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Preface

The Weyl law is a formula that counts asymptotically the number of eigenstates
of a quantum system corresponding to energy levels below a given value of the
energy. The problem originated at the dawn of quantum mechanics, with papers
by Lorentz1 [19] and Sommerfeld2 [30], the first asking the question and suggesting
its answer, the second proposing the problem to mathematicians. The problem was
quickly taken up by H. Weyl [36] who analyzed the problem mathematically and
gave a complete answer to the problem modeling the case of electromagnetic waves
in the interior of a closed bounded chamber with perfectly reflection boundary in
the form of an asymptotic formula: For the problem{

∆U+ ν2U = 0, divU = 0 in Ω,

U normal on ∂Ω.
(†)

on an open set Ω ⊂ R3 with C3 boundary, one has [36, p.470, p. 479]

#{ν : ν2 is an eigenvalue of (†) and ν < µ} ∼ Vol(Ω)

3π2
µ3.

Since then there have been many variants, extension, refinements, and general-
izations by numerous authors. Extensions and variants include more general elliptic
operators, changing the domain Ω to a closed manifold, adding a potential, work-
ing out more terms (or the impossibility of such) in the asymptotic expansion, for
instance [12, 16, 20, 21, 29]. For more on the classical version of the problem as
described above, and references, see [15].

Our goal here is to discuss known proofs of Weyl’s formula using approaches by
Seeley [29] and Hörmander [12]. The underlying differential-geometric set-up will
be a closed manifold M (compact without boundary) with a given smooth positive
density (a smooth measure) m and a Hermitian vector bundle E → M with which
one has L2-spaces of sections. The operator P : C∞(M;E) → C∞(M;E) is
differential (pseudodifferental and scalar in the case of Hörmander), elliptic, and
non-negative, that is,

(Pu, u) ≥ 0 for all u ∈ C∞(M;E).

Ellipticity of P and compactness of M ensures that the spectrum of P is discrete
of finite multiplicity, and positivity, that the spectrum consists of non-negative
numbers.

1Page 1248: “Here is the problem: to prove that the number of higher overtones between n
and n+ dn is independent of shape of the cavity and is proportional only to its volume.”

2Page 1062: “The general and rigorous proof of this asymptotic behavior of eigenvalues seems

to me to be an important mathematical problem.”
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CHAPTER I

The Weyl law

1. Set up and the formula

Throughout these notes we will denote by M a closed n-manifold, by m a
smooth density on M, and let E → M be a Hermitian vector bundle of rank
r. Write (v, w)x for the inner product of v, w ∈ Ex and |v|x for the norm. Let
π : T ∗M → M denote the canonical projection.

The space C∞(M;E) of smooth sections of E is a pre-Hilbert space with the
inner product

(u, v)0 =

ˆ
M
(u(x), v(x))x dm(x) u, v ∈ C∞(M;E).

Define L2(M;E) as the completion of C∞(M;E) with respect to the induced norm.
Suppose P : C∞(M;E) → C∞(M;E) is an elliptic differential operator of

order m with the property that there is c ∈ R such that

(Pu, u)0 ≥ c∥u∥20. (1.1)

Let

D = {u ∈ L2(M;E) : Pu ∈ L2(M;E)}
Then

P : D ⊂ L2(M;E) → L2(M;E)

is an unbounded closed operator. The ellipticity of P implies that D is Hm(M;E),
the Sobolev space of order m, and that spec(P ), the spectrum of P , is is a dis-
crete subset of C without points of accumulation consists of eigenvalues of finite
multiplicity.

The semiboundedness property (1.1) implies spec(P ) ⊂ [c,∞) ⊂ R. Let
{λν}∞ν=0 be an enumeration of spec(P ), let dν be the multiplicity of λν . The eigen-
value counting function of P is

NP (λ) =
∑

{ν:λν<λ}

dν

Let σσ(P ) denote the principal symbol of P . This is for each ξξξ ∈ T∗M\0 a
linear function σσ(P )(ξξξ) : Ex → Ex, where x = π(x). The map

T ∗
xM ∋ ξξξ 7→ σσ(P )(ξ) ∈ End(Ex)

is a homogeneous polynomial of degree m. Ellipticity means that σσ(P )(ξ) is invert-
ible. The property (1.1) implies that σσ(P )(ξ) is symmetric with non-negative (hence
strictly positive) eigenvalues. Therefore ξξξ 7→ tr(σσ(P )(ξξξ)) is a smooth function of ξξξ,
strictly positive on T ∗M\0.

Finally, let dL denote the Liouville density of T ∗M.

1



2 I. THE WEYL LAW

Theorem 1.2 (Weyl’s Law). The function NP satisfies

NP (λ) =
Vol(B)
(2π)n

λn/m +O(λn/m−1/m) (1.3)

Here B = {ξξξ ∈ T ∗M : tr(σσ(P )(ξξξ)) < 1} and Vol(B) is its volume relative to the
Liouville density.

2. Brief history

Weyl’s Law has a long history that we will not attempt to follow in detail. The
earlier versions were concerned with the Laplacian on bounded open sets in Rn with
Dirichlet or Neumann boundary condition (we will deal only with closed manifolds,
no boundary, which is simpler). When dealing with the Laplacian we will always
use the positive Laplacian,

∆ =
∑
j

D2
xj , Dxj =

1

i

∂

∂xj

on Rn likewise with the Laplace-Beltrami operator on a Riemannian manifold.

The first reference to Weyl’s work gives the formula

lim
k→∞

k

λk
=

Vol(Ω)

4π

in the case of a planar domain Ω [35, Theorem X, p. 114]. (In the paragraph before
the statement of the theorem it is asserted that the same methods work in higher
dimension.) From that formula one derives

N∆(λ) =
Vol(Ω)

4π
λ+ o(λ). (2.1)

To see that this matches the general formula note that the principal symbol of the
(positive) Laplacian in R2 is |ξ|2, so the region B ⊂ T ∗Ω ≈ Ω× R2 is

B = {(x, ξ) ∈ Ω× R2 : |ξ|2 < 1}.

The Liouville density is |dL| = dx dy (Lebesgue measure on R2 × R2), and

Vol(B)
(2π)2

=
πVol(Ω)

4π2

which is the coefficient of λ in (2.1); the exponent of λ there is 1 = 2/2.
Weyl’s proof in detail appeared in [36]. Carleman’s paper [3] in 1935 is inter-

esting in that he is the first to apply the Wiener-Ikehara Tauberian theorem [38,
p. 44] (quoted here as Theorem 3.5 on page 5). Carleman’s method, different from
Weyl’s, has been applied in many cases as it became one of the preferred methods
of the theory. He considered the case of the Dirichlet problem for the Laplacian on
a bounded planar domain Ω whose boundary is reasonably good. Letting {λk} be
the sequence of eigenvalues, each repeated according to its multiplicity, and {φk} a
corresponding orthonormal basis of real-valued eigenfunctions he lets

F (x, λ) = 2π
∑
k

φk(x)
2

λk(λk − λ)
,



3. SOME DETAILS 3

the restriction to the diagonal of Ω×Ω of the Schwartz kernel of P−1 ◦ (P − λ)−1.
The λ2k in the denominator ensures convergence of the series, and estimates of the
Green’f function of ∆ + λI ensures the convergence of the line integral∑

k

φk(x)
2λ−sk = − i

(2π)2

ˆ a+i∞

a−i∞
F (x, λ)λ−s+1 dλ

when ℜs is sufficiently large. Here a is positive and less than the first eigenvalue.
Integration yields ∑

k

φk(x)
2λ−sk

and integration over Ω gives the zeta function of the operator,

ζ∆(s) =
∑
k

1

λsk

(0 is not an eigenvalue) This function turns out to be holomorphic on ℜs > 1 with a
simple pole at 1, and (s−1)ζ∆ is continuous up to ℜs = 1. Wiener-Ikehara says that
the residue at 1 is the coefficient in the right hand side of the Weyl estimate. The
residue is the coefficient in the Weyl formula. Carleman dealt with a more general
second order elliptic operator in a domain in R3 again with Dirichlet condition [4].
Later we say much more in connection with the zeta function.

Extending to compact Riemannian manifolds, Minakshisundaram and Plei-
jel [21] used Carleman’s approach via the zeta function for the Laplace-Beltrami
operator—Dirichlet or Neumann condition if there is a boundary—in using the
Wiener-Ikehara Tauberian theorem [38]. They showed

N∆(λ) =
Vol(B)
(2π)n

λn/2 + o(λn/2).

Avakumović [1] improved the estimate of the error, still for the Laplace-Beltrami
operator with Dirichlet or Neumann condition to O(λn/2−1/2); his paper actually
deals with n = 3 but asserts the validity of the statement in any dimension. He
also shows that in the case of the sphere the estimate cannot be improved to a term
cλn/2−1/2+o(λn/2−1/2), so in general there are no more terms in the asymptotics of
the eigenvalue counting function. The references in [1] and [21] are a good lead to
earlier work on the estimates. The paper of Ivrii [15], one of the movers of the field,
contains more recent references. Strichartz [31] has an exact formula for N∆(λ) on
spheres.

3. Some details

The above mentioned works actually establish estimates on the Schwartz kernel
of the resolvent of the operator. The most complete results in this respect are in
Hörmander’s paper [12], which deals with arbitrary semibounded pseudodifferen-
tial operators rather than just differential, but requires scalar operators (no vector
bundle). His method extracts spectral information from the singularity at 0 of the
trace of the solution operator for the Cauchy problem

1

i

∂u

∂t
− Pu = 0 on M× R, u|t=0 = u0 (3.1)

when P is of first order. This approach works very well because −i∂t −P is of real
principal type, which fits the theory of Fourier integral operators perfectly. This
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would not be the case for a general P of higher order because of possible presence
of characteristics of varying multiplicity.

Briefly, assuming P is elliptic of first order, scalar, bounded below (necessarily
pseudodifferential), and M closed, then the solution operator for (3.1) is

u = eitPu0, eitP =
∑
ν

eiλνtΠλν

where Πλν : L2(M) → L2(M) is the orthogonal projection onto the eigenspace Eλν
corresponding to the eigenvalue λν . Since TrΠλν = dimEλν = dν , the trace of eitP

is
Tr eitP =

∑
ν

dνe
−iλνt (3.2)

On the other hand, the construction of eitP as a Fourier integral operator shows that
Tr eitP is a distribution with t = 0 as an isolated singular point (it may have other
singularities, but not near 0). This information gives the behavior as a distribution
of the sum (3.2) from which the estimate follows. Duistermaat’s book [6] is an
excellent introduction to the theory of Fourier integral operators.

A different approach uses the initial value problem for the heat equation. This
is the path used by Minakshisundaram and Pleijel motivated by Carleman’s tech-
nique in [3, 4] passing through the Wiener-Ikehara Tauberian theorem [38]. The
assumption is that c ≥ 0 in (1.1); the operator P can be differential or pseudodif-
ferential, of order m > 0, and need not be a scalar operator (i.e. act on sections of
a vector bundle). The technique is thus very robust. We keep the assumption that
P is a differential operator.

On the functional analysis side, the solution at time t > 0 of the initial value
problem

∂u

∂t
+ Pu = 0 on M× (0,∞), u|t=0 = u0 (3.3)

is
u = e−tPu0, e−tP =

∑
ν

e−λνtΠλν .

As above, Πλν : L2(M;E) → L2(M;E) is the orthogonal projection onto the
eigenspace Eλν corresponding to λν and the trace of H(t) is

Tr e−tP =
∑
ν

dνe
−λνt

The Mellin transform of Tr e−tP (removing the term corresponding to Π0 if 0
is an eigenvalue) is

M(Tr e−tP )(s) =

ˆ ∞

0

Tr e−tP ts
dt

t
But ˆ ∞

0

e−λνtts
dt

t
=

1

λsν

ˆ ∞

0

e−tts
dt

t
= Γ(s)

1

λsν
Thus omitting the eigenvalue 0 if necessary,

M(Tr e−tP )(s) = Γ(s)ζP (s) (3.4)

with the notation

ζP (s) =
∑

{ν:λν>0}

dν
λsν
.
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This function, the zeta function of P , is shown to be holomorphic in ℜs > n/m
with a simple pole at n/m. By the Wiener-Ikehara Tauberian theorem, the residue
at that pole is the coefficient of λn/m in (1.3), since

ζP (s) =

ˆ ∞

0+
λ−s dNP (λ).

Theorem 3.5 (Ikehara, in Wiener [38, p. 44]). Let α(x) be a monotone in-
creasing function, and let

f(u) =

ˆ ∞

1

x−u dα(x) = f(u)

converge for ℜ(u) > 1. Let

f(u)− A

u− 1
= g(u)

converge uniformly to a finite limit as ℜu → 1 over any finite interval of the line
ℜ(u) = 1. Then

A = lim
N→∞

α(N)

N
.

To move beyond a merely abstract assertion one needs to do some work, for
instance construct a parametrix for the problem (3.3) and find the asymptotics at 0
of Tr(e−tP ). In the case of the Laplace-Beltrami operator Minakshisundaram and
Pleijel construct a parametrix for the problem whose Schwartz kernel has the form

Hν(t, x, x
′) =

1

(4πt)n/2
e−r(x,x

′)2/4tU(t, x, x′)

when x and x′ are close enough, where U(t, x, x′) =
∑ν
k=1 ak(x, x

′)tk is a polynomial
in t of arbitrarily large order ν with smooth coefficients. The coefficients are chosen
so that

(
∂

∂t
+∆

)
Hν(t, x, x

′) =
1

(4πt)n/2
e−r(x,x

′)2/4tVν(x, x
′)tν

with U(0, x, x) = 1 and some Vν . Thus op(Hν)(t) is a good approximation to e−tP

for small t. Restricting Hν to x = x′ and integrating in x produces

Tr op(Hν)(t) =

ν∑
k=0

1

(4πt)n/2
pkt

k, p0 =

ˆ
M
U(0, x, x) dm(x) = Vol(M).

These are the first few terms of the asymptotic expansion of Tr(e−t∆) at t = 0.
Let χ ∈ C∞(R) be supported in a neighborhood of 0 also equal to 1 near 0. The
convergence of the Mellin transform of χTr(op(Hν)),

M(χTr op(Hν))(s) =

ˆ ∞

0

ν∑
k=0

χ(t)

(4π)n/2
pkt

k+s−n/2 dt

t

is controlled by the most singular term, k = 0; it only requires ℜs > n/2 the
remaining terms are holomorphic on ℜs > n/2−1 or better. Multiplying by (s−n/2)
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get

(s− n/2)

(4π)n/2

ˆ ∞

0

p0χ(t)t
s−n/2 dt

t
=

1

(4π)n/2

ˆ ∞

0

p0χ(t)
d

dt
ts−n/2 dt

=
−1

(4π)n/2

ˆ ∞

0

p0χ
′(t)ts−n/2+1 dt

t

Since χ′(t) = 0 near 0, this is an entire function of s. So M(χTr e−tP )(s) is mero-
morphic in ℜs > n/2− 1 with single simple pole at n/2 with residue

resn/2(M(χTr e−tP )) =
Vol(M)

(4π)n/2

Using (3.4) we thus have

The zeta function of the Laplacian on a closed n-manifold M,

ζ∆(s) =
1

Γ(s)
M(Tr e−∆)(s)

is meromorphic on ℜs > n/2 − 1, has a single simple pole at n/2
with residue

Vol(M)

(4π)n/2Γ(n/2)
.

This is the coefficient in the asymptotics for the eigenvalue counting
function of the Laplace-Beltrami operator.



CHAPTER II

Examples

1. The standard torus

Consider the standard Laplacian on the n-torus Tn = S1 × · · · × S1,

∆ =
∑
j

D2
xj , Dxj =

1

i

∂

∂xj

where the xj is the angular variable in the j-th factor.1 A complete system of
orthogonal functions is given by

fν(x) = ei
∑
ℓ νℓx

ℓ

, ν ∈ Zn

with corresponding eigenvalue ∥ν∥2 =
∑

|νℓ|2. Thus

N∆(λ) = #{ν ∈ Zd : ∥ν∥2 < λ} = #{ν ∈ Zd : ∥λ−1/2ν∥2 < 1}.

The set {λ−1/2ν : ν ∈ Zn} ⊂ Rn is an orthogonal lattice of evenly spaced points,
N∆(λ) counts how many of these points there are within the the unit ball Bn ⊂
Rn. Since they are the centers of a tiling of Rn by cubes of side 1/λ1/2, the sum
of the volumes of those with center within Bn, of which there are N∆(λ), is an
approximation to the volume of the ball:

N∆(λ)
1

λn/2
≈ Vol(Bn).

Thus

N∆(λ) ≈
Vol(Tn)Vol(Bn)

(2π)n
λn/2.

2. The general flat torus

Let ω1, . . . , ωn ∈ Rn be independent vectors. They generate a lattice

L = {
∑
j

mjωj : m
j ∈ Z}.

Let M = Rn/L with the measure m defined by the Lebesgue measure of Rn. Since
the Laplace operator ∆ = −

∑
j ∂

2
xj on Rn is invariant under translations, it induces

a second order operator P onM. This operator is elliptic and non-negative. We will
find its eigenfunctions and eigenvalues and use them to find explicitly the coefficient
of Weyl’s law for P .

1Thus P = −
∑

∂2
xj

. Observe thatˆ
Rn

∆u(x) v(x) dx =

ˆ
∇u(x) · ∇v(x) dx =

ˆ
Tn

u(x)∆v(x) dx, u, v ∈ C∞(Tn).

