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Preface

The aim of this short course is to give a sense of the main ideas underlying
Hodge theory and the Atiyah-Bott formula for the Lefschetz number.

Throughout the three lectures, the underlying differential-topological ob-
jects will be a compact manifold M without boundary, vector bundles E* —
M, and an elliptic complex

(1) COO(M;EO)icw(M;El)i...wa(M;Em)

of first order differential operators. Precise definitions will be given in time
throughout the lectures as needed. We give here a brief outline of the topics,
and later, details about each.

The E* are vector bundles over M, which means they are, locally, products
U x C% with U C M open. Also locally, C*=(M; E*) consist of functions
¢ : U — C% and the Py are matrices of first order partial differential operators.
That (f) is a complex means that P10 P, = 0 for all k. It therefore has
associated cohomology spaces,

HE(M) =1g Py_1/ ker Py,

They represent the failure of being able to solve Px1) = ¢ when Py = 0.

Each space C*°(M; E*) will have an inner product with respect to which
one can construct the adjoint P : C°°(M; E¥*1) — C*(M; E¥) of Py. Ellip-
ticity of the complex means that the operators U, = P,_1 P;_, + P} P}, satisfy
the inequality

9]l < C(IBxdllo + [I6]lo)

for some C. Here ||¢||2 means the sum of the norms of all derivatives of ¢ up
to second order. The norms on the right are with the inner product itself.

Examples of elliptic complexes are the de Rham complex (closely related
to the topology of M) and the Dolbeault complex in complex geometry. I plan
to give other examples subject to time constraints.

Assuming ellipticity of the complex, Hodge theory establishes that H% (M)
is canonically isomorphic to ker (0. (By general elliptic theory the kernel is
finite-dimensional.) Furthermore, one has the Hodge decomposition

C*®(M; E*) = ker Oy @ P,_1C>®°(M; E*1) @ PFC>®(M; EF)

i



ii PREFACE

which is an orthogonal decomposition.

The classical Lefschetz formula involves a continuous map f : M — M
with which one defines the Lefschetz number, L¢, of f. This number is an
invariant of the homotopy class of f. For the purposes of this outline, Ly
can be defined when f is smooth and the the complex () is the de Rham
complex. In this case, f induces maps f* : C*°(M; E¥) — C>(M; E*) such
that df* = f*d, so maps

fr H(IfR(M) - Hc]icR,‘

Then Ly = Y}'_,(—1)" tr(fx). The relevancy of the Lefschetz number lies in
that Ly # 0 implies f has a fixed point.

The lectures will begin with recalling the de Rham and Dolbeault com-
plexes, thus ensuring some concreteness to what will follow. Additional back-
ground will be provided throughout the lectures as needed. The plan for the
main topics is to first discuss Hodge theory, then the Lefschetz number. In
the last lecture we will prove a theorem of Atiyah and Bott that gives a for-
mula for the Lefschetz number of f in the special case that T'(f) € M x M,
the the graph of f, intersects the diagonal A C M x M transversely. The
formula involves restricting a distribution supported on I'(f) to A, which is a
good opportunity to exhibit the usefulness of the notion of wave front set of a
distribution. The proof of the Atiyah-Bott formula for the Lefschetz number
uses Hodge theory.
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CHAPTER 1

Vector bundles, differential operators

1. Vector bundles

In the following we assume all manifolds are paracompact and they and all
maps are of class C*°. Let M be a manifold, let F be either R or C. A vector
bundle over M of rank r is the datum of

(a) a manifold E and a map p: E — M;
(b) an open cover = {U, }qca of M and, for each o € A, bijective maps
Dy i p HUL) = Uy x BT
such that
p~HUy,) LN U, x F"

) _w\ z

commutes, where p,, : Uy, X F" — Ua is the canonical projection;
(c) for each a, g € A with U, NUp # 0, the map

Dop(p) : F" — T,
obtained from
Do 0@ (p,2): (Ua NUR) x F" — (Uy NUg) x F
Do 0 @5 (p,2) = (1, Pap(p)(2)),

is linear.

The functions ®,, are called local trivializations of F, and F is said to be trivial
over U,. The maps

(11) (I)aB U N Ug — Aut(Fr)
are called transition functions. They satisfy
for all o, B,y € A, forallpe U, NUgNU, :

Doa(p) = I, Pap(p) o Ppy(p) © Pralp) = I, Pap(p) = 5, (p)

Inverse and composition refer to the operations in Aut(F"), and I refers to the
constant map p — I € Aut(F"). One often says that E is a vector bundle over
M and leaves p and the trivializations implicit.

(1.2)

1



2 I. VECTOR BUNDLES, DIFFERENTIAL OPERATORS

If F = R, the vector bundle is a real vector bundle, if F = C then it is a
complex vector bundle. If r = 1, the bundle is said to be a (real or complex)
line bundle. The manifold F is the total space of the vector bundle.

The trivial vector bundle of rank r is M xF" with the canonical projection.
Any vector bundle E — M which is isomorphic to the trivial bundle (trivialized
by a single trivialization E — M x F") is also called trivial.

The set E, = p~*(p) is the fiber of E over p € M. The trivializations
determine vector space structures on each fiber, as follows. The trivializations
are of the form

(13) O, = (P7 ¢0¢)7 Pa p_l(Ua) — F".
The maps
(1.4) balE, : By = F"

are bijective. Let p € M, let ®,, be a trivialization of E near p (i.e., p € Uy).
If 71, n2 € B}, and a € F, then any + 72 is defined to be the element n € £,
such that if ®,(n;) = (p, 2:), i = 1,2, then

(I)oc(n) = (p7 az + 22).

This definition of a vector space structure on £, is independent of the trivial-
ization chosen: if ®g(n;) = (p,7}), ¢ = 1,2, and (') = (p,az] + 25), then
n' = n since ®,p(p) is linear:

Cap(p)(azy + 25) = a®ap(p)(21) + Cap(p)(22) = a®a(m) + Pa(z2) = a(n)
The maps (2.4) are vector space isomorphisms.

Suppose E and F' are vector bundles over M. A map a : F — F is a
vector bundle homomorphism (covering the identity) if for each p, a(E,) C F,
and a|g, : B, — F, is linear. The map a is an isomorphism if it is bijective
(the inverse is automatically smooth). The vector bundles F and F are called
isomorphic if there is an isomorphism between them. Usually one does not
distinguish between isomorphic vector bundles.

More generally, if £ — M and F' — A are vector bundles,
a vector bundle morphism from pg : E — M to pp: F - N E —— F
is a pair of maps (a: £ — F, f : M — N) such that ppoa = J{pE lpp
f o pp with linear a(p) : E, — Fy@y. The map a is said to M
cover f. With this definition of morphism one has a category
whose objects are vector bundles and whose morphisms are
vector bundle morphisms.

Ve

If £, FF — M are vector bundles overt he same manifold, then a homomor-
phism ¢ : E — F' is a morphism covering the identity M — M. The space
of homomorphism E — F, denoted Hom(E, F), is a vector space over F (and
a ring over C*°(M)). If F = E we just write End(F) and call its elements
endomorphisms. The subset of bijective maps is Iso(F).



2. SPACES OF SECTIONS 3

2. Spaces of sections

Let p : E — M be a vector bundle of rank r. A section of E over U C M
is amap o : U — E such that poo = Iiy. Since E is a manifold, it makes
sense to talk about continuous sections, and if U is an open subset of M or
more generally a submanifold, it also makes sense to say that o is of class
C™ on U. Explicitly, a section ¢ : U — E is C™ if for every trivialization
D, = (p,0a): p~ 1 (Uy) — Uy x F as in (2.3), the map

(2.1) UNU,2p— ¢u(o(p)) € F"

is C™.

If U is open, the set of C™ sections of F over U is denoted by C"™(U; E|y)
and the set of sections of E over M by C™(M; E). We will usually consider
C* (i.e., smooth) sections. Observe that a section o over U is smooth if and
only if for any trivialization ®,, ®,, o ¢ is smooth where defined.

Suppose U is open. If o1, oo € C™(U;E|y) and f € C™(U,F), then
p — f(p)o1(p) + o2(p) is defines a section fo; + o3 € C"™(U; Ely). If o is
a section of E and f is a C™ function on U with values in F, then fo is the
section defined by (fo)(p) = f(p)o(p). Thus C™(U; E|y) is a vector space over
F as well as a module over the ring C™ (U, F).

Let U C M be an open set. An element o € C™(M; E) vanishes on U
if o(p) = 0 (the O element of E,) for everyp € U. The support of o is the
complement largest open set on which ¢ vanishes. Equivalently, supp o is the
closure of {p : o(p) # 0}. The space of compactly supported C™ sections is
CX(M;E).

A frame for E over an open set U C M is the datum of r sections
M, ...,nr € C®(U; Ely) such that at every p € U, the vectors 11 (p), ..., 0 (p)
form a basis of F,. If £ admits a frame over the set U, then E is said to be
trivial over U. If U is one of the open sets U,, then one gets a C* frame
7% by setting 7% (p) = ®,'(p,e,) where the e, € F” form the canonical ba-
sis. If n1,...,m, is a C*° frame over the open set U, then for each p € U
every element 7 € E, can be written uniquely as n = > u a*n,(p). The map
® : p~H(U) — U x F" defined by ®(n) = (p,(al,...,a")) is C*° and is also
called a trivialization of E over U. That such ® is C'"*° is proved by showing
that ® o @1 is C* for any «, as follows. Since each 7, is C*°, the map

p= @0(n.(p) = (p,bu(p))

is C*°, that is, b, : U — F" is C*°. Writing b, = >, bje, we see that
nu(p) = .1 (p,bu(p)) = X, b4 (p)7(p). This gives a formula for the 7, in
terms of the 7. Since both the 7, and the 7 give bases at every point of
U NU,, the matrix [b¥] is invertible, and the inverse is necessarily of class C°.
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J— 3 3 ode v
Let ¢ = [c}}] be this inverse, so 7 = >, ¢;;n,. Then

od (p,2) = () 2it(p) = 2O ()2 (p) = (p,c(p)2)
n voon
which is C*°.

If 9y...,n is a frame of F in a neighborhood U of py and x € C°(U) is
such that x(p) = 1 for p near po, then the sections xn,, p = 1,...,r form a
frame near pg. These sections, extended as 0 to M \ U, are smooth, globally
defined, and a frame near py.

