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Preface

The aim of this short course is to give a sense of the main ideas underlying
Hodge theory and the Atiyah-Bott formula for the Lefschetz number.

Throughout the three lectures, the underlying differential-topological ob-
jects will be a compact manifold M without boundary, vector bundles Ek →
M, and an elliptic complex

(†) C∞(M;E0)
P0−→ C∞(M;E1)

P1−→ · · · Pm−1−−−−→ C∞(M;Em)

of first order differential operators. Precise definitions will be given in time
throughout the lectures as needed. We give here a brief outline of the topics,
and later, details about each.

The Ek are vector bundles overM, which means they are, locally, products
U × Cdk with U ⊂ M open. Also locally, C∞(M;Ek) consist of functions
ϕ : U → Cdk , and the Pk are matrices of first order partial differential operators.
That (†) is a complex means that Pk+1 ◦ Pk = 0 for all k. It therefore has
associated cohomology spaces,

Hk
E(M) = rgPk−1/ kerPk.

They represent the failure of being able to solve Pkψ = ϕ when Pkϕ = 0.
Each space C∞(M;Ek) will have an inner product with respect to which

one can construct the adjoint P ∗
k : C∞(M;Ek+1)→ C∞(M;Ek) of Pk. Ellip-

ticity of the complex means that the operators □k = Pk−1P
∗
k−1 +P ∗

kPk satisfy
the inequality

∥ϕ∥2 ≤ C(∥□kϕ∥0 + ∥ϕ∥0)
for some C. Here ∥ϕ∥2 means the sum of the norms of all derivatives of ϕ up
to second order. The norms on the right are with the inner product itself.

Examples of elliptic complexes are the de Rham complex (closely related
to the topology ofM) and the Dolbeault complex in complex geometry. I plan
to give other examples subject to time constraints.

Assuming ellipticity of the complex, Hodge theory establishes that Hk
E(M)

is canonically isomorphic to ker□k. (By general elliptic theory the kernel is
finite-dimensional.) Furthermore, one has the Hodge decomposition

C∞(M;Ek) = ker□k ⊕ Pk−1C
∞(M;Ek−1)⊕ P ∗

kC
∞(M;Ek+1)
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ii PREFACE

which is an orthogonal decomposition.

The classical Lefschetz formula involves a continuous map f : M → M
with which one defines the Lefschetz number, Lf , of f . This number is an
invariant of the homotopy class of f . For the purposes of this outline, Lf
can be defined when f is smooth and the the complex (†) is the de Rham
complex. In this case, f induces maps f∗ : C∞(M;Ek) → C∞(M;Ek) such
that dfk = f∗d, so maps

fk : Hk
dR(M)→ Hk

dR.

Then Lf =
∑n
k=0(−1)k tr(fk). The relevancy of the Lefschetz number lies in

that Lf ̸= 0 implies f has a fixed point.

The lectures will begin with recalling the de Rham and Dolbeault com-
plexes, thus ensuring some concreteness to what will follow. Additional back-
ground will be provided throughout the lectures as needed. The plan for the
main topics is to first discuss Hodge theory, then the Lefschetz number. In
the last lecture we will prove a theorem of Atiyah and Bott that gives a for-
mula for the Lefschetz number of f in the special case that Γ(f) ⊂ M×M,
the the graph of f , intersects the diagonal ∆ ⊂ M ×M transversely. The
formula involves restricting a distribution supported on Γ(f) to ∆, which is a
good opportunity to exhibit the usefulness of the notion of wave front set of a
distribution. The proof of the Atiyah-Bott formula for the Lefschetz number
uses Hodge theory.
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CHAPTER I

Vector bundles, differential operators

1. Vector bundles

In the following we assume all manifolds are paracompact and they and all
maps are of class C∞. Let M be a manifold, let F be either R or C. A vector
bundle overM of rank r is the datum of
(a) a manifold E and a map ρ : E →M;
(b) an open cover U = {Uα}α∈A of M and, for each α ∈ A, bijective maps

Φα : ρ−1(Uα)→ Uα × Fr

such that
ρ−1(Uα) Uα × Fr

Uα

Φα

ρ|ρ−1(Uα)
ρα

commutes, where ρα : Uα × Fr → Uα is the canonical projection;
(c) for each α, β ∈ A with Uα ∩ Uβ ̸= ∅, the map

Φαβ(p) : Fr → Fr.
obtained from

Φα ◦ Φ−1
β (p, z) : (Uα ∩ Uβ)× Fr → (Uα ∩ Uβ)× Fr,

Φα ◦ Φ−1
β (p, z) = (p,Φαβ(p)(z)),

is linear.
The functions Φα are called local trivializations of E, and E is said to be trivial
over Uα. The maps

(1.1) Φαβ : Uα ∩ Uβ → Aut(Fr)
are called transition functions. They satisfy

(1.2)
for all α, β, γ ∈ A, for all p ∈ Uα ∩ Uβ ∩ Uγ :

Φαα(p) = I , Φαβ(p) ◦ Φβγ(p) ◦ Φγα(p) = I , Φαβ(p) = Φ−1
βα(p)

Inverse and composition refer to the operations in Aut(Fr), and I refers to the
constant map p 7→ I ∈ Aut(Fr). One often says that E is a vector bundle over
M and leaves ρ and the trivializations implicit.

1



2 I. VECTOR BUNDLES, DIFFERENTIAL OPERATORS

If F = R, the vector bundle is a real vector bundle, if F = C then it is a
complex vector bundle. If r = 1, the bundle is said to be a (real or complex)
line bundle. The manifold E is the total space of the vector bundle.

The trivial vector bundle of rank r isM×Fr with the canonical projection.
Any vector bundle E →M which is isomorphic to the trivial bundle (trivialized
by a single trivialization E →M× Fr) is also called trivial.

The set Ep = ρ−1(p) is the fiber of E over p ∈ M. The trivializations
determine vector space structures on each fiber, as follows. The trivializations
are of the form

(1.3) Φα = (ρ, ϕα), ϕα : ρ−1(Uα)→ Fr.
The maps

(1.4) ϕα|Ep
: Ep → Fr

are bijective. Let p ∈ M, let Φα be a trivialization of E near p (i.e., p ∈ Uα).
If η1, η2 ∈ Ep and a ∈ F, then aη1 + η2 is defined to be the element η ∈ Ep
such that if Φα(ηi) = (p, zi), i = 1, 2, then

Φα(η) = (p, az1 + z2).

This definition of a vector space structure on Ep is independent of the trivial-
ization chosen: if Φβ(ηi) = (p, z′i), i = 1, 2, and Φβ(η

′) = (p, az′1 + z′2), then
η′ = η since Φαβ(p) is linear:

Φαβ(p)(az
′
1 + z′2) = aΦαβ(p)(z

′
1) + Φαβ(p)(z

′
2) = aΦα(η1) + Φα(z2) = Φα(η)

The maps (2.4) are vector space isomorphisms.

Suppose E and F are vector bundles over M. A map a : E → F is a
vector bundle homomorphism (covering the identity) if for each p, a(Ep) ⊂ Fp
and a|Ep

: Ep → Fp is linear. The map a is an isomorphism if it is bijective
(the inverse is automatically smooth). The vector bundles E and F are called
isomorphic if there is an isomorphism between them. Usually one does not
distinguish between isomorphic vector bundles.

More generally, if E →M and F → N are vector bundles,
a vector bundle morphism from ρE : E →M to ρF : F → N
is a pair of maps (a : E → F, f :M→N ) such that ρF ◦ a =
f ◦ ρE with linear a(p) : Ep → Ff(p). The map a is said to
cover f . With this definition of morphism one has a category
whose objects are vector bundles and whose morphisms are
vector bundle morphisms.

E F

M N

a

ρE ρF

f

If E,F →M are vector bundles overt he same manifold, then a homomor-
phism ψ : E → F is a morphism covering the identity M → M. The space
of homomorphism E → F , denoted Hom(E,F ), is a vector space over F (and
a ring over C∞(M)). If F = E we just write End(E) and call its elements
endomorphisms. The subset of bijective maps is Iso(E).



2. SPACES OF SECTIONS 3

2. Spaces of sections

Let ρ : E →M be a vector bundle of rank r. A section of E over U ⊂M
is a map σ : U → E such that ρ ◦ σ = IU . Since E is a manifold, it makes
sense to talk about continuous sections, and if U is an open subset of M or
more generally a submanifold, it also makes sense to say that σ is of class
Cm on U . Explicitly, a section σ : U → E is Cm if for every trivialization
Φα = (ρ, ϕα) : ρ

−1(Uα)→ Uα × F as in (2.3), the map

(2.1) U ∩ Uα ∋ p 7→ ϕα(σ(p)) ∈ Fr

is Cm.
If U is open, the set of Cm sections of E over U is denoted by Cm(U ;E|U )

and the set of sections of E over M by Cm(M;E). We will usually consider
C∞ (i.e., smooth) sections. Observe that a section σ over U is smooth if and
only if for any trivialization Φα, Φα ◦ σ is smooth where defined.

Suppose U is open. If σ1, σ2 ∈ Cm(U ;E|U ) and f ∈ Cm(U,F), then
p 7→ f(p)σ1(p) + σ2(p) is defines a section fσ1 + σ2 ∈ Cm(U ;E|U ). If σ is
a section of E and f is a Cm function on U with values in F, then fσ is the
section defined by (fσ)(p) = f(p)σ(p). Thus Cm(U ;E|U ) is a vector space over
F as well as a module over the ring Cm(U,F ).

Let U ⊂ M be an open set. An element σ ∈ Cm(M;E) vanishes on U
if σ(p) = 0 (the 0 element of Ep) for everyp ∈ U . The support of σ is the
complement largest open set on which σ vanishes. Equivalently, suppσ is the
closure of {p : σ(p) ̸= 0}. The space of compactly supported Cm sections is
C∞
c (M;E).

A frame for E over an open set U ⊂ M is the datum of r sections
η1, . . . , ηr ∈ C∞(U ;E|U ) such that at every p ∈ U , the vectors η1(p), . . . , ηr(p)
form a basis of Ep. If E admits a frame over the set U , then E is said to be
trivial over U . If U is one of the open sets Uα, then one gets a C∞ frame
η̃αµ by setting η̃αµ (p) = Φ−1

α (p, eµ) where the eµ ∈ Fr form the canonical ba-
sis. If η1, . . . , ηr is a C∞ frame over the open set U , then for each p ∈ U
every element η ∈ Ep can be written uniquely as η =

∑
µ a

µηµ(p). The map
Φ : ρ−1(U) → U × Fr defined by Φ(η) = (p, (a1, . . . , ar)) is C∞ and is also
called a trivialization of E over U . That such Φ is C∞ is proved by showing
that Φ ◦ Φ−1

α is C∞ for any α, as follows. Since each ηµ is C∞, the map

p 7→ Φα(ηµ(p)) = (p, bµ(p))

is C∞, that is, bµ : U → Fr is C∞. Writing bµ =
∑
ν b

ν
µeν we see that

ηµ(p) = Φ−1
α (p, bµ(p)) =

∑
ν b

ν
µ(p)η̃

α
ν (p). This gives a formula for the ηµ in

terms of the η̃αν . Since both the ηµ and the η̃αν give bases at every point of
U ∩Uα, the matrix [bµν ] is invertible, and the inverse is necessarily of class C∞.
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Let c = [cµν ] be this inverse, so η̃αµ =
∑
ν c

ν
µην . Then

Φ ◦ Φ−1
α (p, z) = Φ(

∑
µ

zµη̃αµ (p)) = Φ(
∑
ν

(
∑
µ

cνµ(p)z
µ)ην(p)) = (p, c(p)z)

which is C∞.
If η1 . . . , ηr is a frame of E in a neighborhood U of p0 and χ ∈ C∞

c (U) is
such that χ(p) = 1 for p near p0, then the sections χηµ, µ = 1, . . . , r form a
frame near p0. These sections, extended as 0 to M\ U , are smooth, globally
defined, and a frame near p0.

The space Cm(M;E) is given a topology by declaring that a sequence
{σk}∞k=1 converges to σ if, with the notation of (3.1), the maps p 7→ ϕα(σk(p))
converge in U ∩ Uα in the the Cm topology.

For Hodge theory we will need L2 spaces of sections of vector bundles. To
define it for a given vector bundle ρ : E → M, the needed ingredients are an
inner product on E (Hermitian in the case of a complex vector bundle) and a
smooth density onM. We begin with the latter.

A smooth density on M is a measure m on the Borel subsets of M with
the property that for every choice of local coordinates x1, . . . , xn on M there
is a smooth positive function g defined on the domain of the chart such that
m = g dx1 dx2 · · · dxn.

