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Outline of the Talk

» To discuss quadric submanifolds of C" x C™

» To discuss the [p-equation and [lp-heat equation on quadrics
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The possibilities for discussing research in CR Geometry are nearly
endless! Directions that | could talk about include:

» CR mappings between CR manifolds

» CR mappings between SPHEREs

» Normal forms for CR mappings

» Extensions of CR functions

» Boundary behavior of holomorphic functions

» L2 theory of the J), operator

» LP theory of the J), operator

» Canonical kernels for the J, operator: existence, regularity,
geometry (e.g., pointwise size estimates)

» Integral kernels for the d), operator: existence, regularity,
geometry
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Solving the [J,-equation

Question: Can we explicitly solve the [1-equation?

Answer: Sometimes. However, techniques for establishing the
existence of Gq are typically function theoretic. We want to
understand the structure and singularities of Gg.

For that, we need to work on a CR manifold with more structure.
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Quadric submanifolds
Let ¢ : C™ — C™ be a sesquilinear form. This means

¢(W7 W/) - ¢(W,7 W)'

The quadric submanifold M of C" x C™ associated to ¢ is
M={(z,w): Imw = ¢(z,2)}.
We identify (z,t + i¢(z,z)) € M with the point (z,t) € C" x R™.
M has the group structure
(z,t)x (Z,t)=(z+Z,t+t +2Im¢(Z, 2)).
On M there is the nonisotropic dilation structure
§o(z,t) = (6z,5%t)

and we expect to see the dilation structure in the geometry and
integral kernels.



More on quadrics

» M= C" x R™ under the identification
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More on quadrics

» M= C" x R™ under the identification

(z,t+id(z,2)) «— (2,1)

» For v € R?" = C", the CR structure on M is spanned by
vectors of the form:

Z,(g) = (1/2)(0y — i0y) — id(z,v) - Dy

and
Z,(8) = (1/2)(0y + i) + id(z,v) - Dy

t
whereth(a% %) —(Ty - Tw)".
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The Levi forms

In an appropriate metric (chosen so (% is orthogonal to the CR
structure), the Levi form is the mapping

z+— ¢(z,z) € R™

For A € R™, the scalar-valued Levi form in the direction X is the

map
z— dy=d(z,z)- X € R.

Note: X(M) is spanned by { T;} and we identify A- (T1,..., Tp)
with A.
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» The Heisenberg group. m =1, ¢(z,2') = Z}':l zz;.

#(z,z) = |z|? so that Range ¢(z, z) = [0, o).

» Codimension Two Examples in C*. n=m = 2. For
(z,t) € C? x R?, with z = (21, 2)

1. ¢(z,2) = <212

12 2). Range ¢(z, z) is the closed first quadrant.
2
2. oz )= (
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21 — |z
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Examples

» The Heisenberg group. m =1, ¢(z,2') = Zf:l zz;.

#(z,z) = |z|? so that Range ¢(z, z) = [0, o).

» Codimension Two Examples in C*. n=m = 2. For
(z,t) € C? x R?, with z = (21, 2)

1. ¢(z,2) = (212

222>. Range ¢(z, z) is the closed first quadrant.

2 Re(z;Z
2 0z, = (O, Raneeotz ) =7
3. ¢(z,2) = 2z, Range ¢(z, z) is open half-space and
. ’ 2Re(2122) ' ’

the origin.

For quadrics, (Jp was computed by Peloso and Ricci (2003) and is
a tridiagonal operator in the ambient coordinates.
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Research Topics

> Solvability of Opu = f; f € Dg(M), u € Dy(M); (Peloso-Ricci
2003)

» Hypoellipticity of Opu = f; (Peloso-Ricci 2003)

> If kerdp # {0}, then we denote the orthogonal projection
onto kerOp by Sq. So is called the Szego projection.
What are the mapping properties of G4 and 547

» Asymptotics (or computations) of the Szego kernel and the
convolution kernel of Gg, particularly in terms of the intrinsic
metrics on M; Side Question: What are the intrinsic metrics
on M?

» Our focus — explicit calculations of G4 and S in the spirit of
Folland-Stein (1974).
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The [p-heat equation

Main Technique/Auxiliary Problem: The [Jp-heat equation

)
a—‘s’+mbu:o in (0,00) x M

u(0,x) = f(x) on {s=0} x M.

