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Drei Sitze iiber die n-dimensionale euklidische
Sphiire 7).
Von

Karol Borsuk (Warszawa).

Bs seien M und N zwei metrische Riume, von demen min-
destens einer kompakt jst. N** bezeichnet den Raum, der als Ele-
mente alle stetige Abbildungen @ von M in ?) N hat und der durch
die Formel (g, <7"A=Snl;}g[w(z), @'()] %) metrisiert ist. Jo zwei,

e

m einer Komponente ¢) der Menge Z( N gehtrende Funktionen
werden dguivalent in Z genannt. Eine Abbildung g e N* heisst we-
sentlich 9, wenn jede mit ¢ in N# iquivalente Abbildung M auf?)
N abbildet.

Mit S, werde ich dio ouklidische n-dimensionale Sphire, d. h.
die Oberfliche einer Vollkugel im euklidischen (x - 1)-dimensionalen
Raume B"H bezeichnen. Ist p ein beliebiger Punkt der Sphiro S,
s bezeichnet p* den zu p antipodischen, d. b, symetrisch zu p rel.
zum Mittelpunkte von S, gelegenen Punkt von S,. Eine Funktion
fe S wird antipodentren genannt, wenn f(p*) = [f(p)I* fir jedes
pes, gilt

1) Dio Hanptresultato dieser Arbeit sind (olne Beweiss) in meinem Soktions-
vortrago anf dem Internationalen Math. Kongrewe, Ziirich 1982, vorgebracht
worlon.

%) @ bildet M in N ab, weno p(M)CN iski ¢ bildet M auf N ab, weon
@(M)=DN ist. Vgl 5. B. H. Hopf, Math. Ann. 102, §. 572, Fassnote 14.

%) o(z,y) (bow. o(4, B)) beseichnet, wie iblich, die Entfernung swischen den
Punkten @ und y (bew. Teilmengen 4 und B) eines motrischen Raumes.

4) Xino Komponento von Z st eine grbusts (in keinor von sich solbst Versckie-
denen enthaltens) sussmmenhingende Teilmenge von Z.

% Vgl H. Hopf, Moskauer Math. Sammlung 1980, 8. 58.

Pandy Mathematioss T. XX.

K. Borsuk, Drei Sitze iiber die n-dimensionale Euklidische Sphare, Fundamenta

Mathematicae 20 (1933) 177-190.

r Laass

K. Borsuk:
Der Zweck dieser Arbeit ist, folgende drei Stitze zu beweison:
Satz 19). Jede antipodentreve Abbildung von S, ist wesentlich.

Satz I07). Ist fe R (d h. bildet f die Sphire S, auf cinen
Teil von R* ab), so gibt es einen derartigen Punkt p e 8,, dass f(p)=
=f(p") ist.

Satz ITI. Sind 4y, 4,,..., A, in sich kompalcle Mengen von
denen keine awei antipodische Punkte der Sphive S, enthilt, so ent-

hilt die Summe ﬁ' A, die Sphire S, wicht.
=

Bezeichnungen. 8ind M,, M,,..., JMn motrische Rhume, so bexeichnet
M, X M, XK. X My das Produkt dor Rhume M,, M,,..., My, d. b, don Raum der
als Elemento alle a-Tupeln (@, @y..., &) hat, wo a;a M; flx i==1,2,..., n, und

der durch die Formel ¢[(@,, @y,

@)y (Us Yoo ) fxe(w,y:)’ metriicre
int, Ist inshesonders M, = M, M, =M, so werde ich M7 unstatt
M, X My X... X My schre st insbesondoron M die Menge It aller reellen
Zahlen, werde ich den Raum Re, &, b, don euklidischon n-dimensionalen Raum
sls dio Teilmongo dos Raumes R+ auffasson, und zwar (%, @,,..., &) ¢ B* mit
(4 @y .-y %, 0)¢ R4 identifisioren, Sind # und ¢ Polarkoordinaten dos Punktes
(@, @) e R, s0 werdo ich den Punkt (&, ..., @) e Ry such mit ([r, g, y,..., 2n)
bezeichnen.
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Teorema de Borsuk-Ulam

f:S™ — R" continua -

existe z € S™ tal que f(—

K. Borsuk:
Der Zweck dieser Arbeit ist, folgende drei Stitze zu beweison:
Satz 19). Jede antipodentreve Abbildung von S, ist wesentlich.