The space C™(M; E) is given a topology by declaring that a sequence
{0k 52, converges to o if, with the notation of (3.1), the maps p — ¢ (0r(p))
converge in U N U, in the the C™ topology.

For Hodge theory we will need L? spaces of sections of vector bundles. To
define it for a given vector bundle p : E — M, the needed ingredients are an
inner product on F (Hermitian in the case of a complex vector bundle) and a
smooth density on M. We begin with the latter.

A smooth density on M is a measure m on the Borel subsets of M with
the property that for every choice of local coordinates ', ...,2" on M there
is a smooth positive function g defined on the domain of the chart such that
m = gdz'dz? - dz".

Assuming F is a complex vector bundle, a Hermitian metric on E is
the specification of a Hermitian inner product h, on each fiber E, with the
condition that for every smooth local frame 7y,...,n,, the functions p —
hy (1.(p), v (p)) are, for all p1, v, smooth on the domain of the frame. Thus, if
N, € C™(M; E), then the map p — h,(n(p), ¢(p)) is C™.

Fix the smooth density and inner product on E. Then C°(M;E) is a
pre-Hilbert space with inner product

(1, %) =/hp(77(p),s0(p) dm(p)).

Its completion is L?(M; E).

If M is not compact, then L?(M; E) depends very strongly on the density
and metric. But if M Is compact, then L?(M; E) is well defined as a topological
vector space. All inner products as above become equivalent.

3. Pull back

Suppose given a map f : N'— M and a vector bundle f*p E
peg + E — M. Then one can form a new vector bundle, J{p .
denoted f*E — N as follows. The total space is !

f
{(g:n) eN X E: f(q) = p(n)}, N —L 5 M

PE
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the projection map py«p : f*E — N is

pre(€;n) =q
and if ®, = (p,¢a) : p 1 (Us) — U, x F7 is a trivialization of E — M, then
the map
F o prip(fH(Ua) = f7H(Ua) x B
given by
[ ®alg:n) = (pye(a,n), a(n))

is a trivialization of f*F.
This construction will be used in various places, especially when defining
the principal symbol of a differential operator, which will be a homomorphism

T'E — 7' F

where 7 : T*M — M is the canonical projection, 7*M the cotangent bundle
minus the zero section, ad later in the discussion of the Lefschetz number.

LEMMA 3.1. Suppose given a vector bundle pg : E — M and a map
f: N — M. Then there is an induced map

ffC®(ME) = C¥(M; f*E)
given by
(f*u)g.n) = (¢,u(q), ¢ €N, ue C(M;E).
4. Differential operators

Let E, F — M be vector bundles. We will define linear partial differential
operators P : C°(M; E) — C*°(M; F) inductively on the order.

DEFINITION 4.1. P is of order k£ < 0 if it is the 0 operator. Once the class
Diff* (M; E| F) of differential operators of order k£ € N has been defined, we let
Diff***(M; E, F) be the space of linear maps P : C®°(M; E) — C®(M;F)
such that

for all f € C®(M): C°(M;E) > uw— P(fu) — fP(u) € C®°(M; F)
is of order k. We will write [P, f](u) = P(fu) — fP(u).
For example, of P is of order 0, then for any f € C>°(M),
u = P(fu) = fP(u)
is of order —1, so it vanishes: P(fu) = fP(u) for any f and wu.
EXAMPLE 4.2. The de Rham differential
d: C®(M;NM) = C=(M; N M)

is a first order linear differential operator in the sense of the definition. Indeed,
linearity is clear. And if u is a g-from and f a smooth function, then d(fu) =
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fdu+ df A u gives that u— [d, f](u) = d(fu) — fdu = df Aw. The latter is of
order 0: if g is a function, then

[d, fl(gu) — g[d, f](u) = df A (gu) — gdf Au=0.

ExAMPLE 4.3. A connection on the vector bundle £ — M is a linear
operator

V:C®M;E) = C*(M; EQT*M)
such that
V(fu) = fVut+udf, feC®M), ueC®M;E)
Since u — V(fu) — fVu =u® df is of order 0, V is of order 1.

EXAMPLE 4.4. Let E — M be a complex vector bundle of complex rank
r. Let

V:C®M;E) = C®(M; EQT*M)
be a connection. Define
V7 C®(M;E@ N'M) = C2(M; Ea AT M)
by V? =V and
if u € C®°(M; E) and a € C®(M; AN"M), then
Viu®a)= (Vo) Aa+u®da

That this works follow from the fact that if f isa nonvanishing function, then
the computation of V(' ® o’) with ’ = f~'n and o/ = fn via the formula
yields the same section as computing with n and «;

Vi @d)=V(nea)

Then V1 is a differential operator of order 1. To see this, let f be a function.
Keeping the above notation,

Vifu®a)=f(Vou) +u@d(fa) = f(Vu) Aa+u®da) +u®df Aa
= fVi(u®a)+u®df Aa.

Since u ® o — u ® df A « is of order 0, V7 is of order 1. The above formula
also gives: if w is a section of E ® A M and f is a function, then

Vi(fw) = fV?+ (=1)%w A df.
With this formula we have:
VIV fw) = fFVITIVIw 4 (=1)TTEV A df
+ (=1)U(V,w) Adf + (=1)*7" w A ddf
= fVIHViw
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so VitV is of order 0. In particular, V! o VY is defined by a homomorphism
0 E—Ea N M.

This is the curvature of the connection. In general, Vi*! o V7 is the homomor-

phism Q: E@ A? — E®/\q+2/\/l defined by u ® o — Q(u) Aa. Thus if Q =0,
then V91 o V2 = 0 for all q.

LEMMA 4.5. A linear operator P : C®°(M; E) — C®(M;F) is a differ-
ential operator of order O iff there is a homomorphism ¢ : E — F such that
P(u)(p) = ¥(u(p)) for every u € C°(M; E) and p € M.

PROOF. Suppose ¢ € Hom(E, F) and let P be defined by P(u)(p) =
Y(u(p)). If fis a function, then

P(fu)(p) = »(f(p)ulp)) = f()¢(ulp)) = f(p)P(u(p))

so P(fu) = fP(u), and thus P os of order 0.

To prove the converse we first show that supp P(¢) C supp(y) for any
p € C®(M; E). Indeed, suppose ¢ € C*°(M; E) vanishes near some py and
let x € C°°(M) be such that x = 1 on supp(p) and x(p) = 0 for p near po.
Then ¢ = x¢ and so

P(p) = P(xy) = xP(¢)

so P(y) vanishes on the support of x.

Next, let n1,...,nm. € C®°(M; E) form a frame in a neighborhood of py.
For an arbitrary v € C*°(M; E) we have

u = Zﬁ“nu
"

in a neighborhood U of py. Suppose x € C°°(M) is supported in U and equal
to 1 near pg. Then

w=xu+(1=x)u=">Y yi'n, + (1-x)u,
o
that is,
(4.6) U= Z ubn, + @
w
with u# = xa* € C*°(M) and ¢ = (1 — x)n € C°°(M; E) vanishing near py.
From
P(u) = u"P(nu) + P(p).
o
we get P(u)(p) = >_, " (p)P(n,)(p) when p is near po. Define ¢, : £}, — E,
for p near py by

%(Z a'nu(p)) = ZCLMP(W)(P)-
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This defines ¥ near pg. The construction at other points gives local definitions
that will agree on overlapping domains. O

LEMMA 4.7. Suppose P € Diff*(M; E, F). If fi,..., fuy1 € C°(M) all
vanish at pg, then P(f1--- fry1u) vanishes at py for every u € C°(M; E).

PROOF. Proof by induction. If £ =0 and f; vanishes at pg, then

P(fiu)(po) = fi(po)P(u) = 0.
Suppose the statement has been proved for k — 1, let P be of order k£ and let
the f;, j =1,...,k 41 be as in the statement of the lemma. Since
[P, fr1](u) = P(frt1u) — frr1P(u)
is of order k — 1, the induction hypothesis gives that

[P, frv1](f1 -+ fxw)(po) = 0.

Therefore

P(f1++ fesau)(po) = [P, frs1](f1 -+ fru)(Po) + fr+1(po) P(u)(po) = 0.
O

COROLLARY 4.8. Let P € Diff*(M; E, F). If ¢ € C>°(M; E) vanishes on
an open set U C M, then P(yp) vanishes on U. Thus, if ¥, € C®(M;E)
and ) = ¢ on an open set U, then P(1)) = P(p) on U.

The following proposition combines the lemma and the corollary to give
the link to a more traditional version of differential operator.

PROPOSITION 4.9. Let x = (z',...,2") be coordinates in a neighbor-
hood U assumed to be a coordinate ball. Let ny,...,n, be smooth global sec-
tions which form a frame of E on U. Let E,F — M be vector bundles,
P e Diff*(M; E, F). If u € C®°(M;E) is given by

(4.10) u= Z ut'n, +
w
with smooth u* and ¢, the latter vanishing near py, then

1 0%ut .
P)(p) =) > —o-tr(0)P(u,a)(p)  when p is near po,
B lel<k

where the 1, o are certain global sections independent of .

PROOF. Any w can be expressed as in (5.10) using the argument leading
to (5.6). The Taylor expansion of u* centered at p to order k with remainder
of order k£ + 1 is

Wil 1 o%u! / «a ~p (o] ’ «
ut(p) = ) (@) —=@E)*+ > k@, p)(=@) —=(p)"

a! Ozlel
|| <k la|=k+1
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Let x € C°(U) be equal to 1 near pg. Using u* = xut + (1 — x)u* get

B> le ;' gxﬁ: X)) = =(p))®
Y 0@ - o)+ (1 X))

la|=k+1

in which each term is viewed as globally defined (p’ € M); the factors 9%u (p)
are constants depending on p. Using this expression for u* in (5.10) and ap-
plying P we get

(@1 P =30 30 SO ) P ) — 20) )
©o o<k

+ > Pk, p)x@) @@)-2)*n)+P(1=x®))u (' )nu () +P(p).
lal=k+1

All terms in the second line vanish when evaluated at p where x(p) = 1, the
remainder because of Lemma 5.7 and the last two because of Corollary 5.8.

Thus 1 9o
= |Zk i el (PP () ()
with 7,4 (p") = x(®')(x(p") — z(p))*nu(p). O

Continuing with the notation of the proposition and its proof, suppose
01,...,05 € C®°(M;F) give a frame of F' near py. Then

1
al Wa Zaua

for p near py with some functions aj, Wlth this,
aau#
Z Z amaa oyl
v o<k
Letting v be smooth, defined near py and defining
)= 3 o
v)= U golal
la|<F

as a scalar differential operator, we have
P(Y utn,) =Y Pr(u)f
v,

So using frames we see that P is a matrix of scalar differential operators.

