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Resumo

Classificamos as hipersuperficies f : M™ — R""! que possuem uma curvatura principal
de multiplicidade n — 2 que no se anula em nenhum ponto e admitem uma deformacao
conforme genufna f : M™ — R™"2. Uma deformacio conforme f : M" — R"2 de f ¢
genuina se em nenhum aberto U C M™ a restri¢io f |y é¢ uma composigao f lv =ho flu

de f|y com uma immersao conforme h: V — R"2 de um aberto V' C R""! que contém

fU).



Abstract

We classify hypersurfaces f : M™ — R™""! with a nowhere vanishing principal curvature
of multiplicity n — 2 that admit a genuine conformal deformation f : M™ — R**2. That
a conformal deformation f : M™ — R™2 of f is genuine means that there does not exist
any open subset U C M" such that f|U is a composition f|U = ho f|y of fly with a

conformal immersion h: V — R""? of an open subset V' C R™*! containing f(U).
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Introduction

Hypersurfaces f : M™ — R™"! that admit an isometric (respectively, conformal) defor-
mation g : M™ — R""! that is not isometrically congruent (respectively, conformally
congruent) to f on any open subset of M™ are called Sbrana-Cartan Hypersurfaces (re-
spectively, Cartan Hypersurfaces). These two types of hypersurfaces have been classified
in the beginning of the twentieth century: in the isometric case by Sbrana in [I] and
Cartan [2] for n > 3, and in the conformal one by Cartan in [3] for n > 5. The most
interesting classes of Sbrana-Cartan (respectively, Cartan) hypersurfaces are envelopes
of certain two-parameter congruences of affine hyperplanes (respectively, hyperspheres),
which may admit either a one-parameter of isometric (respectively, conformal) deforma-
tions, or a single one. Partial results on Cartan hypersurfaces of dimensions four and
three were also obtained by Cartan in [1] and [5], respectively.

The classification of Sbrana-Cartan hypersurfaces was extended to the case of nonflat
ambient space forms by Dajczer-Florit-Tojeiro in [(]. Moreover, among other things, in
that paper the problem of determining whether Sbrana-Cartan hypersurfaces that allow
a single deformation do exist, which was not addressed by Sbrana or Cartan, was given
an affirmative answer.

A nonparametric description of Cartan hypersurfaces of dimension n > 5 of R"*! was
given in [7], where it was shown that any such hypersurface arises by intersecting the light-
cone V"*2 in Lorentzian space IL."™3 with a flat space-like submanifold of codimension two
of L3,

We also refer to [0] and [7], as well as to [3], for modern accounts of the classifications
of Shrana-Cartan and Cartan hypersurfaces. Our presentation in this thesis is close in
spirit to that in [3].

When studying isometric or conformal deformations of a Euclidean submanifold with
codimension greater than one, one has to take into account that any submanifold of a de-

formable submanifold already possesses the isometric deformations induced by the latter.
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R™*P

R4,

Figure 0.1: f and f not conformally congruent

Therefore, it is necessary to restrict the study to those deformations that are “genuine”,
that is, those which are not induced by deformations of an “extended” submanifold. It
is also of interest to consider deformations of a submanifold that take place in a possibly
different codimension.

These ideas have been made precise in [9] in the isometric case, and extended to the
conformal realm in [10] as follows. Let f : M™ — R™*? be a conformal immersion of an
n-dimensional Riemannian manifold M™ into Euclidean space. A conformal immersion
f oM™ — R™ is said to be a genuine conformal deformation of f if f and f are nowhere
(i.e., on no open subset of M™) compositions, f = F o j and f = Foj, of a conformal
embedding 7 : M™ — N™" into a Riemannian manifold N"*" with r > 0 and conformal
immersions F : N"*" — R and [ : N7 — R4,

In this work we are interested in the case where p = 1 and ¢ = 2. In the isometric
realm, from the assumption that f : M™ — R™"! admits a genuine isometric deformation
f: M™ — R"2 it follows from Theorem 1 in [11] that rank f < 3. The situation in
which rank f = 2 was solved some years ago in [12].

In the conformal instance, from Theorem 1 of [13] it follows that f : M™ — R™"! must
have a principal curvature A with multiplicity greater than or equal to n — 3 if it admits
a genuine conformal deformation f : M™ — R*2. We will study the particular case in
which the multiplicity is n — 2. For the case n — 3, it seems better to start by attempting
to solve the analogous problem in the isometric realm, which is also still open.

Hypersurfaces f : M™ — R™"*! having a principal curvature A of multiplicity n — 2 are
envelopes of two-parameter congruences of hyperspheres (see Chapter 1). These are given
by a focal function & : L? — R"™! and a radius function C*°(L), where L? = M™ /A" is

the quotient space of leaves of the umbilical eigendistribution distribution A associated
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to A\. In terms of the model of Euclidean space R™™! as a hypersurface of the light-
cone V"2 < IL"*3_ the congruence of hyperspheres (h,r) can be represented by a surface
s : L? — S'? < L3 in the de Sitter space. With the aid of the conformal Gauss
parametrization, the hypersurface f can be recovered back from the surface s. Our
approach is to determine which surfaces s : L? — S7"? < L"*3 give rise to hypersurfaces
f oM™ — R™! that admit genuine isometric deformations f : M™ — R"+2.

In the proof, we follow similar steps to those of the isometric case. We show in
Chapter 3 that the fact that a hypersurface f : M™ — R™"! having a principal curvature
A of multiplicity n — 2 admits a genuine conformal deformation f : M™ — R""2 can be
encoded by a triple (Dy, Dy,) satisfying several conditions, where D; € I'(End(A')),
1 <17 < 2, and v is a one-form of M™. This requires the preliminary algebraic step
of determining the structure of the second fundamental form of the isometric light-cone
representative of a genuine conformal deformation f : M™ — R™2 of f, which is carried
out in Chapter 2.

The next step is to prove that the triple (D, Ds,1)) can be projected down to a triple
(D1, Dy, %) on the quotient space L2, and to express the conditions on (D, Dy, ) in terms
of simpler ones on (Dy, Dy, 1)) (see Chapter 4). The last step is then to characterize the
surfaces s : L? — S"™? < "3 that carry a triple (D, Dy, ) satisfying those conditions.
This is done in Chapter 5. For the statement and proof of our classification of Euclidean
hypersurfaces f : M™ — R"*! that admit genuine conformal deformations f : M™ — R"+!
in Chapter 6, all that was needed was to put together the steps accomplished in the
previous chapters.

The main theorem of this thesis is, as far as we know, the first classification result
for a class of submanifolds admitting genuine conformal deformations, apart from the
classical one by Cartan of the Euclidean hypersurfaces f : M™ — R"*! that admit genuine
conformal deformations f : M™ — R"*!. In the isometric realm, besides the isometric
version of our result in [12], isometric immersions f : M™ — R™*?2 of rank two that admit
genuine isometric deformations f : M™ — R™*2 have been classified in [14], [15] and [16].

We hope that, after reading this thesis, the reader will have learned about some of
the tools used in the conformal theory of submanifolds. For that reason we have included
most of the necessary background material in Chapter 1, trying to make the presentation

as self-contained as possible. Without more chit chat, lets start!



Chapter 1
Prerequisites

Studying the topic at hand requires a lot of background knowledge. Including all the
material needed to understand the present work in this chapter would be an impossible
endeavour, due to the space and time that it would require to accomplish that enterprise.
Therefore, we had to draw a starting line about what we assume the reader knows.
In choosing that starting point we took into consideration our wish that the present
work would be understandable to any mathematician in the area of differential geometry.
Hence, we will require the reader to know about differentiable manifolds and Riemmanian
Geometry. With that setting in mind, we are confident enough that we will be able to
supplement other knowledge needs in order for the reader to understand this thesis.

As discussed in the introduction, we will work with hypersurfaces f : M™ — R**!
carrying a principal curvature of multiplicity n—2, some properties of their shape operators
and of the associated eigendistributions will be needed in later chapters. In this chapter,
we will start by deriving those properties for in the more general setting of isometric
immersions f : M™ — R™"? that carry a Dupin principal normal vector field.

As the title suggests, we will work with conformal immersions f . M™ — R"2
However, in practice, we will replace those conformal maps by their isometric light-cone
representatives F : M™ — V"3 < R"_ The reason is simple enough, in this way we can
use all the isometric theory behind them. Of course, the price paid in exchange is to work
with Lorentzian ambient spaces. For that motive, we will introduce the reader to the
model of Euclidean space R™ as a hypersurface of the Lorentz light-cone V+! < Lm+2,
and then use this model to define the isometric light-cone representative of a conformal
immersion f : M™ — R,

As the reader will see from a proposition in the section on Principal normals, a hyper-

10



1.1. PRINCIPAL NORMALS 11

surface f : M™ — R™*! carrying a principal curvature of multiplicity n — 2 is the envelope
of a two-parameter congruence of hyperspheres. Another reason to introduce the Eu-
clidean Model ¥ : R™ — Y™+l < L™+2 is because hyperspheres have a neat description
in terms of vectors in the Sitter space ST < L"*3, and so a two-parameter congruence

of hyperspheres will have a simple representation as a surface s : L? — S'2.

Finally, we will discuss how to recover the hypersurface f : M™ — R""! from the
congruence of hyperspheres with the help of the Conformal Gauss Parametrization. This
is analogous to the Gauss Parametrization of hypersurfaces having constant index of
relative nullity, whic can be parametrized by their Gauss map and support function.
Hopefully, this will close all the gaps of knowledge the reader will need to understand this

work.

One last word: all the material that was mentioned before can be found in [3], which
was a keystone in my study. Without that book, it would have been impossible for me
to accomplish the present work. Of course, in that book the prerequisites listed before
are explained in more detail and treated with greater generality, but since the work at
hand will be available before the book is published, we decided to include this prerequisite
chapter.

1.1 Principal Normals

Given an isometric immersion f : M™ — N™, a vector i in the normal space NyM (x) of

f at x is called a principal normal if the subspace
E,z)={XeT,M: aX,)Y)=(X,Y)n forallY e T, M} (1.1)

is non-trivial. A section 1 of NyM is called a principal normal vector field of f with

multiplicity ¢ > 0 if the subspace E,(z) is g-dimensional at each x € M™.

In terms of the shape operators of f, the subspace E,(x) can be expressed as

Eya)= () ker(A,— (D), (1.2)

’YENfM(CC)

one inclusion being obvious: If X € Myen (e ker (A, — (y,m) I), then for all vy € Ny M ()
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and Y € X(M) we have
<Oé(X7 Y)7ry> = <A"/X7 Y> = <X7 Y> <7]7’7> '

This leads us to conclude that «(X,Y) = (X,Y)n for any Y € X(M), or, in another
words, that X € E,(z).

For the other inclusion, suppose the validity of the following equality between subsets:

1

ﬂ ker (A, — (y,m)I) | =span{A.X—(y,n) X : X € T,M&~ € N;M}. (1.3)

YEN§ M (x)

Then, to prove the missing inclusion, we must show that
span{ A, X — (v, ) X : X € T,M &~ € N;M} C (E,(x))".

IfY € E,(z), X € X(M) and v € Ny M, then

(A, X = (1) X,Y) = (X, A,Y = (.0} V) =0,
so A, X — (y,n) X € (E,(x))*, which concludes the proof of equation (1.2).

We are left with the proof of equation (1.3). Let
Y € Nyenpma) ker (Ay — (y,m) 1)

Then, for arbitrary X € X(M) and v € NyM we have

YV, A, X = (r,m) X) = (AY = (7,m) Y, X) =0,
50 Ay X — (7,m) X € (Nyen, M) ker (A, — (v,7m) I))*+. For the other inclusion, let

Y € (span{A,X — (y,n) X : X € T,M &~y € NyM})™ .

Then, for any v € NyM and X € T, M we have

(ALY = (v,m Y, X) = (Y, A, X — (y,m) X) =0,
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so AY — (v,n)Y =0 for any v € NyM and our affirmation follows.

In the case where f is an oriented hypersurface with a unit normal vector field N,
then a principal normal 7 € NyM can be expressed as 7 = AN. From equation (1.2), we
have that X € E,(z) if and only if AX = \X, that is, X € E\(z), where

Ex(z) = {X € T,M : AX = AX}.

Therefore, n = AN is a principal normal of f at x € M™ if and only if A is a principal
curvature of f at x € M"™. We can think of principal normals as the generalization to

higher codimensions of principal curvatures.

A principal normal vector field n € N;M is said to be Dupin if 7 is parallel along
E, in the normal connection. In the specific case where f is a hypersurface, if n = AN
is a Dupin principal normal vector field, then A is a principal curvature with constant

multiplicity and, for any T € E,, we have
0= Vzn=T(\N.

Therefore, A is constant along £,. The other way around is also valid, if A is a principal
curvature with constant multiplicity and constant along FE\, then n = AN is a Dupin

principal normal vector field.

A smooth distribution £ on a Riemannian manifold M™ is called umbilical if there

exists a section § of E+, named the mean curvature vector field of E, such that
(VT X) = (5, T) (X, 0)
for all S, T € T'(E) and X € I'(E+). The distribution E is integrable, since
([5,T], X) = (VsT, X) = (V1S5,X) = (5,T) (X, 0) — (T, 5) (X,0) =0,

for all S, T € T'(E), and so [S,T] € T'(E). Moreover, if o* is a leaf of E and j : 0% — M"
is the inclusion map, then for all S, T' € I'(E) we have

7*VsiT = 7. VsT +a?(S,T).
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Taking inner product with X € T'(E+), we get
(5.T)(X,8) = (/(5,T), X),

which means that ¢* is an umbilical submanifold of M™ with mean curvature vector field
0.

An umbilical immersion j is called an extrinsic sphere if its mean curvature vector
field ¢ is parallel in the normal connection. If an umbilical distribution E also satisfies

(Vxd)p1 = 0, where § is the mean curvature vector field, then
J*Vx0 = —j, As X + V0 = —j As X.

Hence V%4 = 0, and o is an extrinsic sphere. With this in mind, we call an umbilical

distribution E spherical if its mean curvature vector field § satisfies

We finish this section by proving a proposition that can be found in [8]. We will not

just cite the result, because we will need some facts that appear during the proof of item
(ii).

Proposition 1.1.1 (Proposition 1.22 in [8]). Let f : M™ — QI be an isometric immer-
sion with a principal normal vector field n of multiplicity q. Then the following assertions

hold:
(i) The distribution x© — E,(x) is smooth.

(i1) The principal normal vector field n is Dupin if and only if E, is a spherical distri-

bution and f maps each leaf of E, into an extrinsic sphere of Q.
(111) If ¢ > 2 then n is a Dupin principal normal vector field.

() If n is a Dupin principal normal vector field and ¢ = 0, then the map h : M™ — R™
defined as

1
h=f+ n
[Inll?

is constant along F,,.
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Proof. Let us start with item (i). It is enough to prove that the distribution
T = (E'rz(x))l

is smooth. From equation (1.3), just choose pairs (X;,v;) for i = 1,---,k such that
X; € T,M, ~; € NeM(z) and {A,, X; — (vi,n) X; : i =1,--- ,k} be a basis for (E,(x))*.
Then, extend (X, ;) for i = 1,---  k smoothly in a neighborhood of z € M™. Maybe in
a smaller neighborhood, {A,, X; — (7i,n) X; : i =1,--- ,k} will be a frame for E,-, which

shows that the distribution is smooth.

Let us now prove item (ii). Suppose that 7 is a Dupin principal vector field, and let
n = A( where ¢ € NyM of unit length. Then, for any T' € I'(E,)) we have

0= Vzn =T\ + AVZC.
Hence,
0=T(X\) = (grad A\, T,

or, in another words, grad A € T'(E,)).

If S, T eI'(E,) and X € X(M), using the Codazzi equation for A, and equation (1.2)

we get
0= (Vx AT, 8) — (AVxT, S) — <AV§ T, s> — (V2AX, 8) + (AV7 X, S)
= (VxAT, S) — M(VxT,S) — (V7 A X, S) + A (VrX,S)

= (T, S) (grad \, X) — T (A X, S) + (A:X,V1S) + AT (X, S) — A (X, V1S)
= (T, S) (grad A, X) + ((Ac — A)V 7S, X) .

Therefore,
(Ac = AN)V 7S = —(T,S) grad A (1.4)

for all ', S € I'(E,). Similarly, the Codazzi equation for A, where { € I'(N;M) is a
section orthogonal to 7, applied to 7" € I'(E,)), X € X(M), and taking inner product with
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S eI'(E,), yields

0= (Vx AT, S) — (AT, S) — <AV§ (T, S> — (V2AX, S) + (AVrX, S)
+ <AV%§X, S>
= — (V&) (T, S) + (X, AcVrS) .
Consequently,
(AV1S, X) = MT.8) (VEE.C). (1.5)
for any 7', S € I'(E,) and X € X(M).

Taking into account our alternate definition of the subspace E,, given by equation (1.2),
from equations (1.4) and (1.5) we conclude that VS € I'(E,) for any pair of orthogonal
T, S e I'(E,). Defining g : I'(E,) x I'(E,) — F(E,ZL) by

ﬁ(Tv S) = (VTS>E#-7

we have (T,5) = 0 for any orthogonal pair 7', S. Moreover, since this bilinear form is

C>°(M)-linear, it is, in fact, a tensor. Let {7}, -- ,T}} an orthonormal frame for E,, then
0=8(T; +T;,T;, - T;) = (T3, Ti) — B(T},T}).
So, without ambiguity we can define 6 = 3(7;,T;) = (Vr,T3) gt Then, we have

B(T,S) =Y abB(T,T)) =Y abB(T;,T,) = (T, 5) 6.

1,7 7

The above equation means that the distribution £, is umbilical, because for all T', S €
I'(E,) and X € ['(E,") we have

<vTSvX> = </B<T7S)’X> = <T’S> <X75>7

where § = (V1) g for any T' € I'(E),) of unit length.

From equations (1.4) and (1.5), and using the alternative definition of the subspace

E, given in equation (1.2), we arrive to

(A¢ = AD)S = (A¢ = AI)(ViT) s = (Ac — M[)(VrT) = —grad A, (1.6)
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and
(48, X) = (Ae(VrT)py, X ) = (Ae(VrT), X) = A (V£,C). (1.7)

for T' € I'(E,) of unit length. In particular, the equation (1.6) will be fundamental on a

later chapter, so the reader should keep it in mind.

We must now prove that £, is a spherical distribution, that is, that the mean curvature
vector field ¢ satisfies
(VXé)El =

Utilizing the Codazzi equation for A, applied to T' € I'(E,), X € X(M), then taking
inner product with ¢, using equation (1.7) and that 7 is a Dupin principal vector field we

obtain

0 = (Vx AT, 8) — (AVxT,5) — <AV}¢<CT, 5> — (V2 AX,8) + (A V1 X, )
+ <AV%CX, 5>
= MVxT,6) — (A VT, 8) — (V7 AX,8) + (AcVr X, 8) + <AWX, 5>
—(Vr(A¢ = M) X, 0) = AM(V1 X, 0) + M(VxT, 0) + ([T, X], Ac0)
+ A (VEVEC C)
—(Vr(A¢ = M) X, 8) = AT, X],8) + ([T, X], Ac6) = A (V7(, V()
—(Vr(A¢ = AI) X, 0) + ((Ac = AD)6, [T, X])

for any 7' € I'(E,) and X € X(M). Hence, using the above equality, equation (1.6) and
that A is constant along E, we get

(V16, (Ac = NI)X) = T ((Ac — \1)6, X) — (5, V(A — AT)X) (1.8)
=T {((Ac — M), X) — ((Ac — N)6, [T, X])
= —T (grad A\, X) + (grad \, [T, X])
=-TX(\) + [T, X](\)
= 0.

Now, let us use the Codazzi equation for A¢, where £ € Ny M is a section orthogonal to
n, applied to T € I'(E,)), X € X(M). Taking its inner product with ¢ and using equation



18 CHAPTER 1. PREREQUISITES
(1.7) we obtain

0 = (Vx AT, 8) — (AcV T, 6) — <AV§§T, 5> — (V2 AX, 8) + (AeVr X, )
— (Aed, [T, X)) = (6, V1 AeX) + (AgyeX, ),

for all T € I'(E,)) and X € X(M). Therefore,

(Vrd, AcX) = T (A6, X) — (6, VpAeX)
= T (A¢b, X) — <AV%§5, X> — (A, [T, X]) .

for any T' € I'(E,) and X € X(M). Using equation (1.7) and the Ricci equation we get

(Vrd, AeX) = T (A8, X) = (Agsed, X ) = (Aed, [T, X)) (1.9)

= AT (Vx&,¢) = AM(VxV7E ) = M(Virxé €)
= M(RHT, X)¢,¢)

= A ([A¢, AT, X)

=0,

for all T € I'(E,) and X € X(M). Since
(E,(2))" =span{A, X — (v,)) X : X € T,M &~ € N;M},

using equations (1.8) and (1.9) we conclude that V,é € I'(E,) for any T' € I'(E,), so E,

is an spherical distribution.

We must prove now that the restriction of f to each leaf o generated by the distribution
E, is an extrinsic sphere. Let j : 0 — M™ be the inclusion map and define f=foj:

o® — Q™. Since,
o/ (T,8) = f.a/ (T, S) + o’ (j.T, j,S) = (T, S) f.6 + (T, S)n,

we get that f is umbilical with mean curvature vector field v = f.6 + 1. Now, because
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J«I' € I, and n is a Dupin principal, we have
FVr(f5+m) = [V fd + Vi
= [ V108 + ol (4.T,6) — fL AT+ Vi
= —[|6|P£.T — |In|*£.T,

where we used that V; 70 € I'(E,). We conclude that IVE(f.6+n) =0 and so f is an

extrinsic sphere.

For the converse of item (ii), let n be a principal normal vector field of multiplicity
q with associated spherical distribution F, such that f maps each leaf o* generated by
the distribution E, to an extrinsic sphere of Q™. We must prove that /Vzn = 0, for any

T € I'(E,). Since E, is in particular an umbilical distribution, we have

ol (8,T) = fa?(8,T) + ol (.S, j.T) = (S, T) (f0 + 1),

for any S, T € I'(E),) where § is the mean curvature vector field of the distribution E,.
Therefore, f is umbilical. Because the image of the leaf o* is an extrinsic sphere, we must

have V7 (f.0 +n) = 0. Now, because 7 is a principal normal vector field
PNz (fb+n) = NV fd + [ Virn = fV08 — fAG T+ Vi,

so from fv% (f«0 +n) =0 we conclude ijiTn = 0.

We now prove item (iii). The Codazzi equation for A. and S, T € I'(E,)) gives us

0 = (VsAT,S) — (AVsT, S) — <AV§CT, S> — (V2A:S, S) + (AcVrS, S)
+{AvseS,S)
= S\ (T, S) + A (VsT, 8) — AV, S) — T(N) (S, S) — A (V1S, S)
A (V28,8
— S(\) (T, S) — T()) (S, S).

Taking a pair of orthogonal unit vectors S, T' € I'(E,) we conclude that T'(A\) = 0. The



20 CHAPTER 1. PREREQUISITES
Codazzi equation for S, T' € I'(E,)) and A, gives us

0 = (VSA(T, S) — (AeVsT, ) — (Agy(T, S ) — (VrAS, 8) + (AVrS, )
+ (AgseS. S)
= — (V&) (T, 8) + (V&) (S, 5) .

Again, for a pair of orthogonal unit vectors S, T € I'(E},) we get <V%§ ,C > = 0 for any
¢ € Ny M orthogonal to ¢. Hence, we get V(¢ = 0, so

Vin =T\ + AV7C = 0.

Last, lets prove item (iv). Since 7 is a Dupin principal, we have T (n,n) = 2(V#n,n) =
0, for any 7" € I'(E,). So differentiating the function h : M™ — R™ we get

hT = fT+ — e ||2
i T
=0,
for any 7" € I'(E,)). Therefore, the function h is constant along E,. O

Just as an advance of what will come in the future, we will mention that the last item
of the Proposition 1.1.1 show us that each leaf o* ‘lies” on an hypersphere of center h(z)
and radius 1/||n(z)|| where x € o*. Precise definitions will be given in the Hyperspheres

Representation section.

1.2 The Euclidean Model in the Light-Cone

As mentioned before, we will characterize the Euclidean space as a hypersurface of the
light-cone in the Lorentz space. Let ™™ be the (m + 2)-dimensional Lorentz space with

metric signature (m + 1, 1) and denote the light-cone associated to it by

V= {p e L™ : (p,p) and p # 0}.
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Given w € V™*1 define a hypersurface in the light-cone E™ by
Ep =v™in{peL™?: (p,w)=1}.

Therefore, E7' is the intersection of the light cone and a plane having w as a normal.
Fix vy € E”, since by definition we have (v, w) = 1, vy and w are linearly independent

light-like vectors. Hence, they generate a Lorentzian plane.

Let U =W, ,c: R™ — V™ <12 be defined by

_ el
U(x) =vy+ Cx 5 W (1.10)

where C' : R™ — {vo,w}t is any linear isometry. We affirm that ¥ is an isometric
embedding with W(R™) = E”. Observe that

U, X =0CX —(X,z)w. (1.11)

Since C'(R™) = {vp,w}* and w is a light-like vector, immediately we conclude that ¥ is

an isometric immersion. From,

2 2
(U(x),¥(x)) = <v0 +Cx — @w, vo+ Cx — @w>

2 2
P iyl

=0
and

(W(z), w)

2
<vo +Cr — @w, w>

= <UOv U)>
1

we have that W(R™) C EI’. For the other inclusion, let v € E”, then v is a light-like
vector and (v,w) = 1. Define z € L™ by 2z = v — vy + kw, where k = — (v,vp). The

choice of that k was not randomly done, in fact, it was chosen to make z € {vg,w}=.
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Therefore, let x € R™ such that Cx = z. We have

(Cz,Cx) = (v —19 + kw,v — vy + kw)
= —(v,v0) + k — (vo,v) —k+k —k
= —2(v,v),

so ||z]|* = 2k and then

[lz]?

2

Cr=v—1vy+ w.

Hence, v = U(x).
To finish our introduction to the Euclidean model in the light-cone section, let us see

what properties the isometric immersion ¥ has.

Proposition 1.2.1 (Proposition 9.1 in [8]). Let f: M™ — V™1 <™ pe an isometric
immersion of a Riemannian manifold. Then the position vector field f is a light-like

parallel normal vector field satisfying
((X,Y), f) == (X,Y)

forall X, Y € X(M).

Proof. Since f is a map into the light-cone, we have that the position vector field f is
light-like. Differentiating (f, f) = 0 we obtain that f € N;M. From (f. X, f) = 0,

differentiating once more we obtain
(I (X,Y), ) =—(X,Y)
and so
[ X = f'Vxf=—fAX +Vif=fX+Vsf,
which shows that f is parallel. m

Therefore, applying the above proposition, we get that U is a light-like, parallel, normal
vector field such that Ay = —I. From (¥(z),w) = 1, differentiating once we obtain that
w € NgR™. Differentiating twice, we get <04‘I’(X, Y),w> = 0. Therefore, the second

fundamental form of ¥ is given by

Y (X,)Y)=—(X,Y)w. (1.12)
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1.3 Hyperspheres Representation

In this section we will see that hyperspheres in R™ are in one-to-one correspondence with

vectors in the de Sitter space Q' L

Let S C R™ be an hypersphere with unit normal vector field N and mean curvature
h (or hyperplane if h = 0) and j : S — R™ the inclusion map. Define S : S — L™ by

S(x) = W (j(x))N(x) + h(¥ 0 j)(). (1.13)

Then for X € X(S), using equation (1.12) and considering the orthogonality of j,..X and

v, N, differentiating the above equation we obtain

S, X = (¥oj)VxSs
= (Vo j)*VxU,N + h¥,j, X
= UV, x U, N + h¥,j,X
= U, V,.xN +a”(ju X, V.N) + h?¥,j. X
= —hU,j.X + hV,j,X = 0.