7



8 II. EXAMPLES

The first task is to find a set of functions that are candidates to being eigen-
functions of P . View vectors in Rn as column vectors with respect to the canonical
basis e1, . . . , en of Rn. The map

β : Rn → Rn, β(y) =
1

2π
by, b =

[
ω1 ω2 · · · ωn

]
maps the cube F ′ = [0, 2π]n onto the convex hull F of {

∑
jm

jωj : mj = 0, 1},
which is a fundamental domain of Rn → M, since β(2πej) = ωj . Being linear, β
sends the lattice L′ generated by the vectors 2πej onto L, therefore it induces a
diffeomorphism βββ : Tn → M (with Tn = Rn/L′) through the requirement that

Rn Rn

Tn M

β

q′ q

βββ

commutes.
Functions M → C lift to functions on Rn which are periodic with respect to

L. So if u : M → C, then ũ = u ◦ q ◦ β is periodic with respect to L′ and if u is
smooth, then we have the standard Fourier series expansion

ũ(y) =
∑
ν∈Zn

uνe
i(
∑
ℓ νℓy

ℓ)

with suitable coefficients uν ∈ C. Letting a be the inverse of b and defining α(x) =
2πax (thus if aℓ is the ℓ-th row of a then yℓ = 2πaℓx = αℓ(x) if x = β(y)) we have

u(π(x)) =
∑
m∈Z

ũνe
i(
∑
ℓ νℓα

ℓ(x)).

The functions

fν(x) = ei(
∑
ℓ νℓα

ℓ(x)), ν ∈ Zn,
satisfy fν(x+ ωj) = fν(x), m ∈ Zn. Indeed, since αℓ(ωj) = 2πδℓj (because α(ωj) =
2πej), ∑

ℓ

νℓα
ℓ(x+ ωj) =

∑
ℓ

νℓα
ℓ(x) + 2πνj .

We claim that the functions fν form a complete orthogonal system in L2(F).
Indeed, if u : F → C is continuous (or just in L1), thenˆ

F
u(π(x)) dx =

|det b|
(2π)n

ˆ
F ′
u(π(β(y))) dy

using the change of variables x = β(y). Since {fν ◦ β}ν∈Zn = {ei(
∑
νjy

j)}ν∈Zn is a
complete orthogonal system on F ′, so is {fν}ν∈Zn on F . It also follows that

Vol(F) = |det b|.

Thus if m is the measure on M determined by the Lebesgue measure on F , then
Vol(M) = |det b| and the functions ϕν : M → C defined by

(ϕν ◦ π)(x) =
1

Vol(M)1/2
ei(

∑
ℓ νℓα

ℓ(x)), ν ∈ Zn, (2.1)
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form a complete orthonormal system of L2(M,m). Each of these functions is an
eigenfunction of P , with corresponding eigenvalue

λν = (2π)2
n∑
i=1

(
∑
ℓ

νℓa
ℓ
i)

2. (2.2)

Indeed,

∆fν =

n∑
i=1

(2π
∑
ℓ

νℓa
ℓ
i)

2 fν ,

using αℓ(x) = 2πax.
Now that we have an explicit formula for the eigenvalues of P we can estimate

NP (λ) = #{ν ∈ Zn : λν < λ}.

The number λν is the square of the Euclidean norm of

2πνa = 2π
[
ν1 · · · νn

] a
1

...
an


Replacing a by its polar decomposition σρ, σ orthogonal, ρ symmetric positive
definite, we rewrite the counting function in the form

N∆(λ) = #{ν ∈ Zn : (2π)2∥νσρ∥2 < λ}

where we observe that because σ is unitary, the elements 2πνσ with ν ∈ Zn form
an orthogonal lattice L′′

1 . Consequently,

N∆(λ) = #{w ∈ L′′
1 : ∥wρ∥2 < λ}

If λ is positive, the condition on w ∈ L′′
1 to be counted is that ∥λ−1/2wρ∥ < 1. Let

then

L′′
λ = {λ−1/2w : w ∈ L′′

1}
The elements of L′′

λ are the centers of cubes of side length 2π/
√
λ. The union of

those cubes with ∥wρ∥ < 1 is an approximation to

E = {w ∈ Rn : ∥wρ∥ < 1}.

So

Vol(E) ≈ N∆(λ)
(2π)n

λn/2

Consequently

N∆(λ) ≈
Vol(E)
(2π)n

λn/2

The approximation to Vol(E) by the volumes of the cubes improves as λ → ∞ so
we have an asymptotic formula for the counting function of the eigenvalues of P .
It only remains to determine Vol(E).

Since ρ is symmetric positive definite, there is an orthonormal basis e′1, . . . , e
′
n of

Rn consisting of its eigenvectors: ρe′j = rje
′
j . The eigenvalues are positive because

ρ is positive. Thus

E = {
∑

zje
′
j :

∑
j

z2j r
2
j < 1}
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which shows that E is an ellipsoid with semi-radii 1/r1, . . . , 1/rn. Hence

Vol(E) = Vol(Bn)

r1r2 · · · rn
=

Vol(Bn)

det(ρ)
= Vol(Bn)Vol(M)

where Bn is the unit ball in Rn and we used that det ρ = |det a| = 1/|det b|. Thus

NP (λ) ≈
Vol(Bn)Vol(M)

(2π)n
λn/2 as λ→ ∞.

3. Spheres

The Laplacian of Rn+1 in spherical coordinates, x = ry, (r, y) ∈ [0,∞)× Sn, is

∆ = − 1

r2
[(
r
∂

∂r

)2
+ (n− 1)r

∂

∂r
+∆Sn

]
If f is a harmonic function on Rn+1 homogeneous of degree k, then f(rx) = rkf(x)
gives

0 = r2∆f = −[k2 + (n− 1)k +∆Sn ]f

so f |Sn is an eigenfunction of ∆Sn with eigenvalue λk = k(k + n− 1):

∆Snf = λkf.

This idea, applied to the space of harmonic polynomials on Rn of degree k gives all
eigenfunctions of ∆Sn with the above eigenvalue. For a very nice exposition see the
chapter on spherical harmonics in [22, Neri].

Let Eλk be the eigenspace. The dimension of Eλk , the multiplicity of λk, is

dim Eλk =

(
k + n

n

)
−

(
k + n− 2

n

)
, k ≥ 2.

Eλ0
consists of the constant functions and Eλ1

of all linear functions (dimensions 1
and n+ 1, respectively). Thus

N∆Sn (λ) =
∑

k:λk<λ

dimEλk .

Simplifying we get the estimate

dimEλk(λ) =
(2k + n− 1)(k + n− 2)!

k! (n− 1)!
=

2kn−1

(n− 1)!
+O(kn−2)

if k is large.
The condition that λk < λ is

0 ≤ k <
1

2

(
− n+ 1 +

√
n2 + 4λ− 2n+ 1

)
which for large λ essentially says 0 ≤ k ≤ λ1/2. Thus

N∆Sn (λ) ∼
2

(n− 1)!

∑
k<λ1/2

kn−1 =
2

n!
λn/2 +O(λ(n−1)/2).

We now verify that the coefficient is Vol(Sn)Vol(Bn). Consulting for instance
Trèves [33, p. 74] we know

Vol(Sn) =
2π(n+1)/2

Γ((n+ 1)/2)
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from which one gets

Vol(Bn) =
πn/2

Γ(n/2 + 1)

by integrating Vol(Sn−1)rn−1 with respect to r from 0 to 1. The product of these
numbers is

Vol(Sn)Vol(Bn) = 2
(2π)n

n!
.

Hence

N∆Sn (λ) ∼
Vol(Sn)Vol(Bn)

(2π)n
λn/2 +O(λ(n−1)/2) as λ→ ∞.

Avakumović [1] showed that in a Riemannian manifold with ∆ the Laplace-
Beltrami operator, the same formula holds. He also answered in the negative the
question whether in general the bound O(λn/2−1/2) for the error can be improved
to o(λ(n−1)/2) by using the 3-sphere as a counterexample. Hórmander [12] gives the
same kind of estimate for the error for a general positive pseudodifferential operator.

4. The general flat torus, again

Is the same as the first paragraph of the previous section, but we will use
Hörmander’s approach in [12] which in this case works fairly easily. Later we will
consider the general case.

Recall that m is the measure on M = Rn/L induced by the Lebesgue measure
on Rn. The operator P : C∞(M) → C∞(M) has an extension

P : H2(M) ⊂ L2(M) → L2(M)

where H2(M) is the L2-based Sobolev space of order 2 on M. As such, P has a
non-negative square root defined abstractly via functional analysis, given explicitly
by

P 1/2(u) =
∑
ν∈Zn

λ1/2ν (u, ϕν)ϕν (4.1)

in terms of the orthonormal basis of L2(M) consisting of eigenvectors {ϕν} of P ,
see (2.1), with corresponding eigenvalues {λν}, see (2.2), or by (a regularization of)
the formula

P 1/2 =
i

2π

ˆ
Γ

λ1/2(P − λI )−1 dλ (4.2)

where Γ is the path obtained by traversing the negative real axis from −∞ to
−ε (ε > 0 suitably small), followed once by the clockwise oriented path |λ| = ε,
then back to −∞ along the negative semi-axis (see the figure on page 36). The
number ε is small enough that it does not enclose any element of spec(P ) except
possibly 0. The formula as written does not converge in norm, but replacing the
power 1/2 by s ∈ C with sufficiently negative real part, it does. Doing that gives a
holomorphic function of s which has a meromorphic extension which is regular at
1/2. This is part of Seeley’s work [29] who showed that in particular (4.2) defined
via a regularization is equal to (4.1) and a pseudodifferential operator with principal
symbol

σσ(P 1/2) = σσ(P )1/2.

We will discuss Seeley’s paper later more fully. At the moment we only need to
know that P 1/2 is a pseudodifferential operator with principal symbol given by the
above formula.
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Hörmander’s approach applied to the situation at hand consists of analyzing the
singularity at t = 0 of the trace of the solution operator U of the Cauchy problem{

Dtu− P 1/2u = 0 in R×M,

u = v on {0} ×M.
(4.3)

The fact that P 1/2 is a first order symmetric elliptic operator makes Dt − P 1/2 be
a scalar operator of real principal type (more on this later). It is for such operators
that the theory of Fourier integral operators applies very well and in the end why
the approach is successful.

The aim is to estimate the eigenvalue counting function of P 1/2,

NP 1/2(σ) = {ν ∈ Zn :
√
λν < σ}

which can also be written as

NP 1/2(σ) =
∑
ν∈Zn

H(σ −
√
λν). (4.4)

using the Heaviside function, H(σ) = 0 if σ ≤ 0 and = 1 otherwise. This series
converges in L1

loc(R). In fact it is polynomially bounded, as the previous section
shows and as we will also show independently later.

The strategy is to write TrU(t) in two ways, each complementing the informa-
tion the other naturally provides. The first formula for U(t) is

U(t)v =
∑
ν∈Zn

eit
√
λν (v, ϕν)ϕν .

The sum clearly converges in norm and shows that U(t) is unitary. The Schwartz
kernel of U(t) is

K(t, x, x′) =
∑
ν∈Zn

eit
√
λνϕν(x)ϕν(x

′).

and the trace is

TrU(t) =

ˆ
M
K(t, x, x) dm(x) =

∑
ν∈Zn

eit
√
λν . (4.5)

where the sum converges in the sense of distributions. That this sum converges as
a distribution requires proof, but it does. Further, as shown by Chazarain [5], and
Duistermaat and Guillemin [7], the singular support of TrU is contained in

{t : t = 0 or there is a closed geodesic of length t},

a discrete set. So for small t ̸= 0, TrU is smooth. This will matter later.
The link between TrU(t) and (4.4) is provided by the Fourier transform: from

(4.5) we get

T̂rU(σ) = 2π
∑
ν∈Zn

δ(σ −
√
λν) =

d

dσ
NP 1/2(σ).

Accepting for now that (4.4) converges as a Schwartz distribution we at least know
that TrU is well defined as a distribution.

For the second formula for TrU(t) Hörmander begins by writing U as a Fourier
integral operator; below we follow and adapt the exposition in [11]. In our case



4. THE GENERAL FLAT TORUS, AGAIN 13

here we lift all to Rn and view the diffeomorphism α : F → F ′ as providing local
coordinates on M (or F) and rewrite ∆. Using (y1, . . . , y

n) = α(x) we have

∂

∂xj
=

∑
ℓ

∂yℓ

∂xj
∂

∂yℓ
= 2π

∑
ℓ

aℓj
∂

∂yℓ
,

hence
∆ = (2π)2

∑
k,ℓ

gkℓDykDyℓ

with the definition
gkℓ =

∑
j

akj a
ℓ
j .

The principal symbol of ∆ (in fact its total symbol) in the y-coordinates is

σσ(∆)(ηηη) = (2π)2
∑
k,ℓ

gkℓηkηℓ

when ηηη =
∑
k ηk dy

k, that of its square root is then

σσ(
√
∆)(ηηη) = (

∑
k,ℓ

(2π)2gkℓηkηℓ)
1/2,

and thus

∆1/2u(y) =
1

(2π)n

ˆ
Rn×Rn

ei(y−y
′)·η(

∑
k,ℓ

(2π)2gkℓηkηℓ)
1/2 u(y′) dy′ dη

as an operator on L2(Rn) (which by the way exhibits ∆1/2 as a pseudodifferential
operator). This formula works because p(y, η) = σσ(∆)(ηηη) is actually independent
of y.

The solution to (4.3) in the coordinates y when M is replaced by Rn is

u(t, y) =
1

(2π)n

ˆ
Rn×Rn

ei[(y−y
′)·η+t

√
p(y,η)]v(y′) dη dy′

if v is compactly supported (or just in L2(Rn)). While this gives the exact solution
on Rn, it does not yield a solution to (4.3), i.e., on the the torus, since it is not
periodic in y. Indeed, even if v is supported in the interior of a fundamental domain
then as soon as t ̸= 0 the solution need no longer be supported on F ′ and is generally
not periodic.

However, the most singular part of the trace of the Schwartz kernel of the actual
solution operator U(t) at t = 0 comes from

K(t, y, y′) =
1

(2π)n

ˆ
Rn
ei[(y−y

′)·η+t
√
p(y,η)] dη.

We will take this as our starting point, set y = y′ and integrate over F ′:

TrU(t) =
1

(2π)n

ˆ
F ′

ˆ
Rn
eit

√
p(y,η) dη dy + ϵ(t) (4.6)

where ϵ is a distribution defined in an interval around t = 0 which is smooth for
t ̸= 0. The singularity of ϵ(t) is weaker than that contributed by K; this is expressed
by the condition that

if ρ ∈ C∞(R) has support in a sufficiently small neighborhood
of 0, then there is c such that ρ̂ε(σ) = O(σn−2)
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To compute the integral, introduce spherical (ellipsoidal) coordinates:

η = sη̃, s ∈ [0,∞), η̃ ∈ Sg = {η ∈ Rn : p(y, η) = 1}, dς = surface measure

(since p(y, η) does not depend on y, neither does Sg). Get

TrU(t) =
1

(2π)n

ˆ
F ′

ˆ
Sg

ˆ ∞

0

sn−1eits ds dς dy + ϵ(t)

= Vol(Sg)
ˆ ∞

0

sn−1eits ds+ ϵ(t) (4.7)

using that the integrand is independent of y and η̃ ∈ Sg.
Combining (4.5) and (4.7) gives∑

ν∈Zn
eit

√
λν = Vol(Sg)

ˆ ∞

0

sn−1eits ds+ ϵ(t); (4.8)

this equality is valid only for |t| < δ for some positive δ. To take this into account,
but more importantly, to isolate the singularity of TrU(t) at 0 from the rest of
its singularities one multiplies both sides by a function ρ ∈ C∞

c (R) supported in
(−δ, δ). The analysis then proceeds by taking the Fourier transform.

Following [12], multiply both sides of (4.8) by ρ and take the Fourier transform.
Get ∑

ν∈Zn
ρ̂(σ −

√
λν) =

Vol(Sg)
2π

(sn−1
+ ∗ ρ̂)(σ) + ρ̂ϵ(σ) (4.9)

where sn−1
+ = sn−1H(s). The details for the following arguments will come later.

Assuming only that ρ ∈ C∞
c (R) is supported in (−δ, δ) and that ρ(0) = 1 one shows

that

(sn−1
+ ∗ ρ̂)(σ) = 2πσn−1

+ +O(σn−2).

Hence ∑
ν∈Zn

ρ̂(σ −
√
λν) = Vol(Sg)σn−1 +O(σn−1) as σ → ∞. (4.9′)

The left hand side of this last formula is the derivative of ρ̂ ∗NP 1/2 (in the distri-
butional sense, so we need not bother about discontinuities). Therefore

(ρ̂ ∗NP 1/2)(σ) =

ˆ σ

0

∑
ν∈Zn

ρ̂(σ −
√
λν) dσ

since NP 1/2(σ) = 0 if σ ≤ 0. Replacing the integrand by the right hand side of
(4.9′) and integrating gives

(ρ̂ ∗NP 1/2)(σ) =
Vol(Sg)

n
σn +O(σn−1) as σ → ∞

With a more careful choice of ρ (in addition to the above require ρ̂ ≥ 0) one can
upgrade the left hand side to

(ρ̂ ∗NP 1/2)(σ) = NP 1/2(σ) +O(σn−2),

which leads to

NP 1/2(σ) =
Vol(Sg)

n
σn +O(σn−1).
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It only remains to find Vol(Sg). This coefficient appears for the first time in
the passage from

TrU(t) =
1

(2π)n

ˆ
F ′

ˆ
Rn
eit

√
p(y,η) dη dy + ϵ(t) (4.6′)

to

TrU(t) =
1

(2π)n

ˆ
F ′

ˆ
Sg

ˆ ∞

0

sn−1eits ds dσ dy + ϵ(t) (4.7′)

= Vol(Sg)
ˆ ∞

0

sn−1eits ds+ ϵ(t)

through the change of variables. With the n in the denominator it is

1

(2π)n

ˆ
F ′

ˆ
{η:p(y,η)≤1}

dη dy,

the volume of the region

{(y, η) : y ∈ F ′, p(y, η) ≤ 1} (4.10)

with respect to the measure dy dη. This is the Liouville density, obtained from
θ =

∑
dyj ∧ dηj as

dL =
1

n!
|θ ∧ · · · ∧ θ|︸ ︷︷ ︸

n times

= |dy1 ∧ dη1 ∧ · · · ∧ · · · ∧ dyn ∧ dηn|.

