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Outline of the Talk

» To discuss the Heisenberg group
» To solve the [Jp-equation on the Heisenberg group

» To contextualize the form of the integral kernel of the inverse
operator.



The Heisenberg group

Recall: The Heisenberg group

H" ={(z,2p41) € C" D Imz,q = |22},



The Heisenberg group

Recall: The Heisenberg group

H" = {(2,2p41) € C" :Imz,q = |22}
The Siegel upper half space

U ={(z,2p41) € C" i Imz, > |22}

so
H" =DbU".



U" and the unit ball

Denote the unit ball by

B(0,1) = {(w, wny1) € C™1 1 |w|? + |wnp1]? < 1}.
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U" and the unit ball

Denote the unit ball by
B(0,1) = {(w, wnt1) € C" ¢ W] + |wope]? < 1}

The mappings

i—Zn_|_1 2iZk

Whpi1 = ———— W= ———, =1,...,n
I+ Zpy1 I+ Zpy1
1 —wpp Wi

Znp1 = ————— zx=———, k=1,...,n
1+Wn+1 1+Wn+1

give a biholomorphism between ¢" and B(0, 1).

The mapping extends to the boundary, except at the “south pole
(0,...,0,—1) which maps to infinity.



The geometry of H"

For each § > 0, define the dilation § by

§0(2,2zns1) = (02,0251 1).
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The geometry of H"

For each § > 0, define the dilation § by
§0(2,2zns1) = (02,0251 1).
Then 6 :U" = U" and § : H" — H".
Writing z,+1 = t + is, we identify
H'"=C"xR
with the identification

(z,t +i2]?) +— (2, 1)
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Groups and measures

For (z,t),(w,s) € C" x R, the group structure is given by
(z,t) - (w,s) = (z+w,t+s+2Im(z- w))
Note that (z,t)~! = (—z, —t) and
§o((z,t) (w,s)) =(60(z1) - (60(w,s)).
Notes:

» We will see that the nonisotropic dilation § permeates every
aspect of the analysis of the Heisenberg group.

> Lebesgue measure on C"” x R corresponds to Haar measure on
H" and this is the measure we will use. It is not equivalent to
surface area measure.
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Vector fields and 0
Recall: On H" 5 5
I, =2 i 0
k 0z 2k ow
and .
Opf =Y Lif dz¥.
k=1
Under the identification,
- — 1o} 0
L Zy = — — Izx—
k< Lk 82k IZkat
and .
gbf — 5bf = szf C/Zk.
k=1
If f= ZJqu fydz?, then

Opf = Z zn:Zka dzk n dz7.

JEIq k=1



The adjoint operator 5;;
Fact: If J= (j1,...,Jg), then

) dZJ:{o if k& {1, g}

oz " (—1)Ydzy A AdZ A AdZ, i k= .



The adjoint operator 5;
Fact: If J= (j1,...,Jg), then

OZk (_1)£—1d2j1/\.../\gzrﬁ/\.../\d2jq if k=,

From the relationship
(0of, &) = (f, Ig)

integration by parts shows

Z ZZfJ—_ndz

JeI, j=1
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— .dz
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The adjoint operator 5;
Fact: If J= (j1,...,Jg), then

9 sJ
adz /—1 4= = - . .
0zy (1) dzy A---ANdZgAN---NdZ, if k= .

From the relationship

(Obf, &) = (f,0pg)

integration by parts shows

Z ZZfJ—_ndz

JeI, j=1

If fis a (0,1)-form, then

n
Bt = -2
j=1

0 if ke {ji,...

Ja}



The Kohn Laplacian and £,

Recall: The Kohn Laplacian

b = 3305 + 3535,



The Kohn Laplacian and £,

Recall: The Kohn Laplacian
Op = 9306 + 0b0;,.