Satz I1). Ist fe B (d h. bildet f die Sphive S, auf cinen
Teil von R* ab), so gibt es einen derartigen Punkt p e 8,, dass f(p)=
=f(p") ist.

Satz TIL Sind 4o, Ayy..., A, in sich kompakle Mengen von
denen keine awei antipodische Punkte der Sphive S, enthilt, so ent-

hilt die Summe ﬁ' A, die Sphire S, wicht.
=

Bezeichnungen. Sind M, M,,..., Jix metrische Rkumo, so bexeichnot
M, X M, XK. X My das Produkt dor Rhume M,, M,,..., My, d. b, don Raum der
als Elemente alle n-Tapeln (@,, &y,..., @) hat, wo @je M; fr i==1,2,..., n, und

der durch die Formel ¢ [(@,, 2,0 .., )| =

@ah (Y Ypeves g‘e (2, 9)* metriniort

int, Ist inshesonders M, = M, M, =M, so werde ich M7 unstatt
M, X My X... X My schre st insbesondoron M die Menge It aller reellen
Zahlen, werde ich den Raum Re, &, b, don euklidischon n-dimensionalen Raum
sls dio Teilmongo dos Raumes R+ auffasson, und zwar (%, @,,..., &) ¢ B* mit
(@4, %y .y Zay 0)¢ BAH1 identifizieren. Sind # und ¢ Polarkoordinaten des Punktes
(@, @) e R, s0 werdo ich den Punkt (&, ..., @) e Ry such mit ([r, g, y,..., 2n)
bezeichnen.

r Laass
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Teorema de Borsuk-Ulam

f:S™ — R" continua = existe z € S tal que f(—z) = f(z).

Paran =2
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Urhaurracktlich upshiltztes Haturial
BORSUK'S ANTIPODAL THEOREM AND ITS
GENERALIZATIONS AND APPLICATIONS: A SURVEY

H. STEINLEIN

After nore than 50 years, Borsuk's antipodal theorem still attracts the
interest of mathematicians more than at any time before. Due to its long history
and the continuing interest in it, a comprehensive survey seems to be necessary,
particularly because this would be the first such survey apart £rom more introduc-
tory survey papers (ef. [19,4161), historical comments in textbooks (e.g. (119,

Jiti Matousek 126,2511), and survey papers on partial aspects or on closely related topics (9,

. Using the i sy 1 i 1 i i
I Borsuk_UIam T was very surprised to find such a large number of references, and in the end

had to cut short my search to be able to finish the paper (however, I would be

Theorem grateful for hints 25 to fusther Licerature). O course, che List of references

is not complete, but I hope complete enough to be useful for people interested in

34,43,54,57,76,78,113,147, 180,219,245, 271,318,328, 335,347, 352, 361,435,447

Lectures on Topological Methods

) F chis topic.
in Combinatorics and Geometry

The huge amount of material made it impossible to write the paper as de-

tailed as planned. Thus, the main function of this paper is to order the 1ist of

references according to different proofs, generalizations and applications and to

describe then only briefly!"

@Springcr 3 . )

H. Steinlein, Borsuk's antipodal theo-
rem and its generalizations and appli-
cations: a survey, Topological methods
J. Matougek, Using the Borsuk-Ulam in nonlinear analysis, Sém.  Math.
Theorem, Universitext, Springer - Ver-  Sup., vol. 95, Presses Univ. Montréal,
lag, (2002). Montreal, QC (1985) pp. 166—235.

Urheberrechtlich peschitztes Hatedal
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eorema de Borsuk-Ulam

7:8" —»S", T(z) = -2
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Teorema de Borsuk-Ulam

7:8" —»S", T(z) = -2

Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).
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Teorema de Borsuk-Ulam

7:8" —»S", T(z) = -2

Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).

7(7(z)) == T(x) #x Vo € S™ J
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Teorema de Borsuk-Ulam

7:8" —»S", T(z) = -2

Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).

T(7(z)) == n(z) Az Vz € S” |

@ M e N espagos topoldgicos;
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Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).
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@ M e N espagos topoldgicos;

e 7: M — M involugio livre;
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Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).

T(7(z)) == n(z) Az Vz € S” |

@ M e N espagos topoldgicos;

e 7: M — M involugio livre;

(M, 7; N) tem a propriedade de Borsuk-Ulam se:
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Teorema de Borsuk-Ulam

7:8" —»S", T(z) = -2

Vf:S®™ — R" continua Jz € S™ tal que f(7(x)) = f(x).