By functional analysis (Spectral Theorem for Self-Adjoint
Operators, Riesz Representation Theorem),

u(s, x) = e *Pef(x) = S, X i
(0= e 60 = [ Hsx )y dy

H(s,x,y) is called the [Jp-heat kernel.
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Heat equation facts

1. Op is self-adjoint (so o(Op) C R)

2. Op is a positive operator.

so o(0p) C [0, 00)
0 A>0
1 A=0

3. lim e %% = S since lim e} = {
5—00 5—00

4. S(x,y) = Iim H(s,x,y)
5. G = / e (1 — S)ds, that is,

G(x, —/0 H(s,x,y) — S(x,y)ds



Heat equation facts

N

. Op is self-adjoint (so o(Op) C R)

[y is a positive operator.

so o(0p) C [0, 00)

A
lim e "t = S since lim e = {O >0

5—00 5—00 1 =0

. S(x,y) = Iim H(s,x,y)

G = / _SD" S) ds, that is,
Glxy) = [ H(sxiy) = S(xy) ds
0

If S =0, then G(x,y) = / H(s,x,y)ds.
0
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I'm not lying

In R", the A\-heat kernel is the Gaussian

1 _x=yl?

H(S,XJ/):We 4s

Note: im H(s,x,y) = 0 (that is, there are no L? harmonic
$§—00

functions on R"). Also, if n > 3, a simple change of variables
2

(L?" — 1) shows

/oo 1 7\X:Y|2 d Ch
— ¢ S S = ——M
o (4ms)n/?2 x —y|m=2’

the Newtonian potential and the inverse to A!
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The [Ulp-heat equation on “the” Heisenberg group

Let M be defined by
n+1 1 2
M:{(z,z,,H)EC :Imz,,+1:§||mz| }

Under the usual identification (x,y,t + is) «— (x,y, t), then we
have “the” Heisenberg group H"” = R"” x R" x R with group
multiplication

gxg =y t)x (X, t)=(x+xy+y t+t +xy),
and tangential vector fields

B d 0 , 9
)QzaTgH’fa and Y;=_—, 1<j<n, and T = .



[1p on this Heisenberg group

Then

Obf = Y Ln24fsd2,
Jez,

where

1 n
Ly=—4 (Z(ij +Y7) + i”rT) -

Jj=1



[1p on this Heisenberg group

Then
Opf = Z Lo oqfydz;
JET,
where
1 n
_ 2 2 .
wa—z z;(XJ +Y7)+inT
J:

We follow (Boggess-Raich, 2009).
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Tools

» The partial Fourier transform

f(X7Y7 ’?—) = /Re_itTf(X,y, t) dt.

This means: g%h’,
ot

g . 0
Xjrzaijﬂ")’ﬂ Yiz = :78)/1-
1< ~y
Z 2 2
£7,7”':_Z ()<j$+yjf—) +ZT.



Tools

» The partial Fourier transform
f(x,y,7) = / e "Tf(x,y,t)dt.
R

This means: g%h’,
ot

0 ) 0
Xj,%:aijﬂ")’ﬂ YM:sz—ayj
1 [ ~y
2 2

J=1

» For m=0,1,2... and x € R, the Hermite functions
(_1)m er2/2 d”

Ym(r) = \/W drm{eir }




The Op-heat kernel, almost

Theorem (Boggess-Raich, 2009)
For any v € C, 7 € R, the function

e VT T coth(ST)(Ix[2+1v2)—i T
Pl(s,x,y,7) = e 2t COXP+lyF)—igxy
e (4m)" sinh™(F)

is the fundamental solution to the L., z-heat equation:

0
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Theorem (Boggess-Raich, 2009)
For any v € C, 7 € R, the function

e VT T coth(ST)(Ix[2+1v2)—i T
pl(s,x,y,7) = e 2t COXP+lyF)—igxy
e (4m)" sinh™(F)

is the fundamental solution to the L., z-heat equation:

0
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PY(s =0,x,y,7) = d0,0)(x,). on{s=0} xR"xR"
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» Hermite functions satisfy the ODE

m(x) = X*Um(x) = (2m + 1)tm(x).

» Mehler's formula. If |S| < 1, then

11-S%, 2, 2y .  —25
LS00 D

1 _
(1+52)12°

\/7? Z(_is)m¢m(x)¢m(y) =
m=0




More on Hermite functions

> {¢m} is an orthonormal basis of L?(IR)
» Hermite functions satisfy the ODE

m(x) = X*Um(x) = (2m + 1)tm(x).

» Mehler's formula. If |S| < 1, then

1-52

= c\m 1 _1 x2 2} ix —25
VI D) il )em) = (e
m=0

Note: Mehler's formula is the main reason that the [Ip-heat
equation is easier to solve than the [p-equation on quadrics.
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Sketch of the Proof

Step 1: Apply ~ and observe
X2f 2 . 0 R
o) = oo L+ L

_ -
szf(a,ﬂ,r) = —p;f
:I'\f(oz,ﬁ,T) = irf.