To compute (4.10) recall that

p(y, η) =
∑
k.ℓ

gkℓηkηℓ gkℓ = (2π)2
∑
j

akj a
k
ℓ

It is natural to change variables setting

xj =
1

2π

∑
k

bjky
k, ξj = 2π

∑
ℓ

aℓjηℓ

(recall that we interpreted y = α(x) as coordinates on F). With this change of
coordinates∑

j

dxj ∧ dξj =
∑
j

(
∑
k

bjk dy
k) ∧ (

∑
ℓ

aℓj dηℓ)

=
∑
k,ℓ

∑
j

aℓjb
j
k dy

k ∧ dηℓ =
∑
k,ℓ

δℓk dy
k ∧ dηℓ = θ

so

1

(2π)n

ˆ
F ′

ˆ
{η:p(y,η)≤1}

dη dy =
1

(2π)n

ˆ
F

ˆ
{η:p(x,ξ)≤1}

dξ dx

=
Vol(Bn)Vol(M)

(2π)n

since p(x, ξ) = |ξ|2. This is the coefficient in the last formula of the previous section.
What we have is for P 1/2:

NP 1/2(σ) =
Vol(Bn)Vol(M)

(2π)n
σn +O(σn−1).
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Using now NP 1/2(σ) = NP (σ
2) we obtain

NP (λ) =
Vol(Bn)Vol(M)

(2π)n
λn/2 +O(σ(n−1)/2)



CHAPTER III

Eigenvalues

1. Semibounded elliptic operators

Assume M is closed, m is a smooth density, E → M is a Hermitian vector
bundle, and L2(M;E) is the closure of C∞(M;E) under the norm defined by the
inner product

(u, v)0 =

ˆ
M
(u(x), v(x))x dm(x), u, v ∈ C∞(M;E).

Definition 1.1. An operator P : C∞(M;E) ⊂ L2(M;E) → L2(M;E) is said
to be

(i) symmetric if (Pu, v) = (u, Pv) for all u, v ∈ C∞(M;E);

(ii) bounded below if

there is c such that (Pu, u)0 ≥ c∥u∥0 for all u, v ∈ C∞(M;E); (1.2)

(iii) non-negative if it is bounded below with c ≥ 0.

Lemma 1.3. The operator P is symmetric iff (Au, u)0 is real for all u ∈
C∞(M;E).

Proof. If P is symmetric, then

2ℑ(Pu, u)0 = (Pu, u)0 − (Pu, u)0 = (Pu, u)0 − (u, Pu)0 = 0 for all u ∈ C∞(M;E).

Thus (Pu, u)0 is real valued for each smooth u.
Conversely, suppose (Pu, u) is real valued for each smooth u. For any u, v ∈

C∞(M;E) we have

(Pu, v)0 + (Pv, u)0 = (P (u+ v), u+ v)0 − (Pu, u)0 − (Pv, v)0 ∈ R

therefore ℑ(Pu, v) = −ℑ(Pv, u) = ℑ(u, Pv) using (Pv, u) = (u, Pv). Replacing v
by −iv in the same formula we have that since i(Pu, v)−i(Pv, u) is real, ℜ(Pu, v) =
ℜ(Pv, u) = ℜ(u, Pv). It follows that (Pu, v) = (v, Pu). □

Lemma 1.4. If P is symmetric, then

∥(P − λI )u∥0 ≥ |ℑλ|∥u∥0, u ∈ C∞(M;E).

If in addition P is non-negative, then

∥(P − λI )u∥0 ≥ |λ|∥u∥0 if ℜλ < 0.

Before giving the proof we draw the conclusion we will use later. Let c0 > 0
and let

Σc0 = C\{λ : ℜλ ≥ 0 and |ℑλ| ≤ c0ℜλ} (1.5)

17
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This is the complement of a closed sector Σcc0 con-
taining the positive real axis in its interior. Com-
bining both estimates (P non-negative) gives: for
each c0 > 0 there is c1 such that

Σc0

∥(P − λI )u∥0 ≥ c1|λ|∥u∥0 if λ ∈ Σc0 . (1.6)

Indeed, if ℜλ ≥ 0 and |ℑλ| > c0ℜλ then

|λ|2 < (1 + (1/c20))(ℑλ)2

so the first assertion of the lemma gives that (1.6) holds for λ ∈ Σc0 when ℜλ ≥ 0,

with c1 positive ≤ 1/
√

1 + 1/c20. Together with the second assertion of the lemma

we get that (1.6) holds in Σc0 with the constant c1 = min{1, 1/
√
1 + 1/c20}.

Proof. Suppose P is symmetric. Starting with the Cauchy-Schwarz inequality
we have for arbitrary u ∈ C∞(M;E),

∥(P − λI )u∥0 ∥u∥0 ≥ |
(
(P − λI )u, u

)
| = |(Pu, u)− λ(u, u)| ≥ |ℑλ|∥u∥20

where in the last inequality we used |z| ≥ |ℑz| for any complex number z. Simpli-
fying we get the first assertion.

Suppose now that (Pu, u) is non-negative. Then

∥(P − λI )u∥20 = ∥Pu∥20 + |λ|2∥u∥20 − 2ℜλ(Pu, u).

If ℜλ < 0, then −2ℜλ(Pu, u) ≥ 0, hence the right hand side is bounded from below
by |λ|2∥u∥20. This proves the second assertion. □

2. Maximal domain

To discuss the spectrum of P ∈ Diffm(M;E) one has to specify a domain. The
initial definition of P is

P : C∞(M;E) ⊂ L2(M;E) → L2(M;E). (2.1)

The maximal domain of this operator is the domain, momentarily denoted D, of
the Hilbert space adjoint of

P ⋆ : C∞(M;E) ⊂ L2(M;E) → L2(M;E),

the formal adjoint of P (see Section VII.3). This means:

u ∈ D if and only if the functional C∞(M;E) ∋ v 7→ (u, P ⋆v)0 ∈ C
is continuous in the L2-norm.

With D as domain, P is closed (the graph of P is closed) and densely defined
(C∞(M;E) is a subspace of D which is dense in L2(M;E)). If D′ ⊂ L2(M;E) is
a subspace containing C∞(M;E) with which P is a closed operator, then D′ ⊂ D.
Indeed, Pu is always well defined as a distribution. The definition of D requires u
to be such that Pu, as a distribution, is an element of L2(M;E).

If P is elliptic, then D = Hm(M;E) by part (ii) of Proposition 1.3. The Hilbert
space adjoint of P ⋆ is thus

P : Hm(M;E) ⊂ L2(M;E) → L2(M;E), (2.2)

an extension of the operator (2.1). Since C∞(M;E) is dense in Hm(M;E), (2.2)
is the closure of (2.1). (This is Corollary IX.1.6.)
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Proposition 2.3. Suppose P ∈ Diffm(M;E) is elliptic. The Hilbert space
adjoint of (2.2) is

P ⋆ : Hm(M;E) ⊂ L2(M;E) → L2(M;E).

Proof. The domain of the Hilbert space adjoint of (2.2) is

D = {v ∈ L2(M;E) : D ∋ u 7→ (Pu, v)0 is continuous in the L2-norm}.
In particular, since C∞(M;E) ⊂ D, if v ∈ D then v belongs to the maximal domain
of P ⋆. So D ⊂ Hm(M;E) (since P ⋆ is elliptic). We show that if v ∈ Hm(M;E),
then v ∈ D. For arbitrary u ∈ Hm(M;E) we have

(Pu, v)0 = (u, P ⋆v)0

by Corollary IX.1.10. But then

|(Pu, v)0| ≤ ∥u∥0 ∥P ⋆v∥0
gives that Hm(M;E) ∋ u 7→ (Pu, v) ∈ C is L2-continuous. So v ∈ D. □

3. Selfadjointness, spectrum

Proposition 3.1. If P ∈ Diffm(M;E) is elliptic and non-negative, see Part
(ii) of Definition 1.1, then

(i) the operator (2.2) is selfadjoint;
(ii) With this domain, spec(P ) is a discrete subset of [0,∞) without points of

accumulation;
(iii) each element of spec(P ) is an eigenvalue of finite multiplicity.

Proof. The property of being bounded from below includes the requirement
that (Pu, u) is real for any u ∈ C∞(M;E). Hence P with domain C∞(M;E)
is symmetric by Lemma 1.3, i.e. P ⋆ = P on smooth sections. Consequently, the
Hilbert space adjoint of (2.2) is itself (they have the same domain). This proves
(i).

Lemma 1.4 gives

∥(P − λI )u∥ ≥ c1|λ|∥u∥2 for any u ∈ C∞(M;E) if λ ∈ Σc0

via (1.6) with c1 depending on c0 > 0 (Σc0 is defined in (1.5)). By continuity, the
estimate holds also when u ∈ Hm(M;E) and shows that if λ ∈ Σc0 then

(P − λI ) : Hm(M;E) ⊂ L2(M;E) → L2(M;E) (3.2)

is injective. The Hilbert space adjoint of this operator is

(P − λI ) : Hm(M;E) ⊂ L2(M;E) → L2(M;E)

since (2.2) is selfadjoint. Since Σc0 is closed under conjugation, also the above
operator is injective, therefore the closure of the range of (3.2) is L2(M;E). But
(3.2) has closed range by Corollary IX.2.7, so it is onto. It follows that spec(P ) is
contained in the complement of Σc0 for any c0 > 0, hence spec(P ) ⊂ [c,∞).

Let (P − λI )−1 : L2(M;E) → L2(M;E) be the inverse of (3.2) for those λ
for which it exists, certainly if λ /∈ [0,∞). Since P is elliptic, (P − λ)−1 is a
pseudodifferential operator of order −m (Proposition VIII.3.3) and is therefore a
compact operator (Corollary IX.2.8). When λ is real, less than c, then (P − λ)−1

is also selfadjoint.
Before continuing the proof we state a lemma which we prove later.
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Lemma 3.3. Let H be a Hilbert space, T : H → H be compact, selfadjoint,
and positive. The spectrum of T is a subset of [0, ∥T∥] with only 0 as point of
accumulation. Each nonzero κ ∈ spec(T ) is an eigenvalue of T of finite multiplicity,
and H is the closure of

kerT ⊕
⊕

κ∈spec(T )
κ>0

Eκ, Eκ = ker(T − κI ).

If H = L2(M;E) and T is the inverse L2(M;E) → L2(M;E) of a selfadjoint
elliptic differential operator, then kerT = {0}.

Fix some λ∗ < 0. Then T = (P − λ∗I )
−1 satisfies the conditions of the lemma.

Thus

L2(M;E) = cℓ
⊕

κ∈spec(T )
κ>0

Eκ.

If u ∈ Eκ, then Tu = κu =⇒ u = κ(P − λ8)u so

Pu = (λ∗ +
1

κ
)u

and conversely. Therefore the eigenspaces of P − λ0 are those of T , eigenspaces of
finite multiplicity with eigenvalues λν = (λ0 +1/κ−1

ν ) tending to ∞ as ν → ∞. □

The following proof uses parts of Kato [17, p. 185], Trèves [34, Theorem 48.1],
and Schatten [28, pp. 15–16].

Proof of the lemma. Since T is positive, spec(T ) ⊂ [0,∞) and since T is
selfadjoint (normal), is spectral radius is equal to its operator norm. The number
0 belongs to the spectrum because, if the range is closed, it is finite-dimensional,
or else, T is not surjective. Thus spec(T ) ⊂ [0, ∥T∥]. Furthermore (see Rudin [27,
Theorem 12.25]), the norm of T is

κ0 = sup
∥u∥=1

(Tu, u).

Note that κ0 ̸= 0, since T is not the zero operator. Pick a sequence {uν} ⊂ H be
such that ∥uν∥ = 1 and (Tuν , uν) → κ0. Passing to a subsequence, assume {Tuν}
converges. We have

∥Tuν − κuν∥2 = ∥Tuν∥2 − 2κ0(Tuν , uν) + κ20 ≤ 2κ2 − 2κ0(Tuν , uν)

which tends to 0 as ν → ∞. Since {Tuν} converges, {uν} converges to some u and
we have Tu = κ0u with ∥u∥ = 1.

Thus Eκ0
= ker(T − κ0I ) ̸= {0}. If Eκ0

is infinite-dimensional, it has an
orthonormal basis {vν}. Compactness of T implies {Tvν} has a convergent subse-
quence, that is {κ0vν} has a convergent subsequence, which is not possible since
κ0 ̸= 0. Therefore Eκ0

is finite-dimensional.
Let H1 be the subspace of H0 = H orthogonal to Eκ0

. If u ∈ H1, then Tu ∈ H1.
Indeed, if (u, v) = 0 for all v ∈ Eκ0

, then (Au, v) = (u,Av) = κ0(u, v) = 0. The
restriction T1 = T |H1

: H1 → H1 satisfies the same hypotheses as T . If ∥T∥ = ∥T1∥
then κ0 is an eigenvalue of T1, which is not possible. So κ1 = ∥T1∥ < ∥T∥ is an
eigenvalue of T and Eκ1 = ker(T1 − κ1I ) ⊂ H1 is orthogonal to Eκ0 , and there are
no eigenvalues of T between κ1 and κ0.
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Suppose we have obtained, for µ = 1, . . . , ν, T -invariant spaces Hµ ⊂ Hµ−1

such that Hµ−1 = Hµ ⊕ Eκµ−1 as an orthogonal, where Eκµ = ker(T − κµI ) with
κµ = ∥Tµ∥ > 0, Tµ = T |Hµ : Hµ → Hµ if µ < ν.

If Tν ̸= 0, let κν = ∥Tν∥, let Eκν = ker(Tν − κν), and let Hν+1 be the subspace
of Hν orthogonal to Eκν . This process continues while Tν ̸= 0.

If no Tν = 0 we have a strictly decreasing sequence {κν}∞ν=0 ⊂ [0, ∥T∥] which
converges to some κ ≥ 0. Pick, for each ν, an element uν ∈ Eκν , uν ̸= 0. There is a
subsequence {uνµ} such that Tuνµ converges. Since (uνµ , uνµ′ ) = 0 if µ ̸= µ′,

∥κνµuνµ − κνµ+1
uνµ+1

∥2 = κ2ν + κ2ν+1 → 2κ2 as µ→ ∞,

for such µ, µ′, while

∥Tuµν − Tuµν+1
∥2 → 0 as µ→ ∞,

therefore κ = 0.
Or else, Tν = 0 and then Hν = kerT . In this case T has finite rank equal to

the direct sum of the finitely many spaces Eκν .
When T is the inverse L2(M;E) → L2(M;E) of a selfadjoint elliptic differential

operator, say of order m, then T : L2(M;E) → Hm(M;E) is an isomorphism, so
kerT = {0}. □

Note that the spectrum of P and the eigenspaces are actually properties of P
itself, independent of the Hilbert space structure of L2(M;E) or Hm(M;E).

Proposition 3.4. Let P ∈ C∞(M;E) be elliptic and non-negative (Definition
1.1, Part (iii)). Then

(P − λI ) : L2(M;E) → L2(M;E)

exists for λ /∈ spec(P ) and as such, for any c0 There is c′1 such that

∥(P − λI )−1∥ ≥ c′1|λ|−1 for λ ∈ Σc0 . (3.5)

This is a consequence of (1.6) and the fact that C∞(M;E) (which is where that
inequality holds) is dense in Hm(M;E) (Corollary IX.1.5). We can take c′1 = 1/c1
where c1 is the constant in (1.6).

We end the section with an example that illustrates that being elliptic does not
imply discreteness of the spectrum and a theorem with a sufficient condition for the
spectrum of an elliptic to be discrete.

Example 3.6. Let M = S1, let P = e−ixD2
x, where x is the standard angular

variable. Then P is elliptic and spec(P ) = C. For arbitrary λ ∈ C,

uλ(x) =
∑
k>0

λk

(k!)2
eikx

is an eigenfunction of P with eigenvalue λ.

Proposition 3.7. Let P : C∞(M;E) → C∞(M;E) be an elliptic operator of
order m, extend it to its closure (i.e., give it its maximal domain):

P : Hm(M;E) ⊂ L2(M;E) → L2(M;E)

Suppose spec(P ) ̸= C. Then spec(P ) is a set without points of accumulation.
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Proof. Let λ0 be a point of the boundary of spec(P ). Let K = ker(P − λ0),

ιK : K → L2(M;E), ιK̂⊥ : K̂⊥ → L2(M;E)

be the inclusion maps. By K̂⊥ we mean Hm(M;E) ∩ K⊥, with K⊥ the subspace
of L2(M;E) orthogonal to K; since K ⊂ C∞(M;E), the orthogonal projection

πK⊥ : L2(M;E) → L2(M;E) onto K⊥ is the identity on K̂⊥, so

Hm(M;E) = K ⊕ K̂⊥.

Let R = rg(P − λ0I ). Let

πR : L2(M;E) → L2(M;E), πR⊥ : L2(M;E) → L2(M;E)

be the orthogonal projections on the subspaces indicated by the subindex. Using
these inclusions and projections we rewrite (P − λI ) as

[
P11(λ) P12(λ)
P21(λ) P22(λ)

]
:

K
⊕
K̂⊥

→
R⊥

⊕
R

.