Hence, the map S is constant, that is, S(S) = {v}.
Now, observe that
(S.5) = (W 4 h(W 0 j),W.N + (T o)) = (N, N) = 1
and
(WojS)=(Voj,W.N+h(¥oj)) =0,

so v belongs to the de Sitter space and ¥U(S) € E™ N {v}+. From the definition of S we
have that S is an hyperplane if and only if (v, w) = 0.

A remark is in order: the map S takes into account the orientation N given to the
hypersphere. If we change the orientation to — N, the mean curvature h also changes sign.
Hence, S(S,N) = —S(S, —N). Generally we will assign the unit normal pointing inwards
to the sphere.

Let S be the non-degenerate hypersphere with xy as center and radius » > 0. Then,
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the unit normal vector pointing inwards at x € S is given by

To— X

N(z) =

r

with mean curvature vector h = 1/r. From equations (1.10) and (1.11) we get

(J(@))N () + h(¥ o j)(x) (1.14)

v
— — 1 2
_o(® x)_<xo x,x>w+—(v0+C’x—H$H w)
r T T 2

1 ol (xo,2)  |lzl]?
_ Ty _
. (z0) + oy W — + 5
1 T
= ;\I/(mo) + W

We obtain a formula relating v with the center and radius of the hypersphere. In the case
where the hypersphere is degenerate, that is, it is an hyperplane with unit normal vector
N, then

v=CN— (N,z)w=CN — cw, (1.15)

where ¢ = (N, x) is constant as the reader can see by differentiating along a vector on the
plane. Hence, we obtain a formula relating v, the unit normal vector N and the distance

towards the hyperplane at the origin defined by V.

We are now ready to prove that, given any v in the de Sitter space, there exist an
oriented hypersphere S such that S(S) = {v}. Since we have proved the other inclusion,
we will conclude

U(S) = E™n{v}+.

We will do it by considering three cases.

Suppose first that (v, w) > 0, then define r~! = (v, w) and

z=r (v — gw> :
From the definition of r and because (v,v) =1, we have z € E, so there exist xy € R™
such that W(xg) = z. Let the oriented hypersphere S be the one with center in xy and
radius 7 and unit normal vector pointing inwards. Then, from equation (1.14) we have
U(S) =w.

If (v,w) < 0, then work with —v. We will conclude that there exist an oriented
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hypersphere S such that S(S) = —v. Then, just change the orientation to obtain v.

If (v,w) = 0, then we are in the case of an hyperplane. Define z = v 4 cw, where
¢ = — {v,vy) was chosen in order to have z € {vy, w}*. Since z is of unit length, there
exist NV of unit length such that CN = z. Define

P={xeR™:(N,z) = —(v,v0)}

and we have S(P) = CN — (N, z) w = z + (v,v9) w = v.
From the equations (1.14) and (1.15) we see that the correspondence assigning hyper-

spheres to vectors in the de Sitter space in one onto one.

1.4 Envelopes of Congruences of Hyperspheres

In this section we define what we understand by a congruence of hyperspheres and show
that the hypersurfaces we will be working along are the envelopes of two-parameter con-
gruences of hyperspheres.

Let h : M™ — R™ be a smooth function, where M"™ is a Riemannian manifold and

r € C*(M) a positive function. Then, the assignment
v = S(h(z), r(x))

where x € M™ and S(h(x),r(z)) is the hypersphere centered at h(z) and radius r is called
a congruence of hyperspheres. From the discussion at the start of the section, the reader
must has already guessed that we will use our model of hyperspheres in the de Sitter
space. Therefore, the congruence of hyperspheres S(h(z),r) can be identified with a map
S M™ — Q" defined by

where from now and onwards let the de Sitter space be denoted by Q’I”fr . The congruence
of hyperspheres S(h(z),r(x)) will be called a k-parameter congruence of hyperspheres if

S has rank k everywhere. Because

ig((;;‘l’(h(x)) gy 20

*X - -
5 r(z) 2

w,
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we have ker S, = kerr, N ker h,. Similarly, we can define a k-parameter congruence of
hyperplanes. Since we will not use that definition, we leave the job for the avid reader.

An isometric immersion f : M™ — R™ is said to envelop a congruence of hyperspheres
determined by a focal function h : M™ — RM and radius r € C*°(M) if

f(CL’) S S(h(:L‘),T(l‘)) and f*TzM < Tf(x)S(h(ZE),T(IL‘)), (1'16>
or in equations,
1 (@) = h(@)|]* = r*(z) and (f.X, f(z) = h(z)) =0, (1.17)

for all x € M™ and X € X(M). Differentiating the first equation above and using the

second equation, we get
— (h.X, f(z) = h(z)) = rX(r),

so, ker h, < kerr, and ker S, = ker h,.
The hypersurfaces f : M™ — R"*! that will be matter of study has a Dupin principal
of multiplicity n—2. With the following proposition, we can conclude that f is an envelope

of a two-parameter congruence of hyperspheres:

Proposition 1.4.1 (Proposition 9.4 in [3]). If a hypersurface f : M™ — R™*! envelops
a k-parameter congruence of hyperspheres S : M™ — Q’sz, 1<k<n-—1, then f has a
principal curvature A such that ker Sy(x) < E\(x) for all x € M™, with ker S,(x) = E\(x)
for all x in an open dense subset of M"™, on which X\ is constant along FE).

Conversely, any hypersurface f : M™ — R that carries a Dupin principal curvature

of multiplicity n — k envelopes a k-parameter congruence of hyperspheres.

Proof. Let us start proving the converse which is the important case to us. Then, let A\ be
the principal curvature of multiplicity n — k of the hypersurface f. Define h : M™ — R™*!
by
i
A

and r = A\7! € C°(M). Since h — f = A7!N, it is straightforward that f envelops the
congruence of hyperspheres determined by the focal map h and radius 7.

We have to prove that this congruence of hyperspheres is in fact a k-parameter con-

gruence of hyperspheres. In order to do so, we will show that E) = ker h,. By Proposition
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1.1.1, we have E) < ker h,. If X € ker h,,, then
0=f. X —-2A2X(\)N -\ AX.

Hence, AX = AX and X € F),, thus proving that F\ = ker h,.
For the other way around, let h : M™ — R™"! be the focal map and r € C*°(M) the

radius function of the congruence of hyperspheres enveloped by f. Then, the equations
in (1.17) are valid. Therefore,

N== (=)

is a unit normal vector field of f. Differentiating the equation above for X € ker S, =

ker h, N ker r, we obtain,

X(r)

72

CRAX = =2 oy g % (hX — £.X) = —%f*X.

We conclude that ker S, < E) with A = r~!. Now, suppose A is constant along Fy and
let X € E), then
hoX = £, X = A2X(A\)N = A1, AX =0,

so X € ker h, = ker S, which concludes the proof. O

1.5 The Light-Cone Representative

We will be working with conformal immersions f : M™ — R™. However, in practice, we
will replace those conformal immersions with isometric immersions £ : M™ — Y™+l <

L™*2. In this section we will see how this is done.

Let M™ be a Riemannian manifold and f : M™ — R™ a conformal immersion with

conformal factor ¢ € C°(M), that is, ¢ is a positive function such that

<f*X7f*Y> = 902 <X7Y>M>

for any X, Y € X(M). The map F : M"™ — V™! <L™*2 defined by

1
F=—(¥o)
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is called the isometric light-cone representative of f. It is an isometric immersion because

(FX,EY) = (X (™) (W0 f) + ¢ WX, Y (07)(Wo f) + ¢ 0 LY)

= 90_2 <f>an f*Y>
—(X,Y).

Therefore, from a conformal immersion f : M™ — R™ we get an isometric immersion
F: M — gl <Lm+2,

Transforming isometric immersions into the light-cone to conformal immersions into
Euclidean space also work, but some care is needed. First, fix an Euclidean model
U = U, pe : R™ — VYVt < L2 guch that E™ C V7! and define the projection
II: V! — Rw — E™ of the light-cone (with the exception of a line) onto E™ by

Given a conformal immersion F' : M™ — V™! —Rw we can define a map f : M™ — R™*!
by the identity
Vo f=1IIloF.

Then, using the properties for F' given in proposition 1.2.1, we get

([ X, [Y) = (U, f.X, V. £.Y)
= (ILF.X,ILEY)

/. (F.X,w) . 1 B (F.Y,w) N 1
“\TEe e O FE T e )+—<F(:v),w>F*Y>
= ;2<X7Y>

(F(z), w)

so, f: M™ — R™! is a conformal immersion with conformal factor (F), w) ™"

After all the previous discussion, we are now ready to state a result.

Proposition 1.5.1 (Proposition 9.9 in [8]). Let M™ be a Riemannian manifold. Then,
the following holds:

(1) Any conformal immersion f : M™ — R™ with conformal factor ¢ € C*°(M) gives
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rise to an isometric immersion Z(f) : M™ — V' given by

1
A =—Uo f.
(f) - f

(i1) Any isometric immersion F : M™ — VTH —Rw give rise to a conformal immersion
C(F): M™ — R™ with conformal factor 1/ (F,w) given by

UoC(F)=1IIoF.

(i1i) For any conformal immersion f : M"™ — R™ and for any isometric immersion
F:M"— VTH — Rw one has

C(Z(f)) =f and ZI(C(F))=F
Proof. The only thing left to prove is item (iii). For the first one, notice that
1
MoZ(f)=1I (—\I/of)
¥
— Vo,
so by item (ii) we get C(Z(f)) = f. For the second identity, from item (i) and (ii) we get

Z(C(F)) = (F,w) YC(F)
= (F,w)llo F
- F

which concludes the proof. O

1.6 Conformal Gauss Parametrization

As mentioned before, we will work with hypersurfaces f : M™ — R**! n > 6, that have
a principal curvature A of multiplicity n — 2. From item (iii) of proposition 1.1.1, the
principal normal vector field n = AN will be a Dupin principal normal vector field, hence

we can apply the converse of proposition 1.4.1 to conclude that the hypersurface f is the
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envelope of a two-parameter congruence of hyperspheres determined by the focal map
h: M™ — R™ and the radius function r € C*(M).

If the reader is acquainted with the Gauss parametrization, he knows that a hyper-
surface with constant relative nullity can be parametrized in terms of the Gauss map and
support function. Conversely, the Gauss map and support function are enough to recover
the hypersurface. We want to show a similar result, this time for hypersurfaces having a

Dupin principal curvature, and use it in later chapters in the context given before.

Let f : M™ — R™! an oriented hypersurface carrying a nowehere vanishing Dupin
principal curvature A with constant multiplicity n — k. From proposition 1.4.1, the hy-
persurface f is the envelope of a k-parameter congruence of hyperspheres determined by
the focal map h : M™ — R™*! defined by

hz) = f(z) + %@N(:v) (1.18)

and the radius function s € C*(M) given by s(z) = A 7!(z).
Let L* = M"/E) be the quotient space of leaves of the distribution £\ and 7 : M™ —

L¥ the corresponding projection. From item (iv) of proposition 1.1.1, and since \ is
constant along Ey, we can define g : L*¥ — R"™! and r € C*°(L) by

gom=~h and rom=\"1
Therefore, from equation (1.18) we get, for 7 = 7(z),

f(2) = gon(a) - (rom)(@)N(x) = g(z) - r(@)N(a). (1.19)

Also notice that g is an immersion, because if 0 = ¢, X = ¢,m.X = h, X, then X €
ker h, < kers,. So, differentiating equation (1.18), we get X € Ey and X = 0. We will
give L* the metric induced by g.

Differentiating equation (1.18) and taking inner product with the unit normal vector
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field of f given from its orientation we get

0= (fY,N)
=(hY = Y(A)N + X'N,Y,N)
= (g.m.Y,N) — m,Y (r)
= (¢.mY, N — g.gradr),

for all Y € T, M. Thus, if we express NyM(x) = g1, M & N,M(z), then the projection
of N(z) into ¢.T, M is given by

NT(z) = g,gradr(z). (1.20)

In particular, we have ||gradr|| < 1.

Define by N*(z) the projection of N (z) into N, M (z). From |[|[NT(z)|| = ||g.grad r(z)||

we have

IN* ()|l = V1 - [[g.grad r(z)] [

Therefore, we can define a map ¢ : M" — N;L into the unit normal bundle of g by

®(z) = (Z,u), where '
u = N*(x).
V1= |lg.gradr(z)[[? @

If ®(z) = ®(z), then x and y belong to the same leaf. From this observation, the
definition of ® and the equality in the second variable of ®(z) = ®(2), we get N+ (z) =
N=+(z). Since NT(z) = NT(2), we have N(x) = N(z) and so, using equation (1.19), we
conclude that f(z) = f(z). Since the restriction of f to any leaf is an extrinsic sphere

(proposition 1.1.1), we have x = z and hence, the map ® is injective.

Now, we will prove that ® is an immersion. Let X € F), then from the expression of
NT(z), we have N*(z),X = 0. Therefore,

$,X = (0, N(2).X) = -0, f.X)

and ® has at least rank n — k. Since 7 : M"™ — L* is a submersion, we conclude our
affirmation. Together with the fact that ® is injective, we get that ® is a diffeomorphism

onto an open set U of N, L.
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Let 6 : U — M™ be the inverse of ®. Then
(Z,u) = ®ob(z,u)

), 1
L~ g (902.0) |

=10 N*(0(z,u))

1
i‘v NJ_ 6 f,u .
V1= [lg.gradr (z) |2 " ))>

Then, from equations (1.19), (1.20) we have

fob(z,u)=g(x) —r(x)g.gradr(z) — T(.f‘)\/l — ||g«grad r(z)||?u, (1.21)

for all (z,u) € U. This map is called the Conformal Gauss Parametrization of f.

We have proved the converse part of the following theorem:

Theorem 1.6.1 (Theorem 9.6 in [3]). Let g : V¥ — R™™! be an isometric immersion and
let r € C(V) be a positive function such that ||gradr|| < 1. Then the map ¢ : N,V —
R™*! defined by

oy, u) = g(y) — r(y)gegradr(y) — r(y)\/1 — |[gradr||*u (1.22)

parametrizes, on the open subset of reqular points, a hypersurface that carries a Dupin

principal curvature of multiplicity n — k.

Conversely, if f : M™ — R is an orientable hypersurface with a Dupin principal
curvature of multiplicity n — k then there exist an isometric immersion g : V¥ — R q
positive function r € C=(V') with ||gradr|| < 1 and a diffeomorphism 6 : U — MY of an
open subset U C Nglv such that f o 0 is given by (1.22).

Proof. Motivated by the demonstration of the converse of this theorem, define a vector
field N € T(¢*TR™!) by

N(y,u) = gugradr(y) + /1 — [[grad r|[*u.
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It is of unit length, because

(N, N) = [|gugradr|]* + 1 — ||grad r||*
=1

From the definition of the vector field N, we have

o(y,u) = g(y) —r(y)N(y,u).

We want to show that N € Ng(N;V). We will do it in two steps: Let X € T(, ., N,V
vertical vector, that is 7, X = 0 where 7 : N;V — V', we get

$.X = —rN.X. (1.23)

Hence, (¢,X, N) = 0. On the other hand, any non-vertical vector can be written as (.Y
where ¢ : V¥ — N}V is a section with ((y) = u. Therefore,

0 X = g.Y =Y (r)N —rN.(Y (1.24)
and from the definition of N we conclude
(+C X, N) = (.Y, N) = Y(r) = (Y,gradr) = Y(r) =0,

showing that N is a normal vector field.

From equation (1.23) we get
0. X = r$p ALX,

that is, all vertical vectors belong to E\, where A = r~!. On the other hand, for any
Y € X(M) we have

ro(A—ANCGY =Y (r)N — .Y =Y (r)g.gradr + Y (r)y/1 — ||grad r||>u — ¢.Y.

If Y € E), then the equation above must be zero. From the hypothesis that ||grad r|| < 1
we get Y(r) = 0, and so ¢.Y = 0. Since g is an immersion, we have Y = 0 and that means

that (.Y is a vertical vector. This shows that, on the open set where ¢, is injective, ¢ is
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a hypersurface that has a Dupin principal curvature of multiplicity n — k. O

As said earlier the hypersurfaces we will work with are envelopes of a two-parameter
congruence of hyperspheres. With the information from the focal map and radius function

we can recover back the hypersurface via this theorem.



Chapter 2

Light-cone representatives of

conformal deformations

In this chapter we show how nongenuine conformal deformations f M — R of a
conformal immersion f : M™ — R™*! can be characterized in terms of their isometric light-
cone representatives F : M™ — V"2 < L3 and F: M™ — Vel < Lrtet2 and study
the structure of the second fundamental form of the isometric light-cone representative of

a genuine conformal deformation.

2.1 Characterizing nongenuine conformal deforma-

tions

Let f: M™ — R and f : M™ — R™ be conformal immersions. The following result of
[13] characterizes, in terms of their isometric light-cone representatives F' : M™ — V"2 <
L3 and F @ M™ — Vol < Lntpt2 when f is the composition f = ho f of f with a

conformal immersion h : V' — R™™P of an open subset V' O f(M™) of R"!.

Proposition 2.1.1 (Proposition 2 in [13]). Let f: M™ — R and f: M™ — R™ e
conformal tmmersions. Endow M™ with the metric induced by f. Consider F: M" —
V2 < L gnd F: M™ — Vot < Lntet2 yhe light-cone representatives of f and f,
respectively. Given an open set U C M™, there exists a conformal immersion h : 'V —
R™P of an open subset V' > f(U) of R™" such that fly = ho fly if and only if there
exists an isometric immersion H : W — V"™t of an open subset W D F(U) of V2
such that F|y = H o F|y.

35
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Proof. We will first prove the sufficiency part. If H : W — V*P*l is an isometric
immersion of an open subset W O F(U) of V"*? such that F|y = H o F|y, define
V = U~Y(W) and consider Ho W : V — V*"P*L Then h = C(Ho W) : V — R"™7 is a

conformal immersion and

flo=C(F|ly)=C(HoF|y)=C(HoW¥)o fly =ho f|y.

To prove the converse, let h : V' — R"? be a conformal immersion of an open subset
V O f(U) of R™" such that f|y = ho f|y. Let H : U(V) — V*HP+1 < Ln+7+2 be defined
by
Z(h)=HoV.

Then
C(HoF|y)=C(HoW)o fly=ho flu = flu.

Therefore, from Proposition 1.5.1, we get F|y = H o F|y. Now, extend H to an isometric
immersion H: W C V"2 — V*P+1 by setting H(tV(x)) = tH (¥ (z)) for any x € V. [

In order to apply Proposition 2.1.1, one must have sufficient conditions on a pair of
isometric immersions F': M™ — Y72 < 03 and F: M" — Yotetl < Lntp+2 which
imply the existence of an isometric immersion H : W — V¥l of an open subset

W D F(M™) of V"*2 such that F' = H o F. This is the content of the following lemma in

the case of interest for us in this work, namely, the case p = 2.

Lemma 2.1.2. Let F : M™ — V"2 < Lnt3 gnd F @ M™ — V3 < LM pe jsometric
immersions, and suppose that F' is an embedding. Assume that there exist & € T'(NzM)
of unit length and a vector bundle isometry T : NeM — L = {&}L, which is parallel in
the induced connection on L and satisfies TF = F', such that

(i) (& F) =0,

(i1) mnkAéﬁ =1,
(111) FV%{ =0 for all Z € ker AL,
(iv) ap:Tan+<A§,>§.

Then, there exists an isometric immersion H : W — V"3 of an open subset W C V+2
containing F(M™) such that F = H o F.
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Proof. Let Y € (ker Ag)L be an eigenvector of A, having 3 as the unique non-zero eigen-

value. Define the subspace

W= {(F*ﬁxg) ] X € %(M)} .
FTM®L
If X € ker A¢, then from item (iii) and taking into account that V¢ € L for any
Z € X(M), we get
F*'Vxé = —F,AX + V% =0.

Therefore, W is a one-dimensional subbundle of R(F,Y) @ L spanned by the vector field
~BEY + V€.

Let I' be the orthogonal complement of W in R(F,Y) @ L, so it is a 3-rank vector
subbundle. From the expression of W we have I' N E,TM = {0}. Notice that for any
section § of I', we have F*Vyd € F.TM & L, because

<F*@X(5,§> _ <5, F*@X§> — 0.

Since the position vector field F is parallel in the normal connection and is everywhere

orthogonal to £ by condition (i), it is a section of T

Define
T:F.TM®NpM — ESTM & L

by 7 = F*F; '@ T. Observe that T is a vector bundle isometry, because F, F are
isometric immersions and T is an isometry. Set Q = 7-4(T). Since I' N F,TM = {0},
we see that €2 is transversal to F,T'M. Also, from our assumption on 7', we conclude

that the position vector field F' is a section of ). Because F' is an embedding, the map
G : Q — L™ defined by

G((x)) = F(x) + B(x)

parametrizes a tubular neighborhood of F'(M™) if restricted to a neighborhood U of the 0-
section of ). Give U the Lorentzian metric induced by G. For a vertical vector Z € Tg(;){2

we have
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while for a non-vertical vector Z € Tjg(,){2 we get

G.(8(x)Z = For,Z 4+ F*V .z (F.X +1)
=F, (mZ + Vo X — AlmZ) + o (n.Z,X) +" Vi

We claim that the map G : Q@ — L™ defined by

G(B(x)) = F(z) + T(B(x))

is an isometric immersion on U. This fact follows from
G.(B(x)Z = T2

for any vertical Z € Tp(;)(2, while for a non-vertical Z € Tp(,)(2, taking into account that
F*Vx6 € F,TM & L for any 6 € I, that T is parallel in the induced connection of L and

condition (iv), we get

7+ F*V o 7 (F.X +Th)
~F GHZ4—VW2X' ATMuZ>—%af&uZ“X)+(FViZTnh
FUF (1 Z 4 Va2 X — Alm Z) + T (o (7.2, X) +7 Vi m) -

Therefore, ||G.(8(x))Z|| = ||G.(8(x))Z||, and our claim follows.

Now define H: G(U) C L"*? — L"* by
H=Glyo(Gly)™"

The map H is an isometric immersion and F = H o F'.

Define an open set in V"™ by W = G(U) N V"2, Because F(M™) C G(U) and
F: M™ — V2 < L™ it is clear that F'(M™) C W. The only thing left to prove is
that H(W) C V"*3. To see this, choose local sections &y, 0y of I' such that {F,d;,d,} is a
frame for T'. Then {F,d;,d,}, where T(6;) = d;, is a frame for Q. From the definition of G
and because G(U) is a tubular neighborhood of F(M™), we may write G : U x I3 — L3
as

G(z,t,581,52) = (1 +t)F(z) + 5101 + 5202
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and G : U x I3 — L't as
G(7,t,51,82) = (1 + ) F(2) + 5101 + 8202,
where I is an interval containing zero. Since G = H o G, we have
(61,8,) = <G*asl,é*asz> = (G0, Gudyy) = (51,5,)

and

(F,61) = (G0, G.d,, ) = (G.0,, Gu) = (F05)

Hence, (H(G), H(G)) = <GG> — (G, G), which implies that H(W) C V™3 as we
wanted. O

We will also need the following slightly more general version of Lemma 2.1.2.

Lemma 2.1.3. Let F : M™ — ynt3 < L™ be an isometric immersion. Assume there
exist § € N M of unit length such that

(i) (& F) =0,
(i1) mnkAf =1,
(iii) "V 3€ =0 for all Z € ker AL

Suppose further that the vector subbundle L = {£}+, the connection on L induced by the
normal connection of F, and the L-valued symmetric bilinear form oy = mp o aﬁ, satisfy
the Gauss, Codazzi and Ricci equations for an isometric immersion of M™ into L3,

Then, there exist an open set V- C M"™ and locally isometric immersions F' : V C M™ —
V2 <L and H : W € V2 — V3 with F(V) € W, such that F = H o Fy.

Proof. Let U C M™ be a simply connected open set. By the Fundamental Theorem of
Submanifolds, there exists an isometric immersion F' : U — L"*3 and a vector bundle
isometry ¢ : L — NpU such that

af =¢oay and FVie=¢(Fvi),. (2.1)
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From the definition of the vector bundle L and item (i), we have that the position vector

field F is a section of L. Taking that information into account, we get

Therefore, the section F' — (;S(F ) is constant and equal to Py € L."™3. Since ¢ is a vector
bundle isometry and F is a light-like section, it follows that F' — Py € V"2, Without loss
of generality we may assume that P, = 0 and so ¢(F) = F.

Define T': NgeM — L by T o¢ = 1. Then

o(FVET), =F V(¢ o T) =F v+

Since NpU and L have the same dimension and 7' : NpU — L, ¢ : L — NpU are vector
bundle isometries with T'o¢ = I, we have ¢oT = I. Hence, TF = F. Moreover, applying
T to both sides of the last equation, we get

("VAT)L = T("VY),
which means that T is parallel in the induced connection. From equation (2.1) we get
oF(XY)=mp00" (X,Y) 4+ (A X, V) =T oo (X,Y) + (A:X,Y) €.

We finish by applying the last lemma to F|y,, where V' C U is an open set where F|y is
an embedding. ]

Remark 2.1.4. An observation is in order when we apply this lemma later. Vector fields
€ € NeM and ¢ € L will be called correspondent if ¢({) = &. From equation (2.1) we
have that their shape operators are the same, that is, A¢ = A; and gb(FVlC)L = vie.
Since ¢ is a vector bundle isometry, correspondent orthonormal (respectively, pseudo-

orthonormal) frames will be orthonormal (respectively, pseudo-orthonormal) frames.

2.2 Structure of the second fundamental form

Let f: M™ — R™"! be a hypersurface with a principal curvature A of multiplicity n — 2.
Assume that f is neither a Sbrana-Cartan nor a Cartan hypersurface and admits a genuine

conformal deformation f : M™ — R™*2, Our aim in this section is to describe the structure
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of the second fundamental form of the isometric light-cone representative F = Z(f) :
M" — Y3 < L4 of f
We will make use of the following equivalent forms of a basic result on flat bilinear

forms known as the Main Lemma.
Lemma 2.2.1 (Main Lemma in [8]). Let 5 : V" x V™ — W4 be a symmetric flat bilinear
form such that S(B) = WP, Ifp <5 and p+ q <n, then

dimN(B) > dimV —dimW =n —p —q.

Lemma 2.2.2 (Main Lemma bis in [8]). Let 8 : V" x V" — WP 1 < p < 5 and
p+q <n, be a symmetric flat bilinear form. If dim N (8) < n —p—q — 1, then there is

an orthogonal descomposition
WPt =Wt e Wi 1< 1 <p,

such that the W;-components B; of B satisfy:
1. 1 is non-zero and null .
2. By is flat and dim N(fs) > dim V' — dim W.
The remaining of this section is devoted to prove the following result.

Proposition 2.2.3. Let f : M™ — R*"" n > 6, be an oriented hypersurface having a
principal curvature X\ € R of constant multiplicity n — 2 with respect to a unit normal
vector field N. Assume that f is neither a Cartan nor a Sbrana-Cartan hypersurface on
any open subset of M"™ and that there exists a genuine conformal deformation f: M"™ —
R™2 of f: M™ — R Then the following assertions hold for its isometric light-cone
representative F = T(f) : M™ — V3 < L+,

(i) At each point y of a closed subset V C M™, there exist a pseudo-orthonormal basis
C0,C1,Co, F' of NpM(y), with

(G G) = 0,(G, F) =1
such that the component of of with respect to L = span{(s, F} satisfies

Al (X,Y)=—(X,Y)( (2.2)
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for all XY € TyM, and ker A Nker A, Nker A¢, has dimension n — 2, where A is
the shape operator of f with respect to N.

(i1) For each x € U = M"™ —V there exist a space-like vector j1 € NpM(x) of unit length
and a flat bilinear form «y : TyM x TyM — span{u}* such that

o (X,Y) = (AX,Y) 4+ (X, Y) (2.3)

_\ -1
forall XY € T,M. Moreover, A\ = — <,u, F> is a non-zero principal curvature of

f and A = N(v) is the (n — 2)-dimensional eigenspace Ey of .