Step 2: From the form of L, 7, we have two simplifying
observations!

n
p(s,0.8,7) = [[ 07" (s, 05, 8j,7)

j=1



Sketch of the Proof, cont'd

Step 3: Eliminate the red term. Set
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-

U(S, a, B: 7—) = ﬁ(57 «, /Ba T)e_’



Sketch of the Proof, cont'd

Step 3: Eliminate the red term. Set
.afB
u(s7 a? /87 T) = ﬁ(s7 Oé, IB’ 7—)e_’T
Then we want to find u so that

u(s=0,a,8,7) = e_"g

62
o = (U/A)( s — B =



Sketch of the Proof, cont'd

Step 3: Eliminate the red term. Set

_jeB
T

u(s,a, B,7) = p(s, e, B, 7)e

Then we want to find u so that

u(s=0,a,8,7) = e
0 02
95 = (AP 50 = 8 =)

Step 4: Solve for u and determine

o

u(s.a, 8,7) = (2m)"2e s DT N (i)

m=0



Proof, completed

Step 5: Solve for p (easy, at this point)
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Proof, completed

Step 5: Solve for p (easy, at this point)
ﬁ(s7 a? /37 7-) = e’aB/Tu(57 a’ /87 7-)

= (27r)1/2e—%(1+’7)57 Z( ’)mwm(%)ﬁ/}m(%) msr :a,B/T

m=0

Step 6: Use Mehler's formula with S = e~ % and then invert the
Fourier transform in v and 3 (standard Gaussian integrals).

The proof is done! O
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History

For the Heisenberg group

» Hulanicki (1976), Gaveau (1977) obtained the formulas for
the sub-Laplacian, i.e., v = 0 (so no imaginary term)

» Chang-Tie (2000) and Tie (2006) computed p(s, z, w, 7) for
‘H" through a similar method.

» Beals, Gaveau, Greiner, Stein, etc. have done many, many
computations on all things solvable and computable for the
Heisenberg group (and many more general quadrics)
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Returning to Quadrics

Recall: The map
z— @(z,2)

gives the Levi form and for A € R™,
zZ— d))‘(z,z) =¢(z,z)- A
is the directional Levi form.

1. Op is solvable if given any smooth (0, g)-form ¢ on M with
compact support, there exists a (0, g)-current u on M so that
Upu = 1;

2. Op is hypoelliptic if given any (0, g)-current ¢ on M, 9 is
smooth on any open set on which g1 is smooth.



Solvability and the Levi form — Peloso-Ricci (2003)

Theorem (Peloso-Ricci, 2003)

Let n*t(\), resp., n= (), be the number of positive, resp., negative
eigenvalues of ¢*. Then

1. Op is solvable on (0, q)-forms if and only if there does not exist
A€ R™\ {0} for which nT(\) = q and n=(\) = n—q.

2. Oy is hypoelliptic on (0, q)-forms if and only if there does not
exist A\ € R™\ {0} for which n™(\) < q and n=(\) < n—gq.
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Example 1 — a Cartesian product of Heisenberg groups
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Example 1 — a Cartesian product of Heisenberg groups

- ()

The image of ¢ is the closed first quadrant and

(z7) = (2 2) (Aol /\02> <2>

Since {(n(A), n=(A))} = {(2,0), (1,1),(2,0). (1,0), (0,1)}, both
solvability and hypoellipticity FAIL at all form levels.

The Szego projection and projection onto the null space of [Jj, are
explicitly computable.
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Example 2 — The nondegenerate example

oz, 2) = ( 2Re(z122) > .

|z1]? — |z|?

The image of ¢ = R? and

) A A 7!
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Since {(n"(\),n™(A\))} = {(1,1)}. Both solvability and
hypoellipticity HOLD when g = 0,2 and FAIL when g = 1.



Example 2 — The nondegenerate example
. 2Re(2122)
Hz.2) = (\21\2 - \z2\2> '

The image of ¢ = R? and

) A A 7!
e =@ =) (2 %) ()

Since {(n"(\),n™(A\))} = {(1,1)}. Both solvability and
hypoellipticity HOLD when g = 0,2 and FAIL when g = 1.

Theorem (Boggess-Raich, 2013)

The fundamental solution kernel to the Kohn Laplacian (0, for
qg =20, 2 is given by

1

1
S = 2 (a1 ey
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Example 3

_( 2zl
¢(Z’Z) o <2 Re(Zlfz) ’
The image of ¢ is open half-space and the origin (that is,
Range ¢ = {(x,y) € R2: x >0} U {(0,0)}) and

, 201 A z
MNz.Z)= (21 2) ()\21 02) (i) .

Then {(n"(X),n=(\))} = {(1,1),(1,0),(0,1)} so hypoellipticity
FAILS at all levels but solvability HOLDS for g = 0, 2.

