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Degreel nonsymmetridlierirule



TheclassicaPleriruleis acombinatoriaddescription
for the productof a Schurpolynomialwith a
complete(or anelementarysymmetricpolynomial:

X
hnhS = S :

hor. m strip

Thisis aspecialcaseof thewell-known
Littlewood-Richardsomnule for the productof ary
two Schurpolynomials.
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Jackpolynomials]( ) generalizeéschur
polynomials.

In fact,J® is ascalamultipleof s .

ThePilerirule for thesewasfoundby Stanle Iin
1989:

()70) = X ().
340 G ()3
hor. m strip

TP? Littlewood-Richardsomnule is not known for the
J' 7.
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NonsymmetricanalogsF( ) whereintroducedn
1995by HeckmanandOpdam.

They areindexedby compositionsi.e. 2 Z%.
ThePierirule for themis

A ()
FOIEQ) = g ()F

where 2 f0; 19",
Thisis notfully known yet, but we will give a

completeanswerfor thecase = "y.
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Up to a scalamultiple, F canbede ned asa
simultaneougolynomialeigenfunctiorfor the
commutingfamily of Cherednikoperators

X Xy
| = Xi—@+ — (1 sk)+ < 1 s+l
@ X X i N Xk
fori = 1;:::;n, with eigervalues

— = #Tk<1] g #fk>1] > 0

Heresjk Is thetranspositiorpermutingx; andxy.

RepresentatiomheoryandCombinatorics- p.7/4



Two mainquestionsansweredor the productF- F :

Which polynomialsoccurin thedecomposition?
Whatarevaluesof the coefcients?

To answetthe rst questionwe needafew de nitions.
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yosition diagrams

ediagramof Istheset
ag( )=f(JNr 1 ml1 | g



Composition diagrams

= Thediagramof
diag( ) = 1(1;]))1
» Graphicallyfor = (312).

IS the set
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n: 1

or better
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ig.
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Composition diagrams

= Thediagramof
diag( ) = 1(1;]))1
» Graphicallyfor = (312).

IS the set

Z
Z

Z

7.

= Usuallywe identify diag( ) with .

Y4

z

Z

J

n: 1

or better

J

ig.
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An ordering on compositions

De ne anorderingon compositiondy askingthat
If thereexistsa permutation suchthat

i < (i); If 1 < (I),

Thisextendsheusualordering (inclusionof diagrams).
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Minimal elementsabove

—
w
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First main theorem

Theorem. g. 6 Oif andonly If:

Eitherig kor#fi kj = ;,+ 1g> 0,

I1
If = 1= = theni{ < k.

11

K !
K !
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=.EE

Thefollowing areall compositionccurringin the
expansionof F-,F121).
H |

N

|| B
Thesearesomecompositionsvhich do not occur for the
Indicatedreason:

K !

B

Not minimal Wrongi,
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S neednotbetheonly setto satisfy(i).

In fact,aswe will seebelaw, thereis alwaysa
(unigue)‘maximal” setL suchthat = ¢ ( ).
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A subsel = fjq;:::;)°g f1;:::;ngis maximalw.r.t.
If:

6 . ifi<ijq
i6 jt1ifjt 1<i<jt1
i 6 j1+1,ifi>j‘.

J1

Onecanshav thatif = Cy( ) = C.( ) andL Is
maximal, then M L, hence

L uniquely In particularS L.

C.L( ) determines
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LetS L. Then(il) isequvalentto]- k.

We aregoingto describeg. combinatorially

We will needtwo auxiliary polynomialsb ( ) and
b(k)( ).

They will bede ned by playingajeude eches(an
arrov shootinggame).