Assuming E is a complex vector bundle, a Hermitian metric on E is
the specification of a Hermitian inner product hp on each fiber Ep with the
condition that for every smooth local frame η1, . . . , ηr, the functions p 7→
hp

(
ηµ(p), ην(p)

)
are, for all µ, ν, smooth on the domain of the frame. Thus, if

η, φ ∈ Cm(M;E), then the map p 7→ hp(η(p), φ(p)) is Cm.
Fix the smooth density and inner product on E. Then C∞

c (M;E) is a
pre-Hilbert space with inner product

(η, φ) =

ˆ
hp(η(p), φ(p) dm(p)).

Its completion is L2(M;E).
IfM is not compact, then L2(M;E) depends very strongly on the density

and metric. But ifM Is compact, then L2(M;E) is well defined as a topological
vector space. All inner products as above become equivalent.

3. Pull back

Suppose given a map f : N → M and a vector bundle
ρE : E → M. Then one can form a new vector bundle,
denoted f∗E → N as follows. The total space is

{(q, η) ∈ N × E : f(q) = ρ(η)},

f∗E E

N M

ρf∗E ρE

f
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the projection map ρf∗E : f∗E → N is

ρf∗E(q, η) = q

and if Φα = (ρ, ϕα) : ρ
−1(Uα) → Uα × Fr is a trivialization of E → M, then

the map
f∗Φα : ρ−1

f∗E(f
−1(Uα))→ f−1(Uα)× Fr

given by
f∗Φα(q, η) = (ρf∗E(q, η), ϕα(η))

is a trivialization of f∗E.
This construction will be used in various places, especially when defining

the principal symbol of a differential operator, which will be a homomorphism

π̇∗E → π̇∗F

where π̇ : Ṫ ∗M→M is the canonical projection, Ṫ ∗M the cotangent bundle
minus the zero section, ad later in the discussion of the Lefschetz number.

Lemma 3.1. Suppose given a vector bundle ρE : E → M and a map
f : N →M. Then there is an induced map

f∗ : C∞(M;E)→ C∞(M; f∗E)

given by
(f∗u)(q, η) = (q, u(q)), q ∈ N , u ∈ C∞(M;E).

4. Differential operators

Let E,F →M be vector bundles. We will define linear partial differential
operators P : C∞(M;E)→ C∞(M;F ) inductively on the order.

Definition 4.1. P is of order k < 0 if it is the 0 operator. Once the class
Diffk(M;E,F ) of differential operators of order k ∈ N has been defined, we let
Diffk+1(M;E,F ) be the space of linear maps P : C∞(M;E) → C∞(M;F )
such that

for all f ∈ C∞(M) : C∞(M;E) ∋ u 7→ P (fu)− fP (u) ∈ C∞(M;F )

is of order k. We will write [P, f ](u) = P (fu)− fP (u).

For example, of P is of order 0, then for any f ∈ C∞(M),

u 7→ P (fu)− fP (u)
is of order −1, so it vanishes: P (fu) = fP (u) for any f and u.

Example 4.2. The de Rham differential

d : C∞(M;
∧qM)→ C∞(M;

∧q+1M)

is a first order linear differential operator in the sense of the definition. Indeed,
linearity is clear. And if u is a q-from and f a smooth function, then d(fu) =
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fdu+ df ∧ u gives that u 7→ [d, f ](u) = d(fu)− fdu = df ∧ u. The latter is of
order 0: if g is a function, then

[d, f ](gu)− g[d, f ](u) = df ∧ (gu)− gdf ∧ u = 0.

Example 4.3. A connection on the vector bundle E → M is a linear
operator

∇ : C∞(M;E)→ C∞(M;E ⊗ T ∗M)

such that

∇(fu) = f∇u+ u⊗ df, f ∈ C∞(M), u ∈ C∞(M;E)

Since u 7→ ∇(fu)− f∇u = u⊗ df is of order 0, ∇ is of order 1.

Example 4.4. Let E →M be a complex vector bundle of complex rank
r. Let

∇ : C∞(M;E)→ C∞(M;E ⊗ T ∗M)

be a connection. Define

∇q : C∞(M;E ⊗
∧qM)→ C∞(M;E ⊗

∧q+1M)

by ∇0 = ∇ and

if u ∈ C∞(M;E) and α ∈ C∞(M;
∧qM), then

∇q(u⊗ α) = (∇0u) ∧ α+ u⊗ dα
That this works follow from the fact that if f isa nonvanishing function, then
the computation of ∇(η′ ⊗ α′) with η′ = f−1η and α′ = fη via the formula
yields the same section as computing with η and α;

∇(η′ ⊗ α′) = ∇(η ⊗ α)

Then ∇q is a differential operator of order 1. To see this, let f be a function.
Keeping the above notation,

∇q(fu⊗ α) = f(∇0u) + u⊗ d(fα) = f((∇0u) ∧ α+ u⊗ dα) + u⊗ df ∧ α
= f∇q(u⊗ α) + u⊗ df ∧ α.

Since u ⊗ α 7→ u ⊗ df ∧ α is of order 0, ∇q is of order 1. The above formula
also gives: if w is a section of E ⊗

∧qM and f is a function, then

∇q(fw) = f∇q + (−1)qw ∧ df.

With this formula we have:

∇q+1∇q(fw) = f∇q+1∇qw + (−1)q+1∇q ∧ df
+ (−1)q(∇qw) ∧ df + (−1)2q+1w ∧ ddf

= f∇q+1∇qw
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so ∇q+1∇q is of order 0. In particular, ∇1 ◦∇0 is defined by a homomorphism

Ω : E → E ⊗
∧2M.

This is the curvature of the connection. In general, ∇q+1 ◦∇q is the homomor-
phism Ω : E⊗

∧q → E⊗
∧q+2M defined by u⊗α 7→ Ω(u)∧α. Thus if Ω = 0,

then ∇q+1 ◦ ∇q = 0 for all q.

Lemma 4.5. A linear operator P : C∞(M;E) → C∞(M;F ) is a differ-
ential operator of order 0 iff there is a homomorphism ψ : E → F such that
P (u)(p) = ψ(u(p)) for every u ∈ C∞(M;E) and p ∈M.

Proof. Suppose ψ ∈ Hom(E,F ) and let P be defined by P (u)(p) =
ψ(u(p)). If f is a function, then

P (fu)(p) = ψ(f(p)u(p)) = f(p)ψ(u(p)) = f(p)P (u(p))

so P (fu) = fP (u), and thus P os of order 0.
To prove the converse we first show that suppP (φ) ⊂ supp(φ) for any

φ ∈ C∞(M;E). Indeed, suppose φ ∈ C∞(M;E) vanishes near some p0 and
let χ ∈ C∞(M) be such that χ = 1 on supp(φ) and χ(p) = 0 for p near p0.
Then φ = χφ and so

P (φ) = P (χφ) = χP (φ)

so P (φ) vanishes on the support of χ.
Next, let η1, . . . , ηr ∈ C∞(M;E) form a frame in a neighborhood of p0.

For an arbitrary u ∈ C∞(M;E) we have

u =
∑
µ

ũµηµ

in a neighborhood U of p0. Suppose χ ∈ C∞(M) is supported in U and equal
to 1 near p0. Then

u = χu+ (1− χ)u =
∑
µ

χũµηµ + (1− χ)u,

that is,

(4.6) u =
∑
µ

uµηµ + φ

with uµ = χũµ ∈ C∞(M) and φ = (1 − χ)η ∈ C∞(M;E) vanishing near p0.
From

P (u) =
∑
µ

uµP (ηµ) + P (φ).

we get P (u)(p) =
∑
µ a

µ(p)P (ηµ)(p) when p is near p0. Define ψp : Ep → Ep
for p near p0 by

ψp(
∑
µ

aµηµ(p)) =
∑
µ

aµP (ηµ)(p).
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This defines ψ near p0. The construction at other points gives local definitions
that will agree on overlapping domains. □

Lemma 4.7. Suppose P ∈ Diffk(M;E,F ). If f1, . . . , fk+1 ∈ C∞(M) all
vanish at p0, then P (f1 · · · fk+1u) vanishes at p0 for every u ∈ C∞(M;E).

Proof. Proof by induction. If k = 0 and f1 vanishes at p0, then

P (f1u)(p0) = f1(p0)P (u) = 0.

Suppose the statement has been proved for k − 1, let P be of order k and let
the fj , j = 1, . . . , k + 1 be as in the statement of the lemma. Since

[P, fk+1](u) = P (fk+1u)− fk+1P (u)

is of order k − 1, the induction hypothesis gives that

[P, fk+1](f1 · · · fku)(p0) = 0.

Therefore

P (f1 · · · fk+1u)(p0) = [P, fk+1](f1 · · · fku)(p0) + fk+1(p0)P (u)(p0) = 0.

□

Corollary 4.8. Let P ∈ Diffk(M;E,F ). If φ ∈ C∞(M;E) vanishes on
an open set U ⊂ M, then P (φ) vanishes on U . Thus, if ψ,φ ∈ C∞(M;E)
and ψ = φ on an open set U , then P (ψ) = P (φ) on U .

The following proposition combines the lemma and the corollary to give
the link to a more traditional version of differential operator.

Proposition 4.9. Let x = (x1, . . . , xn) be coordinates in a neighbor-
hood U assumed to be a coordinate ball. Let η1, . . . , ηr be smooth global sec-
tions which form a frame of E on U . Let E,F → M be vector bundles,
P ∈ Diffk(M;E,F ). If u ∈ C∞(M;E) is given by

(4.10) u =
∑
µ

uµηµ + φ

with smooth uµ and φ, the latter vanishing near p0, then

P (u)(p) =
∑
µ

∑
|α|≤k

1

α!

∂αuµ

∂x|α|
(p)P (ηµ,α)(p) when p is near p0,

where the ηµ,α are certain global sections independent of u.

Proof. Any u can be expressed as in (5.10) using the argument leading
to (5.6). The Taylor expansion of uµ centered at p to order k with remainder
of order k + 1 is

uµ(p′) =
∑
|α|≤k

1

α!

∂αuµ

∂x|α|
(p)(x(p′)− x(p))α +

∑
|α|=k+1

ũµα(p
′, p)(x(p′)− x(p))α.
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Let χ ∈ C∞
c (U) be equal to 1 near p0. Using uµ = χuµ + (1− χ)uµ get

uµ(p′) =
∑
µ

∑
|α|≤k

1

α!

∂αuµ

∂x|α|
(p)χ(p′)(x(p′)− x(p))α

+
∑

|α|=k+1

ũµα(p
′, p)χ(p′)(x(p′)− x(p))α + (1− χ(p′))uµ(p′)

in which each term is viewed as globally defined (p′ ∈M); the factors ∂αx uµ(p)
are constants depending on p. Using this expression for uµ in (5.10) and ap-
plying P we get

(4.11) P (u) =
∑
µ

∑
|α|≤k

1

α!

∂αuµ

∂x|α|
(p)P (χ(p′)(x(p′)− x(p))αηµ(p′))

+
∑

|α|=k+1

P (ũµα(p
′, p)χ(p′)(x(p′)−x(p))αηµ)+P ((1−χ(p′))uµ(p′)ηµ(p′))+P (φ).

All terms in the second line vanish when evaluated at p where χ(p) = 1, the
remainder because of Lemma 5.7 and the last two because of Corollary 5.8.
Thus

P (u)(p) =
∑
µ

∑
|α|≤k

1

α!

∂αuµ

∂x|α|
(p)P (ηµ,α)(p)

with ηµ,α(p′) = χ(p′)(x(p′)− x(p))αηµ(p). □

Continuing with the notation of the proposition and its proof, suppose
θ1, . . . , θs ∈ C∞(M;F ) give a frame of F near p0. Then

1

α!
P (ηµ,α)(p) =

∑
ν

aνµ,α(p)θν(p)

for p near p0 with some functions aνµ,α. With this,

P (u) =
∑
µ,ν

∑
|α|≤k

aνµ,α
∂αuµ

∂x|α|
θν .

Letting v be smooth, defined near p0 and defining

P νµ (v) =
∑
|α|≤k

aνµ,α
∂αv

∂x|α|

as a scalar differential operator, we have

P (
∑

uµηµ) =
∑
ν,µ

P νµ (u
ν)θν

So using frames we see that P is a matrix of scalar differential operators.

Corollary 4.12. Let P ∈ Diffk(M;E,F ). Then suppP (φ) ⊂ suppφ for
every φ ∈ C∞(M;E).
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Proposition 4.13. Let E,F,G→M be vector bundles. If P ∈ Diffk(M;E,F )

and Q ∈ Diffℓ(M;F,G), then QP ∈ Diffk+ℓ(M;E,G).

Proof. Let f ∈ C∞(M). If u ∈ c∞(M;E), then

[QP, f ](u) = QP (fu)− fQP (u) = Q(fPu+ [P, f ](u))− fQP (u)
= fQPu+ [Q, f ](Pu) + [P, f ](u)− fQP (u) = [Q, f ](Pu) + [P, f ](u)

Here [Q, f ] is of order ℓ − 1 and [P, f ] is of order k − 1. Using induction, the
above is of order k + ℓ− 1, so QP is of order k + ℓ. □

Suppose now that E and F are complex vector bundles with Hermitian
metrics and m is a smooth positive density on M. If P ∈ Diff(M;E,F ) and
u ∈ C∞

c (M;E), then u ∈ C∞
c (M;F ). So we can use the pre-Hilbert structures

on these spaces of sections to define the formal adjoint P ⋆ of P :

(Pu, v) = (u, P ⋆v), u ∈ C∞
c (M;E), v ∈ C∞

c (M;F )

The operator P ⋆ is uniquely determined by this condition.