COROLLARY 4.12. Let P € Diffk(./\/l; E,F). Then supp P(p) C supp ¢ for
every p € C*°(M; E).
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PROPOSITION 4.13. Let E, F, G — M be vector bundles. If P € Diff*(M; E, F)
and Q € Diff*(M; F,G), then QP € Diff*™*(M; E, G).

PROOF. Let f € C®°(M). If u € ¢*(M; E), then

[QP, f](u) = QP(fu) — fQP(u) = Q(fPu+ [P, fl(u)) = fQP(u)
= fQPu+[Q, fI(Pu) + [P, f](u) = fQP(u) = [Q, f](Pu) + [P, f](u)

Here [Q, f] is of order ¢ — 1 and [P, f] is of order k — 1. Using induction, the
above is of order k + ¢ — 1, so QP is of order k + /. O

Suppose now that E and F are complex vector bundles with Hermitian
metrics and m is a smooth positive density on M. If P € Diff(M; E, F) and
u € CP(M; E), then u € C°(M; F). So we can use the pre-Hilbert structures
on these spaces of sections to define the formal adjoint P* of P:

(Pu,v) = (u, P*v), u€CX(M;E), veCXr(M;F)
The operator P* is uniquely determined by this condition.
LEMMA 4.14. If P € Diff*(M; E, F), then P* € Diff*(M; F, E).
PROOF. Let f be some function. The formal adjoint of
u = =[P, fl(u) = fPu— P(fu)
is B
v = [P, fl(v) = P*(fv) — fP*v.

If P is of order 0, then [P, f] = 0 so [P*, f] = —[P, f|* = 0 and thus P* is of
order 0. Once it has been proved that the adjoint of an operator of order k — 1
is of order k — 1, the above gives that P* is of order k if P is of order k. [J

5. Principal symbol, ellipticity

Again let E,F — M be vector bundles and P € Diff(M; E, F). Using
frames we see that P is a matrix of scalar differential operators of order at most
k, and using this we see that if f is a function then for any u € C*°(M; E)

R 37 e TP P y)(p) € F,

is a polynomial of degree k£ in 7 with values in F,,. The leading coefficient
depends on f only through the value of df at p, and on u only through its value
at p and furthermore is linear in w(p). This is the principal symbol of P at
df (p) evaluated at 7(p):

DEFINITION 5.1. Let § € Ty M, let n € Ej, let f be real valued with
df (p) = € and let u be section of E with u(p) = 7. The principal symbol of P
at & is the linear function

1 u(P)(E)() = lim eI P(ei ) ()



5. PRINCIPAL SYMBOL, ELLIPTICITY 11

REMARK 5.2. v, = 1/7%e™"f P(e'"/4) is a smooth section of F' and v, —
o (P)(df)(u) in C.

If Q € Diff* ' (M; E, F) then o4 (Q) makes sense, since Diff* *(M; E, F) C
Diff*~!(M; E, F). However o(Q) = 0.

EXAMPLE 5.3. We compute the principal symbol of the de Rham differen-
tial. Let u be a g-form, let f be a real-valued function. Then

1 _, . 1
—e " d(e " ) = idf Au+ —dn
T T
gives
o(d)(€)(n) =i€ENn, EeTyM, ne/\JM.
ExAMPLE 5.4. In Example 5.4,
o(V)(€)n) =in®E, neE@T;M, £€TyM

ProrosITION 5.5. If Q € Diffk(/\/l;E,F) and op(P) = 0, then @ €
Diff* ' (M; E, F).

For a differential operator, the principal symbol can also be defined for
complex covectors, and, as we did implicitly, for £ = 0; both features are useful
in some way, even though one always has o (P)(€) = 0 if £ = 0. Neither
feature carries over to pseudodifferential operators.

Let then 7*M denote the cotangent bundle minus its zero section, let
7 : T*M — M denote the restriction of the canonical projection. The usual
point of view is that the principal symbol of P is a homomorphism

o (P): 7 E = #*F
From the definitions of 7*FE we get for each 7 > 0 a map o, : 7FE — 7*F.
Namely if (§,1) € #*E (so n € Ex)), then (7€,n) € #*E. Using this (with
7 F) we have that
0, (P)(r€) = 7"0; 0 a(P)(£) © 017

PROPOSITION 5.6. Let E, F,G — M be vector bundles. If P € Dift*(M; E, F)
and Q € Diff'(M; F,G), then o44¢(QP) = 04(Q) o o (P).

PROOF. Let f be a smooth function, u € C°(M; E),p € M, T € R. Then

1
ek

) ) 1 . . 1 . )
e—zerP(ewfu) — (ﬁe—m—errrf)(ﬁe—m—fpem—f)(u)
Taking advantage of the remark above one gets

lim 1+ e QP(e"u) = a4(Q)(df) 0 @1, (P)(df ) (u)

700 Ttk

from which the conclusion follows. O
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ProrosiTION 5.7. Let E,F — M be Hermitian vector bundles, m a
smooth positive density on M. and P € Diﬁ'k(M;E,F). For any € € T*M,
a(P*)(§) = a(P*)(€)"

PROOF. Let f be a real valued function, u € C°(M; E), v € C°(M; F).
Then

(@(P)(df)(w),v) = lim (=~ P(e™u), v)

T—00 T

1. .
= lim (u, —ke_”fP*(e”fv))

(u, o(P*)(df)(€) (v)-
Thus o/(P*)(df)(€) = o(P)(df)". O

DEFINITION 5.8. We say that P € Diff*(M; E, F) is elliptic if o (P) is an
isomorphism.

We often omit the subindex indicating the order of the operator. The
context makes it clear what is meant. Note that in the definition of ellipticity,
£ is a real (nonzero) covector.



CHAPTER 1II

Complexes of differential operators

1. First order complexes

Let E°,...,E™ — M be vector bundles. A first order differential complex
on the EY is a cochain complex
(1.1)  C®(M;E®) 2y oo BY B D oo B
in which P, € Diff'(M; E4, E9*1) and P, o P,_; = 0.

The condition that P,4q o P, = 0 is equivalent to rg P,_; C ker P, (as
operators on smooth sections, at least), so one can form

HL (M) =ker P,/ rg Py_1;

This is the g-th cohomology space of the complex. For complexes of a topo-
logical nature, the spaces H%(M) have topological information (of course).
In other contexts, one can view the cohomology spaces as the obstructions to
solving

P,_iu=f given f € ker P,.

If M is not compact and the complex is not elliptic (see the definition
below), the determination of properties of the cohomology spaces is a subtle
problem. Instead of specifying smooth sections as domain, one can specify
other domains, leading to other cohomology spaces.

The condition P,11 o P, = 0 implies @(Py+1)(§) o a(FP,)(§) = 0, so the
symbol sequence at &,

0 oD@, g1 o(PE), e (Pn1)E)

(1.2) 0—7*E

is a cochain complex.

T*E™ — 0,

DEFINITION 1.3. The complex (1.1) is called elliptic if for each £ € T*M,
the sequence (1.2) is exact.

Note again that in the definition of ellipticity, £ is a real (nonzero) covector.

ExAMPLE 1.4. The best known example is the de Rham complex, in which
P, is the de Rham differential d, : C*°(M; A?M) = C=(M; /\qHM). Once
has dg410dy =0, thus rgo(dy—1)(§) C ker o(d,)(§) as pointed out earlier. The
de Rham complex is elliptic. To see this, let & € T; M, suppose 1 € /\ZM is

13
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such that o (£)(n) = 0. Thus £ An = 0. Since £ # 0 we can use it as part of a
basis w',...,w" of Tx M, say with w' =§. Then'

y = ZlaIwI: Z/

!
CL(LJ)OJ:[ Aw’ + Z ar w!

[I|=¢q [J|=g—1 [I|=q
1¢J 1¢1
Thus .
0=&EAn= Z arwt Aw!
[T]=q
1¢1

gives that ay = 0if 1 € I. Thus
!/

n= Z a<1,J>w1/\wJ
[J]=q—1
1¢J

and we have n = o(d)(£)(0) with

l
0=—i Z a<1’,]>w‘].

[J|=q—1
1¢J

Thus ker o (dy)(§) C rgo(dg—1)(§). We already know the opposite inclusion,
so the symbol sequence is exact at &.

EXAMPLE 1.5. Let E — M be a vector bundle and V : C*®(M; E) —
C*®(M; E®T*M) a connection. Let

VO (M E® NM) = (M E e N M)

be the operators defined in Example 5.4. If the curvature of V vanishes (V is
a flat connection), then we have a complex

S O (MER ANM) = CF(MER AT M) -
This is again an elliptic complex, sometimes called a twisted de Rham complex.

In this context one write d instead of V for the operators of the complex (also
omitting the subscript).

Another important example of an elliptic sequence is the Dolbeault com-
plex. We first discuss a more general example of first order complexes.

EXAMPLE 1.6. An involutive structure on M is a subbundle V ¢ CT'M
of the complexification of the tangent bundle. This is a subbundle with the
property that
(1.7) If X and Y are vector fields with values in V, then [X, Y]

' also has values in V.

IThe notation means I = (i1, ...,1q) with 1 < ¢ <rkV. The prime by the summation
symbol means to add only through indices I with strictly increasing components.
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Let V = {v € CTM : T € V} be the conjugate of V, let V* be the dual bundle,
/\qV* the exterior powers. Define

(1.8) D, : C°(M; NTV*) = C(M; NTTD7)
by: ¢ € C’OO(M;/\qV*), if vo,...,vq € Vp and Xoy,..., X, are sections of V
extending the v;, then

q
(q+ D)Dgé(Xo, ..., Xg) = Y (1) X;0(Xo, ..., X, .., Xy)
§=0
+ Y (D)TRG(X, X))o (Xo, - X XL Xy,

0<j<k<gq
If V = CT M then this is the formula for the de Rham differential [6]. One
verifies that

ID)quS(aXo, e ,Xq) = aID)ng(Xo, . ,Xq)

for any function a, so if ¢ and Xi,..., X, are fixed, the operator X; —
Dy,é(Xo, . .., Xy) is of order 0: it is a bundle homomorphism. Thus D,¢(Xo, ..., X,)(p)
depends only n the initially fixed vy, ..., v, and not on the extensions of these

to vector fields, and Dy is well defined by the formula as a map (1.8).
On functions f, (¢ = 0), the formula reduces to Dy f(vo) = vof. Since
vof = (df,vp), the formula for Dy is

Dof = L*df
where 1* : CT* M — V* is the dual ap of the inclusion ¢ : V — CTM. Using
the Leibniz rule Dy(f¢) = Do f A ¢ + fDy¢ one finds that the principal symbol
of Dy is
o(Dy)(€)(n) = " (€) An, €€ TyM, ne \V*
One verifies that D41, = 0, so one has a first order complex. We analyze
ellipticity: The condition on a real covector £ that

for any 7, .*(§) An =0 implies n = (*(§) A 0

is equivalent to

1 (€) # 0.