First, we recallsomefundamentatoncepts.
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Composition statistics

Foraboxs = (i;)) of wede nethecoarmlengthand
thearmlengthsas

coarma®(s) arma (s)

SO

# 1= ass)=j 1 # 1=a(s)= ;i j:
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Composition statistics

Foraboxs = (i;]) of wede ne theleglengthas

SO

1

H =

1 (s)

ip

= #fk<ijj
+ oHTk> ]

K
K

3

+1 g
i
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Composition statistics

Foraboxs = (i;]) of wede ne thecole

SO

1

ip

= 19s) = #fk<ij
v oHEK> ]

>

Represen

'lengthas
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Composition statistics

Foraboxs = (i;]) of wede ne thelowerhooklength
polynomialas

NOENCIOERV ARG}

e.g.d°(3;2) = 2 + 3. Wealsode ne theupperhook
polynomialas

d (s) = d’(s) + 1:
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Composition statistics

Thecontentof aboxin

c(s)= (°%s)+ 1)  19s):

2

e.g.c (3;2) =2

IS de ned as

3

ip

1.

Remark:the eigervalue™; Is just the contentc (I; ;) of
therightmostboxonrow | of .

RepresentatiomheoryandCombinatorics- p.17/4



HooK tableaux

Let = (01312) = (13211)andk = 1. ThenL = f1,;2;3;5gis
maximalw.r.t. and = C_( ).

+2
+3 3 +4 | 2 +2
3 +5 | 2 +3 +1 2 +3 +1
+1 do ) d
2 +4 +3
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Let = (01312) = (13211)andk = 1. ThenL = f1;2;3;5gis
maximalw.r.t. and = C_( ).

For themoment forgetthe non-coloredows andthink of the
coloredonesasif they formeda cycle, namelyregardthe®rstrow as
If It camebelow thelastone.

Placethearrows closeto theright endof each(colored)row as
follows.
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HooK tableaux

Let = (01312) = (13211)andk = 1. ThenL = f1,;2;3;5gis
maximalw.r.t. and = C_( ).

% +2 #

+3 " 3 +4 | 2 +2 H#
3 +5 | 2 +3 +1 | " 2 +3 +1 #

+1 +2
2 +4 +3 o

Thearranvs canonly reachasfar asthenext row in cycle.
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HooK tableaux

Let = (01312) = (13211)andk = 1. ThenL = f1,;2;3;5gis
maximalw.r.t. and = C_( ).

% 1 #

+3 " 3 +4 l H#
345 | 2 +3 1 " 2 +3 +1 #

+1 +2
2 +4 1 o

b =2 ( +3)(3 +5)(2 +3)2( +1)2( +2)%(3 +4) 2
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Let = (01312) = (13211)andk = 1. ThenL = f1;2;3;5gis
maximalw.r.t. and = C_( ).

Now we aregoingto take k into account.

Do soby placingashieldonrow k protectingfrom thearrows.

Thenrepeathejeude eches.
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HooK tableaux

Let = (01312) = (13211)andk = 1. ThenL = f1,;2;3;5gis
maximalw.r.t. and = C_( ).

+2 shield
+3 3 +4 1
3 +5 | 2 +3 1 2 +3 +1
+1 +2
2 +4 1

b= 2( 43) (3 +5)2 +3)2( +1)2( +2)3(3 +4) 2
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Secondmain theorem

Theorem. If g. 6 Othen

8
3 ( + KB+ (c(p) c(Nb ;
N - ifk=jp2L;
“ 3 (clp) (Db ifjp<k<jpa,
' b ;ifk<jy,
where
c(:=c(@; )= ;i 19)

IS the contentof therightmostboxonrow | of .
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b(l)

Usingthe aforementionedaluesof b andb™’ for

= (01312)and = (13211) we nd that
c(l)= 2, c (5 = 4,
andthus

g = (+)BVH( 2 ( 4)b
2( +1)2( +3)2(3 +5)(2 +3)2( +2)2(3 +4) 3
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For = (045), = (451)andk = 2, we nd that

oy = 24( +2)(2 + 133 + 1)
(+1°5 +3)3 +2)
4 + 15 +2) >

Thusit is notalwayspossibleto de ne a“global sign”
for eachcoefcient.
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Therearesomerecursiondor theg., .