Lemma 4.14. If P ∈ Diffk(M;E,F ), then P ⋆ ∈ Diffk(M;F,E).

Proof. Let f be some function. The formal adjoint of

u 7→ −[P, f ](u) = fPu− P (fu)
is

v 7→ [P ⋆, f ](v) = P ⋆(fv)− fP ⋆v.
If P is of order 0, then [P, f ] = 0 so [P ⋆, f ] = −[P, f ]⋆ = 0 and thus P ⋆ is of
order 0. Once it has been proved that the adjoint of an operator of order k− 1
is of order k − 1, the above gives that P ⋆ is of order k if P is of order k. □

5. Principal symbol, ellipticity

Again let E,F → M be vector bundles and P ∈ Diff(M;E,F ). Using
frames we see that P is a matrix of scalar differential operators of order at most
k, and using this we see that if f is a function then for any u ∈ C∞(M;E)

R ∋ τ 7→ e−iτf(p)P (eiτfu)(p) ∈ Fp
is a polynomial of degree k in τ with values in Fp. The leading coefficient
depends on f only through the value of df at p, and on u only through its value
at p and furthermore is linear in u(p). This is the principal symbol of P at
df(p) evaluated at η(p):

Definition 5.1. Let ξξξ ∈ T ∗
pM, let η ∈ Ep, let f be real valued with

df(p) = ξξξ and let u be section of E with u(p) = η. The principal symbol of P
at ξξξ is the linear function

η 7→ σσk(P )(ξξξ)(η) = lim
1

τk
e−iτf(p)P (eiτfu)(p)
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Remark 5.2. vτ = 1/τke−iτfP (eiτfu) is a smooth section of F and vτ →
σσk(P )(df)(u) in C∞.

IfQ ∈ Diffk−1(M;E,F ) then σσk(Q) makes sense, since Diffk−1(M;E,F ) ⊂
Diffk−1(M;E,F ). However σσk(Q) = 0.

Example 5.3. We compute the principal symbol of the de Rham differen-
tial. Let u be a q-form, let f be a real-valued function. Then

1

τ
e−iτfd(e−iτfu) = idf ∧ u+

1

τ
dη

gives
σσ(d)(ξξξ)(η) = iξξξ ∧ η, ξξξ ∈ T ∗

pM, η ∈
∧q
pM.

Example 5.4. In Example 5.4,

σσ(∇q)(ξξξ)(η) = iη ⊗ ξξξ, η ∈ E ⊗ T ∗
pM, ξξξ ∈ T ∗

pM

Proposition 5.5. If Q ∈ Diffk(M;E,F ) and σσk(P ) = 0, then Q ∈
Diffk−1(M;E,F ).

For a differential operator, the principal symbol can also be defined for
complex covectors, and, as we did implicitly, for ξξξ = 0; both features are useful
in some way, even though one always has σσk(P )(ξξξ) = 0 if ξξξ = 0. Neither
feature carries over to pseudodifferential operators.

Let then Ṫ ∗M denote the cotangent bundle minus its zero section, let
π̇ : Ṫ ∗M → M denote the restriction of the canonical projection. The usual
point of view is that the principal symbol of P is a homomorphism

σσk(P ) : π̇
∗E → π̇∗F

From the definitions of π̇∗E we get for each τ > 0 a map ϱτ : π̇∗E → π̇∗E.
Namely if (ξξξ, η) ∈ π̇∗E (so η ∈ Eπ̇(ξξξ)), then (τξξξ, η) ∈ π̇∗E. Using this (with
π̇F ) we have that

σσk(P )(τξξξ) = τkϱτ ◦ σσ(P )(ξξξ) ◦ ϱ1/τ .

Proposition 5.6. Let E,F,G→M be vector bundles. If P ∈ Diffk(M;E,F )

and Q ∈ Diffℓ(M;F,G), then σσk+ℓ(QP ) = σσℓ(Q) ◦ σσk(P ).

Proof. Let f be a smooth function, u ∈ C∞(M;E), p ∈M, τ ∈ R. Then
1

τ ℓ+k
e−iτfQP (eiτfu) = (

1

τ ℓ
e−iτfQeiτf )(

1

τk
e−iτfPeiτf )(u)

Taking advantage of the remark above one gets

lim
τ→∞

1

τ ℓ+k
e−iτfQP (eiτfu) = σσℓ(Q)(df) ◦ σσk(P )(df)(u)

from which the conclusion follows. □
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Proposition 5.7. Let E,F → M be Hermitian vector bundles, m a
smooth positive density on M. and P ∈ Diffk(M;E,F ). For any ξξξ ∈ T ∗M,
σσ(P ⋆)(ξξξ) = σσ(P ⋆)(ξξξ)∗.

Proof. Let f be a real valued function, u ∈ C∞
c (M;E), v ∈ C∞

c (M;F ).
Then

(σσ(P )(df)(u), v) = lim
τ→∞

(
1

τk
e−iτfP (eiτfu), v)

= lim
τ→∞

(u,
1

τk
e−iτfP ⋆(eiτfv))

= (u, σσ(P ⋆)(df)(ξξξ)(v)).

Thus σσ(P ⋆)(df)(ξξξ) = σσ(P )(df)∗. □

Definition 5.8. We say that P ∈ Diffk(M;E,F ) is elliptic if σσk(P ) is an
isomorphism.

We often omit the subindex indicating the order of the operator. The
context makes it clear what is meant. Note that in the definition of ellipticity,
ξξξ is a real (nonzero) covector.



CHAPTER II

Complexes of differential operators

1. First order complexes

Let E0, . . . , Em →M be vector bundles. A first order differential complex
on the Eq is a cochain complex

(1.1) C∞(M;E0)
P0−→ C∞(M;E1)

P1−→ · · · Pm−1−−−−→ C∞(M;Em)

in which Pq ∈ Diff1(M;Eq, Eq+1) and Pq ◦ Pq−1 = 0.
The condition that Pq+1 ◦ Pq = 0 is equivalent to rgPq−1 ⊂ kerPq (as

operators on smooth sections, at least), so one can form

Hq
E(M) = kerPq/ rgPq−1;

This is the q-th cohomology space of the complex. For complexes of a topo-
logical nature, the spaces Hq

E(M) have topological information (of course).
In other contexts, one can view the cohomology spaces as the obstructions to
solving

Pq−1u = f given f ∈ kerPq.

If M is not compact and the complex is not elliptic (see the definition
below), the determination of properties of the cohomology spaces is a subtle
problem. Instead of specifying smooth sections as domain, one can specify
other domains, leading to other cohomology spaces.

The condition Pq+1 ◦ Pq = 0 implies σσ(Pq+1)(ξξξ) ◦ σσ(Pq)(ξξξ) = 0, so the
symbol sequence at ξξξ,

(1.2) 0→ π̇∗E0 σσ(P0)(ξξξ)−−−−−→ π̇∗E1 σσ(P1)(ξξξ)−−−−−→ · · · σσ(Pm−1)(ξξξ)−−−−−−−−→ π̇∗Em → 0,

is a cochain complex.

Definition 1.3. The complex (1.1) is called elliptic if for each ξξξ ∈ Ṫ ∗M,
the sequence (1.2) is exact.

Note again that in the definition of ellipticity, ξξξ is a real (nonzero) covector.

Example 1.4. The best known example is the de Rham complex, in which
Pq is the de Rham differential dq : C∞(M;

∧qM) → C∞(M;
∧q+1M). Once

has dq+1 ◦dq = 0, thus rg σσ(dq−1)(ξξξ) ⊂ kerσσ(dq)(ξξξ) as pointed out earlier. The
de Rham complex is elliptic. To see this, let ξξξ ∈ Ṫ ∗

pM, suppose η ∈
∧q
pM is

13
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such that σσ(ξξξ)(η) = 0. Thus ξξξ ∧ η = 0. Since ξξξ ̸= 0 we can use it as part of a
basis ω1, . . . , ωn of T ∗

pM, say with ω1 = ξξξ. Then1

η =
∑′

|I|=q

aI ω
I =

∑′

|J|=q−1
1/∈J

a⟨1,J⟩ω
1 ∧ ωJ +

∑′

|I|=q
1/∈I

aI ω
I

Thus
0 = ξξξ ∧ η =

∑′

|I|=q
1/∈I

aI ω
1 ∧ ωI

gives that aI = 0 if 1 ∈ I. Thus

η =
∑′

|J|=q−1
1/∈J

a⟨1,J⟩ω
1 ∧ ωJ

and we have η = σσ(d)(ξξξ)(θ) with

θ = −i
∑′

|J|=q−1
1/∈J

a⟨1,J⟩ω
J .

Thus kerσσ(dq)(ξξξ) ⊂ rg σσ(dq−1)(ξξξ). We already know the opposite inclusion,
so the symbol sequence is exact at ξξξ.

Example 1.5. Let E → M be a vector bundle and ∇ : C∞(M;E) →
C∞(M;E ⊗ T ∗M) a connection. Let

∇q : C∞(M;E ⊗
∧qM)→ C∞(M;E ⊗

∧a+1M)

be the operators defined in Example 5.4. If the curvature of ∇ vanishes (∇ is
a flat connection), then we have a complex

· · · → C∞(M;E ⊗
∧qM)→ C∞(M;E ⊗

∧q+1M)→ · · ·
This is again an elliptic complex, sometimes called a twisted de Rham complex.
In this context one write d instead of ∇ for the operators of the complex (also
omitting the subscript).

Another important example of an elliptic sequence is the Dolbeault com-
plex. We first discuss a more general example of first order complexes.

Example 1.6. An involutive structure on M is a subbundle V ⊂ CTM
of the complexification of the tangent bundle. This is a subbundle with the
property that

(1.7) If X and Y are vector fields with values in V, then [X,Y ]
also has values in V.

1The notation means I = (i1, . . . , iq) with 1 ≤ q ≤ rkV. The prime by the summation
symbol means to add only through indices I with strictly increasing components.
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Let V = {v ∈ CTM : v ∈ V} be the conjugate of V, let V∗ be the dual bundle,∧qV∗ the exterior powers. Define

(1.8) Dq : C∞(M;
∧qV∗)→ C∞(M;

∧q+1V∗)

by: ϕ ∈ C∞(M;
∧qV∗), if v0, . . . , vq ∈ Vp and X0, . . . , Xq are sections of V

extending the vj , then

(q + 1)Dqϕ(X0, . . . , Xq) =

q∑
j=0

(−1)j+1Xjϕ(X0, . . . , X̂j , . . . , Xq)

+
∑

0≤j<k≤q

(−1)j+kϕ([Xj , Xk])ϕ(X0, . . . , X̂j , . . . X̂k, . . . , Xq).

If V = CTM then this is the formula for the de Rham differential [6]. One
verifies that

Dqϕ(aX0, . . . , Xq) = aDqϕ(X0, . . . , Xq)

for any function a, so if ϕ and X1, . . . , Xq are fixed, the operator X1 7→
Dqϕ(X0, . . . , Xq) is of order 0: it is a bundle homomorphism. Thus Dqϕ(X0, . . . , Xq)(p)
depends only n the initially fixed v0, . . . , vq, and not on the extensions of these
to vector fields, and Dq is well defined by the formula as a map (1.8).

On functions f , (q = 0), the formula reduces to D0f(v0) = v0f . Since
v0f = ⟨df, v0⟩, the formula for D0 is

D0f = ι∗df

where ι∗ : CT ∗M → V∗ is the dual ap of the inclusion ι : V → CTM. Using
the Leibniz rule Dq(fϕ) = D0f ∧ ϕ+ fDqϕ one finds that the principal symbol
of Dq is

σσ(Dq)(ξξξ)(η) = iι∗(ξξξ) ∧ η, ξξξ ∈ T ∗
pM, η ∈

∧q
pV∗

One verifies that Dq+1Dq = 0, so one has a first order complex. We analyze
ellipticity: The condition on a real covector ξξξ that

for any η, ι∗(ξξξ) ∧ η = 0 implies η = ι∗(ξξξ) ∧ θ
is equivalent to

ι∗(ξξξ) ̸= 0.

So ellipticity is equivalent to:

if ξξξ is a real covector, ι∗(ξξξ) = 0 implies ξξξ = 0.

The kernel of ι∗ is the annihilator of V,

V⊥ = {ζζζ ∈ CT ∗M : ⟨ζζζ, v⟩ = 0 for all v ∈ V}
So ellipticity is the condition that V⊥ ∩ T ∗M = 0 (the zero section). This is
equivalent to the condition that

V + V = CTM.
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Such subbundles are called elliptic structures.