For instance P22(λ) = πR(P − λI )ιK̂⊥ . Since P22(λ0) is invertible, also P22(λ) is
invertible for λ close to λ0. Indeed,

P22(λ) = P22(λ0)− (λ− λ0)πR ◦ ιK̂⊥

is invertible when λ− λ0 is small. The system{
P11(λ)u+ P12(λ)v = f

P21(λ)u+ P22(λ)v = g
(3.8)

is solved by the pair (u, v) if and only if

v = P22(λ)
−1(g − P11(λ))u

and u solves (
P11(λ)− P12(λ)P22(λ)

−1P21(λ)
)
u = f − P12P22(λ)

−1g

in which case λ lies in the resolvent set of P .
The operator on the left, call it Q(λ), depends analytically on λ, maps the

finite-dimensional space K into the (finite-dimensional) space K⊥. Since λ0 lies on
the boundary of spec(P ), any disc centered at λ0 will contain points where P−λI is
invertible. At such points where Q(λ) is invertible. It follows that dimK = dimR⊥.

The linear map Q(λ) is zero when λ = λ0, but is not identically 0: as pointed
out already any disc centered at λ0 will contain points where Q(λ) is invertible.
Using bases on K and R⊥ to write a determinant for Q(λ) we see that detQ(λ)
vanishes at λ0 but not at nearby points. Since detQ(λ) is holomorphic, only λ0 can
be a zero in a sufficiently small disk centered at λ0. Thus (3.8) can be solved in a
punctured disc about λ0, which means that as an element of spec(P ), λ0 is isolated.
This proves the proposition. □
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4. Polynomial bounds

Let P : C∞(M;E) → C∞(M;E) be an elliptic differential operator of order
m. Assume

(Pu, u) ≥ ∥u∥2 for all u ∈ C∞(M;E).

The spectrum of P is a discrete subset of [0,∞) consisting of eigenvalues of finite
multiplicity. Let {λk}∞k=0 be the sequence of eigenvalues, each eigenvalue repeated
according to its multiplicity, in non-decreasing. Let

NP (λ) = #{k : λk < λ}
Proposition 4.1. There are C and s0 > n/m such that NP (λ) ≤ cλs0 .

The following proof is copied from Lesch [18, Prop. 1.4.7, available form the
arXiv] who in turn adapted it from Gilkey [10, Lemma 1.6.3], who credits the idea
to B. Allard.

Proof. Let {ϕk}∞k=0 be an orthonormal basis of L2(M;E) with Pϕk = λkϕk.
We need to estimate

NP (λ) =
∑

{k:λk<λ}

∥ϕk∥20.

We will write (v, w)x for the inner product of v, w ∈ Ex and |v|x for the norm.
The immediate task is to show the pointwise estimate

there are ℓ ∈ N and C > 0 such that∑
{k:λk<λ}

|ϕk(x)|2x ≤ rC(1 + λ2ℓ)1/2
(∑

{k:λk<λ}

|ϕk(x)|2x
)1/2

for all λ. (4.2)

Here r = rkE. Simplifying and squaring yields

there are ℓ ∈ N and C > 0 such that∑
{k:λk<λ}

|ϕk(x)|2x ≤ r2C2(1 + λ2ℓ) for all λ

which gives
NP (λ) ≤ r2C2 Vol(M)(1 + λ2ℓ) (4.3)

after integration over M.
We now prove (4.2). Fix some x0 ∈ M. Let η1, . . . , ηr be an orthonormal basis

of Ex0
. If v ∈ Ex0

, then

|v|2x0
=

r∑
j=1

|(ηj , v)|2x0
=

r∑
j=1

(ηj , v)x0
(ηj , v)x0

=

r∑
j=1

(
ηj , (ηj , v)x0

v
)
x0

where the first equality is by the Pythagoras theorem. Thus∑
{k:λk<λ}

∣∣ϕk(x0)∣∣2x0
=

∑
{k:λk<λ}

r∑
j=1

(
ηj ,

(
ηj , ϕk(x0)

)
x0
ϕk(x0)

)
x0

=

r∑
j=1

(
ηj ,

∑
{k:λk<λ}

(
ηj , ϕk(x0)

)
x0
ϕk(x0)

)
x0

≤
r∑
j=1

∣∣ ∑
{k:λk<λ}

(
ηj , ϕk(x0)

)
x0
ϕk(x0)

∣∣
x0
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using Cauchy’s inequality in Ex0
. With our fixed x0 and arbitrary x ∈ M, let

uj(x) =
∑

{k:λk<λ}

(
ηj , ϕk(x0)

)
x0
ϕk(x);

These are smooth section of E with which the above is∑
{k:λk<λ}

∣∣ϕk(x0)∣∣2x0
≤

r∑
j=1

|uj(x0)|x0
.

If ℓ ∈ N is such that mℓ > n/2 then, combining the estimate in the Sobolev
embedding theorem (IX.3.2) and the a priori estimate (IX.1.4) yields

|uj(x0)|2x0
≤ C2(∥P ℓuj∥20 + ∥uj∥20) (4.4)

with some C > 0. Computing carefully, using that the ϕk are orthonormal, we have

∥P ℓuj∥20 + ∥uj∥20 = ∥P ℓ
∑

{k:λk<λ}

(
ηj , ϕk(x0)

)
0
ϕk∥20 + ∥

∑
{k:λk<λ}

(
ηj , ϕk(x0)

)
0
ϕk∥20

= ∥
∑

{k:λk<λ}

λℓk
(
ηj , ϕk(x0)

)
0
ϕk∥20 + ∥

∑
{k:λk<λ}

(
ηj , ϕk(x0)

)
0
ϕk∥20

=
∑

{k:λk<λ}

λ2ℓk |
(
ηj , ϕk(x0)

)
0
|2 +

∑
{k:λk<λ}

|
(
ηj , ϕk(x0)

)
0
|2

=
∑

{k:λk<λ}

(1 + λ2ℓk )|
(
ηj , ϕk(x0)

)
0
|2

≤
∑

{k:λk<λ}

(1 + λ2ℓ)|
(
ηj , ϕk(x0)

)
0
|2

= (1 + λ2ℓ)∥uj∥20.
But

∥uj∥20 =
∑

{k:λk<λ}

|
(
ηj , ϕk(x0)

)
x0
|2 ≤

∑
{k:λk<λ}

∑
j′

|
(
ηj′ , ϕk(x0)

)
x0
|2 =

∑
{k:λk<λ}

|ϕk(x0)|2x0

using the Pythagoras theorem in Ex0
again in the last equality. So

(1 + λ2ℓ)∥uj∥20 ≤ (1 + λ2ℓ)
∑

{k:λk<λ}

|ϕk(x0)|2x0
,

thus each term in (4.4) is bounded by

|uj(x0)|x0 ≤ C(1 + λ2ℓ)1/2
(
∥
∑

{k:λk<λ}

|ϕk(x0)|2x0

)1/2
,

Hence ∑
{k:λk<λ}

∣∣ϕk(x0)∣∣2x0
≤

r∑
j=1

|uj(x0)|x0 ≤ rC(1 + λ2ℓ)1/2
(∑

{k:λk<λ}

|ϕk(x0)|2x0

)1/2
This completes the proof of (4.2) and of the proposition. □

In the proof, ℓ is chosen so that mℓ > n/2. If we could use arbitrary powers ℓ
and arbitrary real order Sobolev spaces, not just integer powers and integer Sobolev
orders as we are constrained to do here, then (4.3) would give

NP (λ) ≤ r2C2(1 + λn/m+ε) (4.5)
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with arbitrary ε > 0, C depending on the choice of ε. But as it is, the smallest
integer ℓ we can take is ℓ = (⌊n/2⌋+ 1)/m, so the best bound of NP (λ) we have so
far is Cλ2(⌊n/2⌋+1)/m. The Weyl estimate is of course better and more precise. We
will get this later.

Corollary 4.6. The series

ζ(s) =
∑
k

1

λsk
.

converges absolutely and uniformly on compact subsets of

{s ∈ C : ℜs > 2(⌊n/2⌋+ 1)/m}.
Thus ζ(s) is holomorphic in that set.

Proof. Suppose N(λ) ≤ cλµ. In

#{k : λk < λ} ≤ cλµ

replace λ = λj . The set consists of all k such that λk < λj , which, since λk is
monotone, has j elements. Thus

j ≤ cλµj

which gives λj ≥ (j/c)1/µ, so

1

|λsj |
≤ cℜs/m

jℜs/µ

Thus the series converges if s/µ > 1.
□





CHAPTER IV

Hörmander’s estimate

1. The Cauchy problem

Let P : C∞(M) → C∞(M) be a classical first order elliptic pseudodifferential
operator with real-valued principal symbol. We will discuss the solution operator
of the problem 

1

i

∂u

∂t
− Pu = 0 in R×M

u|t=0 = u0 on {0} ×M

for small t. The ansatz is that in a neighborhood (−ε, ε)×U of (0, x0), in coordinates
(t, x), the problem is solved by

Qu0(t, x) =
1

(2π)n

ˆ
ei(ϕ(t,x,θ)−x

′·θ)q(t, x, x′, θ)u0(x
′) dx′ dθ. (1.1)

where q is a classical symbol and the phase ϕ : U × Rn → R is, in principle, also a
first order symbol (homogeneous of degree 1 in θ for large |θ|). Setting t = 0 should
produce the identity operator, thus

ϕ(0, x, θ − x′ · θ) = (x− x′) · θ and q(0, x, x′, θ) = 1;

that is,

ϕ(0, x, θ) = x · θ

and we add to the ansatz that q is of order 0 but q(0, x, x′, θ) is equal to 1 only in
some compact subset K × K and otherwise 0 in U × U × Rn. This would reflect
the use of partitions of unity in the construction of the parametrix for the Cauchy
problem. This justifies some integration by parts we will carry out later.

Letting P ∈ Ψ1
cℓ(M) be the operator

Pv(x) =
1

(2π)n

ˆ
ei(x−x

′)·ξp(x, ξ)v(x′) dx′ dξ

one gets

(PQv)(t, x) =
1

(2π)n

ˆ
ei(ϕ(t,x,θ)−x

′′·θ)(p ◦ϕ q)(t, x, x′′, θ)u0(x′′) dx′′ dθ

where

(p ◦ϕ q)(t, x, x′′, θ) =
1

(2π)n

ˆ
ei(x−x

′)·ξ−i[ϕ(t,x,θ)−ϕ(t,x′,θ)]p(x, ξ)q(t, x′, x′′θ) dx′ dξ.

27
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That (p ◦ϕ q) is a symbol of order 1 is essentially proved by the following
argument. The expression in brackets in the phase can be written as

ϕ(t, x, θ)− ϕ(t, x′, θ) =
∑
j

ϕj(t, x, x
′, θ)(xj − x′

j
)

by way of the first order Taylor expansion at x = x′; the coefficients satisfy

ϕj(t, x
′, x′, θ) =

∂ϕ

∂xj
(x′, θ)

Defining Φ = (ϕ1, . . . , ϕn), the phase is

(x− x′) · ξ − (x− x′) · Φ(t, x, x′, θ)
Introducing the change of variables

x′ = x+ y, ξ = η +Φ(t, x, x− y, θ)

we get

(p ◦ϕ q)(t, x, x′′, θ) =
1

(2π)n

ˆ
e−iy·ηp(x, η +Φ)q(x+ y, x′′, θ) dy dη.

Replacing the Taylor polynomial with remainder (expansion in η at η = 0),

p(x, η +Φ) =
∑

|α|≤N

1

α!

∂|α|p

∂ξα
(x,Φ(t, x, x+ y, θ))ηα +

∑
|α|=N+1

p̃N,αη
α

in the integral and integrating by parts yields a sum of terms

1

(2π)n
1

α!

ˆ
e−iy·η ∂

|α|p

∂ξα
(x,Φ(t, x, x+ y, θ))ηαq(x+ y, x′′, θ) dy dη

=
1

(2π)n
1

α!

ˆ
(−Dy)

αe−iy·η ∂
|α|p

∂ξα
(x,Φ(t, x, x+ y, θ))q(x+ y, x′′, θ) dy dη

=
1

(2π)n
1

α!

ˆ
e−iy·ηDα

y

[∂|α|p
∂ξα

(x,Φ(t, x, x+ y, θ))q(x+ y, x′′, θ)
]
dy dη

=
1

α!

ˆ
Dα
y

[∂|α|p
∂ξα

(x,Φ(t, x, x+ y, θ))q(x+ y, x′′, θ)δ(y)
]
dy

=
1

α!
Dα
y

∣∣
y=0

[∂|α|p
∂ξα

(x,Φ(t, x, x+ y, θ))q(x+ y, x′′, θ)
]

plus the remainder. The last expression is a classical symbol of order 1 − |α|. A
similar expression results also from the remainder term. The highest order term
(order 1) has α = 0 and comes from the principal parts of p and q:

p1(x,Φ(t, x, x, θ))q0(x, x
′′, θ) = p1

(
x,∇xϕ(t, x, θ)

)
q0(x, x

′′, θ).

(since p1 is homogeneous of degree 1, we must ensure ∇xϕ(x, ξ) ̸= 0).
Thus

(
1

i

∂

∂t
− P )Qu0 =

ˆ
ei(ϕ(x,θ)−x

′·θ)(ϕtq +Dtq − p ◦ϕ q)u0(x′) dx′ dθ

where (ϕtq−Dtq−p◦ϕ q) is a classical symbol of order 1 which is required to vanish.
The term of order 1 is(

ϕt(t, x, x
′′, θ)− p1(x,∇xϕ(t, x, x

′′, θ))
)
q0
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Thus the phase ϕ should satisfy{
ϕt(t, x, θ)− p1

(
x,∇xϕ(t, x, θ)

)
= 0

ϕ(0, x, θ) = x · θ.

Since ∇xϕ(0, x) = θ, the condition ∇xϕ(x, ξ) ̸= 0 is guaranteed as long as t is small
(θ = 0 is not relevant). This first order equation has a unique solution for that
exists for small t. Thus

ϕ(t, x, θ) = x · θ + tp(x, θ) + t2ϕ2(t, x, θ)

with some h(t, x, θ). The term of order 0 in is a first order differential equation
−iLq0 + cq0 = 0 in which q0 appears linearly. The coefficients of L, a vector field
with real coefficients, depend p1 and its first order derivatives, and c depends on p0.
This equation, called the first transport equation comes with the initial condition
q0(0, x, x

′′, θ) = 1. The rest of the terms p−j are solutions of −iLqj + cqj = vj with
qj = 0 at t = 0 where vj depends on p0, . . . , pj and q0, . . . , qj−1.

2. The trace

In setting x′ = x in (1.1) the phase becomes

ϕ(t, x, θ)− x · θ = tp(x, θ) + t2ϕ2(t, x, θ)

so the trace of Q for small t (set x = x′) is (with m = m0dx in coordinates)

Tr(Q)(t) =
1

(2π)n

ˆ
U×Rn

ei(tp(x,θ)+t
2ϕ2(t,x,θ))q(t, x, x, θ)m0(x)dx dθ,

a distribution.

Lemma 2.1. The distribution Tr(Q) is smooth in some punctured neighborhood
of 0

Proof. The function

ψ(t, x, θ) = p(x, θ) + tϕ2(t, x, θ)

is homogeneous of degree 1 in θ, smooth (when θ ̸= 0) and nonzero for small t since
p(x, θ) ̸= 0. With such t as a parameter let

Sψ,t = ∂Bψ,t = {(x, θ) ∈ U × Rn : ψ(t, x, θ) = 1};
this is a cylinder with axis U and section diffeomorphic to the n− 1 sphere in Rn.
Define

℘t : R+ × Sψ,t → U × Rn, ℘t(s, x, θ̂) = (x, sθ̂).

Then
℘∗
t (m0dx

1 ∧ · · · ∧ dxn ∧ dθ1 ∧ · · · ∧ dθn) = sn−1ds ∧ dΘ
where dΘ is surface measure on ∂Bψ,t. Then

Tr(Q)(t) =
1

(2π)n

ˆ ∞

0

eistsn−1

ˆ
∂Bψ,t

q(t, x, sθ̂) dΘ ds

The inner integral is a smooth function a(t, s), a symbol of order 0 with t as space
variables and s as phase variable.

Choose some χ ∈ C∞
c (R) with χ(s) = 1 then s is close to 0. Thenˆ ∞

0

eistχ(s)a(t, s)sn−1 ds
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is smooth. And if t ̸= 0, then for arbitrary N ∈ N one hasˆ ∞

0

eist(1− χ(s))a(t, s)sn−1 ds =
1

tN

ˆ ∞

0

tNeist(1− χ(s))a(t, s)sn−1 ds

=
1

tN

ˆ ∞

0

eist(−Ds)
N (1− χ(s))a(t, s)sn−1 ds

exhibits Tr(Q)(t) as a Ck function of t once N > n + k + 1 since the amplitude is
bounded by c(1− χ(s))s−k−2 then. □

We now write a global formula still valid only for small t. The subbundle of
T ∗(M × M) ≈

⊔
x,x′ T ∗

xM ⊕ T ∗
x′M conormal to diag(M × M), denoted Λ0 for

convenience, is

{(ξξξ ⊕ ηηη) ∈ T ∗
(x,x)(M×M) : x ∈ M, ι∗(ξξξ + ηηη) = 0}

where ι : M → M×M is the diagonal map. Thus

Λ0 = {(ξξξ ⊕ (−ξξξ)) ∈ T ∗
(x,x)(M×M) : x ∈ M, ξξξ ∈ T ∗

xM}

Pick an auxiliary Riemannian metric g on T ∗M. The restriction to Λ0 of the
exponential map of T ∗(M×M) is

T ∗
xM ∋ ξξξ 7→ (expx ξξξ, expx(−ξξξ)) ∈ M×M

using ξξξ in place of (ξξξ ⊕ (−ξξξ)) to identify Λ0 with T ∗M. This is a diffeomorphism
of a neighborhood B of 0 in T ∗M to a neighborhood W of the diagonal; for the
sake of concreteness pick B as the bundle of balls radius equal to half the injectivity
radius. Let δ(x, x′) : W → B be the inverse of ηηη 7→ (expy ηηη/2, expy(−ηηη/2)). This
map plays the role of x − x′ in the coordinate version: if the metric is Euclidean,
the first map is

(y, η) 7→ (x, x′) = (y + η/2, y − η/2)

and the inverse is x− x′ = η (omitting y = (x+ x′)/2). Define

δ∗T ∗M = {(x, x′, ξ) ∈ W × T ∗M : ξ ∈ T ∗
yM, y = πδ(x, x′)}

where π : T ∗M → M is the canonical projection. Define ϕ0 : δ∗T ∗M → R by

ϕ0(x, x
′, ξξξ) = g(δ(x, x′), ξξξ). (2.2)

In this formula, δ(x, x′) ∈ T ∗
yM and thus ξξξ ∈ T ∗

yM, so the pairing is well defined.
This function plays the role of (x − x′) · ξ. (For more on global representations
of pseudodifferential operators see Widom [37], Pflaum [25].) The phase ϕ, the
solution of the problem {

dtϕ− σσ(P )(dxϕ) = 0

ϕ|t=0 = ϕ0

has the form

ϕ0(x, x
′, ξξξ) + t σσ(P )(dϕ0(x, x

′, ξξξ)) + t2ϕ2(t, x, x
′, ξξξ).