Proof. Differentiating F = ¢~ (U o f) we get

FX = X<9071)<\Ij © f) + 90*1\11*]?*)('
Thus, the normal bundle NzM of F splits orthogonally as
NpM = U,N;M & 17

where L2 is a Lorentzian plane bundle having the position vector field F as a section.

Thus, there exist unique sections ¢ and 7 of .2 such that

&6 =-1, (&n =0 and (n,n) =1

and F' is a multiple of € + 1.
At any z € M™, endow W (x) = Ny M (x) @ NpM (x) with the indefinite metric of type
(2,3) given by
<< ) >>W(x) = < ) >NfM(1‘) - < ) >N15M(Z‘) :

Define a symmetric bilinear form by

B=aol @ T,M x T,M — W(x).

From

<aF(X, Y), F> — _(X,Y)

we deduce that N (af) = {0}, and from N(8) < N(a) we conclude that 8 has a trivial
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kernel. Moreover, using the Gauss equations for f and F, we have

(B(X,Y),B(Z,W)) = (B(X,W),B(Z,Y))
= (! (X,Y), ! (Z,W)) — <aF‘(X, Y),af (2, W)>
— (o (X,W),a! (7)) + (aF (X, W),a" (2,7))
= (R(X, 2)W.Y) — (R(X, Z)WY)
~0.

Therefore, g is flat.

Since the metric ((,)) is positive definite on W = span{N, £} and negative definite
on Wy = span{\I/*le, \II*NQf,n}, where le,NQf is an orthonormal frame of N;M, the
orthogonal projections P, : W — Wj and P, : W — W5 map €2 isomorphically onto
Pi(Q) and P»(f?), respectively. From Lemma 2.2.2 for the case (p,q) = (2,3), and since
n > 6, it follows that S(f) is degenerate, that is, the isotropic vector subspace

Q=38(B)NSB)*

is non-trivial.

From the fact that (Lemma 22 in [17])
dim S(B) + dim S(B)* = 5,

it follows that dim§2 = 1 or dim 2 = 2. Our first step is to show that our assumption
that f is a genuine conformal deformation of f implies that the second possibility can not

occur at any point of M™.

Assume first that dim 2 = 2 and that [ is null on some open subset U C M™. Then
Pyq is an isomorphism onto W; along U, due to dimensional reasons. Let ¢ € Q be such
that P (¢) = €. Since

(€0 =0=(BX.Y),Q) = = (" (X,7),¢).
then ( is a light-like vector in & (ozF )*. Moreover, from

<aF(X, Y), F> — (X,Y),
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- _\ -1
we conclude that F' and (5, = <C , F > ¢ are linearly independent light-like vectors with

<g2,ﬁ> _ 1.

Let v € Q be such that P,(v) = N. Then, v = N + ji where i € NzU is a space-like

vector of unit length. Since
0= (BX,Y), N + 1) = (o) (X,Y),N) = (" (X, ), i),
we conclude that Ay = Ag . Because v, ( € () we have

0= (¢ =m0 =(nCt).

Define p = ji — <,&, F> (> and choose a space-like vector ¢; € {u, (s, F}L of unit length.

Then {u, (1, (o, F } is a pseudo-orthonormal frame with respect to which the second fun-

damental of F is given by
oF(X,Y) = (ANX,Y) i+ (A X, Y) G — (X, Y) G
Since 3 is a null bilinear symmetric form, then
(B(X,Y), B(X,Y)) = 0.

Using this fact and the expression of the second fundamental form of F we conclude that
A¢ =0, and therefore

oF(X,Y) = (ANX,Y) = (X, Y) Go.
Because A;, = 0, from the Codazzi equation of f and F for Ay = A, we get

Hence, (Vxp, () = 0.

From the Codazzi equation for A, = 0, we arrive to

(VxC, 1) ANY — (V5. G) Y = (VG p) AvX — (Vv (i, &) X

Picking an orthonormal frame of eigenvectors of X7, - - - , X,, of A with eigenvalues \y,--- , \,
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respectively, we conclude for i # j

/\j <V§ZC1,M> = <VJ)21C17C2> :

If <V)L(iC1,C2> # 0 for some i = 1,---  n, then we would have a principal curvature of
multiplicity at least n — 1, a contradiction, so <V§i<’1, C2> =0foralli=1,---,n. Since
there are at least two non-zero principal curvatures, we also have <V§(Z§1,u> = 0 for

1=1,---,n.

From the information we deduced in the last two paragraphs, we conclude that p,(;,(o
and F are parallel normal sections. Let f: U — R™"2 be the composition of f|; with
a totally geodesic inclusion i: R"™! — R"*2. Then the second fundamental form of its

isometric light-cone representative F: U — V"3 < L"** is given by
of (X,Y) = <A{VX, Y> U.N — (X,Y)w.

Let N be a unit normal vector field to i along f|;. Then, the vector bundle isometry
7: NpgU — NzU given by

TUN =pu, 7O,N=C, 7F =F and 7w =,

F — oFlv . Tt follows from the Fundamental Theorem of Subman-

is parallel and satisfies 7o
ifolds (Theorem 1.10 in [8]) that F|y and F are congruent, and hence f|y is conformally
congruent to f = io f|y by Proposition 2.1.1, which contradicts the assumption that f is

a genuine conformal deformation of f.

Now assume that dim {2 = 2 and £ is not null on some open subset U C M". As in
the previous case, there exists a pseudo-orthonormal frame {u, (1, (s, F } with respect to

which the second fundamental form of F is given by
of (X,Y) = (AX,Y) p+ (A X, V) G — (X,Y) Go.

By Lemma 2.2.2, we have dimker A;, > n — 1. Since we are now assuming that 3 is not

null, we must have dimker A;, =n — 1.

From the Codazzi equation for A = A, we get
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Since F is parallel, we obtain

<V)L(,u, <1> AQY - <V§(/L,C2> Y = <V¢/~L7 Cl> AC1X - <V)J;:UJ7C2>X

For X, Y € ker A;, we conclude that ker A;, < ker ws, where w; are the one-forms defined
by w;(Y) = (Vyp, () for i = 1,2. With this new information, and for X € ker A;, and

Y € X(M) a unit eigenvector of A¢, having the unique non-zero eigenvalue, we get

<V§(:ua <1> AC1Y == <V§J;:U“7 C2> X.

Therefore, wy = 0 and ker A, < kerwy.
Let F: M™ — V™2 < "3 be the isometric light-cone representative of f: M™ —

R"*1 whose second fundamental form is given by
ar(X,)Y)=(AXY)U.N — (X, Y)w
for all X,Y € X(M). Define a vector bundle isometry T : Np.M — L = {(;}* by setting
T(F)=F, T(V,N)=pu and T(w)= (.
Then the second fundamental forms of F and F are related by
ap =Toap+ (A, ) G

Moreover, using that wy = 0 and ker A, < kerw; one can easily check that 7" is parallel
with respect to the induced connection on L. It follows from Lemma 2.1.2 that, restricted
to any open subset U C M™ where F is an embedding, F|; is a composition F|; = HoF|y
of F|y with an isometric immersion H : W C V"2 — V" with F(U) C W. By
Proposition 2.1.1, there exists a conformal immersion h : V' — R™? of an open subset
V O f(U) of R**! such that f = ho f.

In summary, we have shown that the subspace {2 must be one-dimensional at any point
of M™. The next step is to show that § can not be not null at any point of M".

Assume otherwise that ( is null at € M", and suppose first that P;(Q) = span{{}.
Then S(5) = Q projects onto span{¢} under P;. Therefore A = 0, a contradiction with
the fact that f has a principal curvature with multiplicity n — 2.

Suppose now that P; () # span{{}. This is equivalent to requiring that the orthogonal
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projection II; : W — N;yM maps € isomorphically onto NyM, say, N = II;(v) for some
v e Q. Set p = Ily(v), where Ily : W — NzM is the orthogonal projection onto NzM.
Then A = Af for N+p=veQ=38(8) c S(B)*, and hence

BX,Y) = (af(X, Y),af (X, Y)) — ((AX,Y) N, (AX,Y) 1) .

Therefore,
(XY = <aF(X, Y), F> — (AX,Y) <u, F>

again a contradiction with the assumption on the multiplicity of one of the principal

curvatures of f.

We have thus proved so far that dim {2 = 1 and that 3 is not null at any point of M™.
Let ¥V C M™ be the closed subset where P;(£2) = span{{}. We will show that item (i) in
the statement holds at any € V. Since P;(2) = span{{} at x, there exists a light-like
¢ € Q such that ¢ € S(a’)t, and from

<@F(X, Y), F> — (X,Y)

it follows that F ¢ Q. Defining
_\ -1
G={(CF) ¢
we have a pseudo-orthonormal frame {C,, F'} for a Lorentzian plane L. The projection of

the second fundamental form onto L is given by
ol (X,Y) = —(X,Y) G,

hence )
aF<X’ Y) = <AC0X7 Y> Co+ <AC1X7 Y> G — <X7 Y> Co,

where {(y, (1, G, F} is a pseudo-orthonormal basis of NzM(x). Since dimQ = 1, the
bilinear form
B : T:J:M X TxM — span{N, CO? Cl}

defined by

~

=o' ®(af,G) 6@ (o G) G
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is flat an non-degenerate, hence dim N'(3) > n — 3. From
N(3) = ker A Nker Ag, Nker A,

it follows that the principal curvature of f with multiplicity n — 2 must be zero, and that

N (B) is contained in the corresponding eigenspace. It remains to prove that dim N (B) =

n — 2 at z. In other words, it suffices to show that the case dimN(8) = n — 3 cannot

occur on any open subset.

A

Let us assume, by contradiction, that dim N'(3) = n—3 on some open subset U C M™.
Before advancing any further, since this part will require some work, let us start by giving
an idea of what we are planning to do. We will prove with the aid of Lemma 2.1.3
that f lv = hog, where g : U — R™"! is a genuine isometric deformation of f|y and
h:V C R*™™ — R"? is a conformal immersion of an open subset V' D ¢(U). But this

implies that f is a Sbrana-Cartan hypersurface, which is ruled out by our hypotheses.

Denote by A the (n—3)-dimensional vector subspace N ( B ). Since E) properly contains
A, we can pick a non-trivial T' € Ey N A+. Hence,

{0} # Br(T. M) < span{Co, (1}

Suppose that we have ,@T(TJCM ) = span{(p, (1 }. From the well known rank-nullity theorem

of linear algebra, there exists a non-trivial X € ker BATﬂAl. From the flatness of B follows
0= (BLX.T). 3V, 2)) = (BX. W), B(T 2))

for arbitrary W, Z € X(U). Combined with the fact that dim N (3) = n — 3 we get

A

Bx (T, M) = span{N}.

Again, from the rank-nullity theorem, pick linearly independent Y, Z € ker BX N AL
Using the flatness of B and the assumption regarding the dimension of N (B) we obtain

{0} # By (T, M), Bz (T, M) < span{Co, (1 }.

We conclude that dim Ey, > n — 1 since Y, Z and T" € E), a contradiction. Therefore,

Br(T, M) must be a one-dimensional subspace.
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Redefining the pseudo-orthonormal frame {(p, (1, ¢, F } of Nz M, we can suppose that

~

BT(TQJM> = span{(o}.

From the rank-nullity theorem, we can choose two linearly independent vectors X, Y €

ker BT N AL, From the flatness of the symmetric bilinear form B we get

{0} # Bx(TuM), By (T, M) < span{N, ¢, }.

Therefore, X, Y € ker A, and from the fact that N(5) < ker A, we conclude that
dimker A¢, = n — 1, or equivalently, rank A,y = 1. From this fact, dim £y = n — 2 and

the non-degeneracy of B we have
A# +A, (2.4)

which will be a key element in proving that f is Sbrana-Cartan.
Define the symmetric bilinear form
Y= B - <aF7CO> CO = Oéf S <05F7C1> Cl : TxM X TxM — Span{Na Cl}

We will show first that the bilinear form ~ is non-degenerate, that is, that for all W,Z €
X(M) such that v(W, Z) # 0 we must find R, S € X(M) satisfying

0# (v(W, 2),7(R,5)).

~

For all W € X(M) and R € N(5) ® R{T'} we have
Y(R,W) =0

so we do not have to worry about this case. For R,S € span{X,Y}, where X and

Y € ker A, are linearly independent, we have
(R, S) = (8= {aF.00) &) (R.S) = AR, ).

Suppose that v(R,S) = ﬁ(R, S) # 0. Because of the non-degeneracy of 8, there exist Z,
W e X(M) such that

(B(R.S), (2, W) #0.



50 CHAPTER 2. LIGHT-CONE REPRESENTATIVES OF DEFORMATIONS
Then,
(8- {a" ) @) (R, (B=(oF.0) &) (Z,W)) = (B(R, ), B(Z,W)) #0

and, as consequence, we obtain the non-degeneracy of ~.

~

The bilinear form + is also flat. If R € N(8) @ RT and S, Z, W € X(M), then
(Y(R,9),7(2,W)) = 0= {(y(R,W),7(Z,5)) .

So, suppose R, S, Z, W € span{X, Y} where X and Y € ker A, are linearly independent.

Then, from the flatness of 3 we have

(V(R,S),v(Z,W)) — (v

= 2
X
o
=

~~—"

|

S
E>
By
=
-

(. S)> ~0.
Using the Main Lemma 2.2.1 we have
dim N (y) > n - 2.

Since N (y) = ker ANker A¢,, we conclude that rank A, < 2. If rank A, < 1, then using
the same argument as the one used above, we conclude that o/ is flat, which means,
again from the Main Lemma 2.2.1, that f has an (n — 1)-dimensional relative nullity,
a contradiction. Therefore, we must have rank A, = 2. Observe that ker A, is not
contained in ker A, because the existence of the vector 7" denies this fact.

Pick two linearly independent vectors X, Y € ker A, N AL, If A, X, A, Y are
linearly dependent, then a linear combination of X, ¥ would be in the kernel of A.,. Since
dimker A¢, = n—1, dimker A;, =n—2and A < ker A¢,Nker A;, we get ker Ae, < ker Ag,.
This is a contradiction to the observation done in the last paragraph. Therefore, given
two linearly independent vectors X, Y € ker A;, N At we have that Ay, X, A, Y spans
the image of A, .

Suppose Img A, <ImgA¢. Let X, Y be unit length orthogonal eigenvectors having
« and /8 as non-zero eigenvalues for the shape operator A;,. Then, any vector Z € A+
orthogonal to the plane spanned by X and Y would be in ker A;, N ker A, N AL, a

contradiction because ker A;, is not contained in ker A¢,. Therefore, Img A, NImg A;, =

{0}.
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Now, let us use the Codazzi equations to gain information about the normal connec-

tion. From the Codazzi equation for A;, = 0 we have
AvioW = Avy, 2

for all Z, W € X(M), or equivalently, by expanding in terms of our pseudo-orthonormal
base {<07 Cla <27 F}7

(VG2 C0) AW + (V3G Q1) AW = (VinCa, Go) A Z + (VinCa, 1) Ag, Z.
For Z € A and W € ker A;, we have
<V§C2,C1> =0 for Z € A.
For two linearly independent Z, W € ker A;, N A+,
(VG Q) AW = (Viy G, () A, Z.
Since {A¢, Z, A, W} is a basis for Img A, , we get
(Vz(, ) =0 for Z € ker Ag,.
Now, for Z € ker A, N A+ and W € X(M), we arrive to
(VG Go) AW = (Viy &, () A, Z.
Since Img A;, N Img A, = {0}, we conclude that
(VigG, () =0 for W € X(M). (2.5)
Applying this new information to the original Codazzi equation, it simplifies to
(V7Ca, Co) AW = (Vii:Ga, Co) Ay Z
for Z, W € X(M). Therefore,

<VJV{/C2,C0> =0 for W & ker A. (2.6)
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Now, let us work with the Codazzi equation for A,:
Vz AW = A VW — Ay ()W = VwAqZ — A, VwZ — Avy ¢, 2,
or equivalently,

VZACOW - ACOVZW - <v%<07 <-1> AC1W + <Vé§0, (2> w
=VwAq,Z — A,y VwZ — <Vﬁ/§b, C1> Ao Z + <Vﬁffoa C2> Z.

For Z € A and W € ker A;, N A+, using equation (2.6) we get
— A, VW = (V5C0,G) AgW = — A Vi Z.
Since Img A;, NImg A, = {0}, we obtain that
(V5(, (1) =0 for Z € A.
Now, if Z, W € ker A;, N At are linearly independet, we have
—Aq, VW = (V5Co, () AW = = A, Viw Z — (Vip o, (1) Ac Z.
Again, since Img A;, N Img A, = {0}, we arrive to
(V%C0,6) =0 for Z € ker A,. (2.7)

That is all the information we need regarding the normal connection.

We claim that that the vector subbundle L = span{(y}*, the connection on L induced

by the normal connection of F , and the L-valued symmetric bilinear form o = 77 o af,

satisfy the Gauss, Codazzi and Ricci equations for an isometric immersion of M"™ into
Ln—‘rS

First, let us prove the Gauss equation. Because rank A¢, = 1, we get

(R(X,Y)Z,W) = <aﬁ (X, W), (Y, Z)> - <aﬁ (X, 2),a (v, W)>

_ <af(X, W),k (v, Z)> - <a§(X, 2),af (v, W)>_

Let us move on to the Codazzi equations. Since F is parallel in the normal connection,
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it is trivial that A; satisfies the Codazzi equation for the connection (V4)r, since Ag
already satisfies the Codazzi equation for the connection V+. Now, for the Codazzi

equation for A, for ¢ =1, 2 we have to show
VxALY = AVxY = Agie),Y = VyAq X —AcVy X — Agiey, X
Since we already have
VxALY — A, VxY — Age Y = Vy A X — A Vy X — AgLe X,

the validity of the Codazzi equations for A, for i = 1, 2 in the connection (V7+); is

equivalent to showing

<VXC’HC0> ACOY <V C27C0> ACO
From equations (2.6) and (2.7) and because rank A;, = 1 the last equation is true.

Lastly, let us prove the Ricci equations. Since F is parallel in the normal connection,
we must only prove the Ricci equation involving (; and (5. From the Ricci equation for

the isometric immersion F we have

([Ae, A X, Y)Y = (RYX,Y )G, Go)
= (Vx V3, &) — (VyVxG, &) — <V[LX7Y]C17C2>
<VX <<VyC17 Co) Go+ (VCi, Ga) ﬁ’) ,C2>
- <V¢ <<V)L(C17 Co) Go + (VxCi, G2) F) 7C2> —(Vixyis G2)
= (Vy(1,G) (VxCo, ¢2) — (Vx G Go) (Vido, &)
— (Vixn @)

From equations (2.6) and (2.7) and rank A, = 1 we get

<[AC17 ACz]X Y == <V[XY C1, C2>

which is precisely the Ricci equation for ¢; and (, for the connection (V*4)y.

It follows from Lemma 2.1.3 that there exist an open set V' C M"™ and isometric
immersions G : V. C M™ — V"2 <" H . W C V"2 — V"3 with G(V) Cc W,
such that ' = H o G. From the remark 2.1.4, the correspondent normal vector field to F



o4 CHAPTER 2. LIGHT-CONE REPRESENTATIVES OF DEFORMATIONS

is G. The correspondent normal vector field to (5 is a light-like normal vector field that
has a vanishing shape operator. It is also parallel in the normal connection, because from
equation (2.5) we have (V%(z)z = 0. Hence, it is a constant light-like vector w € V™2,
with (G, w) = 1. Therefore, we have G(M™) C E%™ and from Proposition 1.5.1, G = Wog

for some isometric immersion g: M™ — R"*L,

It remains to prove that ¢ is a genuine deformation of f and hence, f is a Sbrana-
Cartan hypersurface. If we denote by & correspondent vector fields to (; then, again from
the Remark 2.1.4, {&, w, G} is a pseudo-orthonormal frame of NgM, where ¢ is of unit
length, A = A¢,, Ay = A, =0, Ag = A = —1. Hence,

a(X,Y) = (A, X, Y) ¢ — (X, Y) w.

If f and g are isometrically congruent, then in particular they are conformally congru-
ent. From Proposition 2.1.1, ' and G are isometrically congruent, that is there exist an
isometry 7" : "3 — L"*3 such that T o F = G. Therefore, T o af' = a“ and because
F=WVo f, we have

F(X,Y) = (AX, Y)W N — (X, Y) w.

If we express
TY.N = a:& + asw + azG
Tw = b€ + baw + b3G
TF =G

then because {V,.N,w, F'} and {£, w, G} are pseudo-orthonormal basis and 7" is an isom-

etry we must have a; = 0, by = 1, a2 = 1, a;b; + a3 = 0 and b? + 203 = 0. From the

G

condition T o af" = a%, we get

CL1A — bll = ACI
(1314 - bgl =0.

Then, a; = j:]_, b1 = Fas, b% + 2b3 =0 and

A b = A,
:FblA — b3] =0.
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From the last system of equations, by multiplying the first one by b3 and the last one
by —b; we obtain £(bs + b7)A = b3A;,. So, using b3 + 2by = 0, we get A = £A;, or
b3 = 0. If by = 0, then b; = 0 and we also get A = £A.,, which is a contradiction from
equation (2.4). Therefore, g is a genuine isometric deformation and f is a Sbrana-Cartan

hypersurface.

Finally, we will show that the conditions in item (ii) hold at any point x of the open
subset Y = M™—) where P;(Q) # span{{}. The latter condition is equivalent to requiring
that the orthogonal projection II; : W — NyM maps 2 isomorphically onto NyM, say
N = II;(v) for some v € Q. Set u = Ily(v), where IIy : W — NzM is the orthogonal
projection into NzM. Then, A/ = Af where N + p=v € Q and

of (X,Y) = (AX,Y) p+ v(X,Y)

for
v Ty M x TyM — {u}+

flat, non-degenerate bilinear form. Hence, from Lemma 2.2.2, we conclude that N'(y) > n — 3.
Pick T € N'(7), then

(TY) = <aF(T, Y),F> — (AT,Y) <MF>

Therefore, <,u, F > is non-zero and A = — <,u, F>_1 is a principal curvature of f. From
the hypothesis regarding the multiplicity of the principal curvatures of f and item (iii) of
Proposition 1.1.1, we conclude that A is a Dupin principal curvature of multiplicity n — 2
and N (v) < E). This fact and the assumption on the principal curvatures multiplicity
of f leave us with two possibilities: dimN () =n — 3 or dim N (y) = n — 2. If we show
that dim N (v) = n — 2, then we will have completed the proof that item (ii) holds on U.

So assume, by contradiction, that dim N (v) = n — 3 on some open subset, and denote
N(7) by A. Since A is contained properly in Ej, there exist T € Ey N A*. Then,

(TY) = <of“(T, Y), F> — MT,Y) <u, F> + <7(T, Y), F>

and we conclude that
<7(T, Y), F> ~0.
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Therefore, v (T, M) is orthogonal to F. If we define ¢ = AF + y, we have

<C7C> = -1, <<7ﬂ> = 07 <’7(T7 Y)7C> =0

and A; = A — M. Consider an orthonormal frame {y, (1, (2, (} of NzM.

We will prove that f = hog where g : M™ — R""! is a genuine conformal deformation
of f, that is, f is a Cartan Hypersurface, and h : R"*! — R"*2 is a conformal immersion.

We will use Lemma 2.1.3 to conclude those facts. The steps we will follow are similar to

A

those where dim N'(8) =n — 3.
From the facts above, since (y(7,Y),() = 0 and T € At we obtain

0 # yr(T:M) < span{(i, (2}

Suppose that we have the equality. From the rank-nullity theorem of linear algebra, there

exist X € keryy N At. From the flatness of the bilinear form v we get
0= (T, X), 7 (2, W) = (T, W),~(X, Z))
for Z, W € X(M). It follows that
vx(Te M) < span{(}.
In fact, we have the equality, because if vx (7, M) = {0}, then
XY = <ozF(X, Y), F> — (AX,Y) <u, F>

and X € F,, a contradiction since £, would be (n — 1)-dimensional. Now, from the rank-
nullity theorem consider Y, Z € keryx N At linearly independent. From the flatness of

~v we obtain
’YY(TIM)a Yz (TxM) S Span{CD CQ})

that is
<7(Y, W),F> —0= <7(Z, W), F> for W e X(M).

Arguing as before, this means that Y, Z € F,, a contradiction regarding the dimension
of this subspace. We deduce that the subspace yp (T, M) < span{(i, (s} must be one-

dimensional. By suitably redefining the orthonormal frame {u, (1, (3, (}, we can assume
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that v (7, M) = span{( }.

From the rank-nullity theorem we can pick X, Y € ker v N At linearly independent.
From the flatness of ~

00¢ (TIM)7 ’YY(T:UM) S Span{f% C}a

that is X, Y € ker A¢,. Notice that NV'(y) < ker A, and A, T # 0, therefore dim ker A, =
n—1, or equivalently, rank A, = 1. Since rank A, = 1 and rank A; = rank (A —\[) = 2,

we cannot have

otherwise v would be degenerate.

Define the symmetric bilinear form

B=7—(7¢0) 0= ¢, ¢: TeM x T,M — span{(y, C}.

We will show that this bilinear form is non-degenerate and flat. From the fact that
yr(T M) = span{(; } we have

B(R,W)=0 for Re AdRT.

So, suppose 3(Z, W) # 0 for Z, W € span{X,Y} where X, Y € ker A;, N A' are linearly
independent. Then, 5(Z, W) = ~(Z, W), so from the non-degeneracy of 7 there exist R,
S € X(M) such that

<6(Zv W)aB(Ra S)) = <’7(Zv W)aﬁ(Ra S)> = <’7(Z’ W):’V(R’ S)> 7& 0.

We conclude that ( is non-degenerate.

For flatness, we have to prove

If R € A®RT, then 51 (T, M) = {0}, so the above equation is trivially satisfied. Therefore,
we can suppose R, S, Z, W € span{X,Y} where X, Y € ker A, N At are linearly
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independent. Then, from the flatness of

= <7(Za W)”Y(Ra S)> - <7(Z7 S),’}/(R, W)> =0

and we have the flatness of (.

Using the Main Lemma 2.2.1 we conclude that dim N (8) > n — 2 and since N (3) <
ker A¢,, we get rank Ae, < 2. If rank A;, <1, using the same argument, we conclude that
B—{(v,C() ¢ =—(7,() (is flat. Also, it is non-degenerate, because the metric is negative
definite, thus from the Main Lemma 2.2.1 dim N (A;) > n—1. This is impossible, because
A¢ = A— Al has rank two. Therefore, rank A¢, = 2. Also N () = ker A, Nker A¢. Since
dimker A, = dimker A = n — 2 we have that ker A¢, = ker A.. Observe that ker A, is

not contained in ker A, because the vector field 7" denies this fact.

Pick two linearly independent vectors X, Y € ker A, NAL. If A, X, A, Y are linearly
dependent, then a linear combination of X, Y belongs to the ker A;,. This would mean
that ker A., < ker A.,, a contradiction from what we have said in the last paragraph.
Therefore, given two linearly independent vectors X, Y € ker A¢, N A+ then Ap, X, An,Y

are linearly independent.

Suppose Img A;, < ImgAg,. Let X, Y € At orthogonal unit eigenvectors of A,
having o and /3 as non-zero eigenvalues, respectively. Let Z € A+ orthogonal to X and
Y. Then, Z € ker A;, Nker A¢,, which is a contradiction. So, we must conclude that
Img A;, N Img A, = {0}.

Now let us use the Codazzi equations to gain information about the normal covariant

connection. From the Codazzi equation A, = A we have
or taking into account that V¢ = X(A\)F 4 Vi

(Vi G) AqY + (Vyp, &) AnY — AT X (VALY
= (Vyp, (1) Aq X 4+ (Vyp, &) Ao X — AT'Y (M) AX.

