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CR Geometry — what is it?

By CR geometry on a embedded manifold in C”, | mean the
geometric and analytic structures imposed on/inherited by the
manifold from ambient holomorphic functions.

On an abstract manifold, CR geometry (if there is any) is a
geometry that exhibits the same structure as CR geometry on an
embedded manifold.

We will access this geometry through boundary values of
holomorphic functions and the tangential Cauchy-Riemann, or 0p,
operator.
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V4

)



Holomorphic functions in C

Notation: z = x + iy, dz = dx + idy,

%_%<8u _8u> ou 1(8u _8u>

ox loy) oz 2\ax Ty

A function v is holomorphic on Q C C if % =0on Q.
z

Theorem

If f € CY(Q), then

o [ e [




Holomorphic functions in C

Notation: z = x + iy, dz = dx + idy,

%_%<8u _6u> ou 1(8u _8u>

ox loy) oz 2\ax Ty

A function v is holomorphic on Q C C if % =0on Q.
z

Theorem

If f € CYQ), then

f(z):;m,{/m Cf(f)z a+ | agf/aj dC/\dC_}.




Notation in C”

Coordinates: z = (z1,...,2a). zj = xj + iy;.

Vectors: for 1 < j < n,

9z~ 2

ou 1<8u _GU) gj_;(au _6u>

ax oy ax oy
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The Cauchy-Riemann operator

Let Q C C" be a domain and f a smooth function on .

The Cauchy-Riemman operator, 9, on f is

- 1. Of
8f:Z@2k

k=1

dz*.

Let Zg ={J=(1,....Jg) ENT: 1< j1 <p<---<jg<n} A
(0, g)-form
f=> fdz
JeL,
where dz/ = dZt A--- A dZ. In general, the Cauchy-Riemann

operator 0 : Coq(2) = €554 1(Q) is defined by

of = Z 5f_j Adz7.

JET,
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Holomorphic functions in several variables

Definition
A function f : Q — C is holomorphic if f = 0 on Q. Denote by
H(Q2) the space of holomorphic functions on Q.

Motivating Question: If f € H(Q), then what equations do f|,q
satisfy?
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Vector fields

Definition

A vector field X on Q is a differential operator
. o 0
X = ; (aj(z)azj + bj(z)azj).
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holomorphic vector field if b; = 0 for all ;.



Vector fields

Definition

A vector field X on Q is a differential operator
. o 0
X = ; (aj(z)azj + bj(z)azj).

X is called an anti-holomorphic vector field if a; = 0 for all j and a
holomorphic vector field if b; = 0 for all ;.

Note that if f, g are functions, then X satisfies the Leibniz rule

X{fg} = gXf + Xg.
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Differential Operators on b{2

Question: How do we define differential operators on bQ2?

Idea: Given a vector field X on Q and a function f € bQ,

1. Extend f smoothly to F on Q.

2. Apply X to F.

3. Define Xf = XF|pq via restriction.

Question: Under what conditions is this procedure well-defined?

We need to check when Xf is independent of the extension.
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Defining Functions

A defining function for Q is a C! function p so that
Q={zeC":p(z) <0and dp # 0 on bQ2}.

That a defining function exists for Q follows immediate from the
Implicit Function Theorem!

Let F; and F» be extensions of f. Then
(F1 _F2)|bQ =0
By advanced calculus, there exists a function G so that

F—F=pG.
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Tangential Vector Fields
Then if Xf is well-defined,
0= X(F1 = Fa)|,q = GXplyq + pXGl 1o = GXp|,q.

This means Xf is well-defined if and only if

Xp‘bQ =0
Such vector fields are caIIed tangential. Observe that in real
coordinates, if X = Z G ai + dj@?ﬁ then

j=1

’ ) ) Lo
O:X,o:j;( ap —I—djaz>:(c,d)-Vp

so X is tangential in the classical sense!
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Theorem
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Boundary values of holomorphic functions

Theorem

Let F € H(Q) and f = F‘bﬂ. Then Zf = 0 whenever
_ n o
7= b
Z g 0z;
j=1

is an anti-holomorphic, tangential vector field (AHTVFs).

Question: And the converse?

That is much harder. ..
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Then a defining function for Q is

w—w
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p(z,w) = p(z) -



An instructive example

Suppose p : C" — R is a smooth function and
Q= {(z,w) e C"" :Imw > p(z)}.

Then a defining function for Q is

plz.w) = p(z) "

Side Note: Thge are n anti-holomorphic vectors 8%/7 8%17 e BE
That we need Zp = 0 is one constraint, thus a basis for the
AHTVFs is n-dimensional.