Example 1.9. LetM be a complex manifold. This is a manifold together
with an involutive subbundle T 1,0M such that with T 0,1M = T 1,0M,

(a) T 1,0M+ T 1,0M = CTM
(b) T 1,0M∩ T 1,0M = 0.

Thus T 1,0M is an elliptic structure. The second condition implies that the
dual bundles can be identified with subbundles of CT ∗M: The dual bundle
of T 1,0M is

∧1,0M, that of T 0,1M is
∧0,1M. The dual of the inclusion

ι : T 0,1M→ CTM becomes the projection CT ∗M→
∧0,1M according to the

decomposition
CT ∗M =

∧1,0M⊕
∧1,0M.

The q-th exterior power of
∧0,1M is

∧0,qM. The associated complex is

· · · → C∞(M;
∧0,qM)

∂−→ C∞(M;
∧0,q+1M)→ · · · .

This is elliptic because T 1,0M is an elliptic structure.

Example 1.10. Suppose M is a complex manifold, E → M a vector
bundle and ∇ : C∞(M;E) → C∞(M;E ⊗ T ∗M) a connection. Using the
decomposition

CT ∗M =
⊕
p+q=r

∧p,qM

where
∧p,qM =

∧p,0M∧
∧0,qM, let π0,q be the projection on

∧0,qM. Define

∇0,q : C∞(M;E ⊗
∧0,qM)→ C∞(M;E ⊗

∧0,q+1M)

by
∇0,q = (I ⊗ π0,q+1) ◦ ∇q.

Then∇0,1◦∇0,0 is the (0, 2) component of the curvature of∇, a homomorphism

∇0,1 ◦ ∇0,0 = Ω0,2 : E → E ⊗
∧0,2M

If Ω0,2 = 0, the connection is called holomorphic. If this is the case, then one
again has an elliptic complex

· · · → C∞(M;E ⊗
∧0,qM)

∂−→ C∞(M;E ⊗
∧0,q+1M)→ · · · ,

This is a Dolbeault complex with coefficients in E. It again is elliptic.

Example 1.11. Given a Hermitian metric to each of the vector bundles in
the the first order complex (1.1), fix a smooth positive density m onM. Then
we have an adjoint complex

(1.12) C∞(M;E0)
P⋆

0←−− C∞(M;E1)
P∗

1←−− · · ·
P⋆

m−1←−−−− C∞(M;Em).

Indeed, P ⋆q−1 ◦P ⋆q = (Pq ◦Pq−1)
⋆ = 0. Moreover, the adjoint complex is elliptic

iff the original complex is. This complex is the formal adjoint complex.
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2. The formal Hodge Laplacians

Let E0, . . . , Em →M be vector bundles and

(2.1) C∞(M;E0)
P0−→ C∞(M;E1)

P1−→ · · · Pm−1−−−−→ C∞(M;Em)

a first order differential complex. Give each vector bundle a Hermitian metric,
hq, and fix a smooth positive density m onM. Recall form Proposition 6.7 that
then σσ(P ⋆q )(ξξξ) = σσ(Pq)(ξξξ)

∗. Fix p ∈ M and ξξξ ∈ Ṫ ∗
pM. From linear algebra

we have that the range of

σσ(Pq−1)(ξξξ) : E
q−1
p → Eqp

is orthogonal to the kernel of the adjoint,

σσ(P ⋆q−1)(ξξξ) : E
q
p → Eq−1

p

Also, since rg σσ(Pq−1)(ξξξ) ⊂ kerσσ(Pq)(ξξξ),

(kerσσ(Pq)(ξξξ))
⊥ ⊂ kerσσ(P ⋆q−1)(ξξξ).

So
kerσσ(Pq−1)(ξξξ)

∗ + kerσσ(Pq)(ξξξ) = Eq

in any case, and the sum is direct iff rg σσ(Pq−1)(ξξξ) = kerσσ(Pq)(ξξξ), that is, iff
the symbol sequence at ξξξ is exact in degree q. This proves:

Lemma 2.2. The complex (2.1) is elliptic iff

kerσσ(P ⋆q−1)(ξξξ) ∩ kerσσ(Pq)(ξξξ) = {0} for all ξξξ ∈ Ṫ ∗M.

Continuing with the complex (2.1), observe that Pq−1 ◦ P ⋆q−1 and P ⋆q ◦ Pq
both map C∞(M, Eq) to itself, so one can form

□q = Pq−1 ◦ P ⋆q−1 + P ⋆q ◦ Pq.

This is the formal2 Hodge Laplacian of the complex. By Propositions 6.6 and
6.7, the principal symbol of □q at ξξξ ∈ T ∗

pM is

(2.3) σσ(□q)(ξξξ) = σσ(Pq−1)(ξ) ◦ σσ(P ⋆q−1)(ξξξ) + σσ(P ⋆q )(ξξξ) ◦ σσ(Pq)(ξξξ).

Lemma 2.4. We have

(2.5) kerσσ(P ⋆q−1)(ξξξ) ∩ kerσσ(Pq)(ξξξ) = ker(□q)(ξξξ).

for all ξ ∈ Ṫ ∗M.

Proof. The formula (2.3) immediately implies that the set on the left in
(2.5) is contained in the set on the right. For the opposite inclusion we note
that

hq
(
σσ(□q)(ξξξ)(η), η

)
= ∥σσ(P ⋆q−1)(ξξξ)(η)∥2 + ∥σσ(Pq)(ξξξ)(η)∥2

so if η ∈ kerσσ(□q)(ξξξ), then η ∈ kerσσ(P ⋆q−1)(ξξξ) ∩ kerσσ(Pq)(ξξξ). □

2It is formal because we are not specifying any domains.
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Since σσ(P ⋆q )(ξξξ) : Eqp → Eqp , invertibility is equivalent to injectivity. This
and the previous two lemmas immediately give

Theorem 2.6. The operator □q is elliptic iff the symbol sequence of the
complex is exact at each ξξξ ∈ Ṫ ∗M in degree q.

Incidentally, the formal Hodge Laplacians for the adjoint complex (1.12)
are the same as those of the original complex.



CHAPTER III

Hodge theory

1. Set-up

Throughout this chapter we will be work with a a first order differential
complex

(1.1) C∞(M;E0)
P0−→ C∞(M;E1)

P1−→ · · · Pm−1−−−−→ C∞(M;Em)

Each vector bundle will have a Hermitian metric, hq, and m on M will be a
smooth positive density.

Recall that L2(M;Eq) is the completion of the C∞
c (M;Eq) with respect

to the inner product given by

(u, v) =

ˆ
M
hp(u(p), v(p)) dm(p), u, v ∈ C∞

c (M;Eq).

For the moment we do not assume thatM is closed (compact without bound-
ary) but write

◦
M for the interior of M in case there is a boundary. We also

don’t assume that the complex is elliptic until explicitly stated so.

2. L2 Cohomology

Accommodating L2, there are two canonical domains one can give to the
operators of the complex, beyond smooth or smooth compactly supported sec-
tions. The biggest one is the maximal domain,

Dqmax = {u ∈ L2(
◦
M;Eq) : Pqu ∈ L2(

◦
M;Eq+1)}.

From Pq+1u ∈ L2(
◦
M;Eq+1) and Pq+2(Pq+1u) = 0 ∈ L2(

◦
M;Eq+3) we conclude

Pq+1u ∈ Dmax(Pq+2), so there is a complex

0→ D0
max

P0−→ D1
max → · · · → Dm−1

max

Pm−1−−−−→ Dmmax → 0,

the maximal or absolute complex. Each space Dqmax is a Hilbert space with the
inner product

(2.1) (u, v)Pq
= (u, v)q + (Pqu, Pqv)q+1, u, v ∈ Dqmax

where (u, v)q is the inner product in L2(M;Eq). We write ∥u∥Pq
to indicate

the norm with respect to this inner product. Complexes of this kind, where

19
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the operators
Pq : Dqmax ⊂ L2(M;Eq)→ L2(M;Eq+1)

are closed densely defined are called Hilbert complexes [2]. Since C∞
c (

◦
M;Eq) ⊂

Dqmax, we can also define

Dqmin = C∞
c (

◦
M;Eq) ,

the closure in Dqmax. With these spaces we obtain the minimal or relative
complex

0→ D0
min

P0−→ D1
min → · · · → Dm−1

min

Pm−1−−−−→ Dmmin → 0

which is also a Hilbert complex. To see that this is indeed a complex, let
u ∈ Dqmin, let {uk}∞k=1 ⊂ C∞

c (
◦
M;Eq) be a sequence converging to u in the

norm of Dqmax. To see that v = Pqu ∈ Dq+1
min , we note that vk = Pquk ∈

C∞
c (

◦
M;Eq+1), that vk → v due to the convergence of uk to u in Dqmax, and

that Pq+1vk → Pq+1v, simply because Pq+1vk = 0 = Pq+1v.
If the complex is elliptic and M is closed (compact without boundary),

then the minima and maximal complexes are the same. In all other cases these
complexes may be different. If the minimal and maximal domains are different
we may take closed subspaces Dq ⊂ Dqmax with Dqmin ⊂ Dq y Pq(Dq) ⊂ Dq+1

thus getting a general Hilbert complex

(2.2) 0→ D0 P0−→ D1 → · · · → Dm−1 Pm−1−−−−→ Dm → 0

where Dm = L2(
◦
M;Em). Using D to refer to this complex, let ZqD be the

kernel of Pq in Dq and BqD the image of Dq−1 by Pq1 . The quotient

(2.3) Hq
D = ZqD/B

q
D,

is the cohomología space of the complex (2.2) in degree q. The space ZqD
is closed in Dmax, and the norm on ZqD (inherited from Dqmax) determines a
seminorm on Hq

D: if u ∈ Hq
D is the equivalence class of u, then

∥u∥ = inf{∥u+ Pq−1v∥ : v ∈ Dq−1}.
This seminorm is a norm iff BqD is a closed subspace of Dqmax. This need not be
true in general. If BqD is a closed subspace, then Hq

D is again a Hilbert space,
isomorphic to the subspace of ZqD orthogonal to BqD. In the particular case that
all the cohomology spaces Hq

D are finite dimensional we say that the Hilbert
complex (2.2) is a Fredholm complex.

The possible difference between the minimal and maximal domains disap-
pears when M is closed:

Theorem 2.4. If M is closed, then Dqmin = Dqmax.

Proof. The proof consists of observing that C∞(M;Eq) = C∞
c (M;Eq)

which is trivial becauseM is compact, and showing that C∞(M;Eq) is dense
in Dqmax. This last part requires pseudodifferential operator theory but the
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basic idea is to use convolution mollifiers, that is, convolution with a sequence
of functions ℓnχ(ℓx) where χ is smooth, compactly supported in a coordinate
patch, with integral 1. There is a sequence of pseudodifferential operators Aℓ
of order −∞ converging to I weakly in L2 as ℓ → ∞, such that also [Aℓ, Pq]u
converges in L2 when ℓ → ∞ if u ∈ Dqmax. Then for such u, Aℓu = u and
PqAℓu = [Pq, Aℓ]u+AℓPqu both converge. So u ∈ Dqmin. □

IfM is compact with boundary, or non-compact, then the issue of domains
is delicate.

3. The adjoint complex

Under the right conditions, Hodge theory relates the cohomology spaces
(2.3) with the kernel of a Hodge Laplacian. To get there we first need a brief
discussion if the adjoint complex.

As we saw already, since 0 = (Pq ◦ Pq−1)
⋆ = P ⋆q−1 ◦ P ⋆q , we have a formal

adjoint complex

(3.1) 0← C∞(
◦
M;E0)

P⋆
0←−− C∞(

◦
M;E1)← · · ·

· · · ← C∞(
◦
M;Em−1)

P⋆
m−1←−−−− C∞(

◦
M;Em)← 0

We let Dq+1
max and Dq+1

min be, respectively, the maximal and minimal domains of
the operators P ⋆q . With the inner product of Dq+1

max defined using P ⋆q , this is a
Hilbert space and Dq+1

min is a closed subspace.
In the case of the Hilbert complex (2.2), the adjoint complex is the Hilbert

space adjoint. Each formal adjoint P ⋆q acquires as domain the domain f the
adjoint of

(3.2) Pq : Dq ⊂ L2(M;Eq)→ L2(M;Eq+1).