T(7(z)) == n(z) Az Vz € S” |

@ M e N espagos topoldgicos;

e 7: M — M involugio livre;

(M, 7; N) tem a propriedade de Borsuk-Ulam se:

Vf: M — N continua Jz € M tal que f(7(z)) = f(z).

Exemplo: (S™,7;R"™), 7(z) = —x tem a propriedade de Borsuk-Ulam. J
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@ M superficie fechada munida de involugido livre T;
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@ M superficie fechada munida de involugido livre T;

o N superficie fechada.
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@ M superficie fechada munida de involugido livre T;

o N superficie fechada.

Classificaggo das triplas (M, 7;R?) que tém a propriedade de Borsuk-Ulam:

D. L. Gongalves, The Borsuk-Ulam theorem for surfaces, Quaestiones
Mathematicae 29 (2006), 117-123.
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@ M superficie fechada munida de involugido livre T;

o N superficie fechada.

Classificaggo das triplas (M, 7;R?) que tém a propriedade de Borsuk-Ulam:

D. L. Gongalves, The Borsuk-Ulam theorem for surfaces, Quaestiones
Mathematicae 29 (2006), 117-123.

Classificagdo das triplas (M, 7; N) que tém a propriedade de Borsuk-Ulam:

D. L. Gongalves, J. Guaschi, The Borsuk-Ulam theorem for maps into a
surface, Topology and its Applications 157 (2010), 1742-1759.
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(M, 7; N) tem a propriedade de Borsuk-Ulam se:
Vf: M — N continua

Jz € M tal que f(7(z)) = f(z).
(M,T;N) NAO tem a propriedade de Borsuk-Ulam se:
Jg: M — N continua

Va € M vale g(7(z)) # g(x).

Vinicius Casteluber Laass

A P.B.U. para classes de homotopia de funcdes entre superficies
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{f: M — N continua}
homotopia

@ M e N espacos topoldgicos;

[M, N] = {classes de homotopia} =
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{f: M — N continua}
homotopia

@ M e N espacos topoldgicos;

[M, N] = {classes de homotopia} =

e 7: M — M involugdo livre;
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{f: M — N continua}
homotopia

@ M e N espacos topoldgicos;

[M, N] = {classes de homotopia} =

e 7: M — M involugdo livre;

B € [M, N] tem a propriedade de Borsuk-Ulam se:
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{f: M — N continua}

M,N| ={cl de h topia} =
[M, N] = {classes de homotopia} homotopia

Definicdo

@ M e N espacos topoldgicos;

e 7: M — M involugdo livre;

B € [M, N] tem a propriedade de Borsuk-Ulam se:

Vf € B continua Jx € M tal que f(7(x)) = f(z).
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[M, N] = {classes de homotopia} = {f:M—=N c_ontlnua}
homotopia

@ M e N espacos topoldgicos;

e 7: M — M involugdo livre;

B € [M, N] tem a propriedade de Borsuk-Ulam se:

Vf € B continua Jx € M tal que f(7(x)) = f(z).

_____, A propriedade de Borsuk-Ulam para fungcbes entre superficies, Tese de
Doutorado, IME - Universidade de S3o Paulo, 2015.

D. L. Gongalvez, J. Guaschi, _____ , The Borsuk-Ulam property for homotopy
classes of selfmaps of surfaces of Euler characteristic zero, J. Fixed Point Theory
Appl. 21, 65 (2019).
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Proposi¢cdo (Borsuk-Ulam e Grupos de
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;

Casteluber Laass A P.B.U. para classes de homotopia de funcdes entre superficies



Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;

o M :M, x ~ 7(x);
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;

o M :M, x ~ 7(x);

e N superficie fechada diferente de S? e RP?;
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;

° MT:M, z ~ 7(z);

e N superficie fechada diferente de S? e RP?;
o I2(N)={(y1,92) € N x N|y1 #y2};
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;
o M, = M, z ~ 7(z);
e N superficie fechada diferente de S? e RP?;

® Fy(N) ={(y1,y2) € N X N |y1 # 2 };
e Da(N) = M (Y1,92) ~ (y2,91)-

~
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;
o M, = M, z ~ 7(z);
e N superficie fechada diferente de S? e RP?;

® Fy(N) ={(y1,y2) € N X N |y1 # 2 };
e Da(N) = M (Y1,92) ~ (y2,91)-

~

S3o equivalentes:
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;
o M, = M, z ~ 7(z);
e N superficie fechada diferente de S? e RP?;

o I5(N) ={(y1,92) € N x N |y1 # y2};
° D2(N) = w (y1,92) ~ (y2,91).