Proposition (Boggess-Raich)

When q =0 and |z|?> > |z1]? + |t

, then

6z 0] =0 L ).

|22l(|z2 | + [ta])>/
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Heat Equation Technique

Simplicity assumption: ¢* has n nonzero eigenvalues almost
everywhere.

Notation: ,uj’-\ are the eigenvalues of ¢* and L € 1, is fixed, set
>\ . .

D sgn (4 )/\ |fJ el '

J —sgn(u}) ifj ¢ L.

Coordinates: For each A € R™, let ui‘, ..., 11} be the eigenvalues
of ¢* and vf‘, ..., v} be unit eigenvectors. This means

PNV Vi) = S}

and for z € C", we can express



Heat Equation Technique
Theorem (Boggess-Raich, 2011)
Let L € Zq and fix A\ € R™. Then

1. The heat kernel acting on dz" is

YIRS
sep ity 2
. 1 T2 | s Az
Hi(s, 2, 3) = J ! o=l coth(s|u} )|z

(2m)ztn i1 sinh(s]uj‘\)




Heat Equation Technique
Theorem (Boggess-Raich, 2011)
Let L € Zgq and fix A\ € R™. Then

1. The heat kernel acting on dz" is

Al A
se[pl) A
. 1 L 2e” T | s BN
Hi(s,2,3) = i1 o=} coth(slu)|z)

(2m)ztn i1 sinh(s]uj‘\)

2. /f,uj‘ >0 forall j € L and ,uj’-\ <0 forall j ¢ L. Then the
kernel of the projection onto the null space is

N A 4" T (Al
SL(Z7)‘): lim HL(szv)‘): %H’H_ﬁe I
j=1

5—00 (27T

otherwise Sy (z,\) = 0.



General Formulas on Quadrics
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General Formulas on Quadrics

For each g-tuple L € Z, set
FL:{aESm_l:,uf‘>0fora||j€Land,uf‘<0fora||j§ZL}

and (recall)
Lo sgn(k') ifjel
! —sgn(uf) ifj ¢ L.

Comments:
1. If o= A/|A|, then uj-‘ = [Alpu but ej/-\ = €.
2. If z € C" is expressed in terms of the unit eigenvectors of ¢*,

A o
thenzj =z



Relative inverses

Definition

If ker O # {0} and S : L (M) — ker O is the orthogonal
projection, a relative inverse is an operator N so that

ObGf = (I — S)F.



General Formulas on Quadrics

Theorem (Boggess-Raich, '13, Boggess-Raich)

Suppose M is a quadric CR submanifold of C"*™. Then
1. If|T'L| = 0, then the fundamental solution to O, on forms
spanned by dz* is given by convolution with the kernel

2(2 m-+n
LGL(Z t)

4n

1(
/1 / n 21 e |“J|"uj| (n+m 2) ) dr
o —

r=0JaeSm— 1121 1-— r\ﬂj | ( (r) o t) a)+m-1 r

where

n «
1+ it

= E ‘MJC'Y‘ < o] ’ZJQF'
= 1—r"i



2. If [[| > 0, then the projection of [J;, on forms spanned by dz‘
onto ker [y, is given by

Si(z, t):“"(’“f’””—l)!/Gr - T17y 1] .

(2m)m+n P s e

When L =0, Sy(z,t) is the Szegd kernel.




2. If [[| > 0, then the projection of [J;, on forms spanned by dz‘
onto ker [y, is given by

sL(z,t):“n(”me_l)!/Er s [T k5] o

(27)m+n . ‘MJ ||Za|2 ia - t)ntm

When L =0, Sy(z,t) is the Szegd kernel.

3. If |T'L| > 0, then a relative fundamental solution to [Jp, on forms
spanned by dz! is given by
2(2m)m+n
47(n+ m — 2)!

/ / n r%(l_S?)luf"’“‘?‘ 1 L
a —
r=0 QQFL 1— r|“1q| (A(r) — o - t)n-i—m—l r

n

" /r_O /neFL [<H 1 |—MJ:L?|> (Aa(r) — iiz - )nm-1

B o7 N S
(Aa(o) — |- t)n-l-m—l r

Gi(z,t)




The Heisenberg group, to conclude

Theorem (Boggess-Raich)
On the Heisenberg group H",

1. The relative fundamental solution to Oy = 5;5;) on functions is
given by the integration kernel

n—1

2"2(p —1)! 1 2|2 + it 1
N0 - s (250 -5
o(z,t) ot (Jz]2 4+ it)n °8 |z|2 — it — |

.

2. The relative fundamental solution to (O, = 5;35; on (0, n)-forms
is given by the integration kernel

2 2(p—1) 1 IZ2 =ity =1
Niom (28 = = (e — i ["’g (12\2 ¥ it>_z "]

=




Thank you for your attention!

THANK YOUN