This domain is by definition

Dq+1 = {v ∈ L2(M;Eq+1) : Dq ∋ u 7→ (Pqu, v) ∈ C is L2-continuous}
If v ∈ Dq+1, the continuity of

Dq ∋ u 7→ (Pqu, v)q+1 ∈ C

and the fact that Dq is dense in L2(M;Eq) imply, by the Riesz Representation
Theorem (see Rudin [11]), that there is a unique f ∈ L2(M;Eq) such that

(Pqu, v)q+1 = (u, f)q for all u ∈ Dq.
This element f is by definition P ∗

q v (with ∗ in place of ⋆). This equality also
holds if u ∈ C∞

c (
◦
M;Eq), and interpreted in the distributional sense, says that

P ∗
q v = P ⋆q v. For this reason we are concerned only about the domain:, the

adjoint operator is the formal adjoint acting distributionally on the elements
of the adjoint domain.
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Using adjoints, the adjoint of the complex 2.2 is

(3.3) 0← D0 P⋆
0←−− D1 ← · · · ← Dm−1 P⋆

m−1←−−−− Dm ← 0

where D0 = L2(M;E0). In particular, the adjoint of Pq with domain Dqmin is
P ⋆q with domain Dq+1

max. To see thus, note that by definition Dq+1
max consists of

those elements v ∈ L2(M;Eq+1) such that P ⋆q v = f ∈ L2(M;Eq), where P ⋆q v
is interpreted in the distributional sense. that P ⋆q v = f in this sense means
exactly that

(3.4) (f, u)q = (v, Pqu)q+1 for all u ∈ C∞
c (

◦
M;Eq).

This implies the continuity of

(3.5) C∞
c (

◦
M;Eq) ∋ u 7→ (v, Pqu)q+1 ∈ C

on L2, because the right hand side is (f, u), therefore |(v, Pqu)| ≤ ∥f∥∥u∥. Since
C∞
c (

◦
M;Eq) is dense in Dqmin, the domain of the adjoint of Pq with minimal

domain contains Dq+1
max. On the other hand, if v belongs to the domain of the

adjoint of Pq with minimal domain, then (3.5) is continuous in L2(M;Eq+1).
Using that C∞

c (
◦
M;Eq) is dense in L2(M;Eq), the Riesz Representation The-

orem implies the existence of f ∈ L2(M;Eq) such that (3.4) holds, therefore
P ⋆q v = f in the distributional sense. That is, Pqv ∈ L2(M;Eq), and then by
definition, v ∈ Dq+1

max.
Because of the symmetry of the situation and the fact that the adjoint of

the adjoint of a closed densely defined operator is the original operator, we
have:

Lemma 3.6. The adjoint of Pq with domain Dqmin is P ⋆q with domain Dq+1
max.

The adjoint of Pq with domain Dqmax is P ⋆q with domain Dq+1
min .

As in Theorem 2.4,

Theorem 3.7. If M is closed, then Dq
min = Dq

max.

4. Hodge theory

The Laplacians of the complex (2.2) are the formal Laplacians of the com-
plex 1.1, with the domain of □q given by

D(□q) = {u ∈ Dq ∩Dq : Pqu ∈ Dq+1 and P ⋆q−1u ∈ Dq−1}
Thus if u ∈ D(□q), then both Pq−1P

⋆
q−1u and P ⋆q Pqu are legal, so □qu is

defined.

Lemma 4.1. If u, v ∈ D(□q), then

(4.2) (□qu, v) = (P ⋆q−1u, P
⋆
q−1v) + (Pqu, Pqv)

In particular

(4.3) □q : D(□q) ⊂ L2(M;Eq)→ L2(M;Eq)
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is nonnegative and satisfies

(4.4) ∥u∥ ≤ ∥(□q + I )u∥

Proof. If u ∈ D(□q) then

(□qu, u) = (Pq−1P
⋆
q−1u, u) + (P ⋆q Pqu, u)

Since P ⋆q−1u ∈ Dq−1 and v ∈ Dq,

(Pq−1P
⋆
q−1u, v) = (P ⋆q−1u, P

⋆
q−1v)

Likewise
(P ⋆q Pqu, v) = (Pqu, Pqv).

This proves (4.2) and that

(□qu, u) = ∥P ⋆q−1u∥2 + ∥Pqu∥2

so (4.3) is positive. Finally

∥u∥2 ≤ ∥u∥2 + (□qu, u) = ((I +□q)u, u) ≤ ∥(I +□q)u∥∥u∥, u ∈ D(□q)
so (4.4) holds. □

Let
Hq = {u ∈ D(□q) : □qu = 0}.

This is a closed subspace of L2(M;Eq). We will later make use of the orthog-
onal projection

Πq : L
2(M;Eq)→ Hq.

Lemma 4.5. We have Hq = {u ∈ Dq ∩ Dq : Pqu = 0, P ⋆q−1u = 0}. In
particular there is a well defined map

Hq ∋ u 7→ [u] ∈ Hq
D.

Furthermore, Hq is a closed subspace of L2(M;Eq).

Proof. If u ∈ Hq then by definition u ∈ Dq ∩Dq, and we have

0 = (□qu, u) = ∥P ⋆q−1u∥2 + ∥Pqu∥2.
Thus Pqu = 0 and P ⋆q−1u = 0. Conversely, if u ∈ Dq ∩Dq satisfies Pqu = 0 and
P ⋆q−1u = 0, then Pqu ∈ Dq+1 because in fact Pqu = 0, likewise P ⋆q−1u ∈ Dq−1.
Thus u ∈ D(□q). Furthermore, clearly □qu = 0. So u ∈ Hq.

Of course if u ∈ Hq, then u ∈ Dq and since Pqu = 0, u defines an element
in the q-th cohomology space of (2.2).

Finally, suppose {uℓ}∞ℓ=1 ⊂ Hq converges to u in L2(M;Eq). Since Pq with
domain Dq is closed and Pquℓ = 0, u ∈ Dq and Pqu = 0. Likewise u ∈ Dq and
P ⋆q−1u = 0. Thus u ∈ Hq. □

Let
rg(Pq−1) = Pq−1(Dq), rg(P ⋆q ) = P ⋆q−1(D

q+1).
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Proposition 4.6. The spaces Hq, rg(Pq−1), and rg(P ⋆q ) are orthogonal to
each other.

Proof. Suppose u ∈ Hq and v ∈ Dq−1. Since u ∈ Dq,

(u, Pq−1v) = (P ⋆q−1u, v) = 0

Thus Hq ⊥ rg(Pq−1). Likewise Hq ⊥ rg(P ⋆q ). To show that rg(Pq−1) ⊥ rg(P ⋆q ),
let v ∈ Dq−1, w ∈ Dq+1. Since (2.2) is a complex, u = Pq−1v ∈ Dq. Thus
(u, P ⋆q w) = (Pqu,w). But Pqu = PqPq−1v = 0. So (Pq−1v, P

⋆
q w) = 0. Thus

rg(Pq−1) ⊥ rg(P ⋆q ). □

Theorem 4.7. The operator (4.3) is selfadjoint.

Proof. We first show that (4.3) is closed. Let {uℓ}∞ℓ=1 ⊂ D(□q) be such
that uℓ and □quℓ = fℓ converge in L2(M;Eq). Then

(fℓ − fℓ′ , uℓ − uℓ′) = (□q(uℓ − uℓ′), uℓ − uℓ′)→ 0 as ℓ, ℓ′ →∞,
thus

∥P ⋆q−1(uℓ − uℓ′)∥2 + ∥Pq(uℓ − uℓ′)∥2 → 0 as ℓ, ℓ′ →∞.
Hence {P ⋆q−1uℓ}∞ℓ=1 and {Pquℓ}∞ℓ=1 are Cauchy sequences in L2(M;Eq). Thus
they converge. Consequently both u ∈ Dq and u ∈ Dq, since P ⋆q−1 and Pq with
these domains are closed. Next, since {□quℓ}∞ℓ=1 converges and the ranges of
Pq−1P

⋆
q−1 and P ⋆q Pq are orthogonal to each other, both {Pq−1P

⋆
q−1uℓ}∞ℓ=1 and

{P ⋆q Pquℓ}∞ℓ=1 converge. Since P ⋆q−1uℓ ∈ Dq, this implies P ⋆q−1u ∈ Dq−1 and
since Pquℓ ∈ Dq, Pqu ∈ Dq, since these operators with their given domains are
closed.

Note that since (4.3) is positive, it is symmetric. Having established that
it is closed, we observe that because of (4.4) its deficiency indices both vanish.
Consequently (see [10, pg. 141]), (4.3) is selfadjoint. □

Theorem 4.8. Suppose that for each q there is a continuous operator

Gq : L
2(M;Eq)→ L2(M;Eq), rgGq ⊂ D(□q)

such that

(4.9) Gq□q = I −Πq on D(□q) and □qGq = I −Πq on L2(M;Eq).

Then

(4.10) L2(M;Eq) = Hq ⊕ rg(Pq−1)⊕ rg(P ⋆q )

as an orthogonal decomposition. Furthermore, the canonical map

(4.11) Hq → Hq
D

is an isomorphism.

Equation (4.10) is the Hodge decomposition. Equation (4.11) is the Hodge
isomorphism.
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Proof. The sum of the spaces in the right hand side of (4.10) is direct
because of the pairwise orthogonality of the spaces. Using I = Πq + □qGq =,
we have

u = Πqu+ Pq−1P
⋆
q−1Gqu+ P ⋆q PqGqu

for any u ∈ L2(M;Eq). Since Gqu ∈ D(□q), P ⋆q−1Gqu ∈ Dq−1, so

Pq−1P
⋆
q−1Gqu ∈ rg(Pq−1).

Likewise P ⋆q PqGqu ∈ rg(P ⋆q ) and by defintion Πqu ∈ Hq. Thus we have equality
in (4.10).

To prove that the natural map (4.11) is an isomorphism, we will first show
that

(4.12) PqGq = Gq+1Pq, P ⋆q−1Gq = Gq−1P
⋆
q−1.

We have
Pq□q = □q+1Pq, P ⋆q−1□q = □q−1P

⋆
q−1.

Thus Gq+1Pq□qGq = Gq+1□q+1PqGq. Using (4.9) this becomes

Gq+1Pq(I −Πq) = (I −Πq)PqGq

The left hand side is Gq+1Pq. Since the range of PqGq is orthogonal to Hq,
the right hand side is PqGq. This and the analogous argument in the case of
P ⋆q−1□q = □q−1P

⋆
q−1 give the formulas in (4.12). Using (4.9), these formulas

give in particular

(4.13) u = Πqu+ Pq−1Gq−1P
⋆
q−1u+ P ⋆qGq+1Pqu.

The natural map θ : Hq → Hq
D is θ(u) = u where u = u mod rg(Pq−1).

This map is injective: If θ(u) = 0 then u = Pq−1v for some v ∈ Dq−1. Since
u ∈ Hq is orthogonal to Pq−1v, u = 0. The map is also surjective. Suppose
now u ∈ Hq

D is represented by u ∈ kerPq. Then (4.13) gives

u = Πqu+ Pq−1Gq−1P
⋆
q−1u,

therefore u = θ(Πqu). Thus θ is also surjective. □

Note that the proof only involves the degrees q − q, q, and q + 1.
The Hodge decomposition also implies that rg(□q) is closed. Indeed, on the

one hand, the argument in the proof of (4.10) shows that rg(Pq−1)⊕ rg(P ⋆q ) ⊂
rg(□q), and on the other, rg(□) is a subset of the space orthogonal to the kernel
of the adjoint of (4.3), which is Hq because (4.3) is selfadjoint.

A typical situation in which the above theorem holds is as follows:

Theorem 4.14. Suppose there are compact operators

Qq, RL,q, RR,q : L
2(M;Eq)→ L2(M;Eq)

where Qq has image in D(□q), such that

□qQq = I −RR,q, Qq□q = I −RL,q.
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Then Theorem 4.8 holds. Furthermore Hq, hence Hq
D, is finite dimensional,

Gq : L2(M;Eq) → L2(M;Eq) is compact and the spectrum of □q consists of
a sequence of eigenvalues of finite multiplicity without points of accumulation.

Proof. We first show that Hq is finite-dimensional. For this we use that
if bounded sets in a Banach space are precompact, then the space is finite
dimensional. Recall from Lemma 4.5 that Hq is closed. Suppose then that
{uℓ}∞ℓ=1 is a bounded sequence inHq. From Qq□quℓ = 0 we get uℓ−RL,quℓ = 0,
that is, uℓ = RL,quℓ. Since RL,q is compact, there is a subsequence {uℓk}
such that {RL,quℓk} converges. Then {uℓk} converges. Thus Hq is finite-
dimensional.

Next we show that □q has closed range. Let {fℓ}∞ℓ=1 be a sequence in
rg(□q) converging in L2(M;Eq) to some f . Let {uℓ}∞ℓ=1 ⊂ D(□q) be such that
□quℓ = fℓ. We may assume uℓ ⊥ Hq. If {uℓ} is bounded, pass to a subsequence
{uℓk} such that RL,quℓk converges. Then

Qqfℓk = Qq□quℓk = uℓk −RL,quℓk

gives that {uℓk}∞k=1 converges in L2(M;Eq) to some u. Since (4.3) is a closed
operator, u ∈ D(□q) and □qu = f . Thus f ∈ rg(□q). If {uℓ} is unbounded,
replacing it with a subsequence we may assume ∥uℓ∥ → ∞. The sequence with
terms vℓ = ∥uℓ∥−1uℓ is bounded, the vℓ are orthogonal to Hq, and □qvℓ =
∥uℓ∥−1fℓ → 0. By the previous argument there is a subsequence {vℓk} that
converges to some v ∈ D(□q). But then □qv = 0 and v ⊥ Hq, since Hq is
closed. This is a contradiction. So on fact the original sequence was bounded,
and so f ∈ rg(□q).