So ellipticity is equivalent to:
if £ is a real covector, (*(€) = 0 implies £ = 0.
The kernel of ¢* is the annihilator of V,
L={¢eCT*M: {{,v) =0 forall v € V}

So ellipticity is the condition that V- NT*M = 0 (the zero section). This is
equivalent to the condition that

V+V=CITM.
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Such subbundles are called elliptic structures.

EXAMPLE 1.9. Let M be a complex manifold. This is a manifold together

with an involutive subbundle 71° M such that with T%! M = T1.0M,

(a) TYOM +THOM = CTM

(b) T OMNTYOM =0.
Thus TH°M is an elliptic structure. The second condition implies that the
dual bundles can be identified with subbundles of CT*M: The dual bundle
of THVOM is /\1’0/\/17 that of T%I M is /\0’1./\/(. The dual of the inclusion
¢ : T%' M — CT M becomes the projection CT* M — /\O’lM according to the
decomposition

cT*M=AN"Mae AN M.
The ¢-th exterior power of /\0’1/\/1 is /\O’q./\/l. The associated complex is
s O MAY M) S M AT M)
This is elliptic because TV M is an elliptic structure.

ExamMpPLE 1.10. Suppose M is a complex manifold, £ — M a vector
bundle and V : C*®(M; E) - C®°(M; E ® T*M) a connection. Using the
decomposition

crrmM= @ N"'Mm
ptq=r
where /\p’q./\/l = /\p’o./\/l A /\O’q./\/l, let 799 be the projection on /\O’q./\/l. Define
VO 0(ME@ ANVIM) = C(M; Ea AT M)
by
VO = (I @ n%9t) o V.
Then V%1oV%0 is the (0,2) component of the curvature of V, a homomorphism
VOlovo0 =002 Ea A" M

If Q%2 = 0, the connection is called holomorphic. If this is the case, then one
again has an elliptic complex

e M ER NTM) D e (M E AT M)
This is a Dolbeault complex with coefficients in E. It again is elliptic.

ExaMPLE 1.11. Given a Hermitian metric to each of the vector bundles in
the the first order complex (1.1), fix a smooth positive density m on M. Then
we have an adjoint complex

* * P*
(1.12) 0% (M; E®) &£ 0o (M; BY) L8 L S oo (M B,
Indeed, P;_; 0Py = (P;o P;—1)* = 0. Moreover, the adjoint complex is elliptic
iff the original complex is. This complex is the formal adjoint complex.
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2. The formal Hodge Laplacians

Let E°,..., E™ — M be vector bundles and
21)  C®(M;E%) Do oo (M B By Dt oo B
a first order differential complex. Give each vector bundle a Hermitian metric,
hg, and fix a smooth positive density m on M. Recall form Proposition 6.7 that

then @ (Py)(€) = o(P,)(€)*. Fixpe M and § € T;M. From linear algebra
we have that the range of

o(P,_1)(¢): BN — EY
is orthogonal to the kernel of the adjoint,
U(Pq*_l)(ﬁ) CEl = E;fl
Also, since rg @(P;_1)(€) C ker o (P,)(£),
(ker o(Py) (€)™ C ker o (Py_,)(€).

So

kera(Py-1)(§)" +ker o (Py)(€) = E,
in any case, and the sum is direct iff rg o(Py—1)(€) = ker o(P,)(€), that is, iff
the symbol sequence at £ is exact in degree q. This proves:

LEMMA 2.2. The complex (2.1) is elliptic iff
kero(P;_;)(€) Nkero(P,)(€) = {0}  for allé € T* M

Continuing with the complex (2.1), observe that P, o Py_; and Py o P,
both map C*°(M, E?) to itself, so one can form

U, = F, 10P 1—|—P o F,.

This is the formal? Hodge Laplacian of the complex. By Propositions 6.6 and
6.7, the principal symbol of U, at £ € Ty M is

(2.3) o (0g)(§) = o(Py—1)(§) o o(P1)(§) + a(FP])(§) o a(Fy)(§).
LEMMA 2.4. We have

(2.5) kera(P.,)(€) Nker a(P,)(€) = ker(T,)(€).

for all € € T* M

PrOOF. The formula (2.3) immediately implies that the set on the left in
(2.5) is contained in the set on the right. For the opposite inclusion we note

that
he(@(04)(€)(n),n) = | @(Pr_)€))* + | @(P)(€) ()]
so if n € ker a(0,)(§), then n € kero(P;_;)(§) Nker a(Fy)(§). O

2t is formal because we are not specifying any domains.
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Since @ (Py)(§) : £} — Ef, invertibility is equivalent to injectivity. This
and the previous two lemmas immediately give

THEOREM 2.6. The operator U, is elliptic iff the symbol sequence of the
complex is exact at each & € T* M in degree q.

Incidentally, the formal Hodge Laplacians for the adjoint complex (1.12)
are the same as those of the original complex.



CHAPTER III

Hodge theory

1. Set-up

Throughout this chapter we will be work with a a first order differential
complex

(1.1) C>(M; EY) iCOO(M;El) i...k)COO(M;Em)

Each vector bundle will have a Hermitian metric, hq, and m on M will be a
smooth positive density.

Recall that L?(M; E9) is the completion of the C2°(M; E?) with respect
to the inner product given by

() = /M iy (u(p), 0(p)) dm(p), w0 € C(M; E9).

For the moment we do not assume that M is closed (compact without bound-
ary) but write M for the interior of M in case there is a boundary. We also
don’t assume that the complex is elliptic until explicitly stated so.

2. L? Cohomology

Accommodating L2, there are two canonical domains one can give to the
operators of the complex, beyond smooth or smooth compactly supported sec-
tions. The biggest one is the maximal domain,

Dl ={ue LZ(./\O/I;E‘I) :Pu e L2(/\O/I;Eq+1)}.

From Py iqu € L2(M; E9+1) and Pyio(Pyriu) =0¢€ L2(M; E9+3) we conclude
Py 111 € Dmax(Pyt2), so there is a complex

P 1 Pp_
0-D°, %Dl —...pr "L pm

max max max max

— 0,

the maximal or absolute complex. Each space D . is a Hilbert space with the
inner product

(2'1) (u7v)Pq = (u’ U)q + (Pqu’qu)qul? u,v € qunax

where (u,v)q is the inner product in L?(M; E?). We write |Ju| p, to indicate
the norm with respect to this inner product. Complexes of this kind, where

19
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the operators

Py : DL, C L*(M;E9) — L*(M; E4TH)
are closed densely defined are called Hilbert complexes [2]. Since C¢° (/\L}l, E?) C
Di .., we can also define

mm = COO(M Eq)

the closure in DI, . With these spaces we obtain the minimal or relative
complex

O % D?HIII Drlnln D$1n1 M D;’:llll’l % O

which is also a Hilbert complex, To see that this is indeed a complex, let
we DI let {ur}e, C C’OO(M E?) be a sequence converging to u in the
norm of Df... To see that v = Pyu € Dfnfn, we note that v, = Pyup €
C°°(./\/l E9tY) | that v, — v due to the convergence of ug to w in DY, and
that Py1vr — Py11v, simply because Pyyivr = 0 = Py qv.

If the complex is elliptic and M is closed (compact without boundary),
then the minima and maximal complexes are the same. In all other cases these
complexes may be different. If the minimal and maximal domains are different
we may take closed subspaces D? C D%, with DL. C D4y P,(D?) C DIt

thus getting a general Hilbert complex

max’

(2.2) 0D Lypl ... ypm-t Dty

where D™ = L2(M E™). Using D to refer to this complex, let Z} be the
kernel of P, in D? and B}, the image of D771 by FP,,. The quotient

is the cohomologia space of the complex (2.2) in degree gq. The space ZJ,
is closed in Dpax, and the norm on Z} (inherited from DZ,.) determines a
seminorm on H: if u € H} is the equivalence class of u, then

lull = nf{|lu + Py—yv : v € D1}

This seminorm is a norm iff B}, is a closed subspace of DZ, . This need not be
true in general. If BY, is a closed subspace, then H7 is again a Hilbert space,
isomorphic to the subspace of Z7, orthogonal to B}. In the particular case that
all the cohomology spaces H7, are finite dimensional we say that the Hilbert
complex (2.2) is a Fredholm complex.

The possible difference between the minimal and maximal domains disap-
pears when M is closed:

THEOREM 2.4. If M is closed, then DL, =DI. .

PROOF. The proof consists of observing that C*°(M; E?) = C>°(M; E?)
which is trivial because M is compact, and showing that C*°(M; E?) is dense
in D4 This last part requires pseudodifferential operator theory but the

max"*
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basic idea is to use convolution mollifiers, that is, convolution with a sequence
of functions ¢™x(¢x) where x is smooth, compactly supported in a coordinate
patch, with integral 1. There is a sequence of pseudodifferential operators Ay
of order —oo converging to I weakly in L? as £ — oo, such that also [A,, P,|u
converges in L? when ¢ — oo if u € DI Then for such u, Apu = u and

max"*

P,Apu = [P, Aglu + AgPyu both converge. So u € DY . . O

If M is compact with boundary, or non-compact, then the issue of domains
is delicate.

3. The adjoint complex

Under the right conditions, Hodge theory relates the cohomology spaces
(2.3) with the kernel of a Hodge Laplacian. To get there we first need a brief
discussion if the adjoint complex.