Along the diagonal, ϕ0 = 0 and σσ(P )(dϕ0(x, x
′, ξξξ)) = σσ(P )(ξξξ), which gives

ϕ(t, x, x, ξξξ) = tp(ξξξ) + t2ϕ2(x, x,ξξξ), x = π(ξξξ).

Let

ψ(t, ξξξ) = σσ(P )(ξξξ) + tϕ2(x, xξξξ).
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The global statement is:

TrQ(t) =
1

(2π)n

ˆ
T∗M

etψ(t,ξξξ)q(ξξξ) dL(ξ)

where q = 1 + q−1 where q1 is a symbol of order −1. Taking advantage of this last
fact,

TrQ(t) =
1

(2π)n

ˆ
T∗M

etψ(t,ξξξ) dL(ξ) + ϵ(t)

where ϵ(t) is smooth when t ̸= and a weaker singularity at 0 than the main term.

3. The asymptotic formula

Let Σ = {σk}∞k=0 be a nondecreasing sequence of positive numbers such that

NΣ(σ) = {ν ∈ N0 : σν < σ}

is polynomially bounded. Equivalently, using the Heaviside function,

NΣ(σ) =

∞∑
ν=0

H(σ − σν)

is polynomially bounded, which implies that NΣ is a Schwartz distribution, and so
is its derivative,

dNΣ

dσ
(σ) =

∞∑
ν=0

δ(σ − σν).

Consequently
∞∑
ν=0

eitσν .

converges as a Schwartz distribution.
Let ψ : (−δ, δ)× Ṫ ∗M → R be smooth, strictly positive, homogeneous of degree

1 in ξξξ (ψ(t, τξξξ) = τψ(t, ξξξ) if τ > 0), let dL be the Liouville density.

Theorem 3.1 (Hörmander, [12]). Suppose

∞∑
ν=0

eitσν =
1

(2π)n

ˆ
T∗M

eitψ(t,ξξξ) dL(ξξξ) + ϵ(t) if |t| < δ (3.2)

where ϵ is a distribution defined in (−δ, δ) which is smooth for t ̸= 0 and satisfies

ρ̂ϵ(σ) = O(σn−2)

for any ρ ∈ C∞(R) with support contained in (−δ, δ). Then

NΣ(σ) =
Vol(Bψ,0)
(2π)n

σn +O(σ)n−1

where

Bψ,t = {ξξξ ∈ T ∗M : ψ(t, ξξξ) ≤ 1},

Proof, taken from [11]. We begin by introducing a change of coordinates
in the integral in (3.2) similar to spherical (or rather cylindrical) coordinates. Let
∂Bψ,t be the boundary of Bψ,t,

∂Bψ,t = {ξξξ ∈ T ∗M : ψ(t, ξξξ) = 1}
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Define ℘t : R+ × ∂Bψ,t → T ∗M by ℘t(s, ξ̃ξξ) = sξ̃ξξ. The Liouville density dL trans-
forms to

℘∗
t (dL) = sn−1|ds ∧ dΘ|

where dΘ is surface measure on ∂Bψ,t. To clarify this, choose local coordinates
x1, . . . , xn, let ξ1, . . . , ξn be the dual coordinates, so ξξξ =

∑
j ξjdx

j . Then

∂Bψ,t = {(x, ξ) : ψ(t, x, ξ) = 1}.

Write ϑj for the restriction of ξj to ∂Bψ,t. These functions together with the xj

provide local coordinates on ∂Bψ,t. The map ℘t in these coordinates (and s) is

℘t(s, x, ϑ) = (x1, . . . , xn, sϑ1, . . . , sϑn)

and thus

℘∗(dL) = |dx1 ∧ · · · ∧ dxn ∧ (ϑ1ds+ sdϑ1) ∧ · · · ∧ (ϑnds+ sdϑn)|

= |dx1 ∧ · · · ∧ dxn ∧
(
sn−1ds ∧

∑
(−1)j+1ϑjdϑ1 ∧ · · · ∧ d̂ϑj ∧ · · · ∧ dϑn

)
|

where as usual the caret means to omit that term. This formula says

dΘ = |dx1 ∧ · · · ∧ dxn ∧
(∑

(−1)j+1ϑjdϑ1 ∧ · · · ∧ d̂ϑj ∧ · · · ∧ dϑn
)
|

in coordinates. (When ψ(t, ξξξ) = (
∑
ξ2i )

1/2, the part in parenthesis gives the density,
the element of surface area, of the sphere.)

With this change of variables, the integral isˆ ∞

0

ˆ
∂Bψ,t

sn−1eist dΘ ds

in which the inner integral produces a smooth function of t,ˆ
∂Bψ,t

dΘ =

ˆ
∂Bψ,0

dΘ + tυ(t) = Vol(∂Bψ,0) + tυ(t).

Henceˆ ∞

0

ˆ
∂Bψ,t

sn−1eist dΘ ds = Vol(∂Bψ,0)
ˆ ∞

0

sn−1eist ds+ tυ(t)

ˆ ∞

0

sn−1eist ds.

Now (3.2) reads

∞∑
ν=0

eitσν =
Vol(∂Bψ,0)

(2π)n

ˆ ∞

0

sn−1eist ds+ ϵ(t) if |t| < δ (3.2′)

with a different function ϵ however with the same properties of smoothness and
regularity because of the factor t.

Pick some ρ ∈ C∞
c (R) supported in (−δ, δ) with

´
ρ̂(t) dt = 1. Keep in mind

that ρ̂ is a Schwartz function. Multiply both sides of (3.2′) by ρ and take the Fourier
transform. Get

∞∑
ν=0

ρ̂(σ − σν) =
Vol(∂Bψ,0)

(2π)n
(sn−1

+ ∗ ρ̂)(σ) + ρ̂ϵ(σ) (3.3)

where sn−1
+ = sn−1H(s).
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Since sn−1
+ vanishes when s < 0, sn−1

+ ∗ ρ̂ is rapidly decreasing as σ → −∞ (we
do not need this). To estimate the convolution when σ > 0, we proceed as follows.

(sn−1
+ ∗ ρ̂)(σ) =

ˆ σ

−∞
(σ − s)n−1ρ̂(s) ds

= σn−1

ˆ σ

−∞
ρ̂(s) +

n−2∑
k=0

cn−1,k σ
k

ˆ σ

−∞
sn−k−1ρ̂(s) ds

with some constants cn−1,k. We have

σn−1

ˆ σ

−∞
ρ̂(s) ds = σn−1

ˆ ∞

−∞
ρ̂(s) ds− σn−1

ˆ ∞

σ

ρ̂(s) ds = σn−1 + ψ(σ)

with ψ(σ) rapidly decreasing as σ → ∞. Similarly we get∣∣σk ˆ σ

−∞
sn−k−1ρ̂(s) ds

∣∣ ≤ Cσk

for k = 0, . . . , n− 2 and some C if σ ≥ 0. By hypothesis

|ρ̂ϵ(σ)| ≤ Cσn−2.

In conclusion, (3.3) gives (see [11, Ch 6, formula 8.11])

∞∑
ν=0

ρ̂(σ − σν) =
Vol(∂Bψ,0)

(2π)n
σn−1 +O(σn−1) as σ → ∞. (3.3′)

As was pointed out earlier, the left hand side is the derivative of ρ̂ ∗NΣ, so

(ρ̂ ∗NΣ)(σ) =
Vol(∂Bq)
n(2π)n

σn +O(σn−1) as σ → ∞ (3.4)

We now want to rewrite the left hand side as NΣ(σ) plus a “small” error:
assuming

´
ρ̂ ds = 1 we have

NΣ(σ) = (ρ̂ ∗NΣ)(σ) +

ˆ
R
ρ̂(s)

(
NΣ(σ)−NΣ(σ − s)

)
ds. (3.5)

For the first term on the right we already have a formula. To estimate the integral
we will need an estimate in the difference in parenthesis. Here a more careful choice
of ρ comes in.

To construct a convenient function ρ (see [11, p. 377]), choose ρ0 ∈ C∞
c (R)

non-negative, even, with ρ20(0) = 1/2π and supported in (−δ/2, δ/2), so
´
ρ0 ̸= 0

and ρ̂0 is real-valued. Let ρ = ρ0 ∗ ρ0. Then

supp(ρ) ⊂ (−δ, δ),
ˆ
ρ̂(s) ds = 1, ρ̂ = ρ̂20 ≥ 0, ρ̂(0) = (

ˆ
ρ0)

2 > 0.

The key estimate comes now:

Lemma 3.6. There is c such that

NΣ(σ
′′)−NΣ(σ

′) ≤ c(σ′′ + σ′)n−1(σ′′ − σ′)

whenever σ′′ ≥ σ′ ≥ 0.
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Proof. Pick κ > 0 such that

|ρ̂(σ)| > ρ̂(0)/2 if |σ| < κ/2. (3.7)

For arbitrary σ, the first inequality in
∞∑
ν=0

ρ̂(σ − σν) ≥
∑
ν∈N0

|σ−σν |≤κ/2

ρ̂(σ − σν) ≥
ρ̂(0)

2
#{ν ∈ Zn : |σ − σν | ≤ κ/2}

follows from the non-negativity of ρ̂, the second from (3.7). In conjunction with
(3.3′) this gives

#{ν ∈ N0 : |σ − σν | ≤ κ/2} ≤ cσn−1. (3.8)

Let m = ⌈(σ′′ − σ′)/κ⌉ be the smallest integer greater than or equal to (σ′′−σ′)/κ,
let κ′ = (σ′′ − σ′)/m. The numbers σℓ = σ′ + ℓκ′ partition [σ′, σ′′], ℓ = 0, . . . ,m
into m subintervals of length κ′, with respective midpoints

σ′ + (ℓ+ 1/2)κ′, ℓ = 0, . . . ,m− 1.

The estimate (3.8) gives the first inequality in

#{ν ∈ N0 : σν ∈ [σℓ, σℓ+1]} ≤ c(σ′ + (ℓ+ 1/2)κ′)n−1

≤ c(σ′ + σ′′)n−1,

the second just because σℓ < σ′′ if ℓ < m. Consequently

#{ν ∈ N0 : σν ∈ [σℓ, σℓ+1]} ≤ cm(σ′ + σ′′)n−1

= c(σ′ + σ′′)n−1(σ′′ − σ′)

which completes the proof of the lemma. □

If σ′ ≤ 0 ≤ σ then
NΣ(σ)−NΣ(σ

′) ≤ cσn−1

because NΣ(σ
′) = 0 = NΣ(0).

We take advantage of the lemma by splitting the integral in (3.5) asˆ σ

−∞
ρ̂(s)

(
NΣ(σ)−NΣ(σ − s)

)
ds+

ˆ ∞

σ

ρ̂(s)
(
NΣ(σ)−NΣ(σ − s)

)
ds

The integrand in the first integral is bounded by

cρ̂(s)(2σ − s)n−1|s| ≤ cNσ
n−1(1 + |s|)−N , s ≤ σ

while that in the second is bounded by

cρ̂(s)σn−1 ≤ cNσ
n−1(1 + |s|)−N , s ≥ σ

which gives the bound c′σn−1 for the sum of the two integrals. Using this in (3.5)
gives

NΣ(σ) = (ρ̂ ∗NP 1/2)(σ) +O(σn−1)

which replaced in (3.4) produces

NΣ(σ) =
Vol(∂Bq)
n(2π)n

σn +O(σn−1)

But Vol(∂Bq)/n = Vol(Bq). □



CHAPTER V

Complex powers

1. Motivation

All this chapter is based on Seeley’s paper [29]. The principal aim is to get
the residue of the first pole of the zeta function of P . The Wiener-Ikehara theorem
(see Theorem I.3.5 or [38, p. 44]) then gives the Weyl asymptotics of the operator.
Seeley’s paper is more general in that it handles pseudodifferential operators with
positivity replaced by existence of a ray of minimal growth. By dealing only with
non-negative elliptic differential operators we avoid some technical complications
that would only obscure the technique.

As before M is a closed manifold with smooth density m and E → M is
a Hermitian vector bundle. We let P ∈ Diff(M;E) be a non-negative elliptic
operator. From Proposition III.3.1 we know that

P : Hm(M;E) ⊂ L2(M;E) → L2(M;E)

is selfadjoint with discrete spectrum contained in [0,∞) consisting only of eigen-
values of finite multiplicity. Let {λk}∞k=0 be the sequence of eigenvalues as a non-
decreasing sequence with each eigenvalue repeated according to its multiplicity.

Lemma 1.1. The series

ζP (s) =
∑
λk>0

1

λsk
(1.2)

converges in {s ∈ C : ℜs > n/m+ ε} (for some ε > 0) to a holomorphic function.

Proof. From Proposition III.4.1 we know that the eigenvalue counting func-
tion of P ,

NP (λ) = #{k : λk < λ}
is bounded by Cλn/m+ε for λ > 0 (see (III.4.3)) for some C depending on ε.
Evidently

#{k : λk < λk0} = k0,

so for any k we have k ≤ Cλ
n/m+ε
k . This gives

1

λk
≤

(
C

k

)1/(n/m+ε)

and so (1.2) converges absolutely and uniformly on compact subsets of C with
ℜs > n/m+ ε for any ε > 0. □

Following Seeley [29], we extract more information about ζP using the formula

ζP (s) = Tr
i

2π

ˆ
Γ

λ−s(P − λI )−1 dλ, (1.3)

35
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which is valid, as we shall see, if mℜs > n, where
Γ is the path obtained by traversing the negative
real axis from −∞ to −ε (ε > 0 suitably small),
followed once by the clockwise oriented path |λ| = ε,
then back to −∞ along the negative semi-axis. The number ε is small enough that
it does not enclose any element of spec(P ) except possibly 0. The function λ 7→ λs

is defined in the complement of the real negative semiaxis using the principal branch
of the logarithm. Along the first part of the path (λ < 0), λ−s = |λ|−se−isπ and
along the third, λ−s = |λ|−seisπ. The motivation for the formula comes from

η−s =
i

2π

ˆ
Γ

λ−s(η − λ)−1 dλ

if η ∈ (ε,∞], ℜs > 0. Used with

(P − λI )−1 =
∑

η∈spec(P )

1

η − λ
Πη,

where Πη : L2(M;E) → L2(M;E) is the orthogonal projection on Eη and proceed-
ing formally we get

Tr(P − λI )−1 =
∑

η∈spec(P )

1

η − λ
TrΠη,

from which one gets the relation between ζP (s) an the trace of

P−s =
i

2π

ˆ
Γ

λ−s(P − λI )−1 dλ. (1.4)

Because of the estimate in Proposition III.3.4, this integral converges in norm if
ℜs > 0. We will see later that P−s is a pseudodifferential operator of order −mℜs.
Given this, it is trace class when its Schwartz kernel is, which by Lemma VIII.4.1
will happen if its order is less than −n. Thus P−s is trace class for sure if ℜs > n/m.

Incidentaly, the factor i in the numerator in (1.4) takes into account that we
wrote (P − λI )−1 instead of (λI − P )−1.

2. Complex powers of P

Since the aim is to count eigenvalues, we may assume that P is strictly positive
by replacing it with P + I , for instance, if 0 is an eigenvalue.

The simplest way to define the integral (1.4) is by appealing to the theory of
line integrals for holomorphic functions. Recall form Proposition III.3.4 that

∥(P − λI )−1u∥0 ≤ c′1
|λ|

∥u∥0, u ∈ L2(M;E), λ ∈ Σc0

for any c0 and some c′1 = 1/c1. The region Σc0 was defined in (III.1.5). If u, v ∈
L2(M;E), then

λ 7→ λ−s
(
(P − λI )−1u, v

)
is a holomorphic function in C\(spec(P ) ∪ R−), bounded by

|λ−s
(
(P − λI )−1u, v

)
≤ c′1|λ|−ℜs−1∥u∥0∥v∥0.

in Σc0 . Therefore: if ℜs > 0, then the line integral

i

2π

ˆ
Γ

λ−s
(
(P − λI )−1u, v

)
dλ
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with Γ as in the previous section converges absolutely and is bounded by

Cs∥u∥0∥v∥0

with

Cs = c

ˆ
Γ

|λ|−ℜs−1 |dλ|.

In particular, the functional

L2(M;E) ∋ v 7→ i

2π

ˆ
Γ

λ−s
(
(P − λI )−1u, v

)
dλ ∈ C

is linear continuous. Via the Riesz representation theorem it defines an element
of L2(M;E), naturally denoted P−su. This element depends linearly on u and
satisfies

∥P−su∥0 ≤ Cs∥u∥0.

Thus we do have a continuous operator P−s : L2(M;E) → L2(M;E) whose norm
is ≤ Cs. Alternatively one can use that

λ 7→ λ−s(P − λI )−1u ∈ L2(M;E)

is continuous and the extension of the theory of Riemann integrals (in this case,
improper) to continuous functions with values in a Hilbert (or Banach) space.