Now, since □q with domain D(□q) is selfadjoint and has closed range,
rg(□q) = (Hq)⊥. Let ι : (Hq)⊥ → L2(M;Eq) be the inclusion map. The
restriction of □q to (Hq)⊥ is bijective, hence invertible. Let G̃q be the inverse
of this operator. Define

(4.15) Gq : L
2(M;Eq)→ L2(M;Eq), Gq = ι ◦ G̃q ◦ (I −Πq).

Then (4.9) holds. The space D(□q) with the norm defined by

∥u∥□]2 = ∥u∥2 + ∥□qu∥2

is complete (a Hilbert space) and (4.3) is continuous in this norm. So Gq is
continuous, Since the inclusion D(□q) → L2(M;Eq) is continuous, (4.15) is
continuous. Thus the hypotheses of Theorem 4.8 are satisfied.

Finally, applying Qq to both sides of □qGq = I −Πq gives

Qq□qGq = Qq(I −Πq) and Qq□qGq = (I −RL,q)Gq

so
Gq = Qq(I −Πq) +RL,qGq

so Gq is compact.
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The compactness of Gq and the finite-dimensionality of Hq implies the
statement about the eigenvalues. □

WhenM is closed the only closed domains for the complex and its adjoint
are the maximal domains. If the complex is elliptic, then the Hodge Laplacians
are elliptic and the hypotheses of Theorem 4.15 are satisfied: In this case the Qq
are pseudodifferential operators of order −2 and the RL,q, RR,q are smoothing
operators.





CHAPTER IV

The Atiyah-Bott-Lefschetz formula

1. The Lefschetz number

Suppose M is closed, orientable, n-dimensional. Let f : M → M is
continuous. It induces linear maps

f∗q : H
q(M,R)→ Hq(M,R)

Since the spaces Hq(M,R) are finite-dimensional, f∗q has a well-defined trace,
and we can form

Lf =

n∑
q=0

(−1)q tr f∗q

This is the Lefschetz number of f .

Theorem 1.1 (Lefschetz [9]). If Lf ̸= 0, then f has a fixed point.

To understand the theorem we turn to homology. Note first that Lf
depends only on the homotopy class of f . So we may replace f by a new
function homotopic to f but with only discrete fixed points. Then we may
take advantage of the fact that M admits a triangulation (see [3, Cairns])
and further refine the triangulation and deform f so that it maps simplices
to simplices, and no simplex contains more that one fixed point. Let Sq be
the space (over R) spanned by the simplices of the triangulation in dimension
q, let Hq(M;R) be the homology space in degree R. Then f induces maps
fq∗ : Sq → Sq, whose trace is again well defined. These maps in turn induce
maps fq∗ : Hq(M;R)→ Hq(M; ,R). The actual Lefschetz number is in homol-
ogy,

L′
f =

n∑
q=0

(−1)q tr fq∗.

This is just (−1)nLf because of Poincare duality. In any case,
n∑
q=0

(−1)q tr fq∗ =

n∑
q=0

(−1)q tr fq∗

Now, if f has no fixed point, then fq∗ maps a simplex of dimension q to a
different simplex of dimension q, so the matrix of fq∗ with respect to the bases

29
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formed by these simplices has zeros on the diagonal. Thus the trace is 0 for all
q.

2. Lefschetz number in finite dimensional complexes

The general scheme for proving the Atiyah-Bott formula for the Lefschetz
number has some similarity with that in the finite-dimensional case. Suppose

· · · Sq−1 Sq Sq+1 · · ·

· · · Sq−1 Sq Sq+1 · · ·

aq−1

fq−1

aq

fq fq+1

aq−1 aq

is a cochain map of a complex of finite dimensional vector spaces, with the de-
grees q ranging from from 0 to m. Thus aqaq−1 = 0 and each square commutes,
so we have finite dimensional cohomology spaces Hq and each fq induces a map
fffq : Hq → Hq. So we have on the one hand the trace of this map and on the
other that of fq : Sq → Sq+1. Assuming the complex is finite, we have

Proposition 2.1.
r∑
q=0

(−1)q tr fffq =
r∑
q=0

(−1)q tr fq.

The proof will occupy the rest of this section. Fix an inner product (Her-
mitian metric if the field is C) on each Sq and do Hodge theory, which works
equally well in this context. Let then hq be the kernel of dq = aq−1a

∗
q−1+ a∗qaq,

let πq0 be the orthogonal projection on hq, let gq be the Green’s operator,

dqgq = gqdq = I − πq0.
From this one gets the Hodge decomposition which is based on

(2.2) I = π0
q + π↑

q + π↓
q .

with the projections
π↑
q , π

↓
q : Sq → Sq

defined by
π↑
q = aq−1gq−1a

∗
q−1, π↓

q = a∗qgq+1aq.

Thus

(2.3) Sq = hq ⊕ rg aq−1 ⊕ rg a∗q .

Note that aqπ
↓
q = π↑

q+1aq and a∗q−1π
↑
q = π↓

q−1aq−1. The proof that Hq and hq

are isomorphic is the same as in the case of first order differential complexes
we saw earlier.

We will first show that the maps

fffq : H
q → Hq, π0

q f
q|hq : hq → hq
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have the same trace. If u ∈ ker aq represents an element u ∈ Hq, then

fqu = (π0
q + π↑

q + π↓
q )f

qu = π0
q f
qu+ π↑

q f
qu,

the last equality because

π↓
q f
qu = a∗qgq+1aqf

qu = a∗qgq+1f
q+1aqu.

Since π↑
q f
qu is exact, the class fffqu of fqu in Hq is represented by the element

π0
q f
qu ∈ hq. We see that fffq, as an operator hq → hq, is π0

q f
q|hq . This shows that

with the canonical isomorphism θq : h
q → Hq,

θqπ
0
q fqu = fffqθqu.

Since θ0q is an isomorphism that intertwines fffq and πqfq|hq ,

tr fffq = trπ0
q f
q|hq

as we wanted to show.
The trace of fq is the same as that of its diagonal part according to the

decomposition (2.3):

tr fq = trπ0
q f
qπ0
q + trπ↑

q f
qπ↑
q + trπ↓

q f
qπ↓
q

Defining
fq
□
= π0

q f
qπ0
q + π↑

q f
qπ↑
q + π↓

q f
qπ↓
q

we have

aqf
q
□
= aqπ

↓
q f
qπ↓
q = π↑

q+1aqf
qπ↓
q = π↑

q+1f
q+1aqπ

↓
q = π↑

q+1f
q+1π↑

q+1aq = fq+1
□

aq.

Thus the maps fq
□

also define maps fffq
□□□
: Hq → Hq. If u ∈ ker aq, then

fq
□
u = π0

q f
qπ0
qu+ π↑

q f
qπ↑
qu,

so fffq
□□□
, as a map hq → hq, is equal to fffq. Thus

tr fffq = tr fff□□□
q.

We will now relate π↑
q f
qπ↑
q and π↓

q−1f
q−1π↓

q−1. Using (2.2) and

fqaq−1 = aq−1f
q−1, gqaq−1 = aq−1gq−1, y a∗q−1 = π↓

q−1a
∗
q−1

we get

π↑
q f
qπ↑
q = aq−1a

∗
q−1gqf

qaq−1a
∗
q−1gq

= aq−1a
∗
q−1gqaq−1f

q−1a∗q−1gq

= aq−1a
∗
q−1aq−1gq−1f

q−1a∗q−1gq

= aq−1π
↓
q−1f

q−1π↓
q−1a

∗
q−1gq.

The operator
a∗q−1gq|rg aq−1

: rg aq−1 → rg a∗q−1
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is invertible, with inverse

aq−1|rg a∗
q−1

: rg a∗q−1 → rg aq−1.

Indeed aq−1a
∗
q−1gq = π↑

q , which as an operator rg aq−1 → rg aq−1 is the identity.
We conclude that

trπ↑
q f
qπ↑
q = trπ↓

q−1f
q−1π↓

q−1.

Hence
r∑
q=0

(−1)q tr fq =
r∑
q=0

(−1)q tr fq
□

=

r∑
q=0

(−1)q trπ0
q f
qπ0
q +

r∑
q=0

(−1)q trπ↑
q f
qπ↑
q +

r∑
q=0

(−1)q trπ↓
q f
qπ↓
q

=

r∑
q=0

(−1)q trπ0
q f
qπ0
q +

r∑
q=0

(−1)q trπ↓
q−1f

q−1π↓
q−1 +

r∑
q=0

(−1)q trπ↓
q f
qπ↓
q

=

r∑
q=0

(−1)q trπ0
q f
qπ0
q

=

r∑
q=0

(−1)q tr fffq.

This completes the proof of the proposition.
In particular, for the complex associated to a triangulation of a manifold,

the Lefschetz number computed using homology. and that using the maps on
the spaces generated by the simplices is the same.

3. The Lefschetz theorem of Atiyah-Bott

LetM be a closed orientable manifold of dimension n. We will discuss the
Atiyah-Bott theorem only in the case of the de Rham complex,

(3.1) 0→ C∞(M)
d−→ C∞(M;

∧1M)→ · · ·

· · · → C∞(M;
∧n−1M)

d−→ C∞(M;
∧nM)→ 0.

Fix a Riemannian metric, let m be the Riemannian density on M view the
vector bundles

∧qM as Hermitian vector bundles using the metric. The use of
the metric is auxiliary, the result is independent of the metric.

The maps

(3.2) f∗q : C∞(M;
∧qM)→ C∞(M;

∧qM)

satisfy
d ◦ f∗q = f∗q ◦ d
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so they induce mappings in cohomology:

fq : H
q
dR(M)→ Hq

dR(M).

Since the cohomology spaces are finite-dimensional, the traces tr fq are well
defined, and we set

(3.3) Lf =

n∑
q=0

(−1)q tr fq.

Suppose p0 ∈ M is a fixed point of f . Then f∗p0 : T ∗
p0M → T ∗

p0M, so
again tr dp0 is well defined. We say that p0 is a simple fixed point if 1 is not
an eigenvalue of dfp0 , so that det(I − f∗p0) ̸= 0. The geometric meaning of this
condition will be clarified later. Let Fix denote the set of fixed points of f .

Theorem 3.4 (Atiyah-Bott). Suppose all fixed points of f are simple.
Then

Lf =
∑
p∈Fix

n∑
q=0

(−1)q tr f∗p
|det(I − f∗p )|

.

To prove this one attempts to show that

Lf =

n∑
q=0

(−1)q Tr f∗q

using the traces of the maps

(3.5) f∗q : L2(M;
∧qM)→ L2(M;

∧qM)

obtained by extending the maps (3.2) to the L2 spaces. Unfortunately these
maps are not trace class, so this does not quite work.

The strategy will be to approximate the f∗q by a family {f∗q,λ : λ < 0} of
operators

f∗q,λ : L2(M;
∧qM)→ L2(M;

∧qM)

that are trace class, then show on the one hand that

(3.6) Lf =

n∑
q=0

(−1)q Tr f∗q,λ

and on the other, that with Kq,λ denoting the Schwartz kernel of f∗q,λ,

(3.7) Tr f∗q,λ =

ˆ
M

trKq,λ(p, p) dm(p)→
∑
p∈Fix

tr f∗q
|det(I − dfp)|

as λ → −∞. Of course we can take the parameter λ to be discrete, λ = −k,
k ∈ N.

We will define the operators f∗q,λ in the next section and prove (3.6). In
the section after that we will prove (3.7). In the remainder of this section we
discuss the relevance of the condition that the fixed points are simple.
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Let Γ ⊂M×M be the graph of f ,

Γ = {(p, f(p)) ∈M×M : p ∈M}

and let diag(M) = {(p, p) : p ∈M} be the diagonal. These are submanifolds of
M×M of dimension n. The fixed points of f correspond to the points where
these two submanifolds intersect. Let (p0, p0) be one such point. The condition

Tp0,p0Γ + Tp0,p0 diag(M) = Tp0,p0(M×M)

says that the two manifolds intersect transversely at (p0, p0). This condition
is equivalent to the condition that p0 is a simple fixed point of f . To see this,
let x1, . . . , xn be coordinates in a neighborhood U of p0 in M, vanishing at
p0, let y1, . . . , yn be the same functions thought of as in the second copy ofM
so x1, . . . , xn, y1, . . . , yn are coordinates on M×M centered at (p0, p0). Let
fj = yj ◦ f , so that in coordinates, the graph of f near (p0, p0) is

{(x1, . . . , xn, f1(x), . . . , fn(x)) : x ∈ U}

A basis of Tp0,p0Γ is
∂

∂xj
+

∑
ℓ

∂fℓ
∂xj

∂

∂yℓ

all evaluated at p0 = 0, and a basis of the diagonal is
∂

∂xj
+

∂

∂yj

The matrix of this basis with respect to the basis ∂x1
, . . . , ∂xn

, ∂y1 , . . . , ∂yn is I I

∂f

∂x
I


where ∂f/∂x is the Jacobian matrix of f . Transverse intersection means that
the determinant of this matrix is nonzero. But the determinant is det(∂f/∂x−
I ).