For Y = R € A and X € ker A, taking into account that A < E) and A is a Dupin
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principal curvature, we obtain
0= (Vg &) A, X.
For a suitable choice of X we conclude
(Vau, () =0 for Re€ A, (2.9)
For Y = Re A, X € X(M) and using equation (2.9) we have
0= (Vg () As X,
SO
(Vau, ¢y =0 for R€ A, (2.10)
The Codazzi equation for A¢, gives
VxA,Y — A VxY — AV)L(CIY =VyAq X — A Vy X — Av¢<1X7
and because <V}(C1,,u> = <V§C1, C> and Ac = A — M\,

VxAqY — Ao VxY = A(VxG, 1) Y —(Vx(G, G) AgY
= VyAq X — Ao Vy X = MV, 1) X — (V. &) A, X.

For Y = R € A and X € ker A, and using equation (2.10) we get
—Au VxR = MN(VxC, ) R=—AVrX — (ViG, &) Ae X,

so we conclude
(VxCi,p) =0 for X € ker A (2.11)

and
(ViGi, ¢y =0 for Re€A. (2.12)

Now for X, Y € ker A, and using equation (2.11), we have

—AVxY = (Vx(, () AgY = —Aq Vy X = (Vy1, &) Ao X,
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S0
(Vx(i, () =0 for X € ker Ag,. (2.13)

From equations (2.11), (2.13) and <V§<Cl,,u> = <V)L<C1, C> we conclude that (; is parallel
along ker A, .

Define the rank-3 subbundle L by L = {¢;}*. We already have conditions (i)-(iii) of
Lemma 2.1.3 satisfied. The only remaining thing to prove is that (az, (V*)r) satisfies the

Gauss, Codazzi and Ricci equations.

First, let us prove the Gauss equation. Since
o (X,Y) = (AX,Y) p+ (A X, Y) G + (A, X, Y) G — (A X, Y) ¢
satisfies the Gauss equation and rank A¢, = 1, then the symmetric, bilinear section
ap(X,Y) = (AXY) p+ (A X, Y) G — (AX,Y) ¢

also satisfies the Gauss equation.
Let us move on to the Codazzi equations. First, let us prove the Codazzi equation for

A, = A. We must show that

X

)

A, Y = A,

or equivalently,

Because,
AVJ)}/LY - Avj);'uX,

or expressed in term of the orthonormal frame {u, (1, (s, ¢} of NpM,

(Vi Q1) AqY + (Vxp, () AeY — (Vxp, ) AY

we must only prove

<V)L(M7 C1> A<1Y = <V1L//~by C1> A@X-
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The above equation is valid, because dimker A;, =n — 1 and (; is parallel along ker A, .

The other Codazzi equations are proved in a similar way. For the sake of clarity, we

will prove them. For the Codazzi equation of A, we have to show
VxAg,Y —A,VxY — A Vi)Y = VyAoX — A, Vy X — A (Vo)X -

Since we know that of satisfies the Codazzi equations, as before, it is enough to demon-

strate

(Vx(G, 1) A Y = (Vy (o, () A X

Again, since (; is parallel along ker A;, and dimker A;, = n — 1, the above equation is

valid.

To show that A satisfies the Codazzi equation we must prove
VxAY —ANVxY — A wio Y = VyA X —AVyX — A (VEO)L
By the same arguments, we only have to show

(Vx(, Q) AqY = (Vy(, G) A X.

The same argument as in the last two cases shows the legitimacy of the above equation

This concludes the verification of the Codazzi equations.

Let us move on to the Ricci equations. Let us start with the one involving p and (.
Notice that

<Rl (X, Y)u, C2> = <V)L(V¢M C2> - <V¢V)L(M C2> - <V[lx,y}/%C2>
<VX (<VYM C1> G+ <V H, C2> G2 — <V1L/M7C> C) ,C2>
- <VY (<VXM7 C1> G+ <Vxﬂ7 C2> G — <V)L<M» C> C) 7C2>
- <VLX Y] s C2>
= (V€1 G) (Vi Q) + X (Virp, &) = (Vi€ G) (Vim, §)
— (Vxi, 1) (VyC, ) = Y (Vxp, &) — (Vi ¢) (Vv ¢, &)
— (Vixyik G2) -



62 CHAPTER 2. LIGHT-CONE REPRESENTATIVES OF DEFORMATIONS

and
(RL(X,Y ), G2) = ((V)L(Vy) o ) — (Vi) o(Vx)ows &) — (Vi) ok G2)
= < (<VYH C2>C2 <V 22 C> C) C2>
- < (<VXM Cz> G2 — <VX/1'7C> C) ,§2>
- <V[X,Y]:ua (2)
- <VAJ)_(/*L7 C> <V)J;C7 C2> - <V[J5(,Y]M7 C2> .
Because,

<RL(X7 Y),u, <2> = <[A,u7 AC2]X7 Y)

we must prove
(VxCi, &) (Vyu, &) — (Vi &) (Vi &) =0,

which is true because dimker A;, =n — 1 and (; is parallel along ker A,.

The second equation to be proved is the Ricci equation for p and (. Notice that

(RH(X,Y)u,¢) = (Vx Vi, ¢) = (Ve Vi, ¢) = (Vix vy, ¢)
= (Vx (V6 G+ (Vi G) G = (V. €) €)1 )
— (Vy ((Vx1: Q) G+ (Vi G2) G — (Vi €) €)1 )
<VXY]M C>
= (Vx€1,¢) (Ve &) + (Vx G, €) (Vim, Go) + X (Vyp, )
<VXM7 C1> <VYC1> > - <V)L(/~h C2> <V1L/C2; C> -Y <V)L(M7 C>
— (Vixyi:¢)

and

(RL(X,Y)u, ) = ((V ) (Vy)om ¢ = (V) (V)i ¢) = {(Vixy)) ot €)
=((v (<Vyu G2) G = (Vyr,€) (), )
_< (<VX,U 52>C2 <V)l(ﬂaf> C) > <V[XY]#»C>
<VXC27 C> <VY,U7CQ> + X <VY:U7 > <VXN C2> <VYC27C>
— Y (Vxn () = (Vixwi: ¢) -
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Because,
<RL(X’ Y)ﬂ? C> = <[AIU AC]’ X, Y>

we must prove that

<VAJ)_(C17 <-> <V§/_'M7 Cl> - <v§_(u7 <1> <V¢<17 <—> = 07

which again is valid because of the fact that dimker A, = n — 1 and (; is parallel along
ker AC1 .

The last Ricci equation to be proved is the one involving (, and (. Observe that

(RH(X,Y)(2,¢) = (Vx V(2. ¢) — (V¥ Vx2, ¢) — (Vixy G €)
= (Vx (V3G 1) 4+ (Vi (2, 1) G — (Vy2,¢) €)1 C)
—(Vy ((VxCom) 1+ (VxC2,G) G — (Vx(2,¢) ¢) . ¢)
— (Vixy: )
= (Vi ¢) (Vyrlo, 1) + (V€15 €) (Vi C1) + X (VG2 €)
— (VxCo, 1) (Vy11,¢) = (Vxa, G1) (ViC1,¢) = YV (Vi (2, )
— (Vixy€: ¢)

and

(RL(X,Y)(, ) = (V) (Vi) O) — (V) (Vx)re, €) — {(Vixy )£, €)
= (Vo)L (Vo 1) 1 = (V52,€) €) , )
= (V) ((VxCe ) 1 = (Vx(2,€) €) . C) — (ny]CQ,Q
<VX#>C> <VYC27M>+X<VYC2>C> <VXC27IU“> <VYN> >
— Y (V%G ¢) = (Vi €

Because,

<RJ—(X7 Y)C2> C> = <[A<2, Ac],X, Y)

we must prove that

(VxG,0) (VG G1) = (VxG, 1) (V3¢1,¢) = 0

Again, the above equation is true since dimker A;, = n—1 and ¢; is parallel along ker A, .
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It follows from Lemma 2.1.3 that there exist an open set U C M™ and locally isometric
immersions G : U C M"™ — V"2 <L"" and H : W C V"2 — V"3 with G(U) C W,
such that F' = H o G|y. Writing g = C(G), we have G = Z(g), and from Lemma 2.1.1
we conclude that there exists a conformal immersion h: V' — R"*2 of an open subset
V c R™ containing ¢(U) such that f = ho g|y.

Now, we will prove that g is a genuine conformal deformation of f. Suppose, on the
contrary, that f and g are conformally congruent. Then, from Proposition 2.1.1, their
isometric light-cone representatives F' and G are isometrically congruent, that is, there
exist an isometry 7 : "™ — L"" such that G = T o F. Considering the Remark 2.1.4,
suppose that the frame correspondent to the orthonormal frame {u, (s, (} is {&, 7,0}, in

that order. Therefore, we have
a(X,Y) = (AX,Y) €+ (Ao X, Y)n — (AX.Y) 0.

Since the vector field correspondent to F is G and ¢ = \F + w, we get 8 = \G + €&.
Expressing T, N, Tw and TF in terms of the orthonormal frame {£,n, 0} of NoM

TU.N = a1& + asn + azf
Tw = blf + b277 + b3(9
TF =—16+ 16

and taking into account that {T'W,N,Tw, TF'} is a pseudo-orthonormal frame, we obtain
a; = —az, =X\ = by + b3, a3 + a2 — a2 =1, a1by + asby — azbs = 0 and b? + b3 — b2 = 0.
Replacing a3 and b3 in those equations we get ay = 41, +by = a1\ and b3 = \? + 2\b;.
Using those two equations we get b; = A(a? — 1)/2, so we have all variables expressed in

terms of a;. Lets use now the condition a® = T o " where
dF(X)Y) = (AX,Y) U, N — (X, Y) w.
We obtain
(a1 — 1)A = bll
0/214 — bg[ = ACz
CL3A - bg[ = —Ag.

The last equation is equivalent to the first one, so lets use the first two equations. Using
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the expression of b; in terms of a; we get

Aa? —1)
2

(al—l)A: I.

If a; = 1, then in the second equation taking into account that ao = +1 and +by = a1 A,

we get + A, = Ac,. On the contrary, if a; # 1, we get
¢ C2

A= )\(CLl + 1)[
2
and \ .
A= —(0”2_ )7,

Replacing in the second equation ay = +1,b0 = +a; A and the expression of A in terms of
the identity we get

A—a; +1
So, in both cases A;, = £A,, a contradiction with equation (2.8) that proves that g must

be a genuine conformal deformation of f. O



Chapter 3

The triple (Dq, Dy, 1))

In the classification of hypersurfaces f : M™ — R"*! that admit genuine isometric defor-
mations f: M"™ — R"2 accomplished in [12], a first step was to show that, excluding
some trivial cases, the existence of such a deformation is equivalent to f being a hyperbolic
or elliptic hypersurface and to the existence of a pair of tensors Dy, Dy and a one-form v
on M™" satisfying certain equations. The aim of this chapter is to prove an analogous result
in the conformal realm. As we shall see, the proof becomes significantly more involved
due to the fact that working with isometric light-cone representatives requires adding two
extra dimensions on the normal bundles.

Before stating the main result of this chapter (Proposition 3.0.2 below), we need some
definitions.

Let f : M™ — R™"! be a hypersurface that carries a principal curvature of multiplicity

n — 2, let A denote the corresponding eigenbundle and let
C:T(A) - I'(End(A%Y))

be its splitting tensor. The hypersurface f is said to be hyperbolic (respectively, parabolic
or elliptic) if there exists J € T'(End(A%1)) satisfying the following conditions:

(i) J? = I (respectively, J? = 0, with J # 0, and J? = —1).
(ii) VAEJ =0 for all T € T'(A).
(iii) Cr € span{l, J} for all T' € T'(A).
A hypersurface f: M™ — R™™! n > 3, is said to be conformally ruled if it carries an
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umbilical distribution L of rank n — 1 such that the restriction of f to each leaf of L is
also umbilical.
A hypersurface f: M™ — R" is conformally surface-like if f(M) is the image by a

Mébius transformation of R™*! of an open subset of one of the following:

1. a cylinder M? x R"2 over a surface M? C R?;
2. a cylinder CM? x R"=3, where C M? C R* denotes the cone over a surface M? C S?;

3. a rotation hypersurface over a surface M* C R?.

We will need the following characterization of conformally surface-like hypersurfaces,

which is a consequence of a more general result of [8] (see Corollary 9.27).

Proposition 3.0.1 (Corollary 9.27 in [3]). A hypersurface f: M™ — R™ 4s confor-
mally surface-like if and only if it has a principal curvature \ of multiplicity n — 2 whose

eigendistribution A = ker(A — M) has the property that the distribution A+ is umbilical.
In the remaining of this chapter we prove the following result.

Proposition 3.0.2. Let f : M™ — R" be an oriented hypersurface with a nowhere
vanishing principal curvature \ of constant multiplicity n — 2. Assume that f is not
a Cartan hypersurface on any open subset of M™. If f admits a genwine conformal
deformation f : M™ — R™2, then, on each connected component of an open dense subset,
it is either hyperbolic or elliptic with respect to a tensor J € T'(End(A1)), where A =
ker(A—AI), and there exist a unique (up to signs and permutation) pair (D1, Dy) of tensors
in T(End(A1)) contained in span{l,J} and a unique one-form v on M™ satisfying the

following conditions:
(1) A < ker,
(it) det D; = 1,
(i) VAhD; = 0= [D;,Cr] for all T € A,

(iv) (Vx(A—=A)D;)Y — (Vy(A = A)D;) X
= (X AY)Digrad\ + (—=1)7(A — \I) (Y(X)D;Y —¢(Y)D;X),

(v) (VyD)X — (VxD,)Y, grad \) + Hess \(D; X,Y) — Hess \(X, D;Y)
+ (=1)79(X) (D;Y, grad A) — (=1)¢(Y) (D; X, grad A)
— A({AX, (A = A)D;Y) — (A — M) D:X, AY)),
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(vi) dp(Z,T) =0 forall Z € X(M) and T € A,

(vii) dP(X,Y) = ([(A— AD)Dy, (A — AD) D3] X, V).

(viii) D2 # +D?.
(iz) rank (D} + D3 —I) = 2.

Conversely, let f : M™ — R"™ be a simply connected hypersurface that is not con-
formally surface-like and carries a nowhere vanishing principal curvature of constant
multiplicity n — 2. If f is hyperbolic or elliptic with respect to J € End(At), where
A = ker(A — X)), and there exist a triple (Dq, Do, 1)), with D; € span{l,J}, satisfy-
ing items (i)-(iz), then f admits a genuine conformal deformation f : M™ — R"*2.

Moreover, distinct triples (up to sign and permutation) yield non conformally congruent

conformal deformations.

Proof. Let F: M"™ — V"3 ¢ L™ be the isometric light-cone representative of f . Since
the principal curvature A of f with multiplicity n — 2 is nowhere vanishing, it follows
from Proposition 2.2.3 that for each x € M™ there exist a space-like € NzM (x) of unit
length and a flat bilinear form ~ : T,M x T, M — span{u}* such that

oF(X,Y) = (AX,Y) p+v(X,Y)

_\ -1
for all XY € T, M. Moreover, A = — <,u, F> and A = N (7) is the (n — 2)-dimensional

eigenspace F) of \.

Denote ¢ = AF + p. Then it is straightforward to see that

((,¢)=-1 and (¢,p) =0.

Also, notice that F belongs to the Lorentzian plane spanned by ¢ and u, and
Ac =M+ A, =A—= )l
Consider the Riemannian plane-bundle P = {(, u}+. For each £ € P, define

De=(A—=M)""A; = A7'A; € T(End(A™))
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and let
W = span{Ds : £ € P}.

Lemma 3.0.3. The subspace W has dimension two on an open dense subset of M™.

Proof. Since D¢,, D¢, spans the subspace W for any frame {(;, (2} of P, the dimension of
W is at most two. Suppose W is one-dimensional. Then, there exists D, € W that spans
W, hence

o (X,Y) = (AX,Y) i+ (A X, V) G + (A X, Y) G — (A X, Y) ¢
= (AX,Y) i+ {(A= A)De, X, Y) G + (A = A)De, X, Y) o — (AX,Y) ¢
= (AX,Y) i+ a(G) (A= MDD, X,Y) G+ a(G) (A= MDD, X, Y) G
—(AX,Y) ¢
= (AX,Y) pp+ (A= A)D, X, Y) (a(G1)Gt + a(G2)Ga) — (AcX, V)¢

where {(;, (2} is an orthonormal frame of the plane-bundle P. Thus, there exists a non-
trivial p € I'(P) such that A; = 0. If W is trivial, then any non-trivial p € I'(P) has this
property.
Decompose p = W.p + p1, with p € NyM and p; € L2, according to the orthogonal
decomposition of NzM as
NgM =W, N;M ® L2

where L2 is a Lorentzian plane bundle having the position vector field F as a section. Since
p and F are orthogonal, we have p; = <p1, C~ > F, where {C~ , F } is a pseudo-orthonormal

frame of L2. Since the \I/*NfM—component of az is 9071\1,*%07 from A; =0 we get

0=¢ " {A,X,Y) - (X,Y) <§,pl>,

for all X, Y € X(M). In particular, since p is not trivial, the normal vector field p can
not be trivial either. We conclude that A, = 81, with 5 = ¢ <C~, p1>.

If 3 vanishes, from the Codazzi equation for f we get
(Vxp,0) AgY = (Vyp,0) AgX,

where {p,0} is an orthonormal frame of N 7M. It the rank of Ay is at least two, then
(V%p,0) = 0 for any X € T,M, and using Corollary 2.2 in [8] we can reduce the
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codimension of f, a contradiction because f is not a Cartan hypersurface. Otherwise, the
relative nullity distribution of f is greater than n— 2. This is also a contradiction, because
M™ would be conformally flat and as consequence f would have a principal curvature with
multiplicity at least n — 1 by Theorem 16.5 in [3].

If 8 # 0, then p cannot be parallel in the normal connection, otherwise f (M) would
be contained in an hypersphere and, as a consequence, f would be a Cartan Hypersurface
(just consider g = T o f where 7 is the stereographic projection of the sphere S™** onto
Euclidean space R"™1). On the other hand, if p is not parallel, then by Theorem 14 in [11]
M™ would be conformally flat, a contradiction because the multiplicity of the principal
curvature A of f is n — 2 (Theorem 16.5 in [3]). O

In the next lemma, we derive some properties of the tensors D, that will be useful in

the sequel.

Lemma 3.0.4. The following holds:
(1) [De, Cr] =0 for all T € T'(A).
(i1) ViDe =0 for all T € T(A) and &€ € T(NzM) parallel along A.

Proof. First, let us get an expression for the projection onto A+ of the covariant derivatives
of the tensors A and Ag, for £ € P:

(VEAX = (VA AT (3.1)
= VAT — AVAET
= VAT + ACr X
= A\VAT + ACr X
= (A= \CpX

and

(VEA)(X,€) = (VXA)(T,€) (3-2)
— —AVAT — (Agy §T>h
= A{CTX,
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for all X € I'(A+). In particular, (A — A\I)Cr and A¢Cr are symmetric, because

(VEA)X,Y) = (V7 AX,Y) — (AV7X,Y)
=T (AX,)Y) — (AX,V7Y) — T (X, AY) 4 (X, V3 AY)
= (X, (V3A)Y)

and

(VHA)(X,€),Y) = (VPAX,Y) = (AVrX, V) = (AgeX,Y)
= T{AX,Y) — (A X, V7Y) =T (X, AY) + (X, V7 AY)
_ <X, Av%gy>
= (X, (V3A)(Y,9)).

Therefore, using the symmetries that we just found,

(A - )\I)DgCT = AgCT

= CpA¢
— CL(A — A)D;
— (A= AD)CrD

which proves the first item, because A — A\ is an isomorphism when restricted to A+,

For ¢ parallel along A, we have

(A= A)D:Cr = A:Cr
= VhAe
= V4(A — \)Dg
= VEAD; — A\VED,

where in the second equality we have used the assumption that & is parallel along A, and
in the fourth equality we have used that X is a Dupin principal curvature. From equation
(3.1), we also have

(A= A)CrDe = (V4 A)De.
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Subtracting both identities we get

(A= M)[D¢, Cr] = AV3De — AV3Dg
= (A= M)V} D,

which proves the second item. O

Lemma 3.0.5. There exists a tensor J on At such that J? = el, with ¢ € {1,0,—1},
and

span{l} < C(A) < span{l,J} = W.

Proof. Since the hypersurface is not conformally surface-like on any open subset of M™,
otherwise f would be a Cartan hypersurface, by Corollary 3.0.1 the distribution At is
not umbilical, and hence C'(A) # span{I}.
Let
S ={AcEnd(At): AB= BAforBc W}

be the commutator of the subspace W. By part (i) of Lemma 3.0.4, C(A) < S. From
Lemma 3.0.3, we know that dim W = 2. Using this information we claim that, if I ¢ W,
then S = span{/}, a contradiction since C(A) < S and C(A) # span{/}. We will prove
the claim by contradiction, so suppose that {A, B} is a basis of W and let T' € S with
T # rl. By the definition of the subspace S, the endomorphism 7" commutes with A and
B. Put A in Jordan canonical form, so we have three cases, depending on whether A
has two different real eigenvalues, one real eigenvalue of multiplicity two or two complex

conjugate eigenvalues:

A O A1 r s
A = A Ao, or A = or A = s # 0.
(0 )\2> 17X (0 )\,) (—s r,) 7
T — (a b) |
c d
then from AT = T A for the first case, we get

>\1a )\1b . )\1 0 a b . a b )\1 0 . )\1@ /\Qb
Mc Nd] N0 XN/ \e d)] \e d)\o N)  \ e Md/’

It
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Since A1 # Ao, we conclude that b = ¢ =0, so
T — a 0 ’
0 d

with a # d from the supposition that T # rI. If
B— (7).
g h
from T'B = BT and using the same argument as before, we get that f = g =0, so

B:GO,
0 h

with e # h. Without losing generality, suppose A; # 0, otherwise Ay # 0 and we can

rename variables. Let us find constants a and b such that

10 A0 e 0 al + be 0
= Q + b = s

S0,
1—be
=a
A
and -
1— 27\, = bh.
1
Therefore,

)\1—)\2 S h)\l—e)\g
A1 A '

If hA1 —ely =0, then A and B would be linearly dependent. So, hA\; — e\y # 0 and we
can solve the equations for the unknowns a and b. This means that the identity belongs

to the subspace W, a contradiction.

For the second case, from AT =T A, we get

)\a+c)\b+d_)\1 ab_ab Al_)\aa—l—)\b
e M) \No x)\e a) \ec a/\o N \dxe ctrd)’



74 CHAPTER 3. THE TRIPLE (Dy, Dy,)

T:<a b>’

0 a

with b # 0. From T'B = BT we have
ae+bg af +bh\ fa b e f\ (e f\[a b\ [ae betaf
ag ah ~\o0 @ gh_gh Oa_agbg+ah'

We conclude that bg = 0 and bh = be. So, g =0, h =¢, f # 0 and

(i)

In fact, dividing by f we can assume that f = 1. Then, A—B = (A —¢)I #0, a

contradiction.

Therefore, ¢ = 0 and a = d, so

For the third case, from AT = T'A we have
ra+sc rb+sd\ [ r s a b\ fa b r s\ ([ra—sb sa+rb
—sa+rc —sb+rd) \-s r c d)  \c d —s r) \re—sd sc+rd)
Therefore, c = —b, a = d, b # 0 and
T = ( ¢ b) .
—b a
With the same argument, we can conclude that
B¢ 1),
—f e

then fA — sB = (rf — se)l # 0, a contradiction. Since we have proved our claim for the

three cases, we have I € W.

For the three cases of the Jordan decomposition of A,

A O Al r s
A= AL # Ao, or A = or A = s #0,
(o w)neroas () oa=(2, )
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we got that {I, A} is a basis for T¥. For those three cases, we will find J such that J* = eI
and that {I,J} is a basis for . In the first case, notice that

v {5 7) wnes)

For this case, J? = eI, with J # £I and J # 0 can only happen with ¢ = 1 and, up to

sign,
1 0
J= .

We can generate this matrix with the following linear combination of I and A:
2 A )\1—1-)\21_ 2 A O AM+A (1 0y (1 0
AL — A Al — Ao A=\ 0 X\ A= \0 1 0 -1/

For the second case, we have that

b
Wz{(a )fora,bER}.
0 a
2
a b\ a®> 2ab
0 a/ \NO @)’

we can only have J? = 0 with J # 0 when

J:Ob’
00

or J2 =1 when J = £I. The latter case would lead to a contradiction, because we are

Since

looking for a basis of W. In the former case, we will choose b = 1. We can generate
J=A - )L

For the last case, we have
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Since )
a b B a? —b? 2ab
S\ —2ab a2 —0?)’

-b a

we can only have J? = I with J = &I or, up to sign, J* = —I with
0 1
J= ,
which can be generated by J = b1 (A — al).

Let al + bJ € W, then for any cI + dJ € W we have

(a + b3)(cI + dJ) = (I + dJ)(al + bJ)

so W < S. Working through each case for W, we find that dim .S = 2, so in fact we have

equality. We conclude that
C(A) < S =W =span{I,J}.

O
Lemma 3.0.6. For any orthonormal frame {&1,&} of P we have
1 = det D¢, + det D,. (3.3)
Proof. Since 7 is a flat bilinear form,
det A¢ = det Ag, + det Ag,,
O

and the conclusion follows.

Now, consider any orthonormal frame {&;, &} of P and define the one-forms

D(X) = (Vx&. &),
01 (X) = (Vx&,p),

Since afterwards we will fix a convenient frame for P, we will reserve the symbols wy,
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wy and 1 for that specific orthonormal frame, and use W, Wy and ¢ for an arbitrary

orthonormal frame.

From the definition of the section ¢ = AF + p, we have
V(¢ =) = X(EF = A" XA (¢~ p).

So, we obtain

Vxé = (Vxén,p) p+ (VxénL &) & — (VxéL )¢ (3.4)
= 01(X) (1= ¢) + P(X)&,

Vxée = (Vx&,uy p+ (Vx&, &) & — (Vx&, () ¢ (3.5)
= (X)) (1 — () — D(X)&,

Vip = {Vim &) & + (Vi &) & — (Vi ¢) ¢ (3.6)
= —1(X)& — @2(X)& — AT X (A)C

and
V;%C = <V§(C>/ﬁ> Mt <V_J>_(C7€1> &+ <V§(C, §2> 3 (3.7)

= A X (W — @1(X)& — @(X)E,

for all X, Y € X(M).

Let us write down the Codazzi equation of A = A, with respect to the frame {y, &1, &, ('}
With the aid of the identity (3.6), we get

= —01(X)AgY — Go(X)AsY — AN IX (VALY
+ 0 (YV)Ag X 4+ @a(Y)Au, X + ATY (VAX,

for arbitrary X, Y € X(M). By performing A\(A — AI)~! on both sides of the equation
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and conveniently rearranging we obtain
(X AY)grad A = De, (Ar(X)Y = An (Y)X) + De, A2(X)Y — Aaoe(Y)X),  (3.9)

for X, Y e ['(A1).
Let us move on to the Codazzi equation for A = A — AI. Using the Codazzi equation
for A and equation (3.7), we obtain

0= (VxA)Y — (VyA)X — AgicY + AgucX (3.10)
= (Vx(A=AD))Y = (Vy(A = AD))X — Agy Y + Agy X
~(VXADY + (VyM)X — Ag Y + Agy X
= —XA)Y + YN)X + A X(AAY + 01 (X)AY + @(X)AgY — AN Y (M) AX
— (V) Ae, X — (V) Ae X

or equivalently,

(X AY)grad A = XY (N AX + @1 (V) Ag X + @9(Y) A, X (3.11)
— A X (WAY — 01(X)Ag Y — @p(X)AsY

for arbitrary X, Y € X(M).

Finally, using equations (3.4), (3.5) and that A = A — A\I, the Codazzi equation for
&ils

(VxAe,)Y — (VyAe)X = Agr.Y — Agye X (3.12)
= 0i(X)AY — Gi(X)AY + (=1 (X) A, Y
— G(Y)AX + (Y >A<X (~1)(Y) A, X

= A (@(X)Y = @,(Y)X) + (~1)! ( (X)AY — &(Y)Ang>

for arbitrary X, Y € X(M).

Let us use the newly gathered information to prove an important property about the

kernel of the tensors @;.