Side Note 2: Q is sometimes called a model domain.



More when Q = {(z w) € C™ Imw > p(2)}
Observe that 52 = E' A basis for AHTVFs is given by

L= 0 2

1<k<n
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More when Q = {(z,w) € C" : Imw > p(z)}
Observe that 22 = % A basis for AHTVFs is given by
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Given a function f on b(2, we define the tangential
Cauchy-Riemann operator, 0y,

n
Opf = Z L, fdz*.
k=1



More when Q = {(z,w) € C" : Imw > p(z)}
Observe that g—w = % A basis for AHTVFs is given by

0 .0p 0
Oz 2'82kav‘v’ lsksn
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Cauchy-Riemann operator, 0y,

n
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More when Q = {(z,w) € C" : Imw > p(z)}
Observe that 5= = % A basis for AHTVFs is given by

0 .0p 0
=9 9 C 1<k<n
0z, 2oz 0w sK=n

Given a function f on bS2, we define the tangential
Cauchy-Riemann operator, 0y,

n
Opf = Z L, fdz*.
k=1

If f = ZJqu fydz? is a (0, g)-form, then we set

5bf = Z ébf_/ Adz7.
Jez,

Note: That ), can be expressed using {dz*} is very special to this
case.



The Heisenberg group

The example par excellence is the Heisenberg group

H"={(z,w) € C"L : Imw = |z?}
so p(z) = |z|? and p(z) = |z|? - % In this case,
i
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The Heisenberg group

The example par excellence is the Heisenberg group

H"={(z,w) € C"L : Imw = |z?}
so p(z) = |z|? and p(z) = |z|? - % In this case,
i

- 0 0
Lk 874—2121(8_

and .
Opf = L f dz¥
k=1
We will return to the Heisenberg group repeatedly!
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Working towards a general framework — the setup

We work on a smooth submanifold M C C” and follow the
construction in Boggess (1991). We use the following notation:

» For p € M, T,(M) is the real tangent space of M at p.
» The complex structure map J : T,(R2") — T,(R2") is defined

by
0 0 0 0
bol=—) =5 d Lhl=—)=—5.
P(axj) oy; an p(@yj) 0x;
Note: T,(M) may or may not be J-invariant. If M = bQ,
then T,(M) is never J-invariant!

» Define the maximal complex tangent space Hy(M) by
Hp(M) = Tp(M) 0 J{Tp(M)}.

Hp(M) is a real vector space.
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Working towards a general framework — the setup

The totally real part of the tangent space X,(M) is defined to be

Xp(M) = Tp(M)/Hp(M).

Definition

M is an embedded CR manifold if dimg Hp(M) is independent of
pE M.

dimg Xp(M) is called the CR codimension of M.
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Example 1

Example

If M =DbQ and Q2 C C”, then
dimg Tp(M) = dimg J{T,(M)} =2n—1
and T,(M) # JT(M) since J2 = —I. Thus,
dimp Hy(M) = 2n — 2.

and M is a CR submanifold.
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Example

Let M={z€C":|z| =1 and Imz = 0} (the equator of the
unit sphere).Then

o o0 0 0 .
T©0,1,0,..0) —{78)(1’37/2, 87)(1'7 57}/1 forj=3,...,n
o o0 0 0 .
T(1,o,...,0) —{*8)(27 87/2’ 87Xj7 a—yj forj=3,..., n}
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Example 2

Example

Let M={z€C":|z| =1 and Imz = 0} (the equator of the
unit sphere).Then

o 0 0 0 .
T(0,1,0,...,0) _{87x1’ EVS 8ij, OT/J forj=3,...,n
o o0 0 0
T(10,...00 = ﬁva,a,%forj—& N
Thus,

) o 0
dimg Hg,1,0,....00 = 2n — 4 and X(g1,0,....0) :{87x1’ 87)/2}

dimR H(l,O,O,...,O) =2n—-—2 and X(l,O,...,O) = {0}

M is not a CR manifold.
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Types of CR submanifolds

Let M be an embedded CR submanifold.

» If Hy(M) = {0}, then M is called totally real.
> If dimg X,(M) =1, then M is said to be of hypersurface type.
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Complexifying

Recall: When M = {(z,w) € C™1 : Imw = p(z)}, we had the
AHTVFs

Question: Where do these vectors fit in with T,(M), H,(M), etc?
Problem: L; are not real vectors!
Solution: Complexify!

Look at
To(M)®C Hpo(M) @ C Xp(M) ® C.