The next aspect to understand is how this comes into the calculation of the
trace. With some more generality, suppose E,F → M are Hermitian vector
bundles and f : M → M is smooth. Recall from Section I.4 that there is a
vector bundle f∗E →M and from Lemma I.4.1 an induced map

f∗ : C∞(M;E)→ C∞(M; f∗E).

Suppose Ψ : f∗E → F is a vector bundle morphism over the identity, so it maps
the fiber f∗Ep of f∗E to the fiber Fp of F . Then we can form a composition

(3.8) Ψ ◦ f∗ : C∞(M;E)→ C∞(M;E),

explicitly if u ∈ C∞(M;E), then (Ψ ◦ f∗)(u) is the section

(Ψ ◦ f∗)(u)(p) = Ψ(p, u(f(p)))



3. THE LEFSCHETZ THEOREM OF ATIYAH-BOTT 35

With F = E this is analogous to pull-back of q-forms.
The transformation (3.8) just defined has Schwartz kernel K supported on

Γ, the graph of f . To explain this, define the projections

(3.9)
M×M

M M

πL πR

let E∗ → M be the dual bundle to E → M, let E ⊠ E∗ → M×M be the
Whitney product of π∗

LE and π∗
RE. If v ∈ C∞(M;E∗) and u ∈ C∞(M;E)

then v ⊠ u is the element π∗
Lv ⊗ π∗

Ru of C∞(M×M;E∗ ⊠E). Then K is the
element of C−∞(M×M;E ⊠ E∗) such that

⟨K, v ⊠ u⟩ =
ˆ
⟨v(p), (Ψ ◦ f∗)(u)(p))⟩ dm(p).

for every v ∈ C∞(M;E∗) and u ∈ C∞(M;E). The statement about the
support goes like this. Suppose V and U are open inM and V ×U is disjoint
from Γ. Suppose u has support in U and v has support in V . The support of
(Ψ ◦ f∗)u is contained in

{p′ ∈M : f(p′) ∈ supp(u)}

If ⟨v(p), (Ψ ◦ f∗)(u)(p)⟩ ≠ 0, then p ∈ supp v ⊂ V and f(p) ∈ supp(u) ⊂ U , so
(p, f(p)) ∈ V × U , contradicting (V × U) ∩ Γ = ∅.

We will now use local computations to get a formula for K. Let p0 ∈ M,
let ηµ, µ = 1, . . . , r, be a frame of E in a neighborhood U of q0 = f(p0). Then

p 7→ (f∗ηµ)(p) =
(
p, ηµ(f(p))

)
, µ = 1, . . . , r,

is a frame of f∗E in the neighborhood V = f−1(U) of p0. So if u is a section
of E supported in U , then u =

∑
uµηµ and

(f∗u)(p) = (p,
∑
µ

uµ(f(p))ηµ(f(p))) =
∑
µ

uj(f(p))f∗ηµ(p)

on V . Let now θν , ν = 1, . . . , r, be a frame of E over V . The homomorphism
Ψ is given by

(f∗E)p ∋
∑

cµf∗ηµ(p) 7→
∑
ν

[∑
µ

ψνµ(p)c
µ
]
θν(p) ∈ Ep.

over V , and thus

(3.10) (Ψ ◦ f∗)(u)(p) =
∑
ν

[∑
µ

ψνµ(p)u
µ(f(p))

]
θν(p)

Let θν denote the frame of E∗ dual to the frame θν , let v be a section of E∗

supported in V , v =
∑
vνθ

ν on V with smooth functions vν supported on V .
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Then

(3.11) ⟨K, v ⊠ u⟩ =
∑
ν,µ

ˆ
V

vν(p)ψ
ν
µ(p)u

µ(f(p)) dm(p)

Let ηµ be the frame dual to the frame ηµ, define δΓ globally on M×M as a
distribution on functions by

(3.12) ⟨δΓ, w⟩ =
ˆ
M
w(p, f(p)) dm(p),

symbolically δΓ(p, p′) = δ0(p
′− f(p)) with δ0 the Dirac delta at 0. Then (3.11)

gives

(3.13) K =
∑

ψνµπ
∗
Lθν ⊗ π∗

Rη
µ ⊗ δΓ.

on V × U with smooth coefficients ψνµ there.
Returning to the Atiyah-Bott theorem, the problem with the traces of the

maps (3.5) becomes clear: to compute Tr f∗q we need to somehow make sense
of the restriction of δΓ to the diagonal inM×M. Recall that the fixed points
of f correspond to the points of intersection of Γ and diag(M).

4. The Lefschetz number, rewritten

We return to the Lefschetz number of a smooth f : M → M defined in
(3.3). We aim at showing that

Lf =

n∑
q=0

(−1)q Tr f∗q

with some convenient interpretation of the trace of

f∗q : L2(M;
∧qM)→ L2(M;

∧qM).

The auxiliary datum is a Riemannian metric on M which we use to establish
the Hodge theory of the de Rham complex, which is elliptic. With the aid of
the Laplacian we will find continuous operators

f∗q,λ : L2(M;
∧qM)→ L2(M;

∧qM), λ < 0

which are genuinely of trace class and such that

Lf =

n∑
q=0

(−1)q Tr f∗q,λ.

Let ∆q be the Hodge Laplacian on forms of degree q, let Gq be the Green’s
operator, so

∆qGq = I −Πq, Gq∆q = I −Πq

with Gq mapping L2(M;
∧qM) into D(∆q) as in the previous chapter and

Πq the orthogonal projection on ker∆q. Green’s operator exists since M is
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closed (and the Laplacian is elliptic). Let sp(∆q) denote the spectrum of ∆q

(a discrete infinite subset of [0,∞) without points of accumulation), let

E
q
ζ = ker(∆q − ζI ).

Because of the ellipticity, this is a finite-dimensional subspace of C∞(M;Eq).
In particular, Eq0 = Hq. In general, if ζ is not an eigenvalue, then E

q
ζ = {0}.

Define
Πζq : L

2(M;
∧qM)→ L2(M;

∧qM)

to be the orthogonal projection on E
q
ζ . As a special case, Π0

q = Πq. The
resolvent of ∆q is

(4.1) (∆q − λI )−1 =
∑

ζ∈sp(∆q)

1

ζ − λ
Πζq .

The right hand side of this formula converges pointwise (but not in norm). If
u ∈ L2(M;Eq), then

∥u∥2 =
∑

ζ∈sp(∆q)

∥Πζqu∥2

as a consequence of Parseval’s identity. Thus∑
λ/∈sp(∆q)

ζ′≤ζ<ζ′′

1

|ζ − λ|2
∥Πζqu∥2 → 0 when ζ ′, ζ ′′ →∞ with ζ ′ < ζ ′′

so the sequence of partial sums is Cauchy. The operator

(∆q − λI )−1 : L2(M;Eq)→ L2(M;Eq)

is continuous, a pseudodifferential operator of order −2 depending analytically
on λ ∈ res(∆q). Its Schwartz kernel is not a function (unless n = 1). However,
the Schwartz kernel of

(4.2) (∆q − λI )−ℓ =
∑

ζ∈sp(∆q)

1

(ζ − λ)ℓ
Πζq .

is continuous if ℓ > n/2, and in fact of class Cm if ℓ > n/2 + m. Thus if ℓ
is large enough, (4.2) is trace class (later we’ll assume ℓ > n). We will write
Kλ
q for the Schwartz kernel, omitting the reference to ℓ, which will be assumed

fixed, but large enough. With such large ℓ, the operator

f∗q,λ : C∞(M;
∧qM)→ C∞(M;

∧qM), f∗q,λ = (−λ)ℓf∗q ◦ (∆q − λI )−ℓ

has an extension L2(M;
∧qM) → L2(M;

∧qM) which is trace class. The
factor (−1)ℓ will eventually allow us to argue that

(−1)ℓ(∆q − λI )−1 → I

as λ→ −∞ in the next section to finish the proof of the Atiyah-Bott theorem.



38 IV. THE ATIYAH-BOTT-LEFSCHETZ FORMULA

Theorem 4.3. Fix λ < 0 and ℓ large enough so that (4.2) is trace class.
Then

Lf =

n∑
q=0

(−1)q Tr f∗q,λ.

Proof. The proof is very similar to that of Proposition 2.1. The trace of
f∗q,λ is equal to that of

f∗q,λ,□ =
∑

ζ∈sp(∆q)

Πζq ◦ f∗q,λ ◦Πζq .

Here, for the purposes of the trace, we may view Πζq ◦ f∗q,λ ◦ Πζq indistinctly as
an operator on L2(M;

∧qM) or on E
q
ζ . We will first argue that

(4.4) Tr(Πζq ◦ f∗q,λ ◦Πζq) = tr fq when ζ = 0

(where fq : H
q
dR(M)→ Hq

dR(M) as in Theorem 3.4), then show that

(4.5)
n∑
q=0

(−1)q Tr(Πζq ◦ f∗q,λ ◦Πζq) = 0 if ζ > 0.

With fixed λ < 0 and ζ ∈
⋃
q sp(∆q), let

f∗q,ζ = Πζq ◦ f∗q,λ ◦Πζq
(where on the left hand side we omitted the reference to λ). Directly from the
definitions we have

f∗q,ζ =
(−λ)ℓ

(ζ − λ)ℓ
Πζq ◦ f∗q ◦Πζq

Thus for (4.4) we just observe that the diagram

Hq Hq

Hq
dR(M) Hq

dR(M)

θ

f∗q,0

θ

fq

commutes and θ is an isomorphism.
The proof of (4.5) is longer. We begin by noting that d maps Eqζ into E

q+1
ζ ,

indeed

(4.6) d ◦Πζq = Πζq+1 ◦ d

To see this, let u ∈ E
q
ζ , so that ∆qu = ζu. Since ∆q+1du = d∆qu = d(ζ)u =

ζdu, we have du ∈ E
q+1
ζ . In particular there is a complex

(4.7) · · · → E
q−1
ζ

d−→ E
q
ζ
d−→ E

q+1
ζ → · · ·
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defined by the operators d. Next we observe that as a consequence of (4.6) and
of the fact that d ◦ f∗q = f∗q+1 ◦ d,

d ◦ f∗q,ζ = f∗q+1,ζ ◦ d,
as follows:

d ◦ (Πζq ◦ f∗q ◦Πζq) = Πζq+1 ◦ d ◦ f∗q ◦Πζq
= Πζq+1 ◦ f∗q+1 ◦ d ◦Πζq
= Πζq+1 ◦ f∗q+1 ◦Π

ζ
q+1 ◦ d.

Thus the maps {f∗q,ζ}q define a cochain map

(4.8)

· · · E
q−1
ζ E

q
ζ E

q+1
ζ · · ·

· · · E
q−1
ζ E

q
ζ E

q+1
ζ · · ·

d

f∗q−1,ζ

d

f∗q,ζ f∗q+1,ζ

d d

.

Thus there is a Lefschetz number for the complex (4.7) defined by the
cochain map (4.8). By Proposition 2.1,

(4.9)
n∑
q=0

(−1)q Tr f∗q,ζ

is equal to the alternating sum of the traces of the induced operators on the
cohomology groups of the complex (4.7). However, this complex is acyclic, as
we proceed to show.

Let Gq denote, as before, the Green’s operator for ∆q. The formula

u = Π0
q + d⋆Gq+1du+ dGq−1d

⋆u

applied to u ∈ E
q
ζ with du = 0 gives

(4.10) u = dGq−1d
⋆u.

because Π0
qu = 0 if ζ ̸= 0. Since d⋆ ◦∆q = ∆q−1 ◦d⋆, d⋆u ∈ E

q−1
ζ . The operator

Gq−1 is given by (4.1) with λ = 0 (and q− 1 in place of q), so Gq−1 maps Eq−1
ζ

to itself. Thus Gq−1d
⋆u ∈ E

q−1
ζ if u ∈ E

q
ζ . Hence u is exact in the complex

(4.7). Consequently, (4.9) vanishes: (4.5) holds.
This completes the proof of Theorem (4.3). □

5. Taking the limit

The next step is to determine analytically

(5.1) lim
λ→−∞

Tr f∗q,λ

for any q. This will then give an analytic formula for Lf via Theorem 4.3.
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We will work in the more general context described at the end of Section 3,
see (3.8) in particular. We begin by establishing a convenient formula for the
trace of an operator

A : L2(M;E)→ L2(M;E)

with sufficiently smooth Schwartz kernel, at least continuous. As in Section 3,
E →M is a vector bundle with Hermitian metric h and m is a smooth positive
density onM. The inner product on L2(M;E) is given by

(u, v) =

ˆ
M
hp

(
u(p), v(p)

)
dm(p).