Lemma 3.0.7. For the one-forms @1 (X) = (Vx&, pu) and @2(X) = (Vx&, p), where
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{&1, &} is an arbitrary orthonormal frame for P, we have
A < ker @; Nker @,. (3.13)
Proof. For arbitrary T'€ A and any X € A+, from the Codazzi equation (3.8) we get
01 (T)Ag, X 4+ 02(T)Ag, X = 0.
Performing (A — AI)~! on both sides of the equation above, we get
01(T) D, + @09(T) D, = 0.

Since the subspace W spanned by the endomorphisms Dy, £ € P, has dimension two by
Lemma 3.0.3, and hence D¢, and Dy, is a basis for W for any frame {&,&} of P, we
conclude that @;(T") = 0. O

It is now time to compute the Ricci equations for F with respect to the frame
{1, &1, &, C}. First, using equations (3.4), (3.5), (3.6) and (3.7) we get:

(RH(X, Y ), &) = (Vx Vs, §z> (VyVxu &) — (Vi &)

= (Vx (—01(Y)&1 — (V)& — XY (M), &)
—(Vy (—Wl( )& — @a(X)& — AT X (N)C) . &)
— (@ ([X, Y& — @o([X, Y])&z— ATHX YT &)

= —X&(Y) —0;(Y) (Vx&, &) =AY (M) (V¢ &) + Yi(X)
+ @ (X) (Vyg, &) + A7 X (A ><vyc,@-> + (X, Y])

= —d@i(X,Y) = (=1)'@;(Y)P(X) + (1)@ (X)) (V) + A7Y (A)@i(X)
— AT X (N @(Y).

So, changing ¢ by j we have

([Au Ag )X, Y) = —dy(X,Y) + (=1)70;(V)P(X) — (=1) @ (X)) (Y) (3.14)
FATY )@(X) = XX ()@Y,

for all X, Y € X(M).
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Since ¢ = A\F + 4 and F' is parallel in the normal connection, it follows that
(RH(X,Y)C 1) =0.

On the other hand, [A,, A¢] =0, because Ac = A — Al and A, = A. Therefore the Ricci

equation for g and ¢ brings no new information.

The next equation to deduce is the one for & and &. Using equations (3.4), (3.6) and
(3.7), we obtain

(RH(X,Y)6, &) = (VxVy&, &) — (Vi Vx&, &) — (Vixyn &)

(V4 (0= +d(1)&) &)

~ (V4 (31X (= O + B(X)&) &) = (X, Y))
(Y

<Vl p—q), §2>+X1/1 )
X) (Vi =€), &) — YP(X) — ([X,Y])
dzﬁ(X,Yx

so we conclude

(e, Ae] X Y) = d(X,Y), (3.15)

for X, Y € X(M).

The last equation is the one relating & and (. Using equations (3.4) and (3.5), we get

(RH(X,Y)&,C) = (VA V6, C) — (VeVEE, ) — (Viy i, C)
= (V& (@) = Q) + (~1/9(V)8) €
~{vs (@(X)(u—o (~17B(X)g) .C) = & l[X,Y])
= X0,(Y) + @(Y)AN X (V) + (=19 (Y <VX§, ¢)
= YG(X) = (XY () = (-1V9(X) (V45,€) —@l[X, Y))
= d&(X,Y) + &(Y)IAX () + (<1 <> 5(X)
~@OATY () = (“DP0D,(Y).
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Therefore,
([Ag,, AJX,Y) = doi(X,Y) + 0(Y)ANX(A) + (=19 (V)@ (X) (3.16)
— G(XOATY(A) = (=1 (X))@ (Y),

for X, Y € X(M).

We now pick a suitable orthonormal frame {&;, &} of the Riemannian plane bundle P.

Lemma 3.0.8. There ezists a unique (up to sign and permutation) orthonormal frame
§1,62 of P such that D; = Dy,, for i = 1,2, satisfy

1
det D1 = 5 = det D2.

Moreover, D3 # —D? and &;, fori = 1,2, is parallel along A.

Proof. Since W is two-dimensional, we have Dy # +Dy. We will show that D3 # —D?
by contradiction, so suppose D3 = —D?. Since W = span{I, J}, let D; = al + bJ and
Dy = cl +dJ. From our hypothesis we get

(® + ed®)I + 2cd] = —(a® + eb*)I — 2abJ.

If e =1, we end up with a = b = ¢ =d = 0, a contradiction because D; and D, would be
the trivial endomorphisms, which means that W is trivial. If ¢ = 0, then a = ¢ = 0 and
W would be spanned by J, also a contradiction. So we are left with the case where J has

two complex conjugate eigenvalues.

Denote by D; the complex linear extension of D;. Then,

Dlz 99 and f)Q: @ (3 .
0 0 0 «

From D3 = —D?, we get a* = —0?, or by suitably changing sign of &, if necessary, a = 6.

By Lemma 3.0.6, the sum of their determinants is 1, then 1 = 2|6|?, so we can suppose

R 9 0 R i 0
V2D, = - d V2D, = B
o g ™ >~ \o —id
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for # € S*. Writing 6 = ¢ we have

\/§D1:<C085 sinﬁ) and \/§D2:<—Sinﬁ COSB>‘

—sinf cospf —cos3 —sinf
Then,
cos BV2D; —sin fV2Dy =1 and  sin BV2D; + cos BV2Dy = J.

Hence, the orthonormal frame {&,n} of P defined by

£ =cosf& —sin P& and  n = sin B + cos B,

satisfies
V2De =1 and V2D, =J,

or equivalently,
V2Ae = (A=) and V2A, = (A—XI)J.

From the above identities, we are hinted to see what we get from the Codazzi equation
for \/§A§ = A;. Using equations (3.4) with & = £ and & = n and taking into account

that A is a Codazzi tensor, we obtain

0= (VxV240)Y — (Vy V24X — V2Ag, Y + V2Ag, X
= (Vx(A=A))Y — (Vy(A= M) X = V2Aq. Y + V2Ag. X
= (VxA)Y — (VMY — (Vy A)X + (VyADX — V2Ag.Y + V245, X
= —X\)Y +Y(N)X — V20, (X)AY + V20, (X)AY — V2(X)A,Y
+ V20, (Y)AX — V20, (Y)AcX +V2(Y) A, X,

for arbitrary X, Y € X(M). Therefore, rearranging the above equation we get

(X AY)grad A = V20, (X)AY — V20, (X)AY + V2U(X)A,Y
— V20, (Y)AX 4+ V20, (Y)AX — V24(Y) A, X,

Using A; = A — M, we have

(X AY)grad A = V2X0, (X)Y 4+ V2P(X)A,Y — V220, (V)X — V2 (Y)A X
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or, expressed in another way,

(YO0 +v233,(1)) 1+ VER(Y) A, | X (3.17)
- [(X()\) v \/§>@1(X)) I+ ﬁ@E(X)A,J Y.

Using Lemma 3.0.7 for Y = T € A and X € A+ in the above equation, we get
Vo(T)A, X = (X()\) + \/§A®1(X)> T.
Since v/24, = (A — AI)J is an isomorphism on At
A <kery and X(\)+ V200 (X) =0, for X € AL
Replacing the last identity in equation (3.17) for X and Y € A+, we obtain
D(Y)A,X = P(X)A,Y.

Because v/24, = (A — AI)J is an isomorphism on AL, it follows that kert = X(M).

From the equation (3.15) we conclude
(RHX,Y)E M) = ([Ag, A X,Y) = dY(X,Y) = 0.
From [A¢, A,] =0, then [(A—AI),(A—AI)J] = 0. This means that A and J commute.

Then, the endomorphism A — A\I in A+ would be a multiple of the identity. It cannot be

the null operator, because f has a principal curvature A with multiplicity n—2. Therefore,
A— X =pI in A,
with 3 # 0. Using the identity (A — A\I)Cr = VL&A, we get
BCr = VE(B+ NI =T(5+ M.

We have a contradiction, because f is not conformally surface-like. Therefore, D3 # —D3.

We will prove the existence and uniqueness of an orthonormal frame {&;, &} C P such

that det D¢, = 1/2. Let us start with the existence. Pick an arbitrary orthonormal frame
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{&,n} for P. Since
1 = det D¢ + det D,,

and from Lemma 3.0.6 we do not have to do any work if D¢ or D, has determinant 1/2.
So, suppose without loosing generality that det D¢ < 1/2 and det D,, > 1/2. Then, define
an orthonormal frame on P by rotating £ and n by an arbitrary angle 0 < 6 < 7/2, that
is, £1(0) = cosf & 4+ sinfn and &(0) = —sinf & + cos @ n. We have

det Dg = det D&(O) < det Dgl(z) = det DU?

2
so by continuity we get existence.

We are left with uniqueness. We have to do it by cases, depending on whether the
tensor J has two distinct eigenvectors, one eigenvector of multiplicity two or two complex

eigenvectors (J? = I, J? =0, or J?> = —I, respectively).

Suppose first J2 = I and, by the existence part, let {1, &} be the orthonormal frame
on P such that D; and Dy have determinant 1/2. Then,

0 0
D1 = a4 and D2 = ¢
00 0 d

with ab = e¢d = 1/2. Let us rotate the orthonormal frame {&;, &} and see if the endo-
morphisms they induce also have determinant 1/2. So, define & = cosf&; + sinf & and

n = —sinf & + cos B & and therefore

D, — acosf + csinf 0
£ 0 bcosf + dsinf

with det D¢ = abcos? 0 + cdsin® 0 + cos @ sin 0(ad + be) = 1/2 + cos O sin6(ad + be). We
conclude that ad = —bc. Multiply both sides of this equation by bd, so we end up with
abd* = —b*cd. Since ab = cd = 1/2, we conclude that d* = —0*, or b = 0 = d, a

contradiction because the determinants of D; and Dy are not zero.

For J? = 0, we have
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with a? = ¢* = 1/2. Then,

<acos€ +ecsinf bcosb + dsinQ)
D¢ =

0 acosf + csinf

with det D¢ = a® cos? 0 + ¢ sin® 0 + 2ac cos 0 sin @ = 1/2 +2accos@sinf. If a =0 or ¢ = 0,

then D; or Dy would have a null determinant, contradicting our assumption.

For the last case J? = —1,

a b c d
Dl — and DQ =
-b a —d c

with a? + b* = ¢ + d* = 1/2. Then,

( acosf + csinf bcos@—{—dsin@)
D¢ =

—bcosh —dsinf acosf + csinf

with det D¢ = (a%+b%) cos? O+ (c?+d?) sin® 0+2 cos 0 sin §(ac+bd) = 1/2+2 cos 0 sin f(ac+
bd). If ac = —bd, then

cDy = c(al +bJ)
= —b(dl —¢J)

Since both endomorphisms have the same determinant, we get ¢ = +b. If c = b = 0, then
a = +d, D; = al and Dy = dJ. So we have D? = —d?I = —a*I = —D?, a contradiction.
If c = 4+b # 0, then a = Fd and D} = —D3, same contradiction.

We are left to prove that & and & are parallel along A. For this, we will use the
uniqueness of the orthonormal frame {&;,&}. Given x € M", T € A and an integral
curve vy of T starting at x, let fz(t) denote the parallel transport of §;(x) along v(¢). By
Lemma 3.0.4, we have that VZ,(t)Déi(t) = 0, or equivalently, V’;,(t)Déi(t)X = Déi(t)v’;,(t)x.
Given an orthonormal frame {X,Y} of X(M), we have

d d
g detDey = g (Dt X, X) (DeVsY ) = (Dey XY ) (Dey¥s X))
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%det Dg ) = [<D VX, X> <D§ X V" X>] <Dg oY, Y>
(DX, X ) [( D ViV Y ) + (DY Vi Y|

h h
- KDéi(t)Vv(t)Xa Y> + <Déi<t>X’ Vwa)Yﬂ <Déi<t>Y7X>
h h
~(DeX.Y) [(Deo ViY. X) + (DegoY: Vi X)) |

= (V3pX,Y) <D£-<t>Y’ X> <D5 R Y>

&i(t)

+<D< X,Y>
D X, X ) (D X, Y ) (Tl Y, X)
)

(Vi X.Y) (Dg VoY)

&i(t)

XX ) (D Yy X ) (Vi)Y X)

(
(
—<D5i(yy><vh XY>< YX>
(
(
(

D X, X ) (Vi)Y X) <Dq(t)Y, X)

XY ) (D X, X) (Wl Y, X)

LX) (De VY ) (Vi X,Y)

o

Therefore, the determinant is constant and equal to 1/2 along the parallel transport. Since
& and & are unique (up to signs and permutation) with this property, by continuity we
must have &(t) = &(v(t)) for any ¢. It follows that V& =0 forany T € A, i =1,2. O

From now on, we fix the privileged orthonormal frame {&;, &} of P given by the above
lemma and omit the tilde notation in w;, ws and ¥ when using this frame. Also, the
notation D; and D, refers to the privileged frame {1, &}, so that D; = D, for i =1, 2.

We will show that the pair (Dq, Ds) and the one-form ) satisfy conditions (i)-(viii)
in the statement, and leave item (ix) for later. From Lemma 3.0.7 and because &; are
parallel along A, we get

A < ker ) N kerw; N ker ws. (3.18)

In particular, condition (7) is satisfied. From Lemma 3.0.8 we have item (i7) and from
Lemma 3.0.4 we have item (4i7).
Now that item (z) has been proved, we will show that the tensors D; carry the infor-

mation of the one-forms w;. Therefore, the tensors D; and the one-form 1 furnish the
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information about the normal covariant derivative. Using Codazzi Equation (3.12) for
Y =T € T'(A), a unit length section, and X € T'(A1), we get

== Awl(X)T + A&VXT + VTA&X - A&VTX.

Taking the inner product with T of both sides of the above equation and using equation

(1.6) of Proposition 1.1.1, we obtain

VA X, T)
Ae, X, VT

(A~ \)D;X, )
D; X, grad \) ,

o~ o~ o~ ——

or equivalently,

1
wi(X) = =3 (D; X, grad \) , (3.19)

for X € T'(A™).

Let us prove the rest of the items of the statement. From the Codazzi equation (3.12)

we have

(Vx(A = X)D,)Y — (Vy(A = AI)D)X
= Mwi(X)Y —wi(Y)X) + (=1) ((X)AgY — (V) Ag, X)

for X, Y € T(At). From equation (3.19) we get

Mwi(X)Y —w;(Y)X) = (D;Y,grad \) X — (D; X, grad \) Y
= (X AY)Dlgrad \.

Because A¢; = (A — A )D;, combining the last two equations we conclude that

(Vx(A=A)D)Y = (Vy (A = A)Dy) X
= (X AY)Digrad A + (1) (A — \I) (¥(X)D;Y — 4b(Y)D; X)

for all X, Y € I'(At), which is item (iv).
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The Ricci equation (3.14) gives

([Ae,, AX,Y) = dwi (X, Y) =AY (Nwi(X) + A X (Vwi (V)
+ (1Y )wi (X) = (=19 (X )w; (Y),

for all X, Y € X(M). From equation (3.19) we get

Vir(X) = —Y (A (DX, grad )
=AY (\) (D; X, grad \) — A1 (VyD; X, grad \) — A 'Hess A\(D; X, Y)
= - A'Y(Nwi(X) = X H{VyD; X, grad \) — A "Hess \(D; X, Y),

for all X, Y € I['(At). Therefore,

dws (X, Y) — A1 (\wi(X) + AL (N (Y)
= dw;(X,Y) + Ywi(X) + X {(VyD; X, grad \) + A\ 'Hess \(D; X, Y)
— Xwi(Y) = X1 (VxD;Y, grad \) — A" 'Hess \(D;Y, X)

= % ((VyD;)X — (VxD,)Y,grad A\) + Hess \(D; X, Y) — Hess A(X, D;Y)) ,

for all X, Y € I'(A+). We also have

(—LY (Y ) (X) — (=L)X oy (¥
— (—1Y (XA (D,Y, grad A) — (~1)(Y)A" (D, X, grad A)

for all X, Y € I'(At). Combining these results, we conclude (v):

A(AX, (A= ADD;Y) — (A — AI)D;X, AY))
= ((VyD;)X — (VxD;)Y,grad \) + Hess \(D,; X, Y) — Hess \(X, D;Y)
+ (=1Y9(X) (D,Y, grad A} — (—=1)’¢(Y) (D; X, grad \)

for all X, Y € I'(A1).

The Ricci equation (3.15) gives

<[A§17 A€2]X7 Y> = d¢(X7 Y)7
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for X, Y e X(M). If Y =T € IT'(A), then the left side is zero, and item (vi) is proven.
Also, item (vii) follows from the same equation, because A¢, = (A — A )D;.

We have from Lemma 3.0.8 that D3 # —D?. For D3 # D? let D; = al + bJ and
Dy = cl + dJ. Suppose we have equality. Then

(a® +b*e)] + 2abJ = (¢ + d*e)I + 2cd.J.

In the case where € = 0, ab = cd and a?> = 2. It follows that a = +c. If a = ¢ = 0,
then W = span{J}, a contradiction. If not, then b = £d, and again W would be one-
dimensional. If € = 1, then a? + b = ¢® + d? and ab = cd. From the determinant value of
D;, we get a? — b* = ¢ — d?. Then a? = ¢?, and we can get the same contradiction of the
preceding case. The same for e = —1. So, (viii) is proven.

In Lemma 3.0.5, we have found a candidate J € T'(End(A')) that will make our
hypersurface f : M™ — R™"! hyperbolic, parabolic or elliptic, depending on whether J? =
I, J?> =0 or J? = —I, respectively. We will now prove the condition that is missing:
Vi =0.

Lemma 3.0.9. The tensor J satisfies V.J = 0.

Proof. We will have to treat each case separately. Let us start with the case J? = I.
Without loss of generality, suppose D; = al + bJ with b # 0. We can do this because
dim W = 2. Take X € I'(A1) of unit length such that D; X = 6X. Then,

0= (VLD)X
= VEioX — D,VLX
= (TO)X — (D, — 0I)VEX.

If VEX 0, since (D; —01)X = 0 and VAX is orthogonal to X, we would have
(D; —0I)* =0,

and because det Dy = 1/2,

1 2 1

Solving this equation leads to 6> = 1/2 or § = +1/y/2. Taking into account that
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det D; = 1/2, we conclude that D; = i\/§71] , a contradiction with our initial assump-
tion. Therefore, VAX = 0 and T = 0. We have D; = al + bJ with

0+ & 0— =
a=—2 and b= 229,

so 0 = VLDy = (Ta)I + (Th)J 4+ bV4.J = bV4.J. We conclude that VZ.J = 0.

Now, let us prove the case J? = 0. Without loss of generality, assume that there exists
an orthonormal frame {X,Y} for T'(A+) such that

JX =Y and JY =0.

We can do this because we can pick X € (kerJJ)* and Y € kerJ such that JX = Y
and JY = 0 with 8 non-null function. Then, we redefine J = B71J and still have
span{l,J} = W and J? = 0.

Suppose Dy = \/571] +bJ with b # 0. From 0 = V4D, we get
0= (ViD))X

= VA(V2 X +bY) - Dy ((VEX,Y)Y)
= V2 (VEX, Y)Y + (TO)Y +b(VEY, X)X — V2 (VEX, Y)Y,

Therefore, <V§Y, X > = 0, and consequently VAY = 0.

Now it is an easy task to show that V2.J = 0. We have,

(VE)X = VLY — J(VEX, Y)Y
=0

and

which proves our statement.

Now, let us move on to the last case, J> = —I. From the fact that dim W = 2, and
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because det D; = 1/2, we can suppose

cos sin 6

~ata

with sin@ # 0. Let X,Y € I'(At) be such that

D, J (3.20)

JX =-Y and JY =X.

Then,
60X —sindY )% inex
DX = COS sin and DY — cos + sin . (3.21)
V2 V2
From the condition V%D, = 0, and using the formulas (3.20), (3.21) we get two equations:
0= (ViDy)X
= VAD X — D\VAX
1
=7 ((Tcos )X — (Tsin@)Y —sinV4Y —sin0JV4X)
and
0= (V3Dy)Y

=VLD)Y — D\VLY

= L ((T cos )Y + (T'sin )X + sin V45X — sin HJV%Y) )

V2
Operating on both sides of the first equation by v/2.J, we get
—(Tcos)Y — (T'sinf)X — sinOJVEY +sinV4X =0
and multiplying the second equation by v/2,
(T'cosO)Y + (Tsinf)X + sinVEX — sin0JVLEY = 0.
We conclude that T'(cosf) = 0 = T'(sin#), and therefore
sin ¢

0= (VLD = Wvgi
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]

We have thus found J € I'(End(A+)) that makes our hypersurface hyperbolic, parabolic
or elliptic, depending on whether J2 = I, J? = 0 or J? = —1I, respectively. We now prove
that the second possibility occurs precisely when f is conformally ruled, which can not

happen by the assumption that f is not a Cartan hypersurface.

Lemma 3.0.10. Let f : M™ — R be an oriented hypersurface with a nowhere van-
ishing principal curvature of constant multiplicity n — 2. Assume that f is not a Cartan
hypersurface on any open subset of M"™ and that it admits a genuine conformal deforma-
tion f: M™ — R™2. If f is parabolic with respect to a tensor J € T'(End(AY)), then it
is conformally ruled. Moreover, all genuine conformal deformations f : M™ — R™2 of f

are conformally ruled with the same rulings.

Proof. If f is parabolic, then there exists a tensor J € I'(End(A')) satisfying the following

conditions:
(i) J2=0.
(i) VAJ =0 for all T € T(A).
(i) Cr € span{l, J} for all T € T'(A).

The tensor J given might not be the same one that we found in Lemma 3.0.5, but since
f is not conformally surface-like on any open subset of M", by the assumption that it is
not a Cartan hypersurface, the subspace generated by I and J must be W, the subspace
generated by our endomorphisms Dg, where £ € P. In fact, the tensor J must be a
function multiple of the tensor found in Lemma 3.0.5.

Pick {X, Y} orthonormal frame of I'(At) such that JY = 0 and JX = 6Y with § # 0.
We will prove that the distribution

L(z)=A(z) @ Y(2)
is umbilical, that is there exist Z € I'(L1), and therefore Z is a multiple of X, such that
<VUV7X> = <U7 V) <X7 Z>

for U,V € T(L).



93

Since Cr € span{/, J} and JY = 0, it follows that (CrY, X) =0 for all T" € T'(A).
Hence

(VyT,X) = —(C7Y,X) =0 for T € A (3.22)

Because D; € span{[, J} with det D; = 1/2, we can suppose by changing signs on our

privileged frame if necessary that
V2D; =1+ b;J, (3.23)

so V2D;Y =Y. Since dimW = 2, we can suppose that D; is not a multiple of the
identity, or equivalently b; # 0. From VAD; = 0 we get

0=V4iYy — V2D, VLY.

Since VA4Y is orthogonal to Y and V2D is not the identity endomorphism, we conclude
that V&Y = 0, or the equivalent equation

(V7Y, X) = 0. (3.24)

This is to be expected, because (T,Y) = 0 and we want to prove that the distribution L

is umbilical.

From (A—\)Cr = V%A (equation (3.1)), we have that (A — A\I)Cr is symmetric and
from Lemma 3.0.5

span{/} < C(A) < span{I, J},

we conclude that (A — AI)J is symmetric. Therefore,
(A= ADY,Y) =6 (A= M)JX,Y) = 6~ (X, (A — \)JY) = 0. (3.25)

It follows that in the orthonormal frame {X,Y} of A+ we have

A—M—(ﬁ “) and A—(”B+A “) (3.26)
w0 0 A

with pu # 0, because A — M restricted to At is an isomorphism. Now, from the form of
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D; given in (3.23) and the form of A — AI given in (3.26) we get
V2AeY = (A= MV2D,Y = (A= XY = uX
and
V24¢, X = (A= ADV2D;X = (A — M) (X 4+ b8Y) = (B + bidp) X + pY.

Define 6 = b1dp # 0 and 6 = bydp, so in the orthonormal frame {X,Y} we have

V24, = (5 o g) and V24, = (5 +8 “) . (3.27)

w0

Let us use the Codazzi equation of A applied to T' € T'(A) of unit length and YV €
(A1) and then take the inner product with 7. Doing that and using equation (3.26) we
get

0= (VpAY,T) — (AV1Y,T) — (Vy AT, T) + (AVy T, T)
(Vo (X +AY), T) + A (VT Y) — YA
= (VT X) = MM VeT,Y) + AMVT,Y) — Y (),

so we conclude

w(VrT, X) ==Y\ (3.28)
This equation tell us that the candidate for mean curvature of L would be

Y
4 =——X.

Ju

Now, the Codazzi equation for A applied to X, Y € I'(A') and taking inner product
with Y together with equation (3.26) yields

0= (VxAY,Y) — (AVxY,Y) — (VyAX,Y) + (AVy X,Y)
= (Vx (X +AY),Y) = (VxY, uX + AY) —(Vy (B + )X +pY),Y)
+ (Vy X, pX + AY)
= (VXX Y) + X(N) + 1 (VxX,Y) + (B +A) (VyY, X) = Y(n) — M (VyY, X).



95

So, we arrive to

0=2u(VxX,Y)+ X(\) 4 B8(VyY, X) — Y (u). (3.29)

Next, we need the information given by the Codazzi equation for A, applied to X,
Y € T(A') and then take its Y-component. Lets start first with i = 1. Using equations

(3.12) and (3.27), we obtain

0= <<VX\/§A§1) Y,Y> - <(vy¢§A&) X, Y> — V2w (X) — V2U(X) (A, Y, Y)

+V20(Y) (A, X, Y)
= (Vxv240Y,Y ) = (V246 VY,V ) = (Ty V240 X,V ) + (V245 Vy X, V)

— V2w (X) + p(Y)

= (VxpX,Y) = (VxY, 1 X) = (Vy (B+0)X +pY),Y) + (Vy X, nX) — V2 wy (X)
+ up(Y)

=2 (VxX,Y) + (B+0) (VyY, X) = Y (1) — V2 w1 (X) + (V).

Hence,
0=2u(VxX,Y)+ (B+0)(VyY,X) =Y (1) — V2 w1 (X) 4 pup(Y). (3.30)

For i = 2 using equations (3.12) and (3.27) we get

0= <(VX\/§A52)Y, Y> - <(Vy\/§A52)X, Y> — V2w (Y) + V2U(X) (A, Y, Y)

—V2(Y) (4, X, Y)
= (VxvV245,Y,Y ) = (V24 VXYY ) = (Vy V245, X,Y ) + (VIAL Ty X,Y)

- \/5)\@2(3/) — pp(Y)
— (VxuX,Y) — (VY uX) — <vy ((5 LO)X + MY) ,Y> +(Vy X, i X)

— V2 (Y) = pp(Y),

0=2u(VxX,Y) + (B4 0) (VyY,X) = Y (1) — V2hwp(X) — p(Y). (3.31)
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Replacing equation (3.29) into equations (3.30) and (3.31) we obtain
0 (VyY, X) = X(A) = V2Xr (X) + pp(Y) = 0
and
0 (VyY, X) — X(A) = V2hwy(X) — pgp(Y) = 0.

Adding both equation,
(0 +0) (VyY, X) —2X(A) — V2 (w1 (X) + wy(X)) = 0.

Now using equation (3.19), the form of D; given in (3.23) and that (6 + ) = (by + by)dp

we get

(0 +0) (VyY, X) =2X V2 (w1(X) + wa (X))

A=At <\/§D1X, grad >\> A <\/§D2X, grad /\>)

(046) (u(VyY,X)+Y\) =0. (3.32)

If (§ + 6) # 0, then from equations (3.22),(3.24),(3.28) and (3.32) we get that L is an

umbilical distribution with mean curvature vector

YA
7 =--CX

!