0 _ 0
A calculation shows (remember: T = 5 and Z; = 6 +iZj%;)

Proposition

If f =3 ez, f1dZ7, then

Obf = Y Ln2qf;d2’
Jez,

where
1< - _
ﬁa:—zjzgl(ZJZJ—i-ZJZJ)—i-/aT



Proof Sketch

Suppose f = f;dz”.
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Proof Sketch

Suppose f = f;dz’. Then

D}Opf = — Z zzka J(dz5 A dZ7)
j,k=1

and

_ n,_ o
OO f = — 7 Z:fdz5 A (== _.dz7).
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Facts:

> [Zk, ZJ] = 2i5jkT
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Proof Sketch, cont’d

Facts:
> [Zk, ZJ] = 2i5jkT
» If j # k, then QJ(dzk Adzl) = —dz" A (inzQ

0z oz

-J -
> If j = k, then i—J(de/\dZJ): dz {fkg_j
O 0 ifked



Proof Sketch, cont'd

Facts:

v

[Zk, Z)] = 2i64 T

v

- 9 sk A 45)y — _ 43k A
If j # k, then 82j4(dz ANdz7) = —dz" A (aszdz >

dz? ifk¢J
0 if ke J
0 if kg J
dz? ifkeJ

v

If j = k, then ;ij(dzk Adzl) = {

v

If j = k, then dz¥ A (E;szi) - {



Proof Sketch, completed
Thus, if j # k, then

ZiZ ity gJ(dz“ A dzl) + Z,Z;fy dz5 A <£szj> -0
J )



Proof Sketch, completed

Thus, if j # k, then
2746 2 (d7* A d2) + ZeZ 6 dZ A (inzJ) =0
jL& kT 8% k<jlJ 8%

and
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Thus, if j # k, then
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Writing
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Proof Sketch, completed

Thus, if j # k, then
2746 2 (d7* A d2) + ZeZ 6 dZ A (inzJ) =0
jL& kT azj k<jlJ (?ZJ

and

Ob(f) d2”) (szzk+szzk){fJ} dz’.

ked kJ

Writing

_ 1, . 1 .
ZiZ, = E(Zka—i—Zka)—i—/T and Z Zy = §(Zka+Zka)—/T

it follows that

n

(7kzk+zk7k)+i(—q+n—q) T) {fydz!. O

N =

Op(fy dz?) = <—

k=1



More on L,

I~ 5 :
Facts about Lo = —2 z; (Z;Z;+ Z;Z) + iaT:
J:

» L, is order 2 with respect to the dilation 9.
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J:

» L, is order 2 with respect to the dilation 9.
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More on L,

I~ 5 :
Facts about Lo = —2 z; (Z;Z;+ Z;Z) + iaT:
J:

» L, is order 2 with respect to the dilation 9.

» The forbidden values of o occur when o = £n, £(n+2),....
E.g., on functions (g =0, n—2q = n)

Lof = 0306 = =) ZcZif.
k=1

L, annihilates boundary values of holomorphic functions and
hence has a very large null space (and is therefore not
invertible, even when restricted to L2).



The inverse to L,

Question: What does it mean to invert £, (when « is not
forbidden)?
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The inverse to L,

Question: What does it mean to invert £, (when « is not
forbidden)?

Answer: We want a function F, so that
LoFo = do.
Convolution then produces an inverse operator! That is,
u=vx* Fy(x)

solves L,u = v where

Fegl)= [ st 0 dy



The Folland-Stein Theorem

Let

_h—a

Pal(z,t) = (|22 — it) 2" (|22 + it) =2

Theorem (Folland-Stein (1974))
If a is not a forbidden value,
Eocd’a = 'Ya(SO

in the sense of distributions where the constant

22—nﬂ.n+1

Yo = o —aly
r(lselyr(zel)



Comments on the Theorem

Remarks:

> ¢, is (nonisotropically) homogeneous of degree —2n in
C" x R, hence it is in L _(C" x R)



Comments on the Theorem

Remarks:

> ¢, is (nonisotropically) homogeneous of degree —2n in
C" x R, hence it is in L _(C" x R)

> L,0q is automatically a distribution since ¢, is a distribution.



Comments on the Theorem

Remarks:

> ¢, is (nonisotropically) homogeneous of degree —2n in
C" x R, hence it is in L _(C" x R)
> L,0q is automatically a distribution since ¢, is a distribution.