As we saw already, since 0 = (P, o Pj_1)* = P;_; o Py, we have a formal
adjoint complex

(31) 0 C®(M;E) &L 0 (M EY) « - -
e CF(M B L 0 (N BT - 0

We let D2+L and D! be, respectively, the maximal and minimal domains of

max min
the operators P;. With the inner product of D% defined using P, this is a
Hilbert space and D! is a closed subspace.
In the case of the Hilbert complex (2.2), the adjoint complex is the Hilbert
space adjoint. Each formal adjoint P; acquires as domain the domain f the

adjoint of
(3.2) P,:D, C L*(M; E?) — L*(M; ET™).
This domain is by definition
DI = {v e L*(M; B : DT 3 u s (Pyu,v) € C is L*-continuous}
If v € D971, the continuity of
D3y (Pyu,v)q41 € C

and the fact that D? is dense in L?(M; E9) imply, by the Riesz Representation
Theorem (see Rudin [11]), that there is a unique f € L?*(M; E?) such that

(Pyu,v)g+1 = (u, f)q for all u € DI,

This element f is by definition Pjv (with * in place of x). This equality also
holds if u € C°(M; E9), and interpreted in the distributional sense, says that
Pyv = Pjv. For this reason we are concerned only about the domain:, the
adjoint operator is the formal adjoint acting distributionally on the elements
of the adjoint domain.
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Using adjoints, the adjoint of the complex 2.2 is

(3.3) 020 Dl pmt Lot gmo g

where D% = L?(M; E®). In particular, the adjoint of P, with domain D,

Py with domain DarL To see thus, note that by definition DLEL conslsts of
those elements v € L*(M; E?™!) such that Pjv = f € L?(M; E?), where Pjv
is interpreted in the distributional sense. that Pyv = f in this sense means
exactly that

(3.4) (fiu)g = (v, Pyu) g1 for all u € Cffc(/\o/l; E?).
This implies the continuity of
(3.5) CX(M;E) 3 urs (v, Pyu)gyr € C

on L?, because the right hand side is ( f, u), therefore |(v, Pyu)| < || f||||u]. Since
cee (/\/l E9) is dense in DY . . the domain of the adjoint of P, with minimal
domain contains D4, On the other hand, if v belongs to the domain of the
adjoint of P, with minimal domain, then (3 5) is continuous in L?(M; E9T1).
Using that C°° (M E?) is dense in L2 (M; E?), the Riesz Representation The-
orem implies the existence of f € L?(M; E?) such that (3.4) holds, therefore
Prv = f in the distributional sense. That is, P;v € L?(M;E?), and then by
deﬁmtlon ve DL

Because of the symmetry of the situation and the fact that the adjoint of
the adjoint of a closed densely defined operator is the original operator, we

have:

LEMMA 3.6. The adjoint of P, with domain DY, is Py with domain et
The adjoint of Py with domain Dg .. is Py with domam @‘Hl

As in Theorem 2.4,

THEOREM 3.7. If M is closed, then D%, = D1

max -’

4. Hodge theory

The Laplacians of the complex (2.2) are the formal Laplacians of the com-

plex 1.1, with the domain of [, given by
D(O,) = {ueD!ND!: Puec D! and Py jue DIty

Thus if v € D(0,), then both P,_1P;_ju and PyPyu are legal, so Oyu is
defined.

LEMMA 4.1. Ifu,v € D(0,), then
(4.2) (Oqu,v) = (Py_qu, Py_qv) + (Pyu, Pyv)
In particular

(4.3) O, : D(d,) C L*(M; E?) — L*(M; E9)
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is nonnegative and satisfies
(4.4) [ull < (@ + Dl
Proor. If u € D(O,) then
(unvu) = (PQ*1P;71U7 u) + (P;quu)
Since P} ju € D! and v € D,
(Py—1Py_yu,v) = (Py_ju, P;_yv)
Likewise
(P;Pqu, v) = (Pyu, Pyv).
This proves (4.2) and that
(Oqu,u) = | Py_yull? + || Pyul®
so (4.3) is positive. Finally
ull® < flull® + (Bqu,u) = (I +Og)u,w) < |(L+Og)ulllull, e DO,)
so (4.4) holds. O
Let
H?! = {u e D(0,) : Ou = 0}.
This is a closed subspace of L?(M; E9). We will later make use of the orthog-

onal projection
I, : L*(M; E?) — HA.

LEMMA 4.5. We have H? = {u € DI ND? : Ppu =0, Pryu = 0}. In
particular there is a well defined map
HE > uw— [u] € HE.
Furthermore, H is a closed subspace of L*(M; E?).

PrOOF. If u € HY then by definition u € DI N DY, and we have
0= (Oqu,u) = [|P_yul? + || Pyul|*.

Thus Pju = 0 and P;_ u = 0. Conversely, if u € D?ND? satisfies Pyu = 0 and
P ju =0, then Pju € D77 because in fact Pyu = 0, likewise Py u € D11
Thus v € D(0,). Furthermore, clearly O,u = 0. So u € H1.

Of course if u € H?, then v € D? and since Pyu = 0, u defines an element
in the ¢-th cohomology space of (2.2).

Finally, suppose {uy}?°, C H? converges to u in L?(M; E?). Since P, with
domain D1 is closed and Pyuy = 0, u € DY and Pyu = 0. Likewise u € ©? and

Py yu=0. Thus u € H™. |

Let
rg(qul) = qul(Dq)v rg(P;) = P;—1(©q+1)'
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PROPOSITION 4.6. The spaces H?, rg(Py—1), and rg(Py) are orthogonal to
each other.

PROOF. Suppose u € H? and v € DI~ L. Since u € DY,
(’U,7Pq,1'l}) = (Pq* 14, 'U) =0

Thus H? L rg(P,—1). Likewise H? L rg(Py). To show that rg(P,—1) L rg(P;),
let v € D71, w € DL Since (2.2) is a complex, v = P,_qv € D9. Thus
(u, Pyw) = (Pyu,w). But Pyu = P;P;_1v = 0. So (P;—1v, Pyw) = 0. Thus
rg(Py—1) L rg(Py). O

THEOREM 4.7. The operator (4.3) is selfadjoint.

PROOF. We first show that (4.3) is closed. Let {u,}32, C D(0,) be such
that u, and O,u, = fo converge in L?(M; E?). Then
(fe — forsue —up) = (Og(ue — up ), ug —up) = 0 as £, — oo,
thus
||P;_1(u@ — w/)||2 + || Py (ue — u@/)||2 -0 asll — oo.
Hence {P} jus}32, and {P,u,}32, are Cauchy sequences in L*(M; E?). Thus
they converge. Consequently both v € ©9 and u € DY, since P;_; and P, with

these domains are closed. Next, since {{ju,}2°, converges and the ranges of
P, 1Py, and P; P, are orthogonal to each other, both {FP,_1P;_jus}72, and
{PyPyue}ge, converge. Since Py juy € D?, this implies Py ju € D,y and
since Pyu, € 9, Pyu € D9, since these operators with their given domains are
closed.

Note that since (4.3) is positive, it is symmetric. Having established that
it is closed, we observe that because of (4.4) its deficiency indices both vanish.
Consequently (see [10, pg. 141]), (4.3) is selfadjoint. O

THEOREM 4.8. Suppose that for each q there is a continuous operator
Gy : L*(M; E9) — L*(M; E7), 1¢G, Cc D(O,)
such that
(4.9) G0, =1-1, on D(0,) and 0,G, = I — 11, on L*(M; E?).
Then

(4.10) L*(M; EY) = HI @ rg(Py_1) @ rg(P})
as an orthogonal decomposition. Furthermore, the canonical map
(4.11) H? — HY

s an isomorphism.

Equation (4.10) is the Hodge decomposition. Equation (4.11) is the Hodge
isomorphism.
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PROOF. The sum of the spaces in the right hand side of (4.10) is direct
because of the pairwise orthogonality of the spaces. Using I = 11, + 0,G4 =,
we have

u=gu+ P, P;_1Gyu+ PyP,Gyu
for any u € L?(M; E9). Since Gqu € D(0,), P} Gqu € DI, s0
Pq—lp(;_leu S I‘g(Pq_l).
Likewise Py PG u € rg(P;) and by defintion I1,u € H?. Thus we have equality
in (4.10).

To prove that the natural map (4.11) is an isomorphism, we will first show
that
(4.12) PGy =Gy Py, Py 1Gy=Gy 1P) .

We have
P0q = Ug1 Py, nglmq = Dq—lpt;fr
Thus Gg41P;0,Gq = Gg4+10441P;G,. Using (4.9) this becomes
Gopr BPy(I — 1) = (I — ) PG,

The left hand side is G44+1F,. Since the range of P,G, is orthogonal to HY,
the right hand side is P;G,. This and the analogous argument in the case of

Py 0, = 0,1 Py, give the formulas in (4.12). Using (4.9), these formulas

give in particular
(4.13) u=Mu+ P, 1Gy 1Py ju+ P;Gyi1Pyu.

The natural map 6 : H? — H is 0(u) = u where u = u mod rg(P,_1).
This map is injective: If §(u) = 0 then u = P,_ v for some v € Dy_;. Since
u € H? is orthogonal to P;_jv, v = 0. The map is also surjective. Suppose
now u € HY, is represented by u € ker P,. Then (4.13) gives

u=Mgu+ Py 1Gy 1Py qu,
therefore u = (I, u). Thus 6 is also surjective. O

Note that the proof only involves the degrees g — ¢, ¢, and ¢ + 1.

The Hodge decomposition also implies that rg([J,) is closed. Indeed, on the
one hand, the argument in the proof of (4.10) shows that rg(P,—1) ®rg(P;) C
rg(0,), and on the other, rg(0J) is a subset of the space orthogonal to the kernel

of the adjoint of (4.3), which is H? because (4.3) is selfadjoint.
A typical situation in which the above theorem holds is as follows:

THEOREM 4.14. Suppose there are compact operators
Qg Ru g Rr,q : L*(M; EY) — L*(M; E9)
where Qg has image in D(0y), such that
U,Qq=1—-Rry Q¢U;,=1—-RL,
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Then Theorem 4.8 holds. Furthermore H?, hence H}, is finite dimensional,
G, : L*(M; EY) — L*(M; E9) is compact and the spectrum of O, consists of
a sequence of eigenvalues of finite multiplicity without points of accumulation.

PROOF. We first show that H? is finite-dimensional. For this we use that
if bounded sets in a Banach space are precompact, then the space is finite
dimensional. Recall from Lemma 4.5 that HY is closed. Suppose then that
{ue}p2, is a bounded sequence in H9. From Q,0,u, = 0 we get up— Ry, que = 0,
that is, uy = Ry que. Since Ry, is compact, there is a subsequence {uy, }
such that {Rp que,} converges. Then {u, } converges. Thus H? is finite-
dimensional.