Let K be the Schwartz kernel of A. Thus

K ∈ Cℓ(M×M;E ⊠ E∗)

(see (3.9) for the notation) and

Au(p) =

ˆ
K(p, p′)u(p′) dm(p′), u ∈ C∞(M;E),

where (for fixed p), k(p, p′)u(p′) ∈ Ep means the pairing of the right factor
of K(p, p′) ∈ Ep ⊗ E∗

p′ with u(p′) ∈ Ep′ . In particular K(p, p) ∈ Ep ⊗ E∗
p .

But the latter space is isomorphic to Hom(Ep, Ep), so we can define trK(p, p).
Since we are assuming K is smooth enough, this gives a continuous function
p → trK(p, p). Thus one has the following well known formula which we will
prove for the sake of completeness:

Lemma 5.2. Let ι :M→M×M be the diagonal map, ι(p) = (p, p), let
tr : Hom(E,E)→ E be the fiberwise trace map. The trace of A is

Tr(A) =

ˆ
M

tr ι∗K(p) dm(p).

We fix some notation before proving the lemma. Let P : C∞(M;E) →
C∞(M;E) be a differential operator of order 2, elliptic and positive: (Pu, u) ≥
0 for all u ∈ C∞(M;E). The spectrum of P is discrete since M is compact
and P is elliptic, and nonnegative, since P is positive. In the proof of the
lemma, also later, we will use an orthonormal basis {ϕk}∞k=1 of eigenvectors
of P . In the lemma this is just for specificity; the trace is independent of the
orthonormal basis.

Proof. The trace of A is

(5.3)
∑
k

(Aϕk, ϕk) =
∑
k

ˆ
hp

(ˆ
K(p, p′)ϕk(p

′) dm(z), ϕk(p)
)
dm(x).
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We have

hp
(ˆ

K(p, p′)ϕk(p
′) dm(p′), ϕk(p)

)
=

ˆ
hp

(
K(p, p′)ϕk(p

′), ϕk(p)
)
dm(p′)

=
[ ˆ

hp
(
K(p, p′), ϕk(p)

)
dm(p)

]
ϕk(p

′)

where the first equality uses the continuity of the inner product and the con-
vergence of the Riemann sums of the integral. In the second equality, the
integral of hx

(
K(p, p′), ϕk(p)

)
yields an element of E∗

p′ which is then paired
with ϕk(p

′) ∈ Ep′ ; the result is a scalar (depending on p′) which we can inte-
grate as we do next. Replacing in (5.3), changing the order of integration and
commuting the sum and an integral we get

(5.4)
∑
k

(Aϕk, ϕk) =

ˆ ∑
k

[ ˆ
hp

(
K(p, p′), ϕk(p)

)
dm(p)

]
ϕk(p

′) dm(p′)

The integral in brackets is the k-th Fourier coefficient of K(·, p′) with respect
to the basis ϕk. Thus

K(p, p′) =
∑
k

ϕk(p)⊗
ˆ
hp

(
K(p′′, p′), ϕk(p

′′)
)
dm(p′′)

for any (p, p′) ∈M×M, and in particular

(5.5) K(p, p) =
∑
k

ϕk(p)⊗
ˆ
hx

(
K(p′′, p), ϕk(p

′′)
)
dm(p′′).

The integrand in (5.4) is obtained from this by pairing the left factor of
K(p, p) ∈ Ep ⊗ E∗

p with its right factor. Let η1, . . . , ηr be a frame of E over
some open set, let η1, . . . , ηr be the dual frame. Then

K(p, p) =
∑
µ,ν

κνµ(p)ην(p)⊗ ηµ(p)

and the pairing is
∑
µ,ν κ

ν
µ(p)η

µ(p)
(
ην(p)

)
=

∑
ν κ

ν
ν(p) = trK(p, p). Using this

in (5.5) yields

TrA =

ˆ
M

trK(p, p) dm(p).

□

Before continuing we will discuss the continuity of the Schwartz kernel of
Aλ = (P − λ)−ℓ when ℓ is large enough; here and below we assume λ < 0.
Thus

(5.6) Aλ =
∑

ζ∈sp(P )

(−λ)ℓ

(ζ − λ)ℓ
Πζ , λ < 0.
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The notation follows the one used in (4.2). With the orthonormal basis intro-
duce above and letting ζk be the corresponding eigenvalues we have

(5.7) Aλv =
∑
k

(−λ)ℓ

(ζk − λ)ℓ
(v, ϕk)ϕk

for v ∈ C∞(M;E). Recall that λ < 0. We do not include ℓ in the notation for
this operator because it is some fixed sufficiently large integer. Let ȷp : Ep → E∗

p

denote the operator such that

hp(a, b) = ⟨ȷp(b), a⟩.

Clearly, ȷp is conjugate-linear and by the Riesz representation theorem, it is sur-
jective. We use this to define a Hermitian metric on E∗ so that h∗p(jpu, jpv) =
h(v, u) if u, v ∈ Ep. If v is a section of E, then p 7→ ȷp(v(p)) is a section of E∗

which we denote J(v). With this notation we have

(u, ϕk) =

ˆ
⟨J(ϕk), u⟩ dm(p)

and so the the Schwartz kernel of Aλ in (5.7) is

(5.8) Kλ =
∑
k

(−λ)ℓ

(ζk − λ)ℓ
π∗
Lϕk ⊗∗

R J(ϕk)

with convergence in C−∞(M×M;E ⊠ E∗).
We will now determine the regularity of Kλ. From Weyl’s estimate we have

ζk ∼ c0k2/n as k →∞

for some c0, see Seeley [12, p. 291]. Since P is elliptic positive of order 2, we
can define the L2-based Sobolev spaces of sections of E, Hs(M;E), using the
norm

∥u∥s = ∥(A+ I )s/2u∥
where the norm on the right is that of L2(M;E). From the Sobolev embedding
lemma we have that Hs(M;E) ⊂ Cm(M;E) if s > n/2 +m with

∥u∥Cm ≤ cs,m∥u∥s
for some cs. Here

∥u∥C0 = sup
p∈M

√
hp(u(p), u(p))

while for m > 0 we use some connection to differentiate u and the compute the
maximum of the pointwise norms. The Sobolev estimate gives in particular

∥ϕk∥C0 ≤ cs,m(1 + ζk)
s/2

∥π∗
Lϕk ⊗ π∗

R J(ϕk)∥C0 ≤ C(1 + ζk)
s
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with some constant C > 0. Thus∥∥ (−λ)ℓ

(ζk − λ)ℓ
π∗
Lϕk ⊗∗

R J(ϕk)
∥∥
C0 ≤ C(1 + ζk)

s−ℓ ∼ Ck2(s−ℓ)/n

for λ < −1. If s = n/2 + ε, ε > 0, then the uniform convergence of the series
(5.8) will be guaranteed if ℓ > n+ ε. We will assume ℓ satisfies this condition.
Note in passing that the pseudodifferential operator (A+I )−ℓ

′
is of order −2ℓ′,

so the condition ℓ′ > n/2 is sufficient to get the continuity of Kλ; nevertheless
we will assume ℓ > n to ensure convergence of the series.

As should be expected, Kλ converges in C−∞(M×M;E ⊠ E∗) to the
Schwartz kernel of the identity map, which is supported on the diagonal. We
shall omit the details of the proof of this fact.

Let now f :M →M be smooth, let Ψ : f∗E → E be a homomorphism.
Then as discussed in Section 3, we have an induce map Ψ ◦ f∗ : C∞(M;E)→
C∞(M;E), see (3.8), whose Schwartz kernel is supported on the graph Γ =
{(p, f(p)) : p ∈M} of f .

Using the orthonormal basis {ϕk}. Let v ∈ C∞(M;E), v =
∑
k(v, ϕk)ϕk.

Then

(Ψ ◦ f∗v)(p) =
∑
k

(v, ϕk)
(
(Ψ ◦ f∗)(ϕk)

)
(p) = ⟨

∑
k

(Ψ ◦ f∗)(ϕk)(p)⊗ Jϕk, v⟩,

thus the Schwartz kernel of Ψ ◦ f∗ is

KΨ◦f∗ =
∑

π∗
L(Ψ ◦ f∗)(ϕk)⊗ π∗

R Jϕk.

Using the last version of KΨ◦f∗ , the Schwartz kernel of Aλ ◦ [Ψ ◦ f∗] is thus

KΨ◦f∗,λ =
∑
ζ∈spP

∑
k

(−λ)ℓ

(ζ − λ)ℓ
π∗
LΠ

ζ
(
(Ψ ◦ f∗)(ϕk)

)
⊗ π∗

R Jϕk.

The supremum of the pointwise norms ∥Πζ
(
(Ψ◦f∗)(ϕk)

)
(p)∥ can be estimated

as we did above just for the ϕk. This will give the uniform convergence of the
series for any λ < 0, so KΨ◦f∗,λ is continuous. Thus we can take the trace of
Aλ ◦ [Ψ ◦ f∗]:

Tr(Aλ ◦ [Ψ ◦ f∗]) =
ˆ
M

tr ι∗KΨ◦f∗,λ(p) dm(p).

Furthermore KΨ◦f∗,λ converges in C−∞(M ×M;E ⊠ E∗) to the Schwartz
kernel of Ψ ◦ f∗, which is supported on Γ. In particular the restriction of
ι∗KΨ◦f∗,λ → 0 to the complement of Fix converges to 0.

Proposition 5.9. Assume that the fixed points of f are simple. Then the
sections ι∗KΨ◦f∗,λ of E ⊗ E∗ converge in C−∞(M;E × E∗) as λ→ −∞ to a
distribution supported on Fix.

The important statement is the convergence of ι∗KΨ◦f∗,λ.
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Proof. The operator Ψ◦ f∗ is a Fourier integral operator associated with
Λ, the complement of the zero section of the conormal bundle to Γ. Since Aλ
is pseudodifferential operator, also Aλ ◦ [Ψ ◦ f∗] is a Fourier integral operator
associated with Λ. As λ → −∞, Aλ → I so Kψ◦f∗,λ → Kψ◦f∗ in the space
C−∞

Λ (M×M;E ⊠ E∗), the space whose elements are generalized sections of
with wavefront set contained in Λ (see [5, Guillemin-Sternberg, p. 333] for the
definition). The fact that the fixed points of f are simple is equivalent to the
condition that Λ is disjoint from N∗(diag) \ 0. It follows from Proposition 3.7
in [5] that ι∗KΨ◦f∗ converges in C−∞

ι∗Λ (M;E⊗E∗). (The statements in [5] use
projective wavefront set, but our use here is valid.) □

We now identify ι∗KΨ◦f∗ . To this end we will rewrite KΨ◦f∗ along the
lines of (3.13).

Giving the homomorphism Ψ : f∗E → E is the same as giving a homo-
morphism from the part of π∗

RE over Γ to the part of π∗
LE also over Γ:

Ψ̂ : π∗
REΓ → π∗

LEΓ.

Namely giving the linear map Ψ(p, f(p)) : (f∗E)p → Ep is the same as giving
the map Ψ̂(p, f(p)) : Ef(p) → Ep. Extend Ψ̂ to a smooth homomorphism

Ψ̂ : π∗
RE → π∗

LE.

and let Ψ̂ also denote the section of E ⊠ E∗ this extension induces. Then the
Schwartz kernel of Ψ ◦ f∗ is

(5.10) KΨ◦f∗ = Ψ̂⊗ δΓ
where δΓ is given by (3.12).

It follows that ι∗KΨ◦f∗ = ι∗Ψ̂⊗ ιδΓ. But we have already determined that

ι∗δγ =
∑
p∈Fix

1

|det(dfp − I )|
δp.

Thus

Theorem 5.11. If f has only simple fixed points, then

lim
λ→−∞

ι∗KΨ◦f∗,λ =
∑
p∈Fix

1

|det(dfp − I )|
ι∗Ψ̂⊗ δp

in C−∞(M;E ⊗ E∗). Consequently

lim
λ→−∞

tr ι∗KΨ◦f∗,λ =
∑
p∈Fix

1

|det(dfp − I )|
ι∗ tr(Ψ̂)⊗ δp

and so
lim

λ→−∞
Aλ ◦ [Ψ ◦ f∗] =

∑
p∈Fix

1

|det(dfp − I )|
ι∗ tr(Ψ̂(p)).
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Applied to specific case of (5.1) we conclude

lim
λ→−∞

Tr f∗q,λ =
∑
p∈Fix

1

|det(dfp − I )|
ι∗ tr df(p).

Since

Lf =

n∑
q=0

(−1)q Tr f∗q,λ

is independent of λ,

Lf =
∑
p∈Fix

n∑
q=0

(−1)q 1

|det(dfp − I )|
ι∗ tr df(p).

With this we have completed the proof of Theorem 3.4
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