In any case, the definition of P−s as an integral works only when ℜs > 0. It
gives a family of operators depending holomorphically on s (has a Taylor expansion
around any s0 with ℜs0 > 0 with continuous operator coefficients that converges in
operator norm if |s− s0| is small enough).

The following proposition justifies the notation, but more importantly, it will
allow for the extension of the definition of P−s to arbitrary s ∈ C. Recall that we
are assuming that P is invertible.

Proposition 2.1. If s, s′ ∈ C have positive real part, then

P−s ◦ P−s′ = P−s−s′ .

If ℜs > 1, then P ◦ P−s = P−s+1. If s is a positive integer, then P−s is the s-th
power of the inverse of P .

Proof. Because of the holomorphicity, the precise path used to define P−s is
immaterial, only its general behavior matters. Keep Γ as the original path and let
and let Γ′ be similarly described as follows. Choose
ε′ > ε but < min spec(P ), pick δ positive < ε′. The
path Γ′ consist of the segment parallel to the real
axis in the second quadrant with imaginary part δ
until meeting the circle of radius ε′, then the arc of this circle traversed clockwise
until it meets the line segment ℑz = −δ in the third quadrant, and from there to
−∞+ iδ parallel to the real axis.

To get a formula for (P−s ◦ P−s′)(u), u ∈ L2(M;E) use the definition of then
integral

i

2π

ˆ
Γ′
µ−s(P − µI )−1(u) dµ
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in the previous section to deduce

(P − λI )−1
( ˆ

Γ′
µ−s′(P − µI )−1(u) dµ

)
=

ˆ
Γ′
µ−s′(P − λI )−1 ◦ (P − µI )−1(u) dµ.

This gives

(P−s ◦ P−s′) =
( i

2π

)2
ˆ
Γ

ˆ
Γ′
λ−sµ−s′(P − λI )−1 ◦ (P − µI )−1 dµ dλ.

Once we reach this conclusion the order of integration becomes immaterial. Now
use

(P − λI )−1 − (P − µI )−1 = (P − λI )−1 ◦ (P − µI − (P − λI )) ◦ (P − µI )−1

= (λ− µ)(P − λI )−1 ◦ (P − µI )−1

to obtain

(P−s ◦ P−s′) =
( i

2π

)2
ˆ
Γ

ˆ
Γ′

λ−sµ−s′

λ− µ
(P − λI )−1 dµ dλ

−
( i

2π

)2
ˆ
Γ′

ˆ
Γ

λ−sµ−s′

λ− µ
(P − µI )−1 dλ dµ. (2.2)

Rewrite the first term on the right as( i

2π

)2
ˆ
Γ

[ ˆ
Γ′

µ−s′

λ− µ
dµ

]
λ−s(P − λI )−1 dλ

and observe that in the integral in brackets we can change the path of integration,
Γ′, to a new one, Γr, defined in the same way as γ′ but with r in place of ε′, still
r > ε, because λ is constrained to lie in the path Γ; the spectrum of P does not
obstruct this deformation. Using the estimate∣∣∣ µ−s′

λ− µ

∣∣∣ ≤ C|µ|−ℜs′−1

with fixed λ and letting r → ∞ we conclude that this integral vanishes, since ℜs′ > 0
and |µ| > r on Γr.

Rewrite the second term on the right hand side of (2.2), including the sign, as

−
( i

2π

)2
ˆ
Γ′

[ ˆ
Γ

λ−s

λ− µ
dλ

]
µ−s′(P − µI )−1 dµ

Here the integral in brackets is equal to‰
|λ−µ|=ρ

λ−s

λ− µ
dλ+

ˆ
Γ′′

λ−s

λ− µ
dλ

where Γ′′ is defined as Γ was, but with parameter
ε′′ > 2|µ| so that µ and the circular (counterclockwise
oriented) path |λ− µ| = ρ with 0 < ρ < µ lies in the
interior of the circular part of Γ′′. The second integral
is then 0 by the same argument as above, while the
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first is ‰
|λ−µ|=ρ

λ−s

λ− µ
dλ = 2πiµ−s

because the circle is contained in the complement of the negative real axis. Thus

−
( i

2π

)2
ˆ
Γ′

[ ˆ
Γ

λ−s

λ− µ
dλ

]
µ−s′(P − µI )−1 dµ

=
i

2π

ˆ
Γ′

[ 1

2πi

‰
|λ−µ|=ρ

λ−s

λ− µ
dλ

]
µ−s′(P − µI )−1 dµ

=
i

2π

ˆ
Γ′

[
µ−s]µ−s′(P − µI )−1 dµ =

i

2π

ˆ
Γ′
µ−s−s′(P − µI )−1 dµ.

In conclusion, P−s ◦ P−s′ = P−s−s′ .
To prove the second assertion of the proposition we use

λ−sP ◦ (P − λI )−1 = λ−s(P − λI ) ◦ (P − λI )−1 + λ−s+1(P − λI )−1

= λ−sI + λ−s+1(P − λI )−1

and argue that because |λ−s| < |λ|−ℜs and ℜs > 1,

ˆ
Γ

λ−s dλ = 0

by the same argument as in the first part of the proof.
If s is a positive integer, the limits

lim
λ→λ0
ℑλ>0

λ−s, lim
λ→λ0
ℑλ<0

λ−s

with λ0 < 0 are equal. This gives a cancellation in the integral defining P−s to

P−s =
i

2π

ȷ
|λ|=ε

λ−s(P − λI )−1 dλ.

If s = 1, this evaluates (P − λ)−1 at λ = 0. (Again, keep in mind that P is
invertible). If s > 1 (integer), we use the second statement of the proposition. □

We use the second assertion of the proposition to extend the defintion of P s to
the whole complex plane.

Corollary 2.3. The family s 7→ P−s has an extension as en entire map.

Proof. Let k be a positive integer and let Ωk = {s : ℜs > −k + 1}. The
map s 7→ P−s−k is defined and holomorphic for s ∈ Ωk. Then also the new map
s 7→ P−s

(k) = P kP−s−k is holomorphic in Ωk. By the proposition, if ℜ(s − k) > 1,

then P kP−s−k = P−s. That is, P−s
(k) is a holomorphic extension of P−s. We extend

P−s to Ωk defining P−s = P−s
(k) . □
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3. The resolvent as a pseudodifferential operator

If P ∈ Diffm(M;E) is elliptic then any of its parametrices is a pseudodif-
ferential operator (in Ψ−m(M;E)). In particular, the resolvent of (P − λI ) is a
pseudodifferential operator. To construct a good parametrix we need to investigate
(P − λI ) in more detail.

We fix once and for all an auxiliary Riemannian metric on T ∗M and write |ξξξ|x,
or just |ξ|, for the norm of ξξξ ∈ T ∗

xM.
First, σσ(P )(ξξξ0) : Ex0

→ Ex0
, x0 = π(ξξξ0), is selfadjoint non-negative for each

ξξξ0 ∈ Ṫ ∗M. We prove this using (VII.1.9). Pick f ∈ C∞(M) real-valued, df(x0) =
ξξξ0. Given u ∈ C∞(M;E) with support on the set where df does not vanish, the
positivity of P implies

(Peiτfu, eiτfu) ≥ 0.

But

1

τm
(Peiτfu, eiτfu) = (

1

τm
e−iτfPeiτfu, u)

→ (σσ(P )(df)(u), u) cuando τ → ∞,

so

(σσ(P )(df)(u), u) ≥ 0.

Now choose local coordinates x1, . . . , xn centered at x0, say, on U and χ ∈ C∞
c (R)

with χ(0) = 1. In place of u tale kn/2e−k
2|x|2u with ν ∈ N. Writing the density as

dm = m0(x) dx we get(
σσ(P )(df)(kn/2e−k

2|x|2u), kn/2e−k
2|x|2u

)
=

ˆ
M

(
σσ(P )(df(x))(kn/2e−k

2|x|2u(x)), kn/2e−k
2|x|2u(x)

)
x
m0(x) dx

=

ˆ
M
kne−2k2|x|2(σσ(P )(df(x))(u(x)), u(x))

x
m0(x) dx

=

ˆ
Rn

(
e−2|x|2 σσ(P )(df(x/k))(u(x/k)), u(x/k)

)
x/k

m0(x/k) dx

after a change of variables. The limit as k → ∞ is(
σσ(P )(df(x0))(u(x0)), u(x0)

)
x0
m(x0)

ˆ
R
e−|x|2 dx

Thus (
σσ(P )(ξξξ0)(w), w

)
x0

≥ 0.

where w = u(x0) ∈ Ex0
is arbitrary.

This immediately implies that (σσ(P )(ξ) − λI ) ∈ Hom(Ex) is invertible when
λ ∈ Σc0 . We can in fact get better information.

Lemma 3.1. Let Σc0 be defined as in (1.5), pick some Riemannian metric on
T ∗M, write |ξξξ| for the norm of ξξξ. There is c2 such that

for all ξξξ ∈ Ṫ ∗M and λ ∈ Σc0 : |(σσ(P )(ξξξ)− λI )(w)|2x ≥ c2(|ξξξ|2m + |λ|2)|w|2x
for all w ∈ Ex → Ex, x = π(ξξξ).
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Proof. Fix ξξξ, write σσ(P )(ξξξ) = p. As we just saw, p : Ex → Ex is selfadjoint
and non-negative: there is an orthonormal basis e1, . . . , er of Ex and positive num-
bers ϱ1, . . . , ϱr such that p(ej) = ϱjej . Let πj be the orthogonal projection on ej .
Let λ = α+ iβ with α and β real. With arbitrary w ∈ Ex we have

|p(w)− λw|2x =
∑
j

(
(ϱj − α)2 + β2

)
|πj(w)|2x

To get a bound from below we show that for a general ϱ > 0 there is κ > 0 depending
only on c0 such that

(ϱ− α)2 + β2 ≥ κ(ϱ2 + α2 + β2) for all α+ iβ ∈ Σc0 .

To see this let

F (α, β) =
(ϱ− α)2 + β2

ϱ2 + α2 + β2
(3.2)

This is a smooth function of (α, β) ∈ R2 (since ϱ > 0). It has critical points only at
(ϱ, 0) and (−ϱ, 0); the former is a minimum (in the complement of Σc0), the latter is
a maximum. This implies that the minimum of F on the closure of Σc0 is attained
on the boundary of Σc0 (or the infimum, 1, at ∞). Replacing β = ±c0α in F and
differentiating with respect to α we get an expression whose numerator is

2ϱ((1 + c20)α
2 − ϱ2)

This vanishes when α0 = ϱ/
√
1 + c20 (the negative solution does not correspond to

a point on ∂Σc0). That this is a minimum is verified using the second derivative
test. Replacing (α0, β0), β0 = ±c0α0 in (3.2) yields

F (α0, β0) =
1 + c20 −

√
1 + c20

1 + c20
= κ

(Since κ < 1, this is the absolute minimum value) Consequently

|p(w)− λw|2x ≥ κ
∑
j

(ϱ2j + |λ|2)|πjw|2x.

For any ξξξ let ϱmin(ξξξ) be the smallest eigenvalue of σσ(P )(ξξξ). This is a continuous
function of ξξξ, homogeneous of degree m, strictly positive for ξξξ ̸= 0. With the chosen
Riemanniann metric on T ∗M, pick c between 0 and 1 such that c|ξξξ|m ≤ ϱmin(ξξξ).
Then

|σσ(P )(ξξξ)(w)− λw|2x ≥ cκ(|ξξξ|2m + |λ|2)|w|x.
This completes the proof of the lemma. □

The mapping
T ∗M× Σc0 ∋ (ξξξ, λ) 7→ (σσ(P )(ξξξ)− λI )

is smooth, anisotropically homogeneous of degree m: If τ > 0, then

(σσ(P )(τξξξ)− τmλI ) = τm(σσ(P )(ξξξ)− λI )

because (ξξξ, λ) 7→ (σσ(P )(ξξξ) − λI ) is of degree m. Rather than working with this
anisotropy, we will replace λ by υm. The function

σσ(P )(ξξξ)− υmI on T ∗M× C
is then smooth (m is a positive integer), homoge-
neous of degreem for the action τ ·(ξξξ, υ) = (τξξξ, τυ).
We will restrict υ to belong to the sector

Σ
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Σ1/m
c0 = {υ ∈ C : υ ̸= 0, θ0/m < arg(υ) < (2π − θ0)/m} (3.3)

where θ0 is smallest positive number with reiθ0 = (1 + ic0) to ensure υm ∈ Σc0
if υ ∈ Σ

1/m
c0 . We will write Σ in place of Σ

1/m
c0 , the reference to c0 and m will be

omitted. The lemma then gives

c(|ξξξ|2 + υ2)m/2 ≤ |||σσ(P )(ξξξ)− υmI |||x, (ξξξ, υ) ∈ T ∗M× Σ, x = π(ξξξ).

where ||| · |||x denotes the operator norm in End(Ex), with some other constant c. The
immediate consequence of the lemma is:

Corollary 3.4. Define b−m : T ∗M× Σ → End(E) by

b−m(ξξξ, υ) =
(
σσ(P )(ξξξ)− υmI

)−1
.

This function is smooth on its domain and homogeneous of degree −m. With the
operator norm on Hom(E), there is c3 > 0 depending only on c0 such that

|||b−m(ξξξ, υ)|||x ≤ c3(|ξξξ|2 + |υ|2)−m/2, x = π(ξξξ), υ ∈ Σ.

(The constant c3 is 1/c.)

The corollary motivates the following local definition:

Definition 3.5. Let U ⊂ Rn be open and µ ∈ R. Then Sµ(U ,Rn × Σ) is the
space of smooth functions a : U × Rn × Σ such that for all K ⋐ U , for all k and
indices α, β, γ, γ′, there is C such that

|∂αx ∂
β
ξ ∂

γ
υ∂

γ′

υ a(x, ξ, υ)| ≤ C(1 + |ξ|+ |υ|)µ−β for all x ∈ K, (ξ, υ) ∈ Rn × Σ.

The space Sµcℓ(U ,Rn × Σ) consists of those a such that there are

aµ−j ∈ C∞(U ,Rn × Σ), j = 0, 1, . . .

positively homogeneous of degree µ− j in (ξ, υ) such that if χ ∈ C∞
c (R) is equal to

1 in a neighborhood of 0, then

a−
N∑
j=0

(1− χ(ξ))aµ−j ∈ Sµ−N−1(U ,Rn × Σ)

In the definition any open sector Σ would work, by of course for us the one
defined above is the relevant one. The point (0, 0) is not in Rn × Σ since 0 ∈ C is
not in the sector, so smoothness of homogeneous functions with the given domain
sis not an issue.

If a ∈ Sµ(U ,Rn × Σ), then

A(υ) : C∞
c (U) → C∞(U)

is the operator

A(υ)(u) = op(a)(υ)(u) =
1

(2π)n

ˆ
a(x, ξ, υ)û(ξ) dξ.

This operator depends on υ ∈ Σ as a parameter. If χ0, χ1 ∈ C∞
c (U), and µ ≤ 0, then

op(aχ0,χ1
)(υ)(u) = χ1 op(a)(χ0u) defines a continuous operator L

2(U) → L2(U) and
there is C > 0 such that

∥ op(aχ0,χ1)∥ ≤ C(1 + |υ|)µ
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for υ in any subsector Σ′ ⋐ Σ
1/m
c0 ,

Σ′ = {υ ∈ C : υ ̸= 0, θ0/m+ ε < arg υ < (2π − θ0/m)− ε}

defined with small enough ε > 0; C depends on ε.
On M and the vector bundle E → M one constructs operators

A(υ) ∈ Ψµcℓ(M,Σ;E)

using local coordinates and trivializations. The principal symbol is now obtained
as

σσµ(A)(df(x0), υ)(u) =
1

τµ
(e−iτf(x0)A(τµυ))(eiτfu)(x0)

when df(x0) ̸= 0 and u has support in the set where df ̸= 0. This symbol is
homogeneous of degree µ:

σσµ(A)(τξξξ, τυ) = τµ σσ(A)(ξξξ, υ).

The space of such symbols is

Sµh (T
∗M× Σ;E).

An element a of this space is a smooth section a : T ∗M× Σ → Hom(π∗
ΣE) where

πΣ : T ∗M× Σ → M is the canonical projection. It is “elliptic with parameter” if
the pointwise inverse exists. If it does, it is an element of S−µ

h (T ∗M× Σ;E).
For instance if A = P − µmI with P differential of order m, elliptic, positive,

then A ∈ Ψmcℓ(M,Σ;E) and

σσ(A)(ξξξ, υ) = σσ(P )(ξξξ)− υmI .

As we saw above, this is invertible.
The space of residual operators is

Ψ−∞
cℓ (M,Σ;E) =

⋂
µ

Ψµcℓ(M,Σ;E).

If R(µ) is residual, then ∥R(µ)∥, its norm as an operator on L2(M;E), decreases
rapidly as |υ| → ∞ uniformly on subsectors Σ′ ⋐ Σ.

Theorem 3.6. There is an exact sequence

0 → Ψµ−1
cℓ (M,Σ;E)

ι−→ Ψµcℓ(M,Σ;E)
σσµ−−→ Sµh (T

∗M× Σ;E) → 0. (3.7)

If A ∈ Ψµ(M,Σ;E) is elliptic with parameter, that is, there exists

b ∈ S−µ
h (T ∗M× Σ;E)

such that ab = I , then there is B ∈ Ψ−µ(M,Σ;E) such that A ◦B = I −R, where
R is residual.