» [(s) has poles at s = 0,—1,..., hence 7, = 0 exactly at the
forbidden values.



Proof Sketch

There are two assertions to prove:

1. Lo¢a(z,t) =0 whenever (z,t) # (0,0)
2. That « has the prescribed value.
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There are two assertions to prove:

1. Lo¢a(z,t) =0 whenever (z,t) # (0,0)
2. That « has the prescribed value.
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Proof Sketch

There are two assertions to prove:

1. Lo¢a(z,t) =0 whenever (z,t) # (0,0)
2. That « has the prescribed value.

Let € > 0 and set

_h—a
2

Gae(z,t) = (|22 + & — it) "2 (12> + & + it)

Pae € C(C" x R) and ¢o,c — ¢ as € — 0in LL _and hence in
D'(C" x R).



Proof Sketch, cont'd

Set
Q,[)oz,e = ﬁa(¢a,e)-



Proof Sketch, cont'd

Set
Qﬁox,e = Ea(¢a,e)-

Then calculations show that
Yae(z,t) = € 2" 2hg1(z/e, t/€%)

and

__ nta+2 n—a+2

Yan(z t) = (" —a®) (|2 + 1 —it)” = (|z]P + 1+ it) "




Proof Sketch, cont'd

Consequences

> ae(z,t) = 0ase—0if (z,t) # (0,0).
> wa,l € Ll(cn X R)
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Consequences

> ae(z,t) = 0ase—0if (z,t) # (0,0).
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» Thus, {1a.c}es0 for a constant multiple of an approximation
of the identity!



Proof Sketch, cont'd

Consequences

> ae(z,t) = 0ase—0if (z,t) # (0,0).

> Yo € Ll(C" X R)

» Thus, {1a.c}es0 for a constant multiple of an approximation
of the identity!

Thus, the proof is complete with

Ya = / Ya1(z, t) dz dt.
CrxR



Proof Sketch, cont’'d

Se’tﬁz%ﬁandv:%‘”(soﬂ+7:n+2)and

I'= / (2P +1—it)P(|z> + 1+ it) 7 dz dt.
CrxR



Proof Sketch, cont’'d

Set f = M5#2 and y = =52 (so f + v = n+2) and
I'= / (2P +1—it)P(|z> + 1+ it) 7 dz dt.
CrxR
Scaling t + (|z|? + 1)t,

':/ (|2 +1)""tdz-J

where

= —it) A1+ it) ™ dt.
J—/R(l t)"P(14it) " dt



Proof Sketch, cont'd

Since -
/ e ASs"ds = nl AL, A>0
0

it follows that

n+1 00
/ (1+zP) " tdz =T | / / e ™) n gs g
n . n 0

n




Proof Sketch, cont'd

Since o
/ e ASs"ds = nl AL, A>0
0

it follows that

n+1
/(1+!z\2)_”_1dz_ / / e s+ gn s g7
cn "

n+1
_ _ "
— 7rssn n ds = —.
n! 0 n!




Proof Sketch, cont'd

We have only to compute

J= /(1 —it) A1+ it) 7 dt.



Proof Sketch, cont'd

We have only to compute

J= /(1 —it) A1+ it) 7 dt.
R
By analytic continuation, it turns out to be enough to assume
—n < a < n (so that 8,7 > 1).
Recall:

(1+it) T(y) = / e X771 dx
0

and

0
(a-io*ree) = [

—0o0

3]
e—lxte—|x||X|B—1 dx = / elxte—XXB—l dx
0



Proof Sketch, cont'd

r(ﬁ)r(y)/ (1—it)5(1 + it) " dt

—00



Proof Sketch, cont'd

By Plancherel's Theorem, (specifically, (f,g) = (%,g) =(f

oy
N—r
N—r

r(ﬁ)r(y)/ (1—it)P(1+it) dt

—00

This completes the proof!
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Consequences

We assume that « is not a forbidden value (i.e.,
a # £n,+£(n+2),...). The fundamental solution to £, is

Fa(z7 t) = '7071¢04(27 t)'

The solution operator S, is then

Saf(y) = f*Faly) = [can f(y)Faly ™ - x) dy.