S3o equivalentes:
Q B =|[f] € [M, N] n3o tem a propriedade de Borsuk-Ulam;
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Proposicdo (Borsuk-Ulam e Grupos de Trangas)

@ M superficie fechada munida de uma involug¢3o livre 7;
o M, = M, z ~ 7(z);
e N superficie fechada diferente de S? e RP?;

o I5(N) ={(y1,92) € N x N |y1 # y2};
° D2(N) = w (y1,92) ~ (y2,91).

S3o equivalentes:
Q B =|[f] € [M, N] n3o tem a propriedade de Borsuk-Ulam;

/T\
(P1)#

©

Q0 m(M) > 1 (F2(N)) = P2(N) ————m(N)
(ZDT)#l lL
(M) Y= m(Da(N)) = Ba(N)

P

ZLs.
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M = T>#T?#T?

7: M — M é a rotagdo de 1802 em torno do eixo vermelho
M, = T?#T?

a1—>a%

a2 — Q2

1 (M) = (a1, a2, a3, a4, as, as | [a1, az][as, as][as, ag] = 1)
(pr)#

a3z — (3
a4 — Q4

m(M:) = (a1, a2, a3, ou, | a1, az][as, as] = 1)

Casteluber

as — alagafl
ag — o140
=] =

. para classes de homotopia de fun

es entre superfici




[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
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[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz
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[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz

Hom (m (T*#T*#T°), 71(T%))

=Hom ({(a1, a2, a3, as, as, as | [a1, az)[as, as]as,as) = 1) ,Z ® Z)

Vinicius Casteluber Laass A P.B.U. para classes de homotopia de funcdes entre superficies



[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz

Hom (1 (T*#T?#T?), 71 (T?))
=Hom ({a1, az, a3, a4, as, as | [a1, az][as, as)as, as] = 1) , Z O Z)
=Hom (F (a1, a2, a3, as, as, as) , Z © Z)
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[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz

Hom (1 (T*#T?#T?), 71 (T?))
=Hom ({a1, az, as, as, as, as | [a1, az][as, ad][as,a6] = 1) ,Z B Z)
=Hom (F (a1, a2, as, a4, as, as) , Z ® 7)
=M>x6(Z)
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[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz

Hom (1 (T*#T?#T?), 71 (T?))
=Hom ({a1, az, as, as, as, as | [a1, az][as, ad][as,a6] = 1) ,Z B Z)
=Hom (F (a1, a2, as, a4, as, as) , Z ® 7)
=M>x6(Z)

B _ < ﬁl,l BI,Z 51,3 51,4 ﬁl,E 51,6 )
#Z\ Bar Brz Pos Bas Pas Bre
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[T #T>#T?, T?] = Hom (1 (T*#T>#T?), 71 (T?))
B=[flr— By = fz

Hom (1 (T*#T?#T?), 71 (T?))
=Hom ({a1, az, as, as, as, as | [a1, az][as, ad][as,a6] = 1) ,Z B Z)
=Hom (F (a1, a2, as, a4, as, as) , Z ® 7)
=M>x6(Z)

B _ < ﬁl,l 51,2 51,3 51,4 ﬁ1,5 51,6 )
#Z\ Bar Brz Pos Bas Pas Bre

T
(P1)#

m1 (T2 #T2#T?) T Py(T?) m1(T?)
(pr)#l lb
1 (T24T?) ’ > By(T?) Py(T) = F(z,y) ©Z & Z
Z.
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ﬂ c [T2#T2#T2,T2} 6# — ( ﬂl,l 61,2 /31,3 /31,4 BI,S /81,6 )

/32,1 52,2 /82,3 /82,4 ﬁ2,5 ﬂ2,6
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22 2 2 _f Bix P2 P13 Bia Pis Bis
peT#T#T,T] @*<ﬁm Boz Brs foa Pos &ﬁ>

Teorema

[ tem a propriedade de Borsuk-Ulam se, e somente se,

det { Bi1,3— P15 Pra—Bie

Bos—Pos Boa—fos |70
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22 2 2 _f Bix P2 P13 Bia Pis Bis
peT#T#T,T] 5?**(,32,1 Boz Brs foa Pos ﬂ2,6>

Teorema

[ tem a propriedade de Borsuk-Ulam se, e somente se,

Biz—PBis Bia—Pis
det { B2,3 — P25 B2,4— B2 7 0.
Obrigado!!! J
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