The proof runs along the same lines as those of Theorems VIII.2.3 and VIII.3.1.
We apply the theorem in the case of P − λI , P ∈ Diffm(M;E) elliptic and

strictly positive. We obtain an operator B(µ) with principal symbol

σσ(B)(ξξξ, υ) =
(
σσ(P )(ξξξ)− υmI

)−1

such that (P − υmI )B(µ) = I −Rµ where Rµ is smoothing with norm tending to 0
rapidly as µ → ∞ uniformly in a subsector Σ′ ⋐ Σ. The principal symbol of B(µ)
is
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We now replace υ = λ1/m using the inverse of the bijection Σ → Σc0 given by
υ 7→ υm and write B(λ) in place of B(λ1/m) and R(λ) in place of R(λ1/m).

Since ∥Rλ∥ decreases as |λ| → ∞ uniformly in any subsector Σ′ ⋐ Σc0 , once
∥R(µ)∥ < 1 we can use the Neumann series(

I −R(λ)
)−1

=

∞∑
k=0

R(λ)k for large enough |λ|

to invert I −R(λ). Then B(λ)
(
I −R(λ)

)−1
inverts P − λI for large |λ|.

4. Local calculations

To show that the operators P−s are pseudodifferential operators of order −sm
we resort to local constructions. After fixing local coordinates x1, . . . , xn with suffi-
ciently small domain over which E is trivial transfer all to an open set U in Rn and
deal with matrix valued operators and symbols. The density m is m0(x)dx. We use
an orthonormal frame of E so the Hermitian product looks like the canonical one.
Thus P is now an r× r matrix of differential operators of order m, strictly positive
(with respect to m = m0 dx), the principal symbol of P is a positive r × r matrix
pm(x, ξ) (ξξξ =

∑
ξj dx

j ∈ T ∗
xU) and

pm(x, ξ)− λIr

(Ir for the identity r × r matrix) is invertible for λ not an eigenvalue of the matrix
p(x, ξ) (of course).

Eventually we will restrict λ to a sector Σc0 (union a small neighborhood of 0)
because the need to have bounds from below. But for the moment we can proceed
formally.

As at the end of the previous section, instead of using υ as parameter, we will
use λ = υm. Homogeneity will be with respect to τ · (ξ, λ) = (τξ, τmλ).

We have

P =
∑

|α|≤m

pα(x)D
α
x

with smooth matrix valued functions pα(x). Let

p(x, ξ, λ) =

m∑
j=0

pm−j(x, ξ, λ),

where

pm(x, ξ, λ) = pm(x, ξ)− λIr, pm−j(x, ξ, λ) =
∑

|α|=m−j

aα(x)ξ
α for j > 0.

Suppose b(x, ξ, λ) ∈ S−m
cℓ (U,Σ,Rn) is an r × r matrix of symbols,

b(x, ξ, λ) ∼
∞∑
k=0

b−m−k(x, ξ, λ),

b−m−k(x, ξ, λ) homogeneous of degree −m− k:

b−m−k(x, τξ, τ
mλ) = τ−m−kb−m−k(x, ξ, λ).
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If u : U → Cr is compactly supported and smooth and

B(λ)u(x) =
1

(2π)n

ˆ
ei(x−x

′)·ξb(x, ξ, λ)u(x′)m0(x
′)dx dξ,

then

P ◦B(λ)(u)(x) =
1

(2π)n

ˆ
ei(x−x

′)·ξ
∑
α

1

α!
∂αξ p(x, ξ)D

α
x b(x, ξ, λ)u(x)m0(x)dx dξ

as in (VIII.2.5). So (P − λI ) ◦B(λ) is the operator

(P − λI ) ◦B(λ)(u) =
1

(2π)n

ˆ
ei(x−x

′)·ξc(x, ξ, λ)u(x)m0(x)dx dξ

with

c(x, ξ, λ) =
∑
α

1

α!
∂αξ p(x, ξ)D

α
x b(x, ξ, λ)

∼
∞∑
ℓ=0

∞∑
j+k+|α|=ℓ

1

α!
∂αξ pm−j(x, ξ, λ)D

α
x b−m−k(x, ξ, λ)

=

∞∑
ℓ=0

c−ℓ(x, ξ, λ)

The condition that (P − λI ) ◦B(λ) = I suggests setting

c0(x, ξ, λ) = Ir

c−ℓ(x, ξ, λ) = 0 if ℓ > 0

(this procedure is the same as when finding a pseudodifferential parametrix of an
elliptic operator). These become explicit conditions on the b−m−k:(

pm(x, ξ)− λIr
)
b−m(x, ξ, λ) = Ir,∑

j+k+|α|=ℓ

1

α!
∂αξ pm−j(x, ξ)D

α
x b−m−k(x, ξ, λ) = 0, ℓ > 0. (4.1)

The index j runs from 0 to m, since P is a differential operator but the formulas
look simpler if we set pm−j(x, ξ) = 0 for j > m. (If P is pseudodifferential then
pm−j need not vanish when j > m but the formulas are still true). Subject to these
conditions, the b−m−k are found iteratively, starting with

b−m(x, ξ, λ) =
(
pm(x, ξ)− λIr

)−1
(4.2)

then observing that for ℓ > 0

cℓ(x, ξ, λ) =

ℓ∑
k=0

∑
j+|α|=ℓ−k

1

α!
∂αξ pm−j(x, ξ, λ)D

α
x b−m−k(x, ξ, λ)

=
(
pm(x, ξ)− λIr

)
b−m−k(x, ξ, λ)

+

ℓ−1∑
k=0

∑
j+|α|=ℓ−k

1

α!
∂αξ pm−j(x, ξ, λ)D

α
x b−m−k(x, ξ, λ)
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so the vanishing of cℓ gives b−m−ℓ in terms of b−m−k with k < ℓ:

b−m−ℓ(x, ξ, λ) =

− b−m(x, ξ, λ)

ℓ−1∑
k=0

∑
j+|α|=ℓ−k

1

α!
∂αξ pm−j(x, ξ, λ)D

α
x b−m−k(x, ξ, λ) (4.3)

The set of eigenvalues of pm(x, ξ), ξ ̸= 0, is a finite set sp(x, ξ) ⊂ (0,∞) with
the property that sp(x, τξ) = τmsp(x, ξ). Thus if ξ is close to 0 the singularities (in
λ) of bm(x, ξ, λ) are also close to 0. Unless we do something this will be a problem
later.

We modify pm(x, ξ) to p̃m(x, ξ, λ) so that the spectrum of p̃(x, ξ) remains above
an arbitrary threshold when ξ is small. We will do this in a global fashion. Using
the notation leading to IV.2.2, let

ϕ0 : δ∗T ∗M → R

be the phase function defined there. We used this in Chapter IV to represent scalar
pseudodifferential operators (rather, their Schwartz kernels) in the neighborhood W
of the diagonal of M×M. Her we will use it to define an operator on C∞(M;E).

Pick a smooth non-negative function ρ0 ∈ C∞
c (R) supported in |t| < r/3, equal

to 1 if |t| < r/4 (r is the injectivity radius of the metric used in the definition of
ϕ0). Then ρ0(|δ(x, x′)|) is supported in W, equal to 1 near the diagonal, and is
symmetric:

ρ0(δ(x, x
′)) = ρ0(δ(x

′, x)).

Next, pick a Hermitian connection on E. View the identity homomorphism
E → E as a section of E ⊗ E∗. This section can be lifted to a smooth section
I of E E∗ along the diagonal in M × M. Using the connection on E and the
induced connection on E∗, extend I to a section of E E∗ over W by using parallel
transport along the curves

t 7→
(
expy(tηηη/2), expy(−tηηη/2)

)
, t ∈ [0, 1], |ηηη| < r/2

Continue to denote this extension by I. It defines a homomorphism Ex′ → Ex for
each (x, x′) ∈ W which again we continue to denote by I.

Let χ ∈ C∞
c (R) be another smooth function, strictly positive when |τ | < 1

equal to 1 in |τ | < 1/2, 0 when |τ | > 1. Recall form the proof of Lemma 3.1 that
ϱmin(ξξξ) is the smallest eigenvalue of σσ(P )(ξξξ). This function is continuous, strictly
positive for ξξξ ̸= 0, and positively homogeneous of degree m. Let

c = min
ξξξ∈ṪM

ϱmin(ξξξ)/|ξξξ|m.

Finally, let

Kε(x, x
′) =

εc

(2π)n

ˆ
T∗
δ(x,x′)M

eiϕ0(x,x
′,ξξξ)χ(|ξξξ|)ρ0(δ(x, x′))I dξξξ

where dξξξ refers to integration along the fiber (use an orthonormal basis of the fiber
to identify with Rn, then use the Lebesgue density). This is the Schwartz kernel
of an operator C∞(M;E) → C∞(M;E), in fact a smoothing operator, symmetric
with small norm if ε is small. Thus, with small enough ε > 0, P + op(Kε) is again
strictly positive, essentially P again.
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We view

p̃ε(ξξξ) =
(
σσ(P )(ξξξ) + εcχ(|ξξξ|)I

)
: Ex → Ex, x = π(ξξξ)

as the principal symbol of P + op(Kε) (this is just a device); ρ0 is absent because
δ(x, x) = 0. The eigenvalues of p̃ε(ξξξ) are all no less than

cmin = min{ϱmin(ξξξ) + εcχ(|ξξξ|) : ξξξ ∈ T ∗M} ≥ cmin
τ≥0

(τm + εχ(τ));

The effect of this is that we can make the curve Γ in the functional-analytic definition
of A−s have the circular part of radius < cmin, thus ensuring there is no singularity
of b−m on the closed disc with that radius, eventually allowing us to make a change
in the order of a certain integral.

We now replace b−m(ξξξ, λ) by

b−m(ξξξ, λ) =
(
σσ(P )(ξξξ) + (εcχ(ξξξ)− λ)I )−1,

which satisfies the same estimates as the original symbol, and redefine all successive
local b−m−k(x, ξ, λ) using the redefined b−m. We will not indicate in the notation
that the symbols gave been redefined. For the record, we point out that

p̃ε(ξξξ, λ) = σσ(P )(ξξξ, λ) if |ξξξ| ≥ 1 (4.4)

In coordinates this reads

p̃ε(x, ξ) = pm(x, ξ) if
∑
jk

gjk(x)ξjξk ≥ 1. (4.4′)

We will write
εP = P + op(Kε) (4.5)

and regrad
εp(ξξξ) = σσ(P )(ξξξ) + εcχ(ξξξ)I (4.6)

as its principal symbol.

5. Pseudodifferential resolvent

We now assemble the pseudodifferential parametrix of (P − λI ). Pick an open
cover M by domains of local charts over which E is trivial and a partition of unity
subordinate to this cover. Since M is compact, we may take the cover to be finite,
and the functions in the partition to be indexed by the same index as the cover:
on Ui, the function φ0,i ∈ C∞

c (Ui). Next, take for each i, a function φ1,i ∈ C∞
c (Ui)

such that φ1,i = 1 in a neighborhood of suppφ0,i.
On Ui, let bi,−m−ℓ(x, ξ, λ) be the symbols obtained iteratively as in (4.1) on Ui

but for εP (see (4.5)), let bi ∈ S−m(Uu,Σc0 ,Rn) be such that

bi ∼
∑
ℓ

bi,−m−ℓ (5.1)

and finally, let

Bi(λ)u(x) =
1

(2π)n

ˆ
ei(x−x

′)·ξbi(x, ξ, λ)u(x
′) dx dξ,

thus

(εP − λI ) ◦Bi = I −Ri(λ)
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where Rλ ∈ Ψ−∞(Ui,Rn,Σc0). We will leave implicit the dependence on ε of these
symbols. Define

B(λ)(u) =
∑
i

φ1,iBi(λ)(φ0,iu).

We now show that B(λ) is a parametrix for A− λI .
Pick x0 ∈ M. Let Ix0 be the set of indices i such that x0 ∈ suppφ0,i. There is

a neighborhood V ⊂
⋂
i∈Ix0

Ui of x0 such that for each i ∈ Ix0
: φ1,i = 1 on V. If

x ∈ V, then on V,

[(εP − λI ) ◦ φ1,iBi(λ)(φ0,iu)](x) = [(εP − λI ) ◦Bi(λ)(φ0,iu)](x)

= [(I −Ri)(λ)(φ0,iu)](x)

= (φ0,iu)(x)− [φ1,iRi(λ)(φ0,i)](u)(x)

because φ1,i = 1 on V Thus

(εP − λI ) ◦ (
∑
i∈Ix0

φ1,iBi(λ)φ0,i) = I − (
∑
i∈Ix0

φ1,iRi(λ)φ0,i)

in a neighborhood of x0.
Continuing with x0, the open set

⋂
i/∈Ix0

(M\ suppφi) contains an open neigh-

borhood of x0. For i /∈ Ix0
, Bi is smoothing near x0. Thus

(εP + opKε − λI )φ1,iB(λ)φ0,i = −Ri(λ)

is also smoothing with R(λ) smoothing. Thus, in a neighborhood of x0 we have

(εP − λI ) ◦
(∑

i

φ1,iB(λ)φ0,i

)
= I −R(λ)

with R(λ) smoothing. We conclude that

(εP − λI ) ◦B(λ) = I −R(λ)

globally with R(λ) ∈ Ψ−N
cℓ (M;E) for any N .

6. Estimates

We continue with the notation of the previous section. The symbols bi,−m−ℓ
are smooth on Ui × Rn × Σc0 since εpm(x, ξ) − λ (defined in (4.6)) is non singular
when λ /∈ [0,∞). So in the asymptotic sum (5.1) we may take arbitrarily (finitely)
many terms as the actual bi,−m−ℓ. Since

bi,−m−ℓ ∈ S−m−ℓ
cℓ (Ui,Rn × Σc0)

satisfies estimates such as

∂αx ∂
β
ξ bi,m−ℓ(x, ξ, λ) ≤ CK,α,i(1 + |ξ|+ |λ|1/m)−m−ℓ−|β|

when x ∈ K ⋐ Ui and ξ ∈ Rn and λ ∈ Σc0 , see Definition 3.5, we also have

∂αx ∂
β
ξ bi,m−ℓ(x, ξ, λ) ≤ CK,α,i(1 + |λ|)−1−ℓ/m(1 + |ξ|)−|β|

which exhibits bi,−m−ℓ as an element of S0
cℓ(Ui × Rn) with a bound that depends

on |λ|. By Theorem VIII.6.1 and according to (VIII.6.2), we have the bound

∥φi,1 op(bi,−m−ℓ)(λ)φ0,i∥ ≤ C(1 + |λ|)−1−ℓ/m, λ ∈ Σc0
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for the norm of

φi,1 op(bi,−m−ℓ)(λ)φ0,i : L
2(M;E) → L2(M;E).

The same observation holds for

φi,1 op(bi)(λ)φ0,i : L
2(M;E) → L2(M;E)

(the asymptotic sum of the bi,−m−ℓ) and for

φi,1 op(biφ0,i)(λ)−
N∑
ℓ=0

φi,1 op(bi,−m−ℓ)(λ)φ0,i : L
2(M;E) → L2(M;E)

for the same reason. Thus

∥B(λ)∥ ≤ C(1 + |λ|)−1, λ ∈ Σc0 , (6.1)

and

∥B(λ)−
N∑
ℓ=0

B−m−ℓ(λ)∥ ≤ C(1 + |λ|)−1−(N+1)/m, λ ∈ Σc0 , (6.2)

where
B−m−ℓ(λ) =

∑
i

φ1,i op(bi,−m−ℓ)(λ)φ0,i. (6.3)

The norm of this operator is estimated by

∥B−m−ℓ(λ)∥ ≤ C(1 + |λ|)1−ℓ/m, λ ∈ Σc0 . (6.4)

One consequence of this and (6.2) is:

Proposition 6.5. The remainder

R(λ) : L2(M;E) → L2(M;E)

is a smoothing operator with norm rapidly decreasing in λ ∈ Σc0 : for each N there
are C,M > 0 such that

∥R(λ)∥ ≤ CN (1 + |λ|1/m)−N , λ ∈ Σc0 , |λ| > M.

7. The analytic group of operators

This section’s is the same title as the corresponding section [29, p. 299] of
Seeley’s paper.

Theorem 7.1. Let Γ be the path defined in Section 1. The family of operators

s 7→ εP−s =
i

2π

ˆ
Γ

λ−sB(λ) dλ

is well defined and holomorphic on ℜs > 0. Further, the family

s 7→ εP−s −
N∑
ℓ=0

i

2π

ˆ
Γ

λ−sB−m−ℓ(λ)

is holomorphic in ℜs > −(N + 1)/m. If ℜs > 1 then
εP ◦ εP−s − εP−s+1

is an entire family of smoothing operators. If ℜs and ℜs′ are positive, then
εP−s

εP−s′ − εP−s−s′

is also an entire family of smoothing operators.
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Proof. The first two statements are simply consequence of analyticity and the
estimates (6.1) and (6.2).

The formula
εP ◦B(λ) = (εP − λI ) ◦B(λ) + λB(λ) = I −R(λ) + λB(λ),

gives

εP ◦ εP−s − εP−s+1 =
( i

2π

ˆ
Γ

λ−s dλ
)
I − i

2π

ˆ
Γ

λ−sR(λ) dλ.

The first operator on the right vanishes: there are no poles and ℜs > 1. For the
second term, by Proposition 6.5, the operator involving the remainder is an entire
(in s) smoothing family.

For the last statement we use

B(λ) ◦ (εP − λI ) +R(λ) = I

and the corresponding formula with µ instead of λ to get

B(λ)−B(µ) = B(λ) ◦ [(εP − µI ) ◦B(µ) +R(µ)]− [B(λ) ◦ (εP − λI ) +R(λ)] ◦B(µ)

= (λ− µ)B(λ) ◦B(µ) +B(λ) ◦R(µ)−R(λ)B(µ)

then proceed as in the case of εP−s in the proof of Proposition 2.1 □

Corollary 7.2. The holomophic family εP−s, initially defined for ℜs > 0,
extends to an entire family.