We will show now that 6 # —6, so suppose by contradiction that 6 = —. From

equation (3.27), we have

\/§A§1:<6+0 M) and \/§A52:<5_6 M).
L 0 W 0
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Define an orthonormal frame {&,n} for P by

1 1
fzﬁ(fﬁ‘&) and 77:%(51—52)-

Then, from equation (3.26) we have

B 8w B B . _ 0 0
Ae = <M 0)—(A M) d A, (O O>' (3.33)

Time to input this new information in the Codazzi equations for the isometric im-
mersion F. For A = A, using equation (3.9) and that Dy = (A — AI)"'A; = T we
get

(X AY)grad A = A0y (X)Y — A0y (V)X + D, (Ao (X)Y — Ao (Y)X) (3.34)

From equation (3.33), we have

-1 1 0 —p
A - .
A=) p? (—u B )

From the definition of D,, and equation (3.33), we get

D, X = (A= XA, X =0(A-\)'X = QY
Ju!

and
DY = (A—X)""AY =0.

Therefore, from equation (3.34)

YOX = XA)Y =X (X)Y — g (V)X — %@(Y)Y
Hence,
O(Y)+AY(AN) =0 and @ (X)+A1X(N) — %QQ(Y) =0. (3.35)

Now, from the Codazzi equation of A = A — A\I we have
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where Z, W € X(M). For the left part of the equation,

(V2A)W — (ViwAe)Z = (V2(A = AW — (Vi (A — A1) Z
= (Z ANW)grad A
On the other hand, from equation (3.12) we get
Ag W = Ags o7 = Xon(Z)W + §(2) AW = Xin (W) Z — (W) A, Z.
Combining both parts we get
(Z AW)grad A = Aoy (Z2)W 4+ p(Z) AW — Xin (W) Z — (W) A, Z.
For Z =T € A and W = X, using equation (3.33) and Lemma 3.0.7 we obtain

XNT = (10X — Moy (X)T,

or equivalently,
X(\) = -\ (X) and A < kerd. (3.36)

For Z = X and W =Y and using equation (3.33) we conclude
(X AY)grad A = Aoy (X)Y — Ay (V)X — 0(Y) X,
From this equation we get
Y(A) = =0(Y) = dn(Y) and  — X(\) = Ay (X), (3.37)
therefore using equations (3.35), (3.36) and (3.37) we conclude

A@span{Y} <keryp Nkerd, and A 'Z(\)+ @ (Z) =0, for Z € X(M). (3.38)

Now, the second fundamental form of F is given by

o (X,Y) = (AX,Y) i+ (A= AD)X, YV E+ (A, X, V) — (A= M)X,Y)
= (AX,Y) (4 €= ) = MX,Y) (€= ) + (A, X, Y)n.
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From equations (3.4), (3.6), (3.7) and (3.38) we get
Vi(n+€=0 =2"XN) (1 = O + (X)) (e — ) +d(X)n = (X)n, (3.39)

for X € X(M). While using equations (3.4), (3.7) and (3.38) we get

VEME =) = X()(E— O +AVE(E— Q) (3.40)
= X)(E = Q) = X1 = Q) + A(X)n + X (W = X(N)E + Aal(X)n
= A (B(X) +&(X)) .

for X € X(M).
The second fundamental form of the isometric light-cone representative F': M™ —
Vr+2 < L3 s given by

F(X,Y) = (AX,Y) U N — (X, Y) w.
Define a vector-bundle isometry 7: NpM — L = {n}+ by setting
TON=p+E—C Tw=ANE—C) and 7F =F.

From equations (3.39) and (3.40) the vector bundle isometry is parallel in the induced
connection on L. By Lemma 2.1.2, there exists an isometric immersion H : W C V"2 —
V73 with F(M™) € W, such that I = HoF. It follows from Proposition 2.1.1 that there
exists a conformal immersion h : V' — R of an open subset V O f(M™) of R"*! such
that f = h o f, contradicting the assumption that f is a genuine conformal deformation
of f. Hence, 0 # —6 and L is an umbilical distribution.

We will prove now that the restriction of f to each leaf of L is also umbilical. Define
g= foi:o" ! = R*"! where o is a leaf generated by the umbilical distribution L. From

equation (3.25) we get
(YY) = L' (YY) + (YY) = f.Z + AN

and

A(T,S) = f.o'(T,S) + o/ (T,S) = (T,S) f.Z + X {T,S) N,

for T, S € A. So g is umbilical with f,Z + AN as mean curvature. We conclude that f
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is conformally ruled.

Let us now prove that f is conformally ruled with the same rulings as f. From equation
(3.25) and (3.27) we have

o (8,7) = X(S,T)pn, and of (V,Y) =

for S, T € A. Therefore,
(2, W) = Z,W) p,

for Z, W € L. It follows that (A, Z, W) =0, for Z, W € L. As in the demonstration
of Lemma 3.0.3, consider & = W,p; +1; , for © = 1,2, orthogonal decomposition, where
pi € NiM and n; € span{F,(}. Then,

0=g ! <A§iz, W> —(Z,W) <§, m> .

From the above equation p; cannot be trivial, otherwise &; would be trivial. We conclude
that

Also from the fact that (£1,&) = 0, <§i,ﬁ’> = 0 and #; € span{F,C}, we get that 7; is
a multiple of F and hence p1 and py has unit length and are orthogonal. As before, let
g= foi:o" ! — R"2 where 0" ! the leaf generated by the umbilical distribution L

and i : 0™ ! — M™ is the inclusion. Then,
(2, W) = Lo (Z, W) + 0/ (2,W) = (Z,W) f.Z + B (Z,W) pr + B2 (Z, W) pa,

where Z, W € L. So, ¢ is umbilical with f,Z + B1p1 + P2p2 as mean curvature vector,

and therefore f is also conformally ruled with the same rulings as f. O

It remains to prove condition (ix).

Lemma 3.0.11. The tensors Dy and Dy satisfy
rank (D3 + D3 — I) = 2.

Proof. We will divide the proof in two cases, depending on whether f is elliptic or hyper-
bolic.
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Elliptic Case

This case is almost trivial. Let Dy = al+bJ and Dy = c[+dJ witha? + b* = 2 + d* = 1/2,
then

D%+D§—I:<a2_b2+02_d2_l 2(ab + cd) )

—2(ab + cd) a0+ —d* -1

We cannot have rank (D7 + D3 —I) = 1, because neither column is a multiple of the other.

If the endomorphism D? + D3 — I has rank zero, then from
A+ 0+ +d?=1
and
-+ —d=1

we conclude that b = d = 0. This is a contradiction, because we cannot have W =
span{/}.

Hyperbolic Case

Suppose that rank (D? + D3 — ) < 2 and let

V2D, = (901 9(_)1) and V2D, = <%2 0?1) . (3.41)

1 2

(3.42)

02 462 — 2 0
2D?+ﬂ£—21=(1+2 ),

0 0,2 +0,% -2
so without loss of generality (if not interchange ¢; with 6; ') suppose 6% + 02 = 2.
Notice that if we define

V26 = 60,16 + 026, and V2 = —0o6 + 016,

we have that {£,7n} is an orthonormal frame of P with D¢ = I and D,, has rank equal to
one (D,, cannot be null otherwise dim W = 1). Therefore, Ac = A — Al and A, has rank
equal to one. As a consequence, there exist orthogonal eigenvectors X, Y € I'(A+) with
A, X =0and A4,Y #0.

Time to input this information into the Codazzi equations for the isometric immersion
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F and see what we can find. For A = A,, using equation (3.8), A¢ = A — Al and that
A, X =0 we get

0= - (X)AY —@a(X)A)Y — ANTTX(NAY
+ @1 (V) A X + @o(Y) A, X + ATV (V) AX
— [@1(X) + ATTX (V)] (A = ADY — @o(X)A)Y + [0n(Y) + XY (W] (A= M)X
Operating both sides of the equation by (A — AI)~! and rearranging appropriately we

obtain

[01(X) + AT X(N] Y 4+ @a(X)D,Y = [0(Y) + A7'Y (V)] X. (3.43)

Now, let us work on the Codazzi equation of A = A — Al. From equation (3.12) we

have
(V2AIW — (Vi A) X = Moy (2)W + (Z) AW — N (W) Z — (W) A, Z,
for Z, W € X(M). Since A¢ = A — M, the left part of the above equation is

(VAW — (VA Z = (V1(A = MD)W — (Vw (A — A))Z

= (VZAW — (VAW — (VwA)Z + (Vw Al Z
=WANZ - ZN)W
= (Z NW)grad A.
Combining both parts we get
(Z AW )grad A = Aoy (Z)W + D (Z) AW — Moy (W) Z — (W) A, Z. (3.44)

For Z =X and W =T € A, using Lemma 3.0.7, A, X = 0 and that 7'(\) = 0 we obtain
the equality
—XNT = n(X)T

and so —X (A) = A& (X). Replacing in equation (3.43), we get

0o (X)DyY = [01(Y) + ATV (V)] X. (3.45)
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For Z =T and W =Y in equation (3.44) we get
Y(NT = (T)A,Y — Ain (Y)T,

so A < kertp and —Y'(A) = A1 (Y). Therefore, taking into account A,Y # 0, replacing
in equation (3.45) we obtain wy(X) = 0. Lastly, for Z =X and W =Y,

(X AY)grad A = Aoy (X)Y 4+ (X)A,)Y — Aoy (V)X

or ¥(X) = 0. In summary, we have
A @ span{X} < ker v N ker @y (3.46)

and

AN TZO\) + a1 (2) =0, (3.47)

for Z € X(M). Using equations (3.4), (3.6), (3.7) and (3.47) we observe that

Vi(p+&—=0) = "Z\) (- ) + a1 (Z)(n—¢) +(2)n (3.48)
=P(Z),

for Z € X(M). Similarly, using equations (3.4), (3.7) and (3.47) we get

VEME = Q) = ZN(E = O) + Ad1(2) (1 — ) + MH(Z)n + Z(\p + Aor(Z)E + Aioa(Z)n
= (0(2) +@(2)) m, (3.49)
for Z € X(M).

Let us rearrange the expression of the second fundamental form of F to

oF(X,Y) = (AX, Y)Y+ (A= ADX,Y) € — (A, X, Y)n— (A= ADX,Y)¢
= (AX,Y) (p+ &= Q) + (A X, Y)n = MX,Y) (€= O).

Let L = span{n}' and let F be the isometric light-cone representative of f. Define a
vector bundle isometry 7: Np M — L by setting

TON=pu+&6—¢ Tw=MNE—(¢) and 7F =F.
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From equations (3.48) and (3.49) the vector bundle isometry 7 is parallel in the induced
connection on L. We have all the conditions of Lemma 2.1.2, where item (iii) follows
from (3.46). Therefore, there exists an isometric immersion H : W C V"2 — V"3 with
F(M™) c W, such that F = HoF. By Lemma 2.1.1, there exist a conformal immersion
h:V — R"™P of an open subset V O f(M") of R such that f = ho f, contradicting

the assumption that f is a genuine conformal deformation of f. O]

We now prove the converse of Proposition 3.0.2. As the reader might already suspect,
the idea is to use the tensors D; and the one form ¢ to define a compatible connection \Y
and a symmetric form &. With the aid of items (i) to (viii), we will show that they satisfy
the Gauss, Codazzi and Ricci equations. Item (iz) will not be needed for this task. After
creating the isometric immersion F, we will use item (ix) to ensure that the conformal

immersion
f=C(F): M"™ — R™?
is a genuine conformal deformation of f.
Choose an orthonormal frame p, &, & and ¢ of the trivial bundle £ = M" x L*

where ( is a time-like vector. Extend the definition of the tensors D; to A by requiring
A < ker D;. Motivated by equation (3.19) define a one-form

1
(,L)z(X) = —X <D2X7 grad )\> s

where A is the non-null principal curvature of constant multiplicity n — 2 of the hyper-
surface f : M™ — R, Also drived by equations (3.4), (3.5), (3.6) and (3.7) define a

compatible connection V on E by declaring

Vit = —wi(X)& — wa(X)& — ATTX (N,
V& = wi(X)(p—¢) + w(X>£2,
V& = wa(X) (1 — ) — b(X)&r,
Vx( = -2 XA — wi(X)& — wa(X)o,

for X € X(M), and the extending the definition. Since n > 6, we have that A is a Dupin
principal curvature (Proposition 1.1.1). Taking into account this fact, the definition of
the connection, the definition of the one-forms w;, together with item (i), we conclude

that u, &1, & and ( are parallel sections along A on the connection V.
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Let & : TM x TM — E be the bilinear form defined by

From the symmetry of (A — AI)Cr (see equation (3.1)), and because f is hyperbolic or
elliptic and not conformally surface-like, we obtain that (A — AI)J is also symmetric.
Since D; € span{l, J}, we get that (A — AI)D; is also symmetric. Then, we get the
symmetry of &.

From Proposition 11 and Proposition 12 of Chapter 4 in [18], in order to prove that
& satisfies the Gauss equation it is enough to show that K(X,Y) = K(X,Y) for all
orthonormal vectors X,Y € T'M, where K is the sectional curvature of M" (the knowledge
of all sectional curvatures determines the curvature tensor). That equality is clear if X

or Y belongs to A, because
A =ker(A— M )D; Nker(A — A )DyNker(A — \I). (3.50)
So, for orthonormal X, Y € A+, and using item (ii), we have

K(X,Y) = (a(X, X),a(Y,Y)) — (&(X,Y), &(X,Y))
(X,Y) + det(A — AXI)Dy + det(A — M) Dy — det(A — AI)

which proves our claim. Therefore & satisfies the Gauss equation.

Let us move on to the Codazzi equations. First notice from the definition of & we

must prove that
A, = A,

A, = (A= A)Dy,
Ag, = (A= A)Dy,

and
Ac=A—- )

satisfy the Codazzi equations. In order to prove that A, = A satisfies the Codazzi

equation, we must show that

Ae, W =4, .2,
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for all Z, W € X(M). Using the definition of the connection, equation (3.50), and the

fact that A is a Dupin principal curvature, we get

Ay, T — Ay Z = —wi(Z)Ae, T = wy(Z2) A, T — X' Z(\) AT
+wi(T)Ag Z 4+ wa(T) A, Z + N 'T(N)AcZ
p—g O,

for all T'e€ I'(A) and Z € X(M). On the other hand, using the definition of w; and item
(i) we get

Ao Y —Ag X = —01(X)AgY —wa(X)AgY — A" X (VALY
+ w1 (Y)Ag X 4+ wa(Y)Ag, X + MY (VAKX
= —wi(X)(A = A)D1Y — wy(X)(A = MDY — A ' X (N ALY
+ w1 (Y)(A =MD X + wy(Y)(A—= A Do X + XY (V) AX
= A" HA =) (D X(\)D1Y + Do X (M) DY — X(N\)Y)
+ A A=A (=D Y(A\) D1 X — DY (M) Do X + Y (M) X)
= A A = X)) (—=(D1 X A D Y)grad A — (D3 X A DyY)grad \)
+AHA =MD (X AY)grad A
=0,

for all X, Y € I'(At). This proves the Codazzi equation for .

Let us prove the Codazzi equation of A = A — AI. Using the Codazzi equation for

A, taking into account that ( is parallel along A, that A is a Dupin principal and the
definition of the connection V, we obtain

(V2A)T = (VrA)Z — Ag [T + Ag_ Z
= (VA= N)T — (Vo(A—X)Z — Ag T

= —ZNT + TN Z + A" Z(AT + wi(2)Ae, T + wy(2) A, T
=0,

for all T € T'(A) and Z € X(M). We are left the case when X, Y € I'(At). Using the

Codazzi equation for A, the definition of the connection @, the definition of the one-forms
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w; and item (ii) we get

(VxA)Y — (VyA)X — Ag Y + Ag X

= (Vx(A=M))Y — (Vy(A=M))X — Ag Y + Ag X

= —XA)Y +YNX + AT X(VAY +wi(X)Ag Y +wa(X)AgY
— A Y WAX — w0 (Y)Agy X — wo(Y) A, X

=AM HA=AD) (XY = Y(A\)X — DI XN DY — Dy X(\)DyY)
+ A A = A (DY (M) D1 X + DY (A) Dy X)

=AM HA =) (—(X AY)grad \)
+ AN A = M) ((D1X A DyY)grad A + (Do X A DyY)grad \)

=0.

This concludes the proof for the Codazzi equation of A.
Now, it is time to prove the Codazzi equation for A¢,. We must show that
(VzA )W — (Vwde)Z = Ag W — Ag, e, 2

First, let us suppose Z =T, W = S € I'(A). Then, because &; is parallel along A, the
right hand side of the equation is zero. Since A < ker A¢,, we must show that

Ae VT — A V7S = 0.

From the symmetry of Ag,, Img A;, < A+ and because the distribution A is umbilical,
for X € T(A) we have

(A VST, X) — (A V1S, X) = (S,T) (5, A, X) — (T, $) (6, Ae X) = 0,
where 0 is the mean curvature vector field of A. For R € I'(A), since A¢, R = 0, we have
(Ae,VsT,R) — (A, V1S, R) = 0.
This shows that, at least for S, T" € I'(A), the Codazzi equation for A, is valid.

Now, suppose Z = X € T'(At) and W =T € I'(A). Then, from the definition of the
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connection V, the fact that & is parallel along A and the definition A, we get

(VxAg)T — (VA )X — A¢ T+ A o X
= (A= AD;VxT = V(A= X)D; X + (A= M) D;VrX — Aw;(X)T.

Taking the inner product with S € T'(A), the definition of the one-form w;, and using
equation (1.6), we get

(A= X)D; X, Vr1S) — (X)) (T, S)
={(T,S) ((A—N)D;X,d) — (X)) (T, S)
= —(T,8) (D; X, grad \) — \w;(X) (T, S)
= 0.

For the horizontal component, we must prove
(A—X)D;CrX — (Vi(A—\) D)X =0.
Now,

Vi(A = XI)D; = V4AD; — A\V4.D;

- (V%A)Di
= (A — )\I)C’TDi
= (A — )\I)DiC’T

where we have used that A is Dupin, equation (3.1) and item (#ii). Therefore, the hori-

zontal and vertical components are zero, which proves the equation for X € X(M) and
T eI'(A).

The last case is when X, Y € I'(A'). From item (iv), we already have the left part

of the equation:
(VxAg)Y — (VyAe)X = (X AY)Dlgrad A + (~1) (A = AD((X)D;Y — 6(Y)D,X).

On the other hand, from the definition of the connection V, the fact that A — Ac = M,

and the definition of the one-forms w;, working on the other side of the Codazzi equation
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we get

G(X)AY — w(X)AY + (~1)(X)Ag Y

— Wi(YV)AX 4w (Y)AX — (~1P(Y)Ag X

— Awi(X)Y = Aar(Y)X + (—1Y(A = AD) (9(X)D,Y — ¥(Y) D, X)

= “DX(VY + DY ()X + (~1)(A = AI) ((X)D;Y — (YD, X)
— (X AY)Dlgrad A + (—1)'(A — M) (¢(X)D,;Y — (Y)D; X) .

@X&Y B ﬁy&X =

Comparing both sides of the equation, we conclude that the Codazzi equation for A, has

been proved.

Now, let us move on to the Ricci equations. Let us start with the Ricci equation for

pand ¢. Since A, = A and A, = (A — AI) commute, we have on one hand
([Au, AclZ, W) = 0.
On the other hand, from the definition of the connection V we have
<R(Z) W)M7C> = <@Z@Wﬂ;<’> - <@W@Z,U7C> - <@[ZW],u C>
= (Vz (~er (W& — wa(W)éa -

9.0
0.0z

. <@W (—wr(Z)6 — w(2)& A
= —w1(W)wi(Z) = wa(W)wa(Z) = A2Z(NW(A) + A1 ZW(N)
+ wi(Z)wi (W) + w2 (Z)wa (W) + A7 2W( )Z(A) = ATWZ ()

= AZ, W]\
=0,

for all Z, W € X(M). Combining both equations, we have shown that the Ricci equation
for p and ( is valid.

Let us prove the Ricci equation for A, and A;,. We will do it by cases, depending on
whether the vector fields belong to A or to At. First, let us prove for X, Y € T'(A4).
Using the symmetry of A and (A — AI)D;, on one hand we have

([Ae,, AJX,Y) = (AX, (A = MX[)D;Y) — (A — M\[)D,X, AY).
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This expression is given by item (v). On the other hand, from the definition of the

connection V and the definition of the one forms w; we get

<R(X, Y)€uu> = <@X@y§i,u> - <@Y@X§i,u> ~ <©[X,y]§i,u> (3.51)
= (Vx (@)= Q) + (C1P6()g) 4
—(Vr (@(X) = ) + (~1Pe(X)E) ) = i (1X,Y))
= Xen(V) +wilV) (V= €, ) + (=170 (V&)
= Yei(X) = w(X) (V= € ) = (~1)7%(X) (Vv )

— wi([X,Y])

= Xw;(Y) +wi(VATX () + (=179 (Y)w; (X)
= Ywi(X) = wi(X)ATY () = (=119 (X)w; (V) (3.52)
—wi([X,Y])

Simplifying further the above equation, this time using the definition of the one-forms w;,

we get

<fz(X, Y)&., M> = —X(A\"UD;Y, grad \)) — A2 (D,Y, grad \) X (\)
— (=1 AT'W(Y)(D; X, grad \) + Y (A1 {D; X, grad \))
+ A7(D; X, grad \) Y (A) + (=1 A" (X) (D;Y, grad A)
— wi([X,Y])
= A" {VxD;Y,grad \) — A 'Hess A(X, D;Y)
+ A H{(VyD; X, grad \) + A\ 'Hess A(Y, D; X) — w;([X, Y])
+ (=1 A M(X) (D;Y, grad A) — (=1 A" 'p(Y) (D, X, grad \)

Therefore,

(ROXY )& 1) = X ({(Vy D)X = (VxD)Y, grad \))
+ A7 (Hess \(Y, D;X) — Hess \(X, D;Y))
+ A (=19 (X) (DyY, grad A) — (= 19(Y) (D, X, grad A)) .

Comparing the expression given in item (v) and the equation above we conclude that the
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Ricci equation is valid for &; and p.

Now for X € I'(A+) and T' € I'(A), we have, on one hand,
([4g, AJX. T) =0
while, on the other hand, from the fourth equality in equation (3.51),
(R(X,T)é, 1) = ~Tui(X) = w([X, T]).

From the definition of the one-form w;, V&D; X = D; V%X and the fact that Cr and D;

commute, we get

(X)) — wi([X,T]) = T (% (DX, grad >\>) 4 % (DX, T], grad A)

((VrD; X, grad \) + Hess \(T', D; X ) + (D;[ X, T], grad \))

(DZXT(/\) - <vDixT, grad )\> + <D1VXT, grad )\))

Sl > = > =

((CrD; X, grad \) — (D;Cr X, grad \)) = 0.

Lastly, for 7" and S € I'(A), on one hand, ([A¢,, A,]T,S) = 0 because ker A, = A.
On the other hand, <fx’(T, S, u> = 0 because ¢; is parallel along A and [T, S] € T'(A).

Now, let us move forward to the Ricci equation between A, and A¢,. We have

<]:2(Z, W)§17§2> = <@Z@W§17§2> - <¢W¢Z§1,§2> - <@[Z,W]£17£2>
= (V2 (@ (W)(n =) +v(W)&) &)
~ (Vi (@2 = Q) + U(2)&) &) — U((Z,W))
= (W) (Va(p = 0).&) + Z6(W) —wi(2) (Vi (1= 0, & )
— Wu(2) = v((2.W])
= (2, W)).

If Z or W belongs to I'(A), then item (vi) together with the observation give

<[A€17 A£2]Z’ W> =0,
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when Z or W belongs to ['(A). If both Z = X and W =Y belong to I'(A1), then item
(vii) proves the Ricci equation of A, and Ag,,

Lastly, we will show that the Ricci equation for A, and Ag, is equivalent to the Ricci

equation for A, and A¢,. On one hand, we have

(R(X, V)6, ¢) = (VaVyés O = (Vi Vi O) = (Vi €)

= (Vx (@)1= ) + (~1%(V)) .C)
— (Vv (@01 = ) + (~1/(X)g) ¢ — (X, V)

= Xei(V) (V) (V= €),€) + (~1V0(¥) (Vx§.€)
= Yei(X) = wi(X) (V= €. €) = (-1 0(X) (V& €)
- wi([X,Y))

= Xe0) + XX + (1P )
— Yo (X) = wi(X)NY () = (~1P (X (¥)
— wi([X, Y]).

If we compare this expression with the equation (3.51) we conclude that
On the other hand,

<[A§i7AC]X7 Y> = <[AENA - )‘]]X7 Y>
= <[A§i’AM]X7 Y)

so we are finished with all the Ricci equations.

With the aid of the Fundamental Theorem of Submanifolds (Theorem 1.25 in [8]), there
exist isometric immersion F': M™ — L"** and a vector bundle isometry ® : E — N M
such that

Poa=a" and OV =V'0.
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Moreover, the vector field p = A\™1®(( — p) satisfies

AF*V)xp = AX(A D¢ — p) + (F*V)x®(¢ — )
= - ATX NP — p) = FeAac- X + Vx®(C — p)
—X(\p— RA X+ OV (C— )
= X(p+ ARX £ ATX ()R )
— \EX

for all X € X(M). Therefore,
(F*V)x(F—=p)=0

for all X € X(M), and hence F — p is a constant vector Py € L™, Tt follows that
<F—P0,F—Po> = (p,p) = A (= p, ¢ — ) =0,

that is, F takes values in Py+ V™3, Without loss of generality, suppose ) = 0, otherwise
redefine F' by F— Py. Thus, F gives rise to a conformal immersion f = C (F ) M™ — R
by Proposition 1.5.1. From now and until we finish the proof, without loss of generality
we identify the vectors in £ with those in Nz M.

Now it is time to prove the last statement of Proposition 3.0.2. First, suppose that
distinct triples (D, Do, 1) and (151, Do, 1&) give rise to congruent conformal immersions
f and g. Then, by Proposition 2.1.1, their isometric light-cone representatives F and
G are congruent isometric immersions, that is, there exist 7 € Of (m + 4) such that
G =T o F. Hence, a® = T o oF and from Exercise 1.6 in [3], V-T = TV+. From the
equality regarding second fundamental forms applied to (T,T) € A x A we conclude that
T(u) = ji. Taking into account the last fact, from the equality G = T'o F we get T(() = ¢,

Now, from
<A§(&_)X,Y> - <a@(X, Y),T(fi)> - <aF(X, Y),§i> - <A§X,Y>

and the uniqueness of the sections &; such that det D =1 /2, we conclude that T'(§;) = &
and D; = D;. From ViT = TV, we conclude that ¥ and 7,& must be also equal, a
contradiction.

For the converse, suppose non-congruent conformal immersions f and § have the same
triples. From the uniqueness of the frame & and &, define T': NzM — NzM such that
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T(u) =, T() = & and T() = ¢. Since we have same triples, we have VAT = TV+

and o = T o of

. Therefore, the isometric light-cone representatives are congruent, a
contradiction.

The only thing left to prove is that the conformal immersion f = C(F) is a genuine
deformation of f. For that we must use item (ix). Before doing so, we need to prove a

lemma.

Lemma 3.0.12. Let F : M™ — yn+3 < " the isometric immersion that comes from
the triple (Dy, Dy, ). If f = C(F) is not a genuine deformation of f, then there exist an
orthonormal frame {&1,&} of P = {u, (}* such that D¢, = I and rank Dg, < 1.

Proof. Assume that f is not a genuine conformal deformation of f. Then, by Proposition
2.1.1, there exist an open set U C M"™ and an isometric immersion H : W — V3,
with W D F(U) open in V**2 such that F|y = H o F|y. Without loss of generality, we
will suppose U = M"™. Because M" has been endowed with the metric induced by f, by
Proposition 1.5.1 the isometric light-cone representative of f is given by F' = W o f. We
conclude that there exists an isometric immersion T = Ho W : V C R*! — Y3 < [t
such that F =T o f.