Next we show that 0, has closed range. Let {f;}?°, be a sequence in
rg(0,) converging in L*(M; E9) to some f. Let {uy}?°, C D(0,) be such that
Ogus = fe. We may assume up L H?. If {u,} is bounded, pass to a subsequence
{ug, } such that Ry, que, converges. Then

Qqfe, = QqUque, = ue, — Ry qua,
gives that {us, }32, converges in L?(M; E?) to some u. Since (4.3) is a closed
operator, u € D(0,) and Ogu = f. Thus f € rg(0y). If {ue} is unbounded,
replacing it with a subsequence we may assume ||u¢|| — co. The sequence with
terms vy = |lugl|"tug is bounded, the v, are orthogonal to H?, and O,v, =
|lue|| =1 fo — 0. By the previous argument there is a subsequence {vy, } that
converges to some v € D(0,). But then O,v = 0 and v L #H9, since HY is
closed. This is a contradiction. So on fact the original sequence was bounded,

and so f € rg(d,).

Now, since O, with domain D(0,) is selfadjoint and has closed range,
rg(d,) = (HO)L. Let ¢ : (H9)* — L?*(M; E9) be the inclusion map. The
restriction of O, to (H9)* is bijective, hence invertible. Let G? be the inverse
of this operator. Define
(4.15) Gy : L*(M; E9) — L*(M; E%), G,=10G,0 (I —1l,).

Then (4.9) holds. The space D(0,) with the norm defined by
ol = lfull® + 10l

is complete (a Hilbert space) and (4.3) is continuous in this norm. So G, is
continuous, Since the inclusion D(0,) — L?(M; E?) is continuous, (4.15) is
continuous. Thus the hypotheses of Theorem 4.8 are satisfied.
Finally, applying @, to both sides of O,G, = I — 11, gives
QqyGq = Qq(I —1lg) and QU,Gq = (I — RL4)G,
=)
Gq=Qq(I —IIy) + Ry 4Gy

so G4 is compact.
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The compactness of Gy and the finite-dimensionality of H¢ implies the
statement about the eigenvalues. O

When M is closed the only closed domains for the complex and its adjoint
are the maximal domains. If the complex is elliptic, then the Hodge Laplacians
are elliptic and the hypotheses of Theorem 4.15 are satisfied: In this case the @,
are pseudodifferential operators of order —2 and the Ry, 4, Rr,q are smoothing
operators.






CHAPTER IV

The Atiyah-Bott-Lefschetz formula

1. The Lefschetz number

Suppose M is closed, orientable, n-dimensional. Let f : M — M is
continuous. It induces linear maps

fg s H{(M,R) — HY(M,R)

Since the spaces H?(M,R) are finite-dimensional, fy has a well-defined trace,

and we can form
n

Ly =3 (-1)%tr¥;
q=0
This is the Lefschetz number of f.

THEOREM 1.1 (Lefschetz [9]). If Ly # 0, then f has a fized point.

To understand the theorem we turn to homology. Note first that Ly
depends only on the homotopy class of f. So we may replace f by a new
function homotopic to f but with only discrete fixed points. Then we may
take advantage of the fact that M admits a triangulation (see [3, Cairns|)
and further refine the triangulation and deform f so that it maps simplices
to simplices, and no simplex contains more that one fixed point. Let S, be
the space (over R) spanned by the simplices of the triangulation in dimension
g, let H,(M;R) be the homology space in degree R. Then f induces maps
&S, = S,, whose trace is again well defined. These maps in turn induce
maps I : Hy(M;R) — Hy(M;,R). The actual Lefschetz number is in homol-
0ogy,

n

=2 (=T

q=0
This is just (—1)"L; because of Poincare duality. In any case,

n n

D (1) el = (~1)tr £

q=0 q=0

Now, if f has no fixed point, then fJ maps a simplex of dimension ¢ to a
different simplex of dimension ¢, so the matrix of fJ with respect to the bases

29
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formed by these simplices has zeros on the diagonal. Thus the trace is 0 for all
q.

2. Lefschetz number in finite dimensional complexes

The general scheme for proving the Atiyah-Bott formula for the Lefschetz
number has some similarity with that in the finite-dimensional case. Suppose

ag—1 aq

s Qa1 S4 Sat+1
quil lfq J/f(ﬁ'l
C s ge-1 femly gq %7, ggtl

is a cochain map of a complex of finite dimensional vector spaces, with the de-
grees ¢ ranging from from 0 to m. Thus aza,—1 = 0 and each square commutes,
so we have finite dimensional cohomology spaces H? and each f, induces a map
fq : H? — H?. So we have on the one hand the trace of this map and on the
other that of f, : S9 — S9!, Assuming the complex is finite, we have

PROPOSITION 2.1.

T T

> (=) trfy = (1) trf,.

q=0 q=0

The proof will occupy the rest of this section. Fix an inner product (Her-
mitian metric if the field is C) on each S? and do Hodge theory, which works
equally well in this context. Let then h? be the kernel of 9, = a,_1a;_; +aja,,
let 7 be the orthogonal projection on h?, let g, be the Green’s operator,

048g = gqdq = I — (.
From this one gets the Hodge decomposition which is based on
(2.2) I= 7rg + 71':1r + TF;]L.

with the projections
71'2, qu 151 — S

defined by

7T2 =04-10¢-10,_1, 7T(J1' = 0,04+10q-
Thus
(2.3) ST=hlDrga, 1 Drgay.

Note that aqwé = 7qu+1aq and a;flwg = wqiflaq,l. The proof that H? and h?
are isomorphic is the same as in the case of first order differential complexes
we saw earlier.

We will first show that the maps
fo: HY = HY,  70fge : h? — b7
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have the same trace. If u € ker a, represents an element u € HY, then
flu = (71'2 + 772 + wg)fqu = wgfqu + ngqu,
the last equality because
* * 1
Wifqu = angJrlaqfqu = ang+1fq+ aqu.
Since ngqu is exact, the class f9u of f%u in HY is represented by the element

ﬂ'gfqu € h9. We see that §9, as an operator h? — h, is ﬂgfq\hq. This shows that
with the canonical isomorphism 6, : h? — HY,

0

Ogmqfqu = fqbqu.
Since 92 is an isomorphism that intertwines f¢ and myf?|pq,

trf? = trm)f9pa
as we wanted to show.

The trace of f, is the same as that of its diagonal part according to the
decomposition (2.3):
trf? = tr 7T2fq71'2 + tr ngqﬂ'g + tr ﬂijwé
Defining
e = wgfqﬂg + ngqﬂ'g + Wéfqﬂ'i

we have

q — deg L _ T g b — T oeqtlo L T g+l T — ga+1
agff = agmyfimy = myqagfimy = mo  fTagmy = wo fTT T 0 = F1 ag.

Thus the maps §¢ also define maps ¢ : H? — H?. If u € ker a,, then
0¢q. 0
flu = m fim,u+ ﬂgqugu,
so f4, as a map h? — h?, is equal to f¢. Thus
trf? = trf,%.
We will now relate 7} %7} and ﬂjﬁlqulﬂ;]hl. Using (2.2) and
-1
](qaqfl = aqflfq y 9qfg—1 = Og—18g—1, ¥ 0271 = é,la;,1
we get
il = a,_iak flag_1a;
ql g q—104-18¢]"¢—104_18q
-1
= ag-10,_109404—1f" ag_194
~1
:aq—la;—laq—lgq—lfq a;—lgq
_ boeq-1d
= a1, 1 T, _jay_ 18-

The operator

*

* .
4y 10qlrga,_, (TS 0g—1 —> Tga;
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is invertible, with inverse
. *
Gg—1lrgaz_, (TG0 —> TZAG_1.

Indeed a;—1a;_,9, = 773, which as an operator rg a,_; — rga,_ is the identity.
We conclude that
-1
tr ﬂ'gfqﬂ'g =tr ﬂ'j_lfq 7T;1L_1.

Hence
DTl =) ()t
q=0 q=0
= Z(fl)q tr ngqﬂg + Z(fl)q tr ngqwg + Z(fl)q tr Wiqué
q=0 q=0 q=0
=) (=) trmfimy + Z(—l)q tr Wi_lfq_lﬂ'g_l + Z(—l)q tr wyflmy
q=0 q=0 q=0

[
]~

0¢q. 0
(=) trm fim,

<
Rl
=]

(=) tr§e.
0

q

This completes the proof of the proposition.

In particular, for the complex associated to a triangulation of a manifold,
the Lefschetz number computed using homology. and that using the maps on
the spaces generated by the simplices is the same.

3. The Lefschetz theorem of Atiyah-Bott

Let M be a closed orientable manifold of dimension n. We will discuss the
Atiyah-Bott theorem only in the case of the de Rham complex,

(3.1) 0= C®M) L C®MA M) > -
e CRMATTIM) S O (M A M) 0.

Fix a Riemannian metric, let m be the Riemannian density on M view the
vector bundles /\q./\/l as Hermitian vector bundles using the metric. The use of
the metric is auxiliary, the result is independent of the metric.

The maps

(3.2) fi C®(MNM) = C®(M; N'M)

satisfy
do fy=fyod
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so they induce mappings in cohomology:
fq : Hip(M) = Hjp(M).
Since the cohomology spaces are finite-dimensional, the traces trf, are well

defined, and we set

(3.3) Ly=Y (=1)"trf,.
q=0
Suppose pg € M is a fixed point of f. Then f; : Ty M — T3 M, so
again trdy, is well defined. We say that pg is a simple fixed point if 1 is not
an eigenvalue of dfy,, so that det(! — f; ) # 0. The geometric meaning of this
condition will be clarified later. Let Fix denote the set of fixed points of f.

THEOREM 3.4 (Atiyah-Bott). Suppose all fized points of f are simple.
Then 1)
o (=1)9tr
L, = — - P
! §:§H®weg»

To prove this one attempts to show that

Ly=) (-1)'Tx f;
q=0

using the traces of the maps
(3.5) fr A(M; N'M) = L2 (M; N'M)
obtained by extending the maps (3.2) to the L? spaces. Unfortunately these
maps are not trace class, so this does not quite work.

The strategy will be to approximate the f; by a family {fy, : A < 0} of
operators

fixt PAM; ATM) = LM ATM)

that are trace class, then show on the one hand that

n

(3.6) Ly =) (-1)"Tr f;
q=0
and on the other, that with K, » denoting the Schwartz kernel of f7 ,
(3.7) Trfiy= / tr K4 (p, p) dm(p) — Z _ g
A7 2 Tdet(I — d)
as A — —oo. Of course we can take the parameter A to be discrete, A = —k,
keN.