Note that if dimg T,(M) = k then dimg T,(M) @ C = 2k.
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HYO(M) and H%}(M)

Since Hp(M) is J-invariant, so is Hy(M) ® C.

It turns that H,(C") ® C (and therefore H,(M) ® C) splits into +i
and —i eigenspaces of J, denoted T,}’O((C") and HY'(C™).

In fact

Hy (M) = T3%(C") n{T,(M) ® C}
Hy'(M) = TIHC") n{T,(M) ® C}
H

(M) = H° (M)

In our example

HOY (M) = span{Ly, ..., L,}.
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A word of caution

Just a comment about language:

v

The (maximal) complex tangent space: H,(M)
The complexified tangent space: T,(M) ® C

v

v

The complexified (maximal) complex tangent space:
Hp(M) @ C.

The set of anti-holomorphic, tangent vectors: Hg’l(M).

v



A word of caution

Just a comment about language:

» The (maximal) complex tangent space: Hy(M)
» The complexified tangent space: T,(M) ® C
» The complexified (maximal) complex tangent space:
Hp(M) @ C.
» The set of anti-holomorphic, tangent vectors: Hg’l(M).
» To switch from spaces to bundles, union over p € M, e.g., the

tangent bundle T(M) = (J,cp Tp(M).
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An involutive structure
Given vector fields X, Y, the Lie bracket of X and Y is

[X,Y] = XY — YX.

Definition
A subbundle is involutive if it is closed under the Lie bracket.

We have the following critically important lemma!

Lemma

Let M be a CR submanifold of C". Then

a. Hy®(M)n HY* (M) = {0} for each p € M.
b. The subbundles H%'(M) and H*°(M) are involutive.
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Working towards 0, on embedded CR manifolds

» The bundle of 1-forms on C" is T*(C").
» The bundle of (0, g)-forms on C" is denoted by A%9T*(C").

» We can put a metric on AY9T*(C") by declaring that the set
{dz’: J € Z,} is an orthonormal basis.

Let M be a smooth CR submanifold of C" with real dimension
2n—d.

» A%9T*(C")|pm is the restrction of A%9T*(C") to M.
» This is not {j*w : w € A»9T*(C")}. Why?
» A smooth section of A%9T*(C")|p is an element

f=> fdz

JET,

where f; are restricted to M.
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From non-tangential to tangential

Recall: A key fact in the analysis of boundary values of
holomorphic functions was that only tangential vector fields were
well-defined on M.

Step 1: Eliminate the non-tangential pieces from A%9 T*(C")|.

Let /9 be the ideal in A®9T*(C") generated by sums of forms
fip+f Adp

where p : C" — R vanishes on M, f; € A%9T*(C") and
fy € NO9-LT*(CP).

Set

ANSIT*(M) = ASIT*(C™) |y © 1P| .
A%9T*(M) is not intrinsic to M since Op = 3(dp + iJ*dp) is not
orthogonal to T*(M).



From non-tangential to tangential

Step 2: Extracting the tangential component of a form.

Let E(X}Iq by the space of smooth sections of A%9T*(M).
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v 2 N9 T*(C™) |y — A%9T*(M) to be the orthogonal projection
map.
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Step 2: Extracting the tangential component of a form.
Let E(X}Iq by the space of smooth sections of A%9T*(M).

We set the tangential projection operator
v 2 N9 T*(C™) |y — A%9T*(M) to be the orthogonal projection
map.

Step 3: Defining d,f for f € Eg/’,q.

1. For an open set U C M, extend f to f on an open
neighborhood in C” of U.
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Step 2: Extracting the tangential component of a form.
Let E(X}Iq by the space of smooth sections of A%9T*(M).

We set the tangential projection operator
v 2 N9 T*(C™) |y — A%9T*(M) to be the orthogonal projection
map.

Step 3: Defining d,f for f € Eg/’,q.

1. For an open set U C M, extend f to f on an open
neighborhood in C” of U.

2. Apply O to f.



From non-tangential to tangential

Step 2: Extracting the tangential component of a form.
Let E(X}Iq by the space of smooth sections of A%9T*(M).

We set the tangential projection operator
v 2 N9 T*(C™) |y — A%9T*(M) to be the orthogonal projection
map.

Step 3: Defining d,f for f € Eg/’,q.

1. For an open set U C M, extend f to f on an open
neighborhood in C” of U.

2. Apply O to f.

3. Toss the non-tangential pieces.

For p € U, set B .
Opf = Tm{Of}.



Thank you for your attention!

THANK YOUN
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