Since T is an isometric immersion into the light-cone, the position vector field T is a
section of its normal bundle NyR™ . Complete it to a pseudo-orthonormal frame {p, T, ¢ }
of I'(N7R™1) | where ¢ is a light-like vector field such that <Q~°, T> = 1. We can associate

to this frame an orthonormal frame given by

p T+(T-C
From the Gauss equation of the isometric immersion T, we get that o is flat. Since

(aT(Z,W),T) =—=(Z,W), for all Z, W € X(R™™), then N (o) = {0}. Using the Main

Lemma bis 2.2.2 we conclude that

dim Q = dim (S(a”) N S(a")*) = 1.

Wy = span {P, T—\;—;} and W, = span {_T\/—§C}

be subspaces of NyR"™ and observe that the projections P; : NyR"™ — W, fori =1, 2
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restricted to {2 are isomorphisms onto their images. Then, by dimensional reasons, P|q

is an isomorphism.

Let 8 € 2 such that
Py(B) = —7=

From the definition, we have that 3 is a light-like vector field with Az = 0. In terms of

the orthonormal frame, we have

+¢, T—¢
Tt

where 6 € [0, 27). Let us rearrange our original orthonormal frame to another orthonormal

B = cosfp+sinf

frame {~v,d,7}, where

T T+¢ T-¢
v = cosfp + sin 0 —=, (5:—Sin6p+COS9L and ﬁ:—g.

¢
V2 V2 V2

The shape operators of the immersion 7" with respect to the elements of this frame have

+¢

some interesting properties. First, since 8 = v+ and Az = 0, then Az = —A%F. Second,

because

a"(ZW) = (AFZ,W) 6+ (ALZ W)~y — (A2, W) 7
= (A5 Z,W) 6+ (ATZ W) B,

where Z, W € X(R"™), using the Main Lemma bis 2.2.2 we conclude that dim ker A} =
Also, from Proposition 1.2.1 and the definition of § and 5 we have

—(Z,W) = (A5 Z W) (5, T) + (Al Z, W> (B,T) (3.53)
cos 0 sin 0

=2 gz )+

If we replace Z, W by f.X, f.Y for X, Y € X(M), respectively, in the above equation

A Z W) + ATz W)

we get
sinf — 1

V2

oS 0

— (X LY) =7 (A5 1.X LY ) +

(ATLX 1Y)

Hence,
sinf — 1

V2

cos

NG —= (A7 )" +

— f. = (A§ 97, (3.54)
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where we are decomposing Tf(m)]R’”rl = f.T,M" ®RN(z) and ZT denotes the projection

onto the first component of the above decomposition for Z € TR

We have a natural decomposition of NzM given by
NpM(x) = T.N;M(x) ® NpR™(f ().

So, if n € NyR™™! is a normal section of T', then no f € NzM is a normal section of F.
Therefore, {T.N, (yo f),(00 f),(Jo f)} is an orthonormal frame for NzM, and in this

frame we have

oF(X,Y) = T.of (X, V) + aT(£.X, £.Y) (3.55)
= (AX,Y)T.N + (AF £ X[Y) (50 f) + (ATEX LYY (v /) + (Fo ).

Since f is an isometric immersion, we get
(A3 LX) = f*Afo,iX,
(ATF.X)T = ~ AL, X, (3.56)
(AT LX) = [AGpX,

From the above identities, we conclude

Af = —AF X and rank AL, < 1. (3.57)

yof — Fof

The normal space of F also has another orthonormal frame, namely the one we used
to define the isometric immersion F', that is, {, &, &, ¢}. Our aim now is to find an
expression of ' and g in terms of the other orthonormal frame of N 7M. The first one is

straight, since

2
T = \/7_ (cos 06 + sin by + 7)

and F' =T o f, we have

|

F=>"(cosf(d0f)+sinf(yof)+ (Fof)). (3.58)

For the second one, because f is an isometric immersion, dim A = n—2 and dim ker AT = n,
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there exist T € A of unit length such that f.T € ker AY. One one hand, we have

oF (T, T) = (AT, T) i+ (A = X)DiT, T) & + (A — N)DoT, T) &
— (A= DT, T)¢
= M.

On the other hand, using equations (3.53) and (3.55) we get

af(1,7) = XLN + (ATET, £.T) (vo f) + (5o f))
V2

= MLN = 2= ((vo )+ (o ).

Hence, combining the last two identities, we conclude

V2

—T.N-—— Y2
a A(sind — 1)

(yof)+ (7o f)). (3.59)

Now that we have expressions for ;1 and F given in equations (3.58) and (3.59), we can
find out where the Riemannian plane P = {u, }* is located, since this plane is orthogonal

to p and F. It is straightforward to verify that

A cos? 6 A A cos? 6 Asin@\ .
5IZT*N_'—(\/§(l—sin€)_%) (vof)—i_(ﬁ(l—sinﬁ)_ V2 )wOf)
Acos b
7 (6o f)
and 5
&= 1= (Yo )+ (Fo )+ (G0 ).

is an orthonormal frame for P. From the properties given in equation (3.57), and the fact

that the shape operator of F' in the direction T'N is given by A, we have

- A ) i 3
AL = At 2 (0 = 1) AT+ cos0aL )

F _ AF
A£2 _Aéof-

From equation (3.57) we have that the rank of D, = (A — A\I) A, is less than or equal to
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one. For the other shape operator, from equations (3.54) and (3.56) we obtain
Ag = fuA+ 2 ((sinf— 1) f.A of. AL
J & — A+ ﬁ <(Sln - )f* yof + cos O f. 60f>
A
= fid+ —=((sinf — 1)(AL £.)" + cos 0(A] f.)7)

V2

A
= fA+ %(_ﬁfﬁ

=f. (A= AI).
Hence A¢, = A— A and D¢, = 1. []

Suppose now that rank D? + D2 — I = 2, and assume by contradiction that fisnot a
genuine deformation of f. By Lemma 3.0.12, there exists an orthonormal frame {&;, &5}
of P such that D¢, = I and rank D¢, < 1. Let 6 € [0, 7/2] be such that

Dy = cos0D¢, + sin D,

and
Dy = —sin 0Dy, + cos0Dy,,

where D; and Dy are our tensors with determinant 1/2. Then,
D? 4+ D3 — I = cos? QDE1 + sin? 0D§2 + cos 0sin 0 D¢, D¢, + cos 0 sin 0 D¢, Dy,

+ sin® QDgl + cos® GDE2 —cos0sintDg¢, De, — cosOsinDg,De, — 1
_ 2
- D§2

and this means that rank D? + D3 — I < 2, a contradiction. This completes the proof of
Proposition 3.0.2. O



Chapter 4

The Reduction

Let f: M™ — R""! be a hypersurface that is not conformally surface-like and envelops
a two-parameter congruence of hyperspheres s : L? — S772 < L"*3. In this chapter, the
problem of finding a pair of tensors (D;, D) and a one-form 1 on M™ satisfying all the
conditions in Proposition 3.0.2 is reduced to a similar but easier one on the surface L2.
We will need the following results, which give conditions for tensors and one-forms to

be projectable.

Proposition 4.0.1 (Corollary 11.6 in [3]). Let A be an integrable distribution on a Rie-
mannian manifold M and let L = M/A be the (local) quotient space of leaves of A. A
tensor D € T'(End(A%1)) is projectable if and only if

vf}D = [D’ CT]
for all T € T'(A).

Proposition 4.0.2 (Corollary 12 in [12]). Let A be an integrable distribution on a dif-
ferentiable manifold M, let L = M/A be the (local) quotient space of leaves of A and let
m: M — L be the quotient map. Then a one-form w on M is projectable if and only if
w(T) =0 and do(T,X) =0 for any T € A and X € AL.

The reduction lemma is as follows.

Lemma 4.0.3. Let f : M™ — R"! be a hypersurface that is not conformally surface-like
and envelops a two-parameter congruence of hyperspheres s : L? — St < "3, Let A

be the eigenbundle of f correspondent to its principal curvature A of multiplicity n — 2. If

119
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f is hyperbolic (respectively, elliptic) with respect to J € T'(End(AL)) and there exists a
triple (Dy, Dy, 1)) with D1,Dy € T'(End(A*1)), Dy, Dy € span{l,J}, and ¢ a one-form on
M™ satisfying (i)-(ix) in Proposition 3.0.2, then J, Dy and Dy are the horizontal lifts of
tensors J, Dy, Dy € span{I,J} on L?, with J* = I (respectively, J* = —1) and 1 is the
horizontal lift of a one-form v on L? such that s is hyperbolic (respectively, elliptic) with
respect to J and the triple (D1, Dy, 1) satisfies:

(a) det D; = 1/2,

(b) (VDi)Y = (Vi D)X = (1) (($(X)D;Y — (V) D;(X)),
(c) d(X,Y) ={(D:yX,D:Y) — (DX, DoY),

(d) D # +D3,

(e) rank(D?+ D2 — 1) =2.

Conversely, if s : L? — Qﬁ& < L3 s hyperbolic (respectively, elliptic) with respect
to a tensor J on L? satisfying J> = I (respectively, J> = —1I), then the hypersurface
f is hyperbolic (respectively, elliptic) with respect to the horizontal lift J of J, and the
horizontal lifts D1 and D of tensors Dy, Dy € span{l, J} and the one-form ¢ = 1 o m,
satisfying items (a) to (e) have all the properties (i) to (iz) in Proposition 3.0.2.

Proof. Conditions (i) and (vi) of Proposition 3.0.2, together with Proposition 4.0.2, assure
us that the one-form 4 is projectable with respect to the canonical projection m : M — L?
onto the (local) quotient of leaves of the distribution A, that is, there exists a one-form
¢ on L? such that

Yom, =1

The tensors Dy and Dy are also projectable, because of item (iii) of Proposition 3.0.2

and Proposition 4.0.1, that is, there exist tensors D; and D, on L? such that
Dyom,=m.0D; and Dyom, =m, o Ds. (4.1)

From item (iii) we have that the tensors D; commute with the tensors Cr. Since the
tensors D; are generated by the endomorphisms I and J, and taking into account item
(viii), at least one D; is of the form D; = a;I + b;J with b; not null. It follows that Cr



121

and J commute, or equivalently, [Cr, J] = 0. The fact that f : M™ — R™*! is hyperbolic
or elliptic gives us that V%J = 0. Therefore J is projectable onto J, with

m,0J =Jom,.

Since D; € span{I,.J} and D;, I and J are projectable onto D;, I and .J, respectively, we
get that D; € span{[, J}. Because f : M"™ — R"*! is hyperbolic or elliptic, we have that
J? = €l, where € = 1 if f is hyperbolic and € = —1 if f is elliptic. Then,

X =m0, *X =em, X = eX.

Hence J? = €I, with e = 1 if f is hyperbolic and € = —1 if f is elliptic.

The linear operator 7|1 is an isomorphism, so items (c), (d) and (e) follow without
trouble from (4.1). Essentially, D;|. is indistinguishable from D;.

Let S: M™ — Q’ff < L™*3 be the two-parameter congruence of hyperspheres en-
veloped by f, so that S = s o7w. Then, the proof of Proposition 1.4.1 gives us that

S(x) = W (f(2))N(x) + M) U (f (x))- (4.2)
Differentiating the equation (4.2) with respect to Y € I'(A+) we obtain

S.Y = (Vo f)*VyS (4.3)
= (Vo f)*Vy(U, 0 IN+YNWo f+ A\, £Y
=U'VyU,N+Y(A\)To f+ AV, LY
=V, f*"VyN + oY (f,Y,N) + YNV o f + AT, £V
= U, f,AY + Y(\)Wo f 4+ AU, 1Y
= U, f (A= XY +Y(N)Vo f.

Replacing Y by D;Y in (4.3) we get
U, f.(A— A)D;Y = (DY, grad \) W o f — S.D,Y. (4.4)

This equation and the one before it will give us two ways of differentiating vector fields
of the form W, f.(A — AI)X, for X € X(M). Comparing both expressions will give us

the results we seek. So, differentiating one more time the equation (4.4) with respect to
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X e I'(A*) yields

(o f)*VxWU,f.(A—N)D;Y = (VxD;Y,grad \) W o f (4.5)
+ Hess \(X, D;Y)W o f + (D;Y, grad \) U, £, X — (Vo f)*VxS.D;Y,

where (-,-)’ is the metric on L? induced by s and V' its Levi-Civita connection. Let

Q”+2 — IL"*3 be the inclusion of de Sitter space into Lorentzian space. If we denote
the vector field S,D;Y and s,D;m,Y by g : M™ — L™ and h : L? — L"*3, respectively,
then g = h o 7. Hence,

(W o f)*VxS.D;Y = X(g) (4.6)
=m.X(h)
=(io s)*@ﬂ*XS*Dm*Y
= §*V,. xS DY — <7T*X, Dm*Y>/ soT
= s, V. DY +d (m.X, Dim,Y) — <7T*X, Dﬂr*Y>, som,

where X Y € I'(A1) are projectable vector fields. Because we have endowed L? with
the metric induced by s, ¥ and f are isometric immersions, and with the aid of (4.3) we

obtain

<7T*X, Dﬁr*Y> <s 7.X, 8. D; 7T*Y> (4.7)
= (9.X,S.D;Y)

— (X(\)To f— U, f.(A—ADX, DY (N W o f — W, f.(A— \)D;Y)
=

(A= ADX, (A= X)D,Y).

Therefore, replacing into equation (4.5) the equations (4.6) and (4.7), we obtain the first
formula for the derivative of the vector field W, f,(A — AI)D;Y", namely,

(o f)*VxU,f(A—\)DY (4.8)
= (VxD;Y,grad \) Vo f + Hess \(X, D;Y)W o f + (D;Y, grad \) U, f, X
— S ;*XDM*Y — o (M. X, DY) + (A= XX, (A= X)D;Y) (¥,N + A\(¥ o f)).
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Therefore,

(o f)*VxWU,f(A—N)D)Y — (Wo f)*VyU, f.(A— \)D; X (4.9)
= (VxD;Y,grad \) U o f + Hess \(X, D;Y)W o f + (D;Y,grad \) U, [, X
— 5, ;*XDZ‘W*Y — o (1. X, DY)+ (A= ADX, (A= X)D;Y) (¥,N + AU o f)).
—(VyD;X,grad \) ¥ o f — Hess \(Y, D; X)W o f — (D; X, grad \) U, f.Y
+ 8.V yDim X + o (.Y, Dim, X) — (A= M)Y, (A — M) D; X) (V.N + \(V o f)).

On the other hand, using the formula for the second fundamental form of ¥ given in

equation (1.12), together with equation (4.4), it follows that

(Wo f)*VxVU,f.(A—\)DY (4.10)
= U, f*Vxf.(A=A)D)Y + " (f.X, f(A—AI)D;Y)
= U, f.Vx(A—=A)D;Y 4+ (AX, (A= X)D;Y)W,N — (X, (A= X)D;Y) w
= U, f(Vx(A=X)D,)Y + U, f,(A—A)D;VxY + (AX, (A — \)D;Y) ¥, N
— (X, (A= X)D;Y)w

=V, £, (Vx(A—N)D,)Y + (D;VxY,grad \) W o f — S,D;VxY
+ (AX, (A= X)D;Y)U,N — (X, (A= \)D;Y)w
=V, fu(Vx(A=AD;)Y + (D VxY,grad \)Wo f — s,D;m,VxY
+ (AX, (A= X)D;Y)U,N — (X, (A= N)D;Y) w.
Hence,
(Vo f)*VxWU,f (A= N)D)Y — (¥o f)*VyU, f.(A - \)D; X (4.11)

— 0, f. (Vx(A = A)D,)Y — (Vy(A— A)D)X) + (D;[X, Y], grad \) ¥ o f
— 6. Dyt X, Y] 4+ ((AX, (A — A)D,Y) — (AY, (A — AI)D,X)) W. N
— (X, (A= AD;Y) = (Y, (A= M) D; X)) w

As mentioned before, comparing the expressions just obtained for

(Wo f)*VxU,f (A= N)D;Y — (Vo f)*VyV,f.(A—N)D; X
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in equations (4.9) and (4.11), we get

U, fBX,Y) + 0(X,Y)U,N + o(X,Y)¥ o f — AH0(X, Y )w (4.12)
= s.((V. yDi)m X — (Vo xD)m.Y) + o (7.Y, Dim, X) — o/ (m. X, Dim,Y)

where
B(X,)Y)=(Vx(A=X)D,)Y — (Vy(A—=X)D)X — X A Y(ngrad A),

0(X,Y)=A(X,(A=X)D;Y) — (Y, (A— \)D; X)),

(X, Y)=((VyD;)X — (VxD;)Y,grad \) + Hess \(D,; X,Y) — Hess \(X, D;Y)
CA(A=ADX, (A= ADD,Y) — (A — ADD:X, (A = ADY)),

for all X, Y € I'(A') that are projectable.

Notice that, in proving the identity in equation (4.12), we have only used that D; are
projectable onto D; and the formula of the congruence of hyperspheres given in equation
(4.2). Let us now use the properties that f and the triple (Dy, Da, 1) satisfy.

From equation (3.1), we get the symmetry of (A — A )Cp. Because f is hyperbolic
or elliptic and not surface-like we have that there exist T' € A, such that Cr = al + bJ
with b not null, hence the operator (A — AI)J is symmetric. Since D; € span{l, J}, we
get that (A — AI)D; are symmetric. From the last fact, items (iv) and (v) of Proposition
3.0.2 and equation (4.12) we obtain

(1) fu(A = AD)(W(X)D;Y — (V) D; X) (4.13)
+((=1)9(Y) (D; X, grad ) — (=1)9(X) (D;Y, grad \)) ¥ o f

= s.((V. yDi)mX — (Vo xD)m.Y) + o (7Y, Dim, X) — o/ (1. X, Dim,Y).
From equation (4.3) we get

(=) (X)((D;Y,grad \) W o f — S,D;Y) — (—=1)’4(Y)((D; X, grad \) W o f — S, D, X)
+ (=1 (Y) (DX, grad \) — (=1)/%(X) (D;Y, grad A))¥ o f
= 5.((Ve yD)m X — (Vo yDi)m.Y) + o (m.Y, Dim. X) — o/ (m.X, Dim.Y),
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so, simplifying, we end up with

(=1)(Y)s,Djm X — (=1)9%(X)s.D;m.Y
= 5.((V. yDi)mX — (Vo xD)m.Y) + o (n.Y, Dim, X) — o/ (1. X, Dim,Y).

Comparing the tangent and normal components we get the identities
(Vi yD)mX — (Vi xDi)m.Y = (=1)¢(Y)Djm. X — (—1)/¢(X)D;m.Y

and
o (m.Y, Dim, X) = o/ (7. X, Dim,Y).
The first equation above gives us (b), while the second one means that s is hyperbolic or
elliptic with respect to .J, because D; € span{I,.J}.
The only thing left to prove is condition (c). Using that 1/ is projectable onto v, item
(vii) of Proposition 3.0.2 and equation (4.4) we obtain

dy(X,Y) = dy(X,Y) (4.14)
= ([(A =)Dy, (A= AI)D,]X,Y)
= ((A=AN)D: X, (A= X)D1Y) — (A= AN)D1 X, (A— X)DsyY)
= ((Do X, grad \) Wo f — S, Do X, (DY, grad \) W o f — S, DY)
— (D1 X,grad \) Vo f— S, D1 X, (DY, grad \) Vo f — S,DyY)
= (S.D2 X, 5. DY) — (5.D1X,S.D5Y)
— (DX, DY) — (DX, DY
This compltes the proof of the direct statement.
Let us now prove the converse. As was mentioned after we showed equation (4.12),

we can use it in the proof of the converse statement. Using it, and taking into account

condition (b) and the fact that s is hyperbolic or elliptic, we have

U £ B(X,Y)+0(X,Y)UN + (X, Y)V¥o f—A9(X,Y)w (4.15)
= 5.((VeyD)m X — (Vo xDi)m.Y) + o/ (7Y, Dim. X) — o (7. X, Dim.Y')
= (=1)’s. (¥(m.Y)Dj(mX) = ¢ (m.X)D;jm.Y)
= (=1 (W(Y)S.D;X — (X)S.D;Y).
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From equation (4.4) we have

(=1 ($(Y)S.D; X — (X)S.D;Y)
= (=1)7(Y) ((D; X, grad \) W o f — W, f.(A — X)D; X)
— (=1Y9(X) ((D;Y,grad \) W o f — U, f,(A— XI)D;Y).

Therefore, if we arrange equation (4.15) with this new information, we end up with

UL, B(X,Y)+0(X,Y)U.N +@(X,Y)To f—A0(X,Y)w=0

where B and @ are proper modifications of B and ¢. Because the above equation is

expressed as an orthogonal decomposition, we conclude that
0= 6(X,Y) = A(X, (A= AD)D,Y) — (¥, (A = A) D X)),

for all projectable vector fields X,Y € I'(At). Since 6 is a tensor, we conclude that
(A — AI)D; is symmetric.

Let J € T(End(A%1)) (respectively, D; € T'(End(AY)) be the horizontal lift of J
(respectively, D;) and 1 the horizontal lift of +). Since D1, Dy € span {I, J} and m, |, is
an isomorphism, we have that Dy, Dy € span{l, J} and J? = €I, depending on whether
s is hyperbolic or elliptic. Let us prove that D; and 1 satisfy (i) to (ix), and that f is
hyperbolic (respectively, elliptic) with respect to J. Items (i) and (vii) are clear because
1 projects to ¥. From item (a) we get item (ii), item (e) gives item (ix) and from item

(d) we get item (viii).

To prove item (iii), since D; are projectable tensors, we have
ViD; = [Di, Cr]

for all T € I'(A). On the other hand, because of equation (3.1) and VAA = V&(A — \I)

we get

Vi(A - \)D; — M) D;Cy

(A
= (V(A = AI) = (A= M)Cr)D; + (A = M) (V3 D; — [Dy, Cr)
=0.
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Hence,
VT(A M)D; = (A= X )D;Cr.

In particular, this implies that (A — AI)D;Cr is symmetric. Therefore,

(A= X)D;Cr = CLDLA — \I)
= CL(A—= XD
= (A - \)CrD;.

Since (A — AI) is an isomorphism when restricted to A+, we obtain item (iii).

Observe that there exists ¢ = 1, 2 such that D; = a;I + b;J with b; not null, otherwise,
D; and D, would be multiples of the identity endomorphism, and from item (a) we
would end up with D; = 4D, a contradiction with item (d). Since [D;,Cr] = 0,
for all T € T'(A), it follows that VA&J = [J,C7r] = 0. Because f is not conformally
surface-like, {1, J} must be linearly independent. If we put J into Jordan canonical form
with the condition J? = £I, and see what kind of matrices commute with J, we get
C(I'(A)) < span{l, J}. Thus f is hyperbolic (respectively, elliptic) with respect to J.

Since s is hyperbolic (respectively, elliptic) with respect to J and D; € span{[, J},
then

o (Dim X, 1Y) — o (1. X, Dim,.Y) = o ((a; ] + b J)m X, m.Y) — o (m.X, (a; ] + b;J)7.Y)
= bz (Q//(DiT['*X, W*Y) — (7T*X, DZ’]T*Y)> s

for all XY € A+, where we choose D; such that D; = a;I + b;J with b; not null. Hence,
o (Dim X, 7,Y) = o (1. X, Dim,Y).

From equation (4.12), and taking into account that # is null because of the symmetry of
(A — M)D;, we get

U, f. (Vx(A—A)D,)Y — (Vy(A— AI)D;) X — X AY(D'grad \)) (4.16)
+ (((VyDy)X — (VxD;)Y,grad \) + Hess \(D; X,Y) — Hess A\(X, D;Y)) W o f
CA(A=ADX, (A= ADDY) — (A= ADD:iX, (A~ A)Y)) o f

o (Voy D)X — (VDY 7Y
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Using item (b), equation (4.4), and the fact that Dy, Dy and v project to Dy, Dy and 1),

respectively, we obtain

s (ViyDy) mX — (Vi x D) mY) (4.17)
(=1)s, (Y(m.Y)Djm. X — (7. X )Dym,Y)
(~1Y$(V)S.D;X — (~1)9(X)S.D;Y
(=1)(Y) ((D; X, grad \) Wo f — W, f.(A — \I)D,X)
— (=19 (X) ((D;Y, grad \) W o f — W, f.(A = X)D;Y).

G
G

Combining equations (4.16) and (4.17), we get

0=".f (Vx(A=X)D;)Y — (Vy(A—X)D;) X — X AY(Digrad \))
+ (1YWL f(A = A ($(Y) DX —(X)D;Y)
+(—1) ($(X) (D;Y, grad A) — (Y) (D; X, grad A)) W o f
+ (((Vy D)X — (VxD,;)Y,grad \) + Hess \(D; X,Y) — Hess \(X, D;Y)) Vo f
—“M{(A=XDX,(A=X)DY) — ((A=X)D;X, (A= X)Y)) Vo f.

Taking into account the symmetry of the operator (A— AI)D;, and that the above identity
is expressed in an orthogonal basis, we get items (iv) and (v) of Proposition 3.0.2. Going

the other way around in equation (4.14) gives us (vii). This concludes the proof. O



Chapter 5

The Subset C;

The aim of this chapter is to characterize hyperbolic or elliptic surfaces s : L? — S <
"3 that admit a triple (Dy, D, 1)) satisfying items (a) to (e) of Lemma 4.0.3. We follow
closely the proof of Proposition 9 in [12]

Let us start with the case in which s: L? — S7™ < L"*3 is an hyperbolic surface
with respect to the tensor J. Let (u,v) be coordinates in a neighborhood W of (0,0)
whose coordinate vector fields {9,,d,} are eigenvectors of J with eigenvalues 1 and —1,

respectively. Since the surface s is hyperbolic,
A/ (0y,0,) = '(J0y,0,) = (D, JOy) = —'(0y, 0y),

and hence

o/ (0y,0,) = 0.

The coordinates (u,v) are called real-conjugate coordinates. Write
Vo, 0, = 0, + 20, (5.1)

where I are the Christoffel symbols in terms of the frame {d,,d,}. As usual, we denote
F = (0., 0,), and please do not confuse with the isometric light-cone representative of f.

Define the differential operator
Q(0) = Hess 0(,, 0,) + FO = 0, — T'0, — 0, + F0. (5.2)

129
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For each pair of smooth functions U = U(u) and V = V(v), define
oV (u,v) = Uu)e2lo T @ds and ¢V (u,v) = V(v)e2do T s0)ds, (5.3)

These functions satisfy
eV =2IpY and @) = 2I%pY (5.4)

with initial conditions Y (u,0) = U(u) and " (0,v) = V(v). In particular, U and V can
be recovered from ¢V and ¢". Assume, in addition, that one of the following conditions
holds:

UV >0 or 0<20” <=2V +1) or 0<2¢¥ < —(20Y +1). (5.5)

Under one of these conditions, one can define

PV = V/[2(p7 +4V) + 1 (5.6)

and
Cs ={(U,V): (5.5) holds and @ (p”") = 0} .

Now, let us suppose that s : L? — S7*2 is an elliptic surface with respect to a tensor
J. Let (u,v) be coordinates around (0, 0) whose coordinate vector fields satisfy Jd, = 0,
and J0, = —0,. Extend the definition of J, V and o® to the complex field, that is,

J(X +iY) = JX +4JY,

VX_H‘y(Z + ZW) =VxZ - VyW +iVyZ +1VxW
and
(X +3Y, 2 +iW) = a*(X, Z) — o* (Y, W) +ia*(Y, Z) + ia*(X, W).
If we define 0, = (9, — i0,)/2 and 0; = (0, + 10,)/2, then we have

J0, —iJd, Oy +i0, (D, —i0,)

J0: = 9 9 9

=10,

and
JO, +1iJO, 0y —i0, —i(0y +i0,)

Jag = 9 9 = 5 = —Zag.
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Hence, 0, and 0; are eigenvectors of the complexified tensor .J with eigenvalues i and —1,

respectively, and from the fact that s is elliptic we have
ia®(0,,05) = a®(J0,,0;5) = a*(0,, JO5) = —ia®(0,, 05),

so, &’(0,,05) = 0. As in the hyperbolic case, the coordinates (u,v) also receive a special

name: they are called complex-conjugate coordinates.