Therels anexact,non-combinatorialormulafor
XiF by Marshall.

Firstguesswvhich will occurandguesghevalueof
g"k .

Thenuseeitherrecursionor closedformulato show
theguesgs correct.

Endof partl
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ew recursiondor characterandmultiplicities



Inaries - 1

simpleLie algebraof rankn



Preliminaries - 1

» g - simpleLie algebraof rankn
= h g-Cartansubalgebra
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Preliminaries - 1

= g - simpleLie algebraof rankn
= h g-Cartansubalgebra
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Preliminaries - 1

= g - simpleLie algebraof rankn
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Preliminaries - 1

= g - simpleLie algebraof rankn
= h g-Cartansubalgebra
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g - simpleLie algebraof rankn
h g- Cartansubalgebra
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g - simpleLie algebraof rankn
h g- Cartansubalgebra

1 4;::01 4 2 h - fundamentaleights

P=2Zh 4;:::;! 41 - weightlattice

P™=Z.,h 1;:::;1 i -thedominantweights
=f 1;::7; ng P -simpleroots
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g - simpleLie algebraof rankn
h g- Cartansubalgebra

L 4,001 2 h - fundamentalveights

P=2Zh 4;:::;! 41 - weightlattice

P* = Z.,Rh 1;:::;! i -thedominantweights
=f 1;::7; ng P -simpleroots

Q= Zh 1;:::; nl -rootlattice
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Inaries - 2

— 2

m - thecoroots




Inaries - 2

— 2
hi; il

Isregularwheneverh; -1 > Oforall 2

- thecoroots




Preliminaries - 2

2 |
hi; il

m = - thecoroots

= Isregularwhene&erh; -1 > Oforall 2
= W - theWeyl groupw/ generators; := s
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Preliminaries - 2

2 |
hi; il

m = - thecoroots

= Isregularwhene&erh; -1 > Oforall 2
= W - theWeyl groupw/ generators; := s
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Preliminaries - 2

2 |
hi; il

m = - thecoroots

= Isregularwhene&erh; -1 > Oforall 2
= W - theWeyl groupw/ generators; := s

= R™ - positive roots
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2 |
hi; il

- thecoroots

pp—

IS regularwhenererh; -1 > Oforall 2
W - theWeyl groupw/ generators; := s .

R™ - positive roots
V - Irreduciblef.d. g-moduleof highestweight
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r = 5= - thecoroots

IS regularwhenererh; -1 > Oforall 2
W - theWeyl groupw/ generators; := s .
R=WTf 4;,:::; ng-therootsystem

R™ - positive roots
V - Irreduciblef.d. g-moduleof highestweight
P - correspondingveightsystem
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2

r = 57 - thecoroots
IS regularwhenererh; -1 > Oforall 2
W - theWeyl groupw/ generators; := s .
R=WTf 4;,:::; ng-therootsystem
- positve roots

V - Irreduciblef.d. g-moduleof highestweight

P -correspondlngvelghtsystem

= | I 4
i v 2 2R*
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The(formal) characteofV is

X
= dm(V ( ))e;

A
whereV ( ) = fv2 V jh v= (h)v;8nh 2 hgis
the weight spaceof V of weight relatve to h. This

makessensesinceh is abelianandconsistof semisimple
elements.
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TheWeyl CharacteFormula(WCF) stateghat

X
= r(w)e )

w2 W

where"(w) = ( 1) and is theWeyl denominator

X Y
= "(w)e" = (e™ e ™)

w2W 2R~
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Thegirdle

Is de ned as X

[
@D

2P

Lookslikethecharacterexceptthecoefcients areall 1's.
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A partition function

w LetR™* = R*n bethepositive non-simpleroots.

0 N
= Forary R",lethi =

2R
= Thenwe canwrite
Y X _
1 e )=1+ ¢ e" ';
2R% h i
where
c =#fth 1= |# Iseverng

#th |

| # 1sodd:
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xdcharacters

oovewede ned when isdominant.