Proposition
IffeSorfef, then

LoSaf = SoaLof =f.



Consequences, cont'd
Definition
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Consequences, cont'd
Definition

The operator L, is called locally solvable if given any distribution
f defined on a near a point p in H", there exists a distribution u
and a neighborhood of p so that

Lou=fF.
The operator L, is called hypoelliptic if whenever f € C*, so is u.

Proposition

Ifa# +n,+(n+2),..., then L, is both locally solvable and
hypoelliptic.

Corollary

When 0 < q < n, the Kohn Laplacian Oy, is both locally solvable
and hypoelliptic.



Forbidden values still ok

Theorem (see Stein '93)

A relative fundamental solution to (, = 5;;&, on functions is given
by the integration kernel

20=2(n — 1)! 1 |z|2 — it
N(z, t) = — | ( . )
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Forbidden values still ok

Theorem (see Stein '93)

A relative fundamental solution to (, = 5;;5b on functions is given
by the integration kernel

20=2(n — 1)! 1 |z|2 — it
N(z, t) = — | < . )
(z.6) ol (|z]2 = it)" °8 |z|2 + it

If S is the projection onto the ker (1, where [, = 5;;5;,, then Gy is
given by convolution with N and satisfies

ObGof = (I — S)f.
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In R”, n > 3, the Laplacian

and Poisson’s equation Au = f is solved by

u(x) = £ N(x) = / Fly)N(x — y) dy

n

where
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Contextualizing ¢,(z, t)

In R”, n > 3, the Laplacian

and Poisson’s equation Au = f is solved by

u(x) = £ N(x) = / Fy)N(x — y) dy

n

where )
1 x =yl

N(X_y):C”’X_y’n—Z = ¢

"x =yl



Contextualizing ¢,(z, t)

In R", n > 3, the Laplacian (an order 2 operator)

and Poisson’s equation Au = f is solved by

ulo) = 2 NG) = [ AN y) oy

n
where

1 x—yP _ , de(xy)

N(x — =C =C =c, .
=y = e i = Ty T Be(x, de (%, )
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Contextualizing ¢,(z, t)

In H", define the “norm” function

p(z,t) = (|2* + )4 ~ |z| + [t /2
Observe that

p((z,0)71) = p(—(2,1)) = p(z,1)

and
p(60(z,t)) =dp(z,t).
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The control distance

Define the pseudometric

dur ((z,t), (w,s)) = p((w,s) - (z,t)) = p(z = w,t —s — 2Im(w - 2))

~lz—w|+|t—s—2Im(w-2)|/2

The term T(w,z) = —2Im(w - Z) is the called the twist term.
The balls

Byn(x,r) ={y € C" x R : dyn(y,x) < r}.
We see that

d’H"(ya X)2
’B'H”(X7 d’H"(yv X))|

|Fa(y_1 - Xx)| = ca
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The control distance, more generally

Question: Is it always the case that the complex Green operator is
governed by a metric?

Answer: No, in general (Machedon 1988, Nagel-Stein 2006). Two
non-equivalent metrics are needed in these examples and the
answer in the general case is unknown!!! Nagel and Stein
considered “decoupled” models of the form

M = {(z, w) € C™*llmw = Zn:pk(zk)}
k=1

where pi : C — R is a subharmonic, nonharmonic polynomial (i.e.,
Apk >0 and Apg #0).

In the case of H", the two metrics are equivalent.
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The control distance, more generally

New Question: Are there any general cases for which the complex
Green operator is governed by a metric?

Yes, if dimg M = 3 (so hypersurfaces in C?) AND the M is of finite
type. (late 1980's, early 1990's. Authors include Nagel, Stein,
Rosay, Wainger, Christ, McNeal, Kohn, Fefferman, among others)

In C?, finite type means commutators of L and L produce T (in
H", [Z,Z] = 2iT).

The “correct” metric (in C2) is generated when one is only allowed
to flow in the directions Re L and Im L where L is the generator of
T1O(M). This metric is called the control metric or
Carnot-Carathéodory metric



Thank you for your attention!

THANK YOUN