We will define the operators f; in the next section and prove (3.6). In
the section after that we will prove (3.7). In the remainder of this section we
discuss the relevance of the condition that the fixed points are simple.
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Let I' € M x M be the graph of f,
I'={(p, f(p) e M x M :pe M}

and let diag(M) = {(p,p) : p € M} be the diagonal. These are submanifolds of
M x M of dimension n. The fixed points of f correspond to the points where
these two submanifolds intersect. Let (pg, po) be one such point. The condition

Tpomor + TPO,PO dla‘g(M) = TP07P0 (M X M)

says that the two manifolds intersect transversely at (pg,po). This condition
is equivalent to the condition that pg is a simple fixed point of f. To see this,

let z1,...,x, be coordinates in a neighborhood U of py in M, vanishing at
Po, let y1,...,y, be the same functions thought of as in the second copy of M
SO X1y...,TnyYl,--.,Yn are coordinates on M x M centered at (po,po). Let

fj =yj o f, so that in coordinates, the graph of f near (pg,po) is

{(x1,...,zn, fr(2),..., fu(x): 2 €U}
A basis of T, p, I is
0 ofe 0
A oA
Ouj 4 Ox;j Oy
all evaluated at py = 0, and a basis of the diagonal is
0,0
8xj Byj
The matrix of this basis with respect to the basis 0y, ,...,04,,0y,,...,0y, is
I 1
of
ox

where 0f /Ox is the Jacobian matrix of f. Transverse intersection means that
the determinant of this matrix is nonzero. But the determinant is det(9f/0x —
I).

The next aspect to understand is how this comes into the calculation of the
trace. With some more generality, suppose E, F — M are Hermitian vector
bundles and f : M — M is smooth. Recall from Section 1.4 that there is a
vector bundle f*E — M and from Lemma I.4.1 an induced map

ffiC°(ME) = C°(M; f*E).

Suppose ¥ : f*E — F'is a vector bundle morphism over the identity, so it maps
the fiber f*E, of f*E to the fiber F,, of F'. Then we can form a composition

(3.8) Vo f*: C°(M; E) = C°(M; E),
explicitly if u € C°°(M; E), then (¥ o f*)(u) is the section
(Vo f)(u)(p) = ¥(p,u(f(p)))

1
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With F' = F this is analogous to pull-back of g-forms.
The transformation (3.8) just defined has Schwartz kernel K supported on
I', the graph of f. To explain this, define the projections

M x M
(3.9) V \ﬂ?
M M

let E* — M be the dual bundle to £ — M, let EX E* — M x M be the
Whitney product of nf E and nhE. If v € C°(M;E*) and u € C®(M; E)
then v M u is the element 77 v ® mru of C*°(M x M; E* K E). Then K is the
element of C~>°(M x M; EX E*) such that

(K, v Bu) = / (0(p), (¥ o £)(u)(p))) dm(p).

for every v € C®(M;E*) and v € C°(M;E). The statement about the
support goes like this. Suppose V and U are open in M and V x U is disjoint
from I". Suppose u has support in U and v has support in V. The support of
(U o f*)u is contained in

{p' e M: f(p') € supp(u)}

If (v(p), (¥ o f*)(u)(p)) # 0, then p € suppv C V and f(p) € supp(u) C U, so
(p, f(p)) € V x U, contradicting (V x U) N T = 0.

We will now use local computations to get a formula for K. Let pg € M,
let ., p=1,...,r, be a frame of F in a neighborhood U of gy = f(py). Then

PH(f*W)(P): (p7n,u(f(p)))? ,u:]-a"'ara

is a frame of f*E in the neighborhood V = f~1(U) of pg. So if u is a section
of E supported in U, then u =) un, and

V2 Z u/z 77/L Z Uj ) f* 77/L p)

on V. Let now 6, v = 1, ...,7, be a frame of F over V. The homomorphism
¥ is given by

(f"E)p BZC“fn |—>Z Zw )6 € E,.
over V, and thus

(3.10) (Wo f*)(u Z Zw )]0, (p)

Let 6 denote the frame of E* dual to the frame 6, let v be a section of E*
supported in V, v = Y v,0” on V with smooth functions v” supported on V.
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Then
(3.11) (K,oBu) =3 /V 0, (D)0 (Pt (£ (p)) din(p)

Let n* be the frame dual to the frame 7, define dr globally on M x M as a
distribution on functions by

(3.12) (r, w) = /M w(p, £(p)) dm(p),

symbolically dr(p, p’) = do(p’ — f(p)) with §y the Dirac delta at 0. Then (3.11)
gives

(3.13) K = Zw;w;jey @ TRN" @ Op.

on V x U with smooth coefficients 1, there.

Returning to the Atiyah-Bott theorem, the problem with the traces of the
maps (3.5) becomes clear: to compute Tr Jq we need to somehow make sense
of the restriction of r to the diagonal in M x M. Recall that the fixed points
of f correspond to the points of intersection of I' and diag(M).

4. The Lefschetz number, rewritten

We return to the Lefschetz number of a smooth f : M — M defined in
(3.3). We aim at showing that

n

Ly=> (-1)"Tx fy

q=0
with some convenient interpretation of the trace of
[ P(M; ATM) — L2 (M; ATM).
The auxiliary datum is a Riemannian metric on M which we use to establish
the Hodge theory of the de Rham complex, which is elliptic. With the aid of
the Laplacian we will find continuous operators
fix i M AN M) — LAM;AN'M), A<0

which are genuinely of trace class and such that

Lf = Z(*l)q Tr f*)\.
q=0
Let A, be the Hodge Laplacian on forms of degree g, let G4 be the Green’s
operator, so
ANG,=1-1I;, GA;=1-1],
with G, mapping L*(M; /\q/\/l) into D(A,) as in the previous chapter and
II, the orthogonal projection on ker A,. Green’s operator exists since M is



4. THE LEFSCHETZ NUMBER, REWRITTEN 37

closed (and the Laplacian is elliptic). Let sp(A,) denote the spectrum of A,
(a discrete infinite subset of [0, c0) without points of accumulation), let

82 = ker(A, — (I).

Because of the ellipticity, this is a finite-dimensional subspace of C*°(M; E1?).
In particular, €f = H?. In general, if ( is not an eigenvalue, then € = {0}.
Define

IS« L2(M; A'M) — L2(M; A'M)
to be the orthogonal projection on Sg. As a special case, Hg = II;. The
resolvent of A, is

1
-1 _ ¢
(4.1) Ay —ADT= S e
Cesp(Ag)

The right hand side of this formula converges pointwise (but not in norm). If
u € L*(M; E?), then
lal® =" Tl

C€Esp(Ag)
as a consequence of Parseval’s identity. Thus

1
Z |C _ /\‘2 ”ng”2 — 0 when C’7<” — 50 with CI < CN
A¢sp(Ag)
¢<¢<c”

so the sequence of partial sums is Cauchy. The operator
(A, — A7t L2(M; EY) — L*(M; E?)

is continuous, a pseudodifferential operator of order —2 depending analytically
on A € res(A,). Its Schwartz kernel is not a function (unless n = 1). However,
the Schwartz kernel of

1
CESF’(Aq)

is continuous if £ > n/2, and in fact of class C™ if £ > n/2 + m. Thus if ¢
is large enough, (4.2) is trace class (later we’ll assume ¢ > n). We will write
K g‘ for the Schwartz kernel, omitting the reference to ¢, which will be assumed
fixed, but large enough. With such large ¢, the operator
Fin i COMEN M) = COMNTM), [y = (=N S o (Ag = A)7F

has an extension L2(M; A’M) — L2(M; A\?“M) which is trace class. The
factor (—1)¢ will eventually allow us to argue that

(—D)YA, =)t =T

as A\ — —oo in the next section to finish the proof of the Atiyah-Bott theorem.
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THEOREM 4.3. Fiz A < 0 and ¢ large enough so that (4.2) is trace class.
Then

n

Ly=> (=1)7Tr f5,

q=0

PROOF. The proof is very similar to that of Proposition 2.1. The trace of
fqx is equal to that of

fira= > Mo fr\ oIl
Cesp(Ag)
Here, for the purposes of the trace, we may view Hg ofyxo Hg indistinctly as
an operator on L2(M; A M) or on 82. We will first argue that
(4.4) Tr(I5 o fry o IS) = trf,  when ¢ =0
(where f, : H{g (M) = Hiz (M) as in Theorem 3.4), then show that

(4.5) ST(-1)ITe(IS 0 f7, 0TI =0 if ¢ > 0.
q=0

With fixed A < 0 and ¢ € U, sp(4,), let
Foc =105 0 a0 T
(where on the left hand side we omitted the reference to A). Directly from the
definitions we have
=y ’
Thus for (4.4) we just observe that the diagram

Ha Fa.0 s Ha

| lo

fa
Hjz(M) —— Hip(M)

commutes and @ is an isomorphism.
The proof of (4.5) is longer. We begin by noting that d maps Sq into 8“1
indeed

(4.6) doTl§ =113,  od
To see this, let u € €, so that Agu = (u. Since Agi1du = dAgu = d(Q)u =

(du, we have du € Sqﬂ. In particular there is a complex

(4.7) R R X 7 ¥ S AL
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defined by the operators d. Next we observe that as a consequence of (4.6) and
of the fact that do fy = fi., od,
dofyc="Tp1c04d,
as follows:
¢ * ¢y — 11¢ * ¢
do(Ilgo fyolly) =1l 0do fyollg
= Hg+1 o fgr1odo H§
- Hg+1 © fgs10 Hg+1 od.