Signedcharacters

m Abovewede ned when Isdominant.

wm Forary 2 P,letw 2 W beminimals.t.
w ( + )Isdominant.

RepresentatiomheoryandCombinatorics- p.30/4



Signedcharacters

m Abovewede ned when Isdominant.

wm Forary 2 P,letw 2 W beminimals.t.
w ( + )Isdominant.

mSett =w( + ) . Note™ Is dominantwhen
+ Isregular
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Abovewede ned when Isdominant.

Forary 2 P,letw 2 W beminimals.t.
w ( + )Iisdominant.

Set =w( + ) . Note™ Is dominantwhen
+ Isregular

Let" = ( 1)'™):if + isregular andzero
otherwise.
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Abovewede ned when Iisdominant.
Forary 2 P,letw 2 W beminimals.t.
w ( + )Iisdominant.

Set =w( + ) . Note™ Is dominantwhen
+ Isregular

Let" = ( 1)'™):if + isregular andzero
otherwise.

De ne thesignedcharactels by:
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Theorem

em. For adominant |,
X

= + Chi h i
hi

ursionfor



ldea of the proof

We shaov thatbothsidesof
X
=  * Chi n i
hi
areequalto
X aw
"(W)R

w2 W 2R™ (1 e )
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Proposition.

X . eW
"(w) ;
w2 W N 2R (1 e )

We give an elementanyproof, but this alsofollows from
thework of Brion.
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Proposition.

X eW X

I N — 4 .
(W)‘( 2R0+(1 eW) Ch i h |

w2W

Theproofis: justexpandandusethe WCF
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ple

r g of typeA,,

[
+

r g of typeB,,

= + + 2 , 2, 3,



equences

orollary.

X
m()=1 Chim n i( );
hi

erem ( )=" dimV ().



Consequences

= Corollary.

X
m()=1 Chim n i( );
h |

wherem ( ) =" dimV ().

= Corollary.
X
IP j=dimV + "y dimV
h i

h i.
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Corollary.

X 1
JPJ — Qn h
i:l 1W |I
w2 W
X h: w I/

whereT; is thei-th Toddpolynomialde ned by

= T (Xq;Xop i)t
X
e g
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ple

Of typeA,, and = (a;b), we get

JP ] =



For g of typeB,, m(;;y©;00 = Ounlesg Is even.

Sowhen = (I;2)) fori;|] 2 Z+ wehavethe
recursion

m (0;00=1+ m 1 20;0+m 1 2 5000 M 2 ., 3 ,(0;0).
This canbesolvedexactly:

1+ (1), (+1)@+1)
4 2 |

Endof Part2

Mj; 2))(0;0) =
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Thecompl«ity of characteformulas



We studiedtwo characteformulas:

Oneclassic:Freudenthas formulaexpressinghe
multiplicity of aweightin termsof multiplicity for
“higher” weights.

Oneneaw: Sahi's formulais arecursionfor
non-symmetri@nalogs of characters .
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Statementof the Problem

Givenadominantweight of lengthm, we wantto com-
putethe charactetableT,,, containingthe charactergor
all dominantweights whoselengthis m.
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The sizeof the Problem

m Thesizeof IspreciselyP | andthisis about
Oo(m").

= Thusthesizeof T,, is aboutO(m").

RepresentatiomheoryandCombinatorics- p.43/4



We adoptedstraight-lineprogrammodelwith
uniform costfunction,sothatthetime complexity

depend®nly onthetotal numberof arithmetic
operations.

Hence anoptimalmethodfor computingT,,, takes
O(m?") time.
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Theorem. Let beaweightof lengthm. ThenFreuden-
thal computesT,, in O(m?"*!) time while Sahicomputes

it in O(m?") time, thereforeSahiis of optimal perfor
mance.
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yutational experience
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Endof Part 3



