

h� i ;� i i
- thecoroots

� is regularwheneverh�; � _ i > 0 for all � 2 � .

W - theWeyl groupw/ generatorssi := s� i

R = Wf � 1; : : : ; � ng - theroot system

R+ - positive roots

V � - Irreduciblef.d. g-moduleof highestweight�

P� - correspondingweightsystem

� = ! 1 + � � � + ! n = 1
2

P
� 2R+ � .
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The character

The(formal) characterof V � is

� � =
X

� 2P�

dim(V� (� ))e� ;

whereV � (� ) = f v 2 V � j h � v = � (h)v; 8h 2 hg is

the weight spaceof V � of weight � relative to h. This

makessensesinceh is abelianandconsistsof semisimple

elements.
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The WCF

TheWeyl CharacterFormula(WCF)statesthat

� � � =
X

w2W

"(w)ew(� + � )

where"(w) = (� 1)l(w) and� is theWeyl denominator

� =
X

w2W

"(w)ew� =
Y

� 2R+

(e� =2 � e� � =2):
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The girdle

Is de�ned as
� � =

X

� 2P�

e� :

Lookslikethecharacter, exceptthecoef�cients areall 1's.
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A partition function

Let R
0+ = R+ n� bethepositivenon-simpleroots.

For any � � R
0+ , let h� i =

P
� 2R0+ �

Thenwecanwrite
Y

� 2R0+

(1 � e� � ) = 1 +
X

h� i

ch� i e
�h � i ;

where

c� = # fh� i = � j # � is eveng
� # fh� i = � j # � is oddg:
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Signedcharacters

Abovewede�ned � � when� is dominant.

For any � 2 P, let w� 2 W beminimals.t.
w� (� + � ) is dominant.

Set� = w� (� + � ) � � . Note� is dominantwhen
� + � is regular.

Let " � = (� 1)l(w� ); if � + � is regular, andzero
otherwise.
De�ne thesignedcharactersby:

� � := " � � � �
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RepresentationTheoryandCombinatorics– p.30/46



Signedcharacters

Abovewede�ned � � when� is dominant.
For any � 2 P, let w� 2 W beminimals.t.
w� (� + � ) is dominant.

Set� = w� (� + � ) � � . Note� is dominantwhen
� + � is regular.

Let " � = (� 1)l(w� ); if � + � is regular, andzero
otherwise.
De�ne thesignedcharactersby:

� � := " � � � �

RepresentationTheoryandCombinatorics– p.30/46



Main Theorem

Theorem. For adominant� ,

� � = � � +
X

h� i

ch� i � � �h � i

is a recursionfor � � .
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Idea of the proof

Weshow thatbothsidesof

� � = � � +
X

h� i

ch� i � � �h � i

areequalto

X

w2W

"(w)
ew�

Q
� 2R0+ (1 � e� w� )

:
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LHS

Proposition.

� � =
X

w2W

"(w)
ew�

Q
� 2R0+ (1 � e� w� )

:

We give an elementaryproof, but this alsofollows from

thework of Brion.
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RHS

Proposition.

X

w2W

"(w)
ew�

Q
� 2R0+ (1 � e� w� )

= � � +
X

h� i

ch� i � � �h � i :

Theproof is: justexpandandusetheWCF.
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Example

For g of typeA2,

� � = � � + � � � � :

For g of typeB2,

� � = � � + � � � � 1� � 2 + � � � � 1� 2� 2 � � � � 2� 1� 3� 2
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Consequences

Corollary.

m� (� ) = 1 �
X

h� i

ch� i m� �h � i (� );

wherem� (� ) = " � dim V � (� ).

Corollary.

jP � j = dim V � +
X

h� i

" � �h � i ch� i dim V � �h � i :
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Consequences

Corollary.

jP � j =
X

w2W

1
Q n

i=1 h�; w� i i

�
nX

j =0

h�; w� i j

j !
Tn� j (hw� 1i ; : : : ; hw� ni );

whereTi is thei -th Toddpolynomialde�ned by

Y

i � 1

tx i

1 � e� tx i
=

1X

i=0

T (x1; x2; : : :)t i :
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Example

For g of typeA2, and� = (a;b), weget

jP � j =
�

a + b+ 2
2

�
+ ab:
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Example

For g of typeB2, m(i;j ) (0;0) = 0 unlessj is even.

Sowhen� = (i; 2j ) for i; j 2 Z+ wehave the
recursion

m� (0 ;0)=1+ m� � � 1� � 2 (0 ;0)+ m� � � 1� 2� 2 (0 ;0) � m� � 2� 1� 3� 2 (0 ;0) :

Thiscanbesolvedexactly:

m(i;2j ) (0;0) =
1 + (� 1)i

4
+

(i + 1)(2j + 1)
2

:

Endof Part2
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Part 3

Thecomplexity of characterformulas
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Two character formulas

Westudiedtwo characterformulas:
Oneclassic:Freudenthal's formulaexpressingthe
multiplicity of aweightin termsof multiplicity for
“higher” weights.
Onenew: Sahi's formulais a recursionfor
non-symmetricanalogsP� of characters� � .
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Statementof the Problem

Givenadominantweight� of lengthm, wewantto com-

putethecharactertableTm, containingthecharactersfor

all dominantweights� whoselengthis � m.
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The sizeof the Problem

Thesizeof � � is preciselyjP � j andthis is about
O(mn).

Thusthesizeof Tm is aboutO(m2n).
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Computational model

Weadoptedstraight-lineprogrammodelwith
uniformcostfunction,sothatthetimecomplexity
dependsonly on thetotalnumberof arithmetic
operations.
Hence,anoptimalmethodfor computingTm, takes
O(m2n) time.
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Main Theorem

Theorem. Let � bea weightof lengthm. ThenFreuden-

thalcomputesTm in O(m2n+1 ) timewhile Sahicomputes

it in O(m2n) time, thereforeSahi is of optimal perfor-

mance.
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Computational experience
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Endof Part3
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