Let ng be the Christoffel symbols symbols of the connection V with respect to the
basis 0, and 0,. Then,

Vo.0: = Vo, -i0,(0u + i0,),
thus
Vo.0: = 1 (Vo0 + Vo0 — V0,0, +V5,0)
= 4 (Ch0 4 TH0, + Thd, + Tho, — Ty, — T, + T, +iTh0,)
= i ((Fil + F%Q) 8u + (1—% + F%Q) av)
_ (F%l 1‘ Ty ZI% 1’ F%Q) 0, + (F% 44’ T} " Z-F%1 1‘ F%z) o..

Therefore, we can define a complex-valued Christoffel symbol I : W C L? — C such that
Vo.0: =10, +T0;.

Set F' = (0,,05), where () is the complexified extension of the metric induced by s, and

define the differential operator
Q(Q) - HeSS 9(82, 85;) ‘I— FH — ng - ]_—‘92 - ]_:‘02 + FG,

where 6 : W C L? — C is a smooth function. For each holomorphic function ¢, let

¢%(z, 2) be the unique complex valued function by

0 =2T¢" and  ¢%(2,0) = ((2).
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Assume further that .
S # —5 and 4Re (%) +1 < 0. (5.7)

In this case, define

o = V—ARe (¢0) + 1)
and

Cs = {¢ holomorphic : equation (5.7) holds and Q(p°) = 0} .

We are now ready to state and prove the main result of the chapter.

Proposition 5.0.1 (Modification of Proposition 9 in [10]). Let s : L? — St < Ln+3
be an elliptic or hyperbolic surface. Then there exists a triple (D1, Dy, %) satisfying all
conditions in Lemma 4.0.3 if and only if Cs is nonempty. Distinct triples (up to signs and

permutation) give rise to distinct elements of Cs, and conversely.

Proof. We will divide the proof into cases, depending on whether s is hyperbolic or elliptic.

Hyperbolic case

Assume that s is hyperbolic with respect to J, and let (Dy, Dy, 1)) satisfy all conditions in
Lemma 4.0.3. Let (u,v) be real-conjugate coordinates whose coordinate vector fields are
eigenvectors of .J. Since Dy, D, € span{I, J}, they are also eigenvectors of D;, 1 <i < 2.

From condition (a), we can suppose that the endomorphisms D; are represented in this

V2D, = (% 1/091> and V2D, = <602 1/002> : (5.8)

From item (e), that is, the assumption that rank D? + D2 — I = 2, and

basis by

_ _ _ [0F+05—2 0
V2D1)? + (V2Dy)? =2 = [ 1 7 2
(V2Du)"+ (V2Do) 0 1/602 +1/62 — 2

we infer that 67 + 02 # 2 and 1/67 + 1/62 # 2. Also, from item (d), we get 0 # +0,.
Taking into account that the Lie bracket of coordinate vector fields is zero, the equation

of item (b) can be written as

Vi, Di0y — Vi, Di0, = (1) (¥"D;0, — ¥ D;0,) , i # j,
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where 1" = 1)(9,) and 1" = ¥(9,). Multiplying both sides of the above equation by /2,

and using the information about how the endomorphisms D; act on {d,,0,}, we get
Vgﬁ;lav -V}, 0:0, = (—1) (zﬁ“@;lﬁv — &“GJBU) 1 F 7.

Working further on the above equation, we obtain

—g%?8v+6i%F%L—%F%%)—(&%au—exr%%—%r%%)

— (1) (0010, — 0°00.) i

From the equality of the components of both sides of the preceding equation with respect

to the coordinate vector fields, we get that item (b) is equivalent to the system of partial

%?+(@_%)ﬁ:_+4y@ (5.9)

differential equations

@%+<@—%)W=04VW%, (5.10)

with i # j. Defining 7; = 62, and multiplying the first equation by —2/6; and the second

equation by 26;, the preceding system becomes

1 1 - _j&"

(Ti)o +2(7 — DI = 2(=1)70"010,, 1<i#j<2. (5.12)

Considering the equation (5.11) for the cases ¢ = 1 and ¢ = 2 and summing them up we

1 1 1 1
<_+_) +2(_+——2>F2:O. (513)
T T2/, T2

With the same procedure, but using instead equation (5.12), we get

obtain

(71 4+ 7o)y +2(11 + 72 — 2)T = 0. (5.14)
Defining & = 71 + 75 and 8 = 1/71 4+ 1/79, the preceding equations can be written as

Bu+2(B8-2T"=0 and a,+2(a—2)I"=0. (5.15)
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From the definition of 7; we have that «, 3 > 0. Moreover, since 67 # 03, we have that 7

and 75 are distinct real roots of

7 — (M + )T+ 71m =0,

or, by expressing in terms of o and S,
™ —ar+ (a/B) = 0.

From the discriminant condition, we get a8 > 4, and 7; and 75 can be recovered from «

and [ by solving the second degree polynomial, that is,

271:@—(—1)1',/%(045—4), 1<i<2. (5.16)

Since 67 + 03 # 2 and 1/67 + 1/63 # 2, we have that a # 2 and 3 # 2. Then, we can

define . .
Y = m and Qb = m

Froma >0, 3 >0, af —4 >0,

(5.17)

1 1
a=24+— and =2+ —,
4 ¢

and noticing that ¢ and ¢ cannot be both negative, we get

0<2+2+1—1(2¢+2 +1)
o O wd o 4 ’

and hence (@, ¢) satisfies (5.5). Moreover,

Oy G P
— = nd — =-— :
® a—2 ¢ p—2
so, from equation (5.15), we get
P _ oI’ and % = 2I'2,
@ ¢

We still have not used condition (c) in Lemma 4.0.3. Let us work first on the left side
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of item (c). Since the expression of 1 on the basis {9,,9,} is given by
b = *du + Vdv,
differentiating the one-form 1 we get
210, 0) = 2y, — Wy)du A dv = 24y, — 4y).

On the other hand,

1 2 1V2

Therefore, we conclude that item (c) is equivalent to

To —T1

2001 - 3 = 2

F (5.18)

Set

p=¢!2(90+¢)+1|:\/‘az*ﬁizﬂ N \/|(aj§)(_ﬁ4—2)\'

(5.19)

We want to show now that

Q(p) = Puv — Flpu - F2pv + Fp=0.

In order to do so, we will express the functions p, I'' and I'? in terms of §;, and then replace
into the differential equation. First, by definition we have 7, = #7?. Also by definition,
a=T1 +7=0?467 and 8 = 1/67 + 1/65. Using equations (5.11) and (5.12) we get

61(61)y + 62(62),

T (5.20)
63 (62)., + 63(6)
U . ) o2
D = (62)u67 — (01)u83 — (02)ub1 + (61)ub (5.22)

2020 — 02— 6
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and

- (02)002607 — (01),0501 — 02(02), + 61(61),
0:65(67 + 62 — 2) :

Using equation (5.18), we can express F' in terms of functions that are defined in terms
of the 6;:

(5.23)

_20105(¢y — Uy
F = 0% _0% .

(5.24)

Lastly, using equation (5.19) we have

2 2\2 /0202

(0% + 603 = 2)(gz + 5z — 2)

Replacing those identities into

Q(p) = pus — T'pu = T?py + Fp, (5.26)
and with the help of the Maple program, we obtain that Q(p) = 0. Thus, the set C; is

non-empty.

Now, let us move on to the converse of the statement. Since s : L? — S7™? < L3 is

hyperbolic, there exist real conjugate coordinates (u,v). If (U, V') € Cs, then
QOU(U7 U) — U(u>€2 Jo Tt (u,s)ds and wV(Uw U) _ V(U)e2 Jo' T?(s,w)ds

must satisfy equation (5.4) and, together with the functions U and V', also satisfy equa-
tion (5.5). From the definition of the set Cs, we must have Q(p) = 0, where p =
V12007 + V) + 1]. Set

1 1
which are well defined because U, V, ¢V and ¢V satisfy the equations in (5.5), and

therefore, ¢V and " cannot vanish at any point.

Since (Y, ") satisfies equation (5.5), we affirm that we must have o > 0, 8 > 0 and
a3 —4 > 0. In the first possiblity, namely, if U, V' > 0, then ¢V > 0 and " > 0, and
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using the definition of o and 8 we conclude the validity of our affirmation. If
0 <2pY < —(2Y +1),

then we immediately see that o > 0. We also have ¢ < —1/2, so 8 > 0. Lastly,

2 2 1
aff —4=—+—+
eV v pUyY

1
o QOUQZJV (

20” + 24V +1)..

Since, ¥ > 0, Y < 0 and 2pY + 29V +1 < 0, we conclude that a3 — 4 > 0. Because

the other case is symmetric, we have finished the proof of the affirmation.

With the information o > 0, 8 > 0 and a8 — 4 > 0, we can define the functions 7¢ by
equation (5.16), that is, 7¢ are roots of the second degree polynomial 72 — a1 + a/83 = 0,
for i = 1 and i = 2. We then conclude that 7 + 75 = a and 7175 = a/f.

As before, write 7; = (6;)? and let /" and 9" be given by equations (5.11) and (5.12),
respectively. Replacing 7; by 67 in those equations, we arrive at the same equations as
in the direct statement, so we can express I'', I'2, ¢* and ¢ in terms of the 6; by the
identities (5.20), (5.21), (5.22) and (5.23). From the fact that 7 +7 = o and 775 = /5,

we get
a=07+05 and B=1/67+1/05.

From the definition of p, we have that equation (5.19) is valid, and so, replacing « and
B is terms of the 6;, we also obtain equation (5.25). Since p cannot vanish at any point,

and from Q(p) = 0, we obtain

Puv — Flpu - FQPU
1%

F=-— (5.27)

which can also be expressed in terms of the 6; using equations (5.25), (5.20) and (5.21).

Replacing those identities in

F, (5.28)

and using Maple, we get that the above equation is identically zero, so equation (5.18) is
satisfied. Let D; and D, be defined by equation (5.8) with respect to the frame {9,,3,}
of coordinate vector fields, and set ¢ = ¢*du + 1)"dv. Then condition (a) is clear from

the definition of D;, whereas condition (b) follows from the validity of equations (5.11)
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and (5.12). Condition (c) is a consequence of equation (5.18). Since a > 0, we have
71 # —Ty, so D} # —D2. Because the discriminant is a8 —4 > 0, 7, and 7, are not equal,
so Di # D2, and item (d) is proved. From the definition of o and 3 we cannot have
a = 2or =2, soitem (e) follows. Distinct pairs (p,1) give rise to distinct 4-tuples
(71, 72,2%, "), and hence to distinct triples (Dy, D, 1)). This completes the proof for the

hyperbolic case.

Elliptic case

Nearly all the ideas used in the hyperbolic case will be applied to this case. In fact, we
will arrive at the same equations, as we will soon see. The difference is that we will need
to work with the complex extensions of the tensors in order to have complex eigenvectors.

Suppose s : L? — S} < L3 is an elliptic surface, and that there exists a triple
(D1, Dy, %) satisfying all conditions in Lemma 4.0.3. Since we will use complex conjugate
operation, let us omit the bar notation on the triple just for now. We can assume that

there exist complex-conjugate coordinates (u,v) around (0,0) on L? such that

— Oy + 10,
8Z—T and 85_T

are eigenvectors of the complex linear extension of the tensor J with eigenvectors ¢ and

—1, respectively. From item (a) of Lemma 4.0.3 we can assume that
V2D; = a;I + b J,

where a? + b? = 1. Considering the complex extension of the tensor D;, which we will

denote by the same symbol, we have

Therefore, we can write

6, 0 0, 0
VoD, ="' | and Vv2D,=1[7 _ |, (5.29)
0 91 0 02

with respect to the frame {0., d:}, where 6; : L? — S'. Moreover, from item (d) of Lemma
4.0.3, we must have 0; # +0,.
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We will now prove some properties of the functions 6; and of the one-form . Set

* =1(0,) and ¥* = 1p(05). If ¢ = ¢"du + ¢"dv, then
WF = 1/20" —ip?) and  oF = 1/2(0" + i),
SO
7 =~ (5.30)
Similarly, if 6; = 27 + iy?, where 27, y/ : L?* — R, then
(0;): =1/2 (2} —ixd +iy) +y)) and (6;): = 1/2(z], + izl — iyl + y)).
Also,
(0)s = @, +iw) + iy, —y) and  (0)). = @), — ix] — iy, — ¥,

Therefore,

(0;): = (0;): and (0;): = (0;). (5.31)

As mentioned before, we can define a complex valued Christoffel symbol I" by
vazag - F@Z + Fag

As in the hyperbolic case, define 7¢ = 62, 1 < ¢ < 2. Then, from item (b) of Lemma 4.0.3,
and taking into account how the endomorphisms v/2D; act on the frame {0,,d;}, we get

Vo.0:0: = V.0:0. = (=1)’ (¥°0;0: — 4°6,0:) ,
which is equivalent to
(0:).0: + 0; (T, + T9:) — (6,):0. — 0, (T9, +T9;) = (1) (¥*0,0: — 176,0.) .
Therefore, we get a system of partial differential equations
(0;): — 0,0 + 0,1 = (=1)7¢%0); (5.32)

and
(0,). + 6,1 — 0,7 = (—=1)74*0;.
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Those equations are equivalent, as the reader can see by performing the conjugate oper-
ation on any of those identities and using equations (5.30) and (5.31). Multiplying both
sides of the equation (5.32) by 26; and taking into account that 6; € S, we get

(7:)z +2(1; — 1) T = 2(=1)746,0,. (5.33)

Now, we will use item (c) of Lemma 4.0.3. On one hand, since
Ay = (1 — v)du A do,
we obtain
2D, 02) = LAB(D, — s, D+ 10,) = (D, D,) = (5 — 07

Since ¢* = 1/2(¢* — ip?), then ¥z = 1/4(yY + i)t — bl + ¢Y). Therefore, we have
2d(0,,05) = —4ilmpZ. On the other hand,

<\/§D282, \/§D132> _ <\/§D182, \/§D285> = (§192 — 9152) F = 7’28—97'1 F.
102

Using item (c) of Lemma (4.0.3) and multiplying both sides by i, we conclude

Alm ? = i F (5.34)

As in the hyperbolic case, define & = 74 + 7. Then, summing up the cases i = 1 and

i = 2 in equation (5.33), we obtain
az +2(a—2)I'=0. (5.35)

Because 6; € S, also 7; € S'. From condition (d) in Lemma 4.0.3, we have 7; # 4.

Hence, 0 < |a| = |7 + 72| < 2. Thus,

is well defined and satisfies
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Since
a+a—4 ol =

4Rep+1=2———— 4+ 1 =—_
7 o = 2P2 o — 2P2
and |a| < 2, we conclude that 4Reyp + 1 < 0. Since a # 0, we have ¢ # —1/2, thus we
obtain the conditions in equation (5.7). From the equation 2 — (1 + 7o)z + 1172 = 0, we
can recover 73 and 7. Because 11 + 7o = a, 7; € S! and
T + T2 1 + T2 [0

T1To = = = -,
T Un+1ln a+n  a

we can recover 7; and 7, from the equation

2

¥ —ax+—=0,

Qi e

that is solving the second degree polynomial, we obtain

7 = % (1 —(—1 YD 4|;||O‘|2> . (5.36)

Now set

— /—(Reg + 1) V A lof? (5.37)

o —2| 7
we must prove that Q(p) = 0, in order to show that Cs is non-empty. In order to do so,
as in the hyperbolic case let us express I', 1*, F' and p in terms of the functions 6;. First,
notice that a = 62 + 05 and @ = 1/6? + 1/63. From equation (5.35), and replacing « in

terms of 6;, we get

(03+03):  _ 01(601): +05(65):
2(602 + 63 —2) 0?2 + 02 — 2

(5.38)

If we take the complex conjugate of I', use that §; = 6, and the equations (5.31) we get

0 _é1<él)z + 05(05). _ 03(61), + 03(62). (5.39)
1/67 +1/65 —2 0,05 (20305 — 02 — 03) '

Using equation (5.33) with ¢ = 1 and the I" expression in terms of the 6;, we obtain

W = 60,05(601)s — 0305(602)s — 01(01)z + 02(62) =
0,05 (07 + 02 — 2) ’

(5.40)



142 CHAPTER 5. THE SUBSET Cg

Taking the complex conjugate of the above equation and using equation (5.30) we get

02(01). — 01(62), — 03(6y). + 03(92)

V= 20262 — 67 — 62 (541)

Observe that

(V7). — (¥%): = (¥%): — (¥7); = —2iIm (¥*):.
Therefore, using equation (5.34) we get

. 03 — 03
2((¥%): = (¥7)z) = —4ilm (¢7)z = F
6,65.

Solving for F' we conclude )

03 — 0

From equation (5.37) and the expression of « and @ in terms of 6; we have

- 4 — (07 + 65) /6703 (07 +63)/63763 — (5.43)
P=N @16z —2)(1/e> + 1/ —2) |92+92—2(1/9%+1/9§_2)|' '

If we compare the expressions we got for I', T, 9%, %, F and p, except for constant
multiple ¢ in the p, they are the same equations as (5.20), (5.21), (5.22), (5.23), (5.24)
and (5.25) we have found in the hyperbolic case, when we replace (2, %), (I',T), (4%, ¢?)
for (u,v), (I'',T?) and (¢*, "), respectively. Therefore,

Q(p) = pzz —Tp. —Tp: + Fp =0,

as one can confirm using Maple. This shows that C, is non-empty.
Let us move on to the converse of the theorem. Consider complex-conjugate coordi-
nates (u,v) for the surface s : L? — S7*2. If ¢ € C, is an holomorphic function, then the

complex valued function ¢¢(z, z) defined by

@z =2T¢" and ¢(z,0) =

satisfies equation (5.7), and p¢ = \/—(4Re ¢S + 1) is a function such that Q(p°) = 0.
Define
1

oa=2+ —,
o<
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then from the first condition of equation (5.7) we have that « is not null. Since

s ¢ 4 ¢4
|a|2=a@:(2+ 4 )(2+ 4 ):4+M

o< [? |p¢ [ .
from the second condition of equation (5.7), we get |a| < 2.

Set 7; for j = 1,2 by equation (5.36), that is, 7; are solutions of the second degree
polynomial

«
2> —ar+—=0.
«

Therefore, o = 71 4+ 5. From the definition of 7;, we have

o 4 —|af?
| == 1 =1
|T]| 5 + a2 ’

for j = 1,2. Also from the definition of 7; and because |a| < 2, we have 71 # *£7,.

Write 7; = 9327 and define 1* by equation (5.33). In order to define the one-form ),
remember that in the direct statement we had ¢* = 1/2(¢)" + i1)"). Therefore, thinking
backwards, define ¢ = 2Re)? and ¥ = 2Im?. Define the complex extensions v/2D;
by equation (5.29). To recover the original v/2D; just remember that v/2D; = a;I + b;J
for 8, = a; +1ib;. So, we get a triple (Dy, Do, ). We have to show that this triple satisfies

conditions (a) to (e) of Lemma (4.0.3).

Since |7;| = 1, then |¢;| = 1, so det v/2D; = 1 and we obtain (a). Because equation
(5.33) is satisfied, item (b) follows. From the fact that 7 # +m and how 7; is defined we

get item (d). For item (e), if
Vap, — % b
! _bj Q;

with 0; = a; + ib; and rank (v2D;)? + (v/2Dy)? — 21 < 2, then

T-bi+a3—0b3—2 2a1b; + 2ab 00
(\/§D1)2—|—(\/§D2)2—21_<a1 1+ a3 — b3 a0y + 2az02 )_( )

—26L1b1 — 2@2()2 CL% — b% + CL% — b% 0 0
Since |0;| = 1 we have

a?—bl+a3—b3=2 and al+b]+a3+bi=2,
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and hence, by = 0 = by and a; = £1. Therefore, ) = £0,, a contradiction because
71 # To, which proves (e).

Let us prove item (c). Since ¢* = 1/(a — 2), and from the definition of p¢, we get
equation (5.37). Therefore, because a = 6% + 62, we get equation (5.43). Since ¢ and T
satisfy equation (5.33), we have the validity of equations (5.38), (5.39), (5.40) and (5.41).
From the condition Q(p) = 0, we get

- zZ_F z_f z
o el A Y (5.44)

p

so we can express F' in terms of §; using equations (5.43), (5.38) and (5.39). Notice that
the p used in the hyperbolic case differs from this p by a multiple of i. We arrive at the
same equations as in proof of the converse statement of the hyperbolic case, with (z, 2),
(T,T), (¥*,7) instead of (u,v), (I'*,T?) and (¢%,9"), respectively. Thus, equation (5.34)
is valid, and so is item (c).

Distinct (s give rise to distinct gocls, and so distinct o’s. Since the 7; are defined by
22 — ax + 2 = 0, we get distinct 7;s. So, we get distinct ¢s, and so a distinct triple
(D1, Dy, ). This concludes the proof. O

Before finishing the current chapter it is appropriate to give an example of an hyper-
bolic surface s : L? — Q' with a nonempty C;. In the next chapter, this example and the
classification theorem 6.0.1 will provide us with an hypersurface f that admits a genuine
conformal deformation in codimension two. That means that the objects we are studying

exist.

Lets start by orthogonally discomposing
L™+ = R™ x L™

and consider a curve « : [} — S™~! < R™ parametrized by arc length. Denote by
& = i o a, where i : R™ — L™"! is the inclusion and consider the flat parallel vector
subbundle £ < N3l of rank k£ = my + 1 whose fiber at v € I is

L(v) = Ra(v) ® L™. (5.45)

If {&,---,&} are parallel sections in £, then we can define a parallel vector bundle
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isometry ¢ : I; x L¥ — L by
o(v,Y) Z Vi (v

Let e € L* be such that ¢,(e) = a(v), for all v € I; and denote by
Q%a) ={Y e L*: (Y,e) > 0}.

Consider 3 : Iy — Qlf_ll N Q°%a) < L*, another curve parametrized by arc length. Define
s:on11—>@§71§]Lm+1 by

s(u,v) = ¢u(B(w)),

then, if we denote by 79 : Iy — Iy x I; and 71 : I; — Iy X I; the inclusions, we have
$:T0x0u = Ou(P:0y) and  s,71,0, = —&*Agv(ﬁ(u))&) = —a, Po,,

where P = A Bo(B(w)- From the definition of 3, the definition of the element e and since ¢

has its image in £, we conclude

P = A§ (s = — (6u(B(w)), a(v)) I = — (B(u),e) I.

Therefore, we have (5(u),e) > 0 hence, P is invertible. It follows that s is an immersion

and

No(I x J)(u,v) = i.NoI(v) ® ¢py(NgJ(u)) < Nal(v).

Lets get the expression of the shape operator A3, . for d(u,v) € i.Nol(v). Consider
by the same letter the parallel translation of §(u,v) in the normal connection along the

curve 71 o 3. We have

8. A5T0:0y = —3*@70*%5
d
= —L5(8u). 0

=0,

where the last equality comes from the fact that ¢ is constant along the first component.
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Analogously, for ¢,(¢) such that { € NgJ(v) we get

S*sz(C)TO*au = —S*@m*au%(o
= 0(B.ALD.)
= S*To*Af»au,

and so,

. 4P
Ao () 70r = ToeA¢-

If we give Iy X I the metric induced by s we have

<X, Y>IQ><I1 = <7T1*X, 7T1*Y>IO + <P7T1*X, P7T1*Y>Il
—= <7T1*X7 7T1*Y>IO + </6(u)’ 6>2 <7T1*)(7 7T1*Y>Il )

and
a®(T0x Oy, T1:0,) = 0.

By a suitable modifying v(u) = @ we can pass to isothermal coordinates (™ (d? 4
dv?) and still have o®(70.0;,71.0,) = 0. Thus, the surface s is an hyperbolic surface
and (@, v) are real-conjugate coordinates. In order to maintain the notation as simple as
possible, lets rewrite @ by u. We can obtain other examples of surfaces s : L* — Q" with
real-conjugate coordinates (u,v) by considering other types of orthogonal decomposition

in equation (5.45).

Now that we have an hyperbolic surface in the de Sitter space, lets show that C; is

non-empty. If we define by
E=1{0,0,)=e?%  F=(3,0)=0 and G=(d,,3,) = e W,

taking into account that the metric is compatible with the connection and the definition of
I given in equation (5.1), for 1 <i < 2, wehave 0 = E, = 2I''E and 2\ e* = G, = 2I'°G.
Hence,

M"=0 and T?%=).

Given a pair of smooth functions U = U(u) and V = V(v), from the definition of ¢V and
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¢V for the hyperbolic case from equation (5.3), we get
oV =U and " = Ve
By suitably modifying U we have
@U — 2\ and gDV _ 62,\‘/7

so taking into account the definition of p (equation (5.6)), we conclude

p= pﬁv = \/262)‘(U+ V) + 1.
From the expression of I'' and T'? and the definition of @ given in equation (5.2), we have
Q0) =0y, —T'0, —T20, + FO = 0,, — N0,
Now,

eZA%

N V2N U+ V) +1

Po

and so

_2XePV, (26U + V) +1) = Ve 2N eNU + V) + e*U,,)
B (2e2MU + V) +1)3/2 ’

puv
therefore 0 = Q(p) = pus — N py is reduced to the equality
V,(2N — U,e*) =0,

which is satisfied for V' = k, where k is a constant, or for U = ¢ — e~2}. With this we

have shown that Cy is nonempty.



Chapter 6

The Classification

We are now in a position to state and prove the classification of hypersurfaces f : M" —
R™*! that carry a nowhere vanishing principal curvature of multiplicity n — 2 and admit

a genuine conformal deformation f c M — R2,

Theorem 6.0.1. Let f : M"™ — R™"! be a hypersurface with a nowhere vanishing principal
curvature of multiplicity n — 2. Assume that f is not a Cartan hypersurface on any open
subset of M™, and that it admits a genuine conformal deformation f : M™ — R™*2. Then,
on each connected component of an open dense subset of M", it envelops a two-parameter
congruence of hyperspheres s : L* — ST < IL"*3 which is either an elliptic or hyperbolic
surface and whose associated set Cs 1s non-empty.

Conversely, any simply connected hypersurface f that envelops a two parameter con-
gruence of hyperspheres s : L? — St < L"*3 that is either an elliptic or hyperbolic
surface and is such that the set Cy is non-empty admits genuine conformal deformations

in R™"™2 which are parametrized by C,.

Proof. Tt follows from Propositions 2.2.3 and 3.0.2 that, on an open dense subset of M",
the hypersurface is either elliptic or hyperbolic and there exists a unique (up to sign and
permutation) triple (Dy, Do, 1)) satisfying all conditions in Proposition 3.0.2. By Lemma
4.0.3, the two-paramenter congruence of hyperspheres s : L? — S'™ < L3 that is
enveloped by f is either an elliptic or hyperbolic surface, respectively, and the triple
(D1, Dy, %) projects to a (unique) triple (D;, Dy,%) on L? satisfying all conditions in
Lemma 4.0.3. We conclude from Proposition 5.0.1 that (D, D, 1)) gives rise to a unique

element of C,.
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Conversely, assume that f : M™ — R"™! is a simply connected hypersurface that en-
velops a two-parameter congruence of hyperspheres s : L? — S72 < L"*3, which is either
an elliptic or hyperbolic surface, and is such that the set Cs is non-empty. By Proposi-
tion 5.0.1, each element of C, gives rise to a unique triple (D;, Dy, %) on L? satisfying
all conditions in Lemma 4.0.3. Then, it follows from Proposition 4.0.3 that f is either
elliptic or hyperbolic, respectively, and that (Dy, Ds,1)) can be lifted to a unique triple
(D1, Dy, ) on M™ satisfying all conditions in Proposition 3.0.2. By Proposition 3.0.2,
such triple yields a unique (up to a conformal transformation of R"™?) genuine conformal
deformation f : M™ — R"*2 of f.

Finally, we also have that (congruence classes of) genuine conformal deformations of
f are in one-to-one correspondence with triples (Dy, Dy, 1)) on L? satisfying all condi-
tions in Lemma 4.0.3 (up to signs and permutation), and these are in turn in one-to-one

correspondence with elements of Cs. O]
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