Thus the maps {f; .}, define a cochain map

C— 821_1 —4, &t 4, 82“ —_—

(4.8) f;,l,g lf;< J{f;+17€

-*H‘ZZ_I—dH‘Zg*dHﬁZH*w--

Thus there is a Lefschetz number for the complex (4.7) defined by the
cochain map (4.8). By Proposition 2.1,

n

(4.9) D (=) Trfy .

q=0
is equal to the alternating sum of the traces of the induced operators on the
cohomology groups of the complex (4.7). However, this complex is acyclic, as
we proceed to show.
Let G4 denote, as before, the Green’s operator for A,. The formula

U= Hg + d*Ggy1du + dGy_1d*u
applied to u € €} with du = 0 gives
(4.10) u = dGq_1d*u.
because ng =0if( #0. Since d*oA; = Ay_jod*, d*u € 82_1. The operator
G4—1 is given by (4.1) with A = 0 (and ¢ — 1 in place of ¢), so G4—1 maps Eg_l
to itself. Thus G,_1d*u € Sz_l if u e €f. Hence u is exact in the complex

(4.7). Consequently, (4.9) vanishes: (4.5) holds.
This completes the proof of Theorem (4.3). O

5. Taking the limit

The next step is to determine analytically

(5.1) lim Trfi,

A——00

for any g. This will then give an analytic formula for L; via Theorem 4.3.
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We will work in the more general context described at the end of Section 3,
see (3.8) in particular. We begin by establishing a convenient formula for the
trace of an operator

A:L*(M;E) = L*(M;E)

with sufficiently smooth Schwartz kernel, at least continuous. As in Section 3,
E — M is a vector bundle with Hermitian metric » and m is a smooth positive
density on M. The inner product on L?(M; E) is given by

() = [ y(ule).o(p)) dmio)
Let K be the Schwartz kernel of A. Thus
K e CYM x M; ER E¥)

(see (3.9) for the notation) and
P = [ Ko/ yulp) dm(p), € C=(M; )

where (for fixed p), k(p,p")u(p’) € E, means the pairing of the right factor
of K(p,p') € E, ® E, with u(p’) € Ep. In particular K(p,p) € E, ® Ej.
But the latter space is isomorphic to Hom(E,, E,), so we can define tr K (p, p).
Since we are assuming K is smooth enough, this gives a continuous function
p — tr K(p,p). Thus one has the following well known formula which we will
prove for the sake of completeness:

LEMMA 5.2. Let v : M — M x M be the diagonal map, t(p) = (p,p), let
tr: Hom(E, E) — E be the fiberwise trace map. The trace of A is

Tr(A) = /M tr* K (p) dm(p).

We fix some notation before proving the lemma. Let P : C*®(M; E) —
C>*(M; E) be a differential operator of order 2, elliptic and positive: (Pu,u) >
0 for all u € C*°(M; E). The spectrum of P is discrete since M is compact
and P is elliptic, and nonnegative, since P is positive. In the proof of the
lemma, also later, we will use an orthonormal basis {¢5}72, of eigenvectors
of P. In the lemma this is just for specificity; the trace is independent of the
orthonormal basis.

Proor. The trace of A is

63 (000 = 3 [ bl [ K)o dmz),on(0) dmo).
k

k
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‘We have
/Kpp Yo (') dm(p'), i (p /h (0, 7)), 61 (p)) dm(p')

= [ 5ol 0. 1),00(0) din(p)] 00

where the first equality uses the continuity of the inner product and the con-
vergence of the Riemann sums of the integral. In the second equality, the
integral of h, (K (p, o )7¢k(p)) yields an element of E}, which is then paired
with ¢i(p’) € Ep; the result is a scalar (depending on p’) which we can inte-
grate as we do next. Replacing in (5.3), changing the order of integration and
commuting the sum and an integral we get

G4 Y (Aonen = [ Z/ P), 6x(p)) dm(p)] 61 (') dim(p)

The integral in brackets is the k-th Fourier coefficient of K (-, p") with respect
to the basis ¢g. Thus

=S ) @ [ (K@ 0), ok (")) dm(p")
;k / ), 6(0")

for any (p,p’) € M x M, and in particular
(5.5) K(p,p)=> ¢x(p)® /h:v (K(®",p), or(p")) du(p").
k

The integrand in (5.4) is obtained from this by pairing the left factor of
K(p,p) € E, ® E, with its right factor. Let n,...,n, be a frame of E over
some open set, let n',...,n" be the dual frame. Then

p) =Y L (p)n(p) @ n"(p)
and the pairing is ZH LK (@)n*(p) (171, (p)) = >, kL(p) = tr K(p,p). Using this
in (5.5) yields

TrA= /M tr K (p, p) dm(p).
|

Before continuing we will discuss the continuity of the Schwartz kernel of
Ay = (P — X\)~% when ¢ is large enough; here and below we assume A < 0.
Thus

(5.6) A=Y (=V)* e, i<o.
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The notation follows the one used in (4.2). With the orthonormal basis intro-
duce above and letting (i be the corresponding eigenvalues we have

(5.7) A=YV g6
: A DY s Ok )Pk

for v € C*°(M; E). Recall that A < 0. We do not include ¢ in the notation for
this operator because it is some fixed sufficiently large integer. Let 5, : E}, — EJ
denote the operator such that

hp(a,b) = (3,(b), a).
Clearly, j, is conjugate-linear and by the Riesz representation theorem, it is sur-
jective. We use this to define a Hermitian metric on £ so that hy(jpu, j,v) =
h(v,u) if u,v € E,. If v is a section of E, then p — 7,(v(p)) is a section of E*
which we denote J(v). With this notation we have

(U, ¢k) = /<J(¢k)a U’) dm(p)

and so the the Schwartz kernel of Ay in (5.7) is

(5.8) Ky=Y_ (_7)\)[71'*(% ®r J(Pk)
—~ (Ge— AT R

with convergence in C~°(M x M; EX E*).

We will now determine the regularity of K. From Weyl’s estimate we have
Ck ~cok?™  ask — oo

for some cq, see Seeley [12, p. 291]. Since P is elliptic positive of order 2, we
can define the L?-based Sobolev spaces of sections of E, H*(M; E), using the
norm

lulls = [I(A +1)*"u]
where the norm on the right is that of L?(M; E). From the Sobolev embedding
lemma we have that H*(M; E) C C™(M; E) if s > n/2 + m with

[ullem < csmllulls
for some c,. Here
[ullco = sup 4/hy(u(p), u(p))
pEM

while for m > 0 we use some connection to differentiate u and the compute the
maximum of the pointwise norms. The Sobolev estimate gives in particular

16xllco < sm(L+Cr)*?

|7k @ TR J(Br)lco < C(1+ G)*
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with some constant C > 0. Thus

¢
| e 9 30| o < O+ G =" ~ CRE=0m

(G —A)
for A < —1. If s=n/2+¢, ¢ > 0, then the uniform convergence of the series
(5.8) will be guaranteed if £ > n + . We will assume ¢ satisfies this condition.
Note in passing that the pseudodifferential operator (A+1)~¢ is of order —2¢',
so the condition ¢’ > n/2 is sufficient to get the continuity of K; nevertheless
we will assume ¢ > n to ensure convergence of the series.

As should be expected, K converges in C~*°(M x M; E K E*) to the
Schwartz kernel of the identity map, which is supported on the diagonal. We
shall omit the details of the proof of this fact.

Let now f : M — M be smooth, let ¥ : f*E — E be a homomorphism.
Then as discussed in Section 3, we have an induce map Vo f*: C*®(M; E) —
C>®(M; E), see (3.8), whose Schwartz kernel is supported on the graph I" =
{(p, f(p)) :p € M} of f.

Using the orthonormal basis {¢;}. Let v € C*(M; E), v =", (v, dr)Pr-
Then

(Vo fu)p) =D (0,81 (¥ o f*)(¢r)(p) = (Yo [*)(dw)(p) © I di,v),

k k
thus the Schwartz kernel of W o f* is

Kuop- = i (¥ o f*)(dr) ® 7 J .
Using the last version of Kyos+, the Schwartz kernel of Ay o [¥ o f*] is thus

RRY
Kyopep= Y Z(é_/\/)\)ﬂfﬂg((‘I’Of*)(m))@WﬁMh

(espP k

The supremum of the pointwise norms |[TI¢ ((¥ o f*)(¢x)) (p)|| can be estimated
as we did above just for the ¢y. This will give the uniform convergence of the

series for any A < 0, so Kyos+ ) is continuous. Thus we can take the trace of
Ayo[Po f*:

Tr(Ayo[To f*]) = /M tro* Ko« A(p) dm(p).

Furthermore Kyof+ x converges in C~*°(M x M;E X E*) to the Schwartz
kernel of W o f*  which is supported on I'. In particular the restriction of
t*Kgog+x — 0 to the complement of Fix converges to 0.

PROPOSITION 5.9. Assume that the fized points of f are simple. Then the
sections V*Kyof+ » of E® E* converge in C~°(M;E x E*) as A = —o0 to a
distribution supported on Fix.

The important statement is the convergence of ¢* Ko+ .
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PROOF. The operator ¥o f* is a Fourier integral operator associated with
A, the complement of the zero section of the conormal bundle to I'. Since Ay
is pseudodifferential operator, also Ay o [¥ o f*] is a Fourier integral operator
associated with A. As A = —oo, Ay — I s0 Kyos+x — Kyos- in the space
Cy (M x M; EX E*), the space whose elements are generalized sections of
with wavefront set contained in A (see [5, Guillemin-Sternberg, p. 333] for the
definition). The fact that the fixed points of f are simple is equivalent to the
condition that A is disjoint from N*(diag) \ 0. It follows from Proposition 3.7
in [5] that ¢*Kyos+ converges in C.F(M; E® E*). (The statements in [5] use
projective wavefront set, but our use here is valid.) O

We now identify ¢*Kyop-. To this end we will rewrite Kyos+ along the
lines of (3.13).

Giving the homomorphism ¥ : f*E — FE is the same as giving a homo-
morphism from the part of 7 E/ over I' to the part of n{ E also over I':

U mrEr — 71 Er.
Namely giving the linear map ¥(p, f(p)) : (f*E)p — E, is the same as giving
the map \il(p, f(p)) : E¢py — Ep. Extend ¥ to a smooth homomorphism
U mmE — L E.

and let ¥ also denote the section of F X E* this extension induces. Then the
Schwartz kernel of W o f* is

(5.10) Ko =W @ dp

where dr is given by (3.12).
It follows that txk_ ofr =U'¥® 9. But we have already determined that

= 3 [

peFix
Thus

THEOREM b.11. If f has only simple fived points then

lim L*]quof* —_ \i’ ® (51,

A——oo A Z |det dfp — 1)
in C~°(M; E® E*). Consequently

li Ko 1
ASTL T Kwora pezF:lx | det( dfp—f)|L e

and so

hm Ayo[Wo f Z
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Applied to specific case of (5.1) we conclude

1 *
hm Trqu Z mL trdf(p)

peFix

Since
n

L= (~1)"Tr f;
q=0
is independent of A,

Ly= ) Z mb*trdﬂp)-

peFix qg=0
With this we have completed the proof of Theorem 3.4
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