The proof is the same as that of the corresponding statement in Proposition
2.1, starting with εP ◦ εP−s =

εP−s+1+ entire smoothing. In some detail: If k > 0
is a positive integer, then the left hand side of

εP−s − εP k ◦ εP−s−k = Rs,k

is holomorphic when ℜs > 0. But Rs,k is entire and smoothing, so since εP−s−k is
holomorphic in ℜs > −k, εP−s, initially defined and holomorphic in ℜs > 0, has a
holomorphic extension to ℜs > −k, namely

εPs =
εP k ◦ εP−s−k +Rs,k.

We next extract information from these families by once again writing them as
families of pseudodifferential operators.

Let U be one of the sets Ui, let b ∈ S−m−ℓ
cℓ (U ,Rn × Σc0) be one of the symbols

associated with the index i.

Lemma 7.3. Suppose ℜs > −(m+ ℓ). The operator

εP−ms−ℓ(u) =
i

2π

ˆ
Γ

λ−sB−m−ℓ(λ)(u) dλ (7.4)

is a pseudodifferential of order −mℜs− ℓ depending holomorphically on s in ℜs >
−ℓ/m.

Proof. That εP−ms−ℓ is holomorphic in ℜs > −ℓ/m follows from the estimate
(6.4).

In view of (6.3), to prove the statement about the pseudodifferential order of
εP−ms−ℓ we only need to argue with

u 7→ op(bi,m−ℓ)(λ)(u) =
1

(2π)n

ˆ
Rn
ei(x−x

′)·ξbi,−m−ℓ(x, ξ, λ)u(x
′) dx′ dξ.
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Let the metric be
∑
jk g

jk(x)ξjξk in the coordinates we are using on Ui, write |ξ|g,x
for the norm of ξ · dx. By (4.4′) the singularities of bi,−m−ℓ(x, ξ, λ) lie in |ξg,x > ε,
so if the circular part of the path Γ has sufficiently small radius we can exchange
the order of integration:ˆ

Γ

λ−s
ˆ
Rn
ei(x−x

′)·ξbi,−m−ℓ(x, ξ, λ)u(x
′) dξ dλ

=

ˆ
Rn
ei(x−x

′)·ξ
ˆ
Γ

λ−sbi,−m−ℓ(x, ξ, λ)u(x
′) dλ dξ

Let
εpi,−s,−ms−ℓ(x, ξ) =

i

2π

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ, λ) dλ (7.5)

We show that

εpi,−s,−ms−ℓ(x, ξ) =
i

2π
|ξ|−ms−ℓg,x

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ̂, λ) dλ, if |ξ|g,x ≥ 1, (7.6)

where ξ̂ = ξ/|ξ|g,x. Because of (4.4′), bi,−m−ℓ(x, ξ, λ) has the homogeneity property

bi,−m−ℓ(x, τξ, τ
mλ) = τ−m−ℓbi,−m−ℓ(x, ξ, λ)

if both |ξ|g,x and τ are ≥ 1. Therefore

bi,−m−ℓ(x, ξ, λ) = |ξ|−m−ℓ
g,x bi,−m−ℓ(x, ξ̂, λ) if |ξ|g,x ≥ 1

Keeping |ξ|g,x ≥ 1, we thus haveˆ
Γ

λ−sbi,−m−ℓ(x, ξ, λ) dλ = |ξ|−m−ℓ
g,x

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ̂, λ/|ξ|mg,x) dλ

= |ξ|−ms−ℓg,x

ˆ
|ξ|−mg,x Γ

λ−sbi,−m−ℓ(x, ξ̂, λ) dλ

where the last integral is just a redefinition of the path of integration. When |ξ|g,x ≥
1, the paths |ξ|−mg,x Γ and Γ are homotopic within the region where λ−sbi,−m−ℓ(x, ξ̂, λ)
is holomorphic, so the last integral is

|ξ|−ms−ℓg,x

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ̂, λ) dλ

This proves (7.6) and that εP−ms−ℓ is a pseudodifferential operator of order −ms−ℓ.
The estimate

|bi,−m−ℓ(x, ξ̂, λ) ≤ C(1 + |λ|)−1−ℓ/m, λ ∈ Σc0

shows that the integral defining εpi,−s,−ms−ℓ converges absolutely if −ℜs−ℓ/m < 0,
so

εpi,−s,−ms−ℓ is holomorphic in ℜs > −ℓ/m. (7.7)

□

Corollary 7.8. εP−s is a classical pseudodifferential operator of order −mℜs
depending holomorphically on s, ℜs > 0. For any N ,

εP−s −
N∑
ℓ=0

εP−ms−ℓ =
εP̃−s,m−N−1 (7.9)

is of order mℜs− (N + 1), holomorphic in ℜs > −(N + 1)/m.
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We will write εP−ms for the holomorphic family (s ∈ C) defined by εP−s. When
needed, we will write P−ms−0 for the first operator (ℓ = 0) in (7.9).

Parametrize Γ as

γ(t) =


t if t < −ε
ε(cosπt/ε,− sinπt/ε) if t ∈ [−ε, ε]
−t if t > ε.

If |t| ≥ ε, then for general s ∈ C,

γ(t)−s =

{
|t|−se−iπs if t < −ε
|t|−se+iπs if t > ε

therefore with our small ε and large enough ℜs,
ˆ
Γ

λ−sbi,−m−ℓ(x, ξ, λ)dλ =

ȷ
|λ|=ε

λ−s tr bi,−m−ℓ(x, ξ, λ) dλ

+

ˆ −ε

−∞
|t|−se−iπs tr bi,−m−ℓ(x, ξ, t) dt−

ˆ ∞

ε

|t|−seiπs tr bi,−m−ℓ(x, ξ,−t) dγ(t)

=

ȷ
|λ|=ε

λ−s tr bi,−m−ℓ(x, ξ, λ) dλ− 2i sin(πs)

ˆ ∞

ε

|t|s tr bi,−m−ℓ(x, ξ,−t) dt.

Thus

εpi,−s,−ms−ℓ(x, ξ) =
i

2π

ȷ
|λ|=ε

λ−s tr bi,−m−ℓ(x, ξ, λ) dλ

+
1

π
sin(πs)

ˆ ∞

ε

|t|s tr bi,−m−ℓ(x, ξ,−t) dt (7.10)

In this decomposition of εpi−s,−ms−ℓ, the first term, the clockwise oriented
integral along the circle, is an entire function of s. Both terms are homogeneous of
degree −ms− λ when |ξ|g,x ≥ 1.

We now argue that the εpi,−s,−ms−ℓ are actually entire functions of s. Define

εP̃i,−sm : C∞
c (Ui, EUi) → C∞(Ui, EUi)

by

C∞
c (Ui;EUi) ∋ u 7→ εP−msu

∣∣
Ui

∈ C∞(U ;EUi).

The open set Ui is the domain of a local chart as well as of an orthonormal frame of
E. Decompose εP̃i,−sm as a matrix of scalar operators εP̃µν according to that frame.
Let φi ∈ C∞

c (Ui) be equal to 1 in a neighborhood of suppφ1,i, define

εp̃µν,s,−ms(x, ξ) = e−imx·ξ εP̃µν (e
i(·)·ξφi)(x)

and let εp̃i,−s,−ms be the matrix with these coefficients. This is, for each s ∈ C, a
classical symbol of order −ms (really −mℜs) depending holomorphically on s. It
has an asymptotic expansion

εp̃i,s,−ms(x, ξ) ∼
∑
ℓ

εp̃i,s,−ms−ℓ(x, ξ),
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εp̃i,s,−ms−ℓ(x, ξ) (complex-) homogeneous of degree −ms− ℓ, and with the pseudo-

differential operators operators εP̃i,−ms it defines one has that

εP−ms −
∑
i

φ1,i
εP−msφ0,i

is smoothing (and entire). Replacing the original εpi,s,−ms by the εp̃i,s,−ms we can
then assume that the εpi,s,−ms are entire, rather than just as stated in (7.7), and
redefine (7.4):

εpi,−s−ms−ℓ is entire, and

εpi,−s−ms−ℓ(x, τξ) = τ−ms−ℓεpi,−s−ms−ℓ(x, ξ)

if |ξ|g,x and τ are ≥ 1. Furthermore

εP−ms−ℓ =
∑
i

φ1,i op(
εp−s,−ms−ℓφ0,i).

(7.11)

Consequently, in (7.10) both terms on the right are entire, and in (7.9), all
operators are entire in s.





CHAPTER VI

The ζ function

1. Pseudodifferential definition of ζP

We continue with the notation and assumptions of the previous chapter, still
following Seeley [29] very closely.

Let KεP−s be the Schwartz kernel of εP−s, a distribution whose singular set

is contained in the diagonal of M × M. Since εP−s ∈ Ψ−mℜs(M;E), KεP−s is
continuous when mℜs > n. For such s, KεP−s is trace class and we can use the
pseudodifferential version of (V.1.3) to define the ζ function:

εζ(s) = Tr(εP−s)

In view of Corollary V.7.8,

Tr(εP−s) =

N∑
ℓ=0

Tr(KεP−ms−ℓ) + Tr(KεP̃−ms−N−1
) (1.1)

with Tr(εP−ms−ℓ) holomorphic in ℜs > −ℓ/m and Tr(εP̃−ms−N−1) holomorphic in
ℜs > −(N + 1)/m.

2. Poles and residues of the zeta function

We now analyze the individual contributions of εpi,−s,−ms−ℓ, see (V.7.11), to
the trace of εP−ms−ℓ. We have

KεP−s,m−ℓ(x, x
′) =

1

(2π)n

∑
i

ˆ
Rn
ei(x−x

′)·ξφ1,i(x)
εpi,−s,−ms−ℓ(x, ξ)φ0,i(x

′) dξ

so

Tr(εP−s,m−ℓ) =
∑
i

1

(2π)n

ˆ
Ui

ˆ
Rn

tr εpi,−s,−ms−ℓ(x, ξ)φ0,i(x) dξmi(x) dx;

here m = mi(x) dx in the coordinates of Ui. We used that φ1,i = 1 on the support
of φ1,i so φ1,i(x)φ0,i(x

′) = φ0,i(x) when x
′ = x.

Fix χ0 ∈ C∞
c (R) with χ0(τ) = 1 neat τ = 0 and χ0(τ) = 0 if |τ | > 1. Define

χ1(τ) = 1− χ0(1/τ), so

εpi,−s,−ms−ℓ(x, ξ) = χ0(|ξ|g,ξ) εpi,−s,−ms−ℓ(x, ξ) + χ1(|ξ|−1
g,ξ)

εpi,−s,−ms−ℓ(x, ξ).

In this spliting, the first term is

χ0(|ξ|g,x)
i

2π

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ, λ) dλ,

see (V.7.11), which is entire in s: the eventual contribution of this term to the trace
is though a smoothing operator (so trace class already) that is an entire function
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of s. To get the contribution of the second term we introduce polar coordinates,

ξ = r−1ξ̂ (bringing ∞ to 0),

ξ̂ ∈ Sn−1
x = {ξ : |ξ|g,x = 1}.

and recall that εpi,−s,−ms−ℓ is (complex-) homogeneous (in ξ for large ξ) of order
−ms− ℓ:

εpi,−s,−ms−ℓ(x, ξ) =
i

2π
|ξ|−ms−ℓg,x

ˆ
Γ

λ−sbi,−m−ℓ(x, ξ̂, λ) dλ

and entire, see (V.7.11) The contribution of this to the trace is thus

1

(2π)n

ˆ
Ui

ˆ
Sn−1
x

tr εpi,−s,−ms−ℓ(x, ξ̂) dξ̂mi(x)dx

ˆ ∞

0

χ1(r) r
ms+ℓ−n dr

r
,

with dξ̂ the surface measure of Sn−1
x . Keep in mind that χ1(r) vanishes for large r.

Lemma 2.1. The radial integral converges absolutely if ℜs > (n − ℓ)/m but
extends as a meromorphic function on all of C with a single simple pole at s =
n/m− ℓ/m with residue 1/m (independently of χ1).

Proof. We have

(s− (n− ℓ)/m)

ˆ ∞

0

χ1(r) r
ms+ℓ−n dr

r
=

1

m

ˆ ∞

0

χ1(r)
d

dr
rms+ℓ−n dr

= − 1

m

ˆ ∞

0

χ′
1(r)

d

dr
rms+ℓ−n dr

using integration by parts. Since χ1(r) is contant when r is small or when r is large,
the integral converges for any s and thus defines am entire function of s. Its value
at s = (n− ℓ)/m is the residue. This is

− 1

m

ˆ ∞

0

χ′(r) dr = − 1

m
χ(r)

∣∣∣r=∞

r=0
=

1

m
.

□

The value s = (n− ℓ)/m lies in the set {s ∈ C : ℜs > −ℓ/m} where

1

(2π)n

ˆ
Ui

ˆ
Sn−1
x

tr εpi,−s,−ms−ℓ(x, ξ̂) dξ̂mi(x)dx

is holomorphic, so Tr(εP−ms−ℓ) is meromorphic on ℜs > −ℓ/m with a pole at
n/m− ℓ/m and residue

c(n−ℓ)/m =
i

(2π)n+1m

∑
i

ˆ
Ui

ˆ
Sn−1
x

ˆ
Γ

λ−(n−ℓ)/m tr bi,−m−ℓ(x, ξ̂, λ) dλ dξ̂mi(x)dx

at that point.

Proposition 2.2. If (n− ℓ)/m is an integer ≤ 0, then c(n−ℓ)/m = 0.

Proof. In (7.10), if s = (n− ℓ/s) is an integer, the term involving the integral
over [ε,∞) vanishes simply because sin(πs) = 0 because e−iπs = eiπs in that case.
If in addition the integer s is non-positive, then the closed integral vanishes because
there is no pole at 0. □

In view of (1.1) we have:
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Theorem 2.3. The function εζ(s) is meromorphic on C with simple poles on
the set

{s : s = (n− ℓ)/m, ℓ ∈ N0}
The residue at (n− ℓ)/m is

Res(εζ, (n− ℓ)/m) = c(n−ℓ)/m

which vanishes if (n− ℓ)/m is an integer ≤ 0.

By the Ikehara Tauberian theorem (Wiener [38, p. 44]),

Corollary 2.4. Let {λk}∞k=0 be the sequence of eigenvalues of P , as a mono-
tone sequence with eigenvalues repeated accodring to their multiplicity. Let

NP (λ) = #{k : λk < λ}.
Then

NP (λ) ∼ cn/mλ
n/m as λ→ ∞.





CHAPTER VII

Differential operators

1. Definition, characterization

Let E → M be a vector bundle. Viewing E as a smooth manifold on its own,
it makes sense to speak about the set of smooth maps M → E and its topology. In
particular there is a topology on C∞(M;E).

Let E,F → M be complex vector bundles. Differential operators are defined
as follows, inductively on the order:

Definition 1.1. Let P : C∞(M;E) → C∞(M;F ) be a continuous linear
operator.

(i) P is a differential operator of order −1 iff P = 0.
(ii) If m ≥ 0, then P is of order m iff for every f ∈ C∞(M), the operator

C∞(M;E) ∋ u 7→ P (fu)− fP (u) ∈ C∞(M;F ) (1.2)

is a differential operator of order m− 1.

For the sake of simplifying the notation we will assume F = E and write
Diffm(M;E) for the space of differential operators C∞(M;E) → C∞(M;E) of
order at most m. Also, write [P, f ] for the operator (1.2). (If F ̸= E then this is
not a commutator but the expression still makes sense.)

The advantage of this definition, later the characterization of differential op-
erators in Theorem 1.10, and the definition of pseudodifferential operators, is that
it is independent of coordinates. So any conclusion that can be drawn in some
coordinate system will also hold when done in a different coordinate system. We
mostly follow Hörmander [14] and Nirenberg [23]

If P ∈ Diff0(M;E), then the condition [P, f ] = 0 implies P is given by a
smooth map p : E → E such that p(x) maps Ex → Ex linearly. In terms of this
homomorphism, P is given by

If u ∈ C∞(M;E) then Pu ∈ C∞(M;E) is the section x 7→ p(x)(u(x)).

This implies that P (u) vanishes on any open set on which u vanishes. By induction
this will hold for P ∈ Diffm(M;E): for such P suppose u vanishes on the open set
U . Let f ∈ C∞(M) be such that f = 0 in an open subset V ⊂ U but f = 1 in the
complement of U . Then u = fu, hence

P (u) = P (fu) = fP (u) + [P, f ](u).

Since [P, f ] is of order m − 1, [P, f ](u) vanishes in U . And fP (u) vanishes in the
set where f vanishes, which includes V. So P (u) vanishes in any subset of U , hence
in U .

Proposition 1.3. Differential operators are local: suppPu ⊂ suppu.

59
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Since P is local, it can be analyzed on arbitrary open sets. From this and some
more work one gets that P is a differential operator in the familiar sense, a matrix
of differential operators.

Proposition 1.4. If P ∈ Diffm(M;E) then:

(i) for any smooth f : M → R and section u of E,

p(f, u, τ) = e−iτfP (eiτfu)

is a polynomial in τ of degree ≤ m with values in C∞(M;E). Let

p(f, u, τ) =

m∑
ℓ=0

pℓ(f, u)τ
ℓ.

(ii) The leading coefficient of p(f, u, τ),

pm(f, u) = lim
τ→∞

1

τm
e−iτfP (eiτfu),

is, as a function of u, a differential operator of order 0, thus defines a
homomorphism pm(f) : E → E. In general, u 7→ pℓ(f, u) is a differential
operator of order m− ℓ.

(iii) For any f : M → R and x0 ∈ M, this homomorphism depends only on
df(x0) ∈ T ∗

x0
M.

(iv) If pm(f) = 0, then P is a differential operator of order m− 1.

The point of view in this proposition is that of Hörmander [14], already men-
tioned, who uses it to motivate the definition of pseudodifferental operators later.
We will also use his approach when defining the latter. (One can take f to be
complex valued, but that will not be convenient.)

Observe that if P is of order m and h is a smooth function, then u 7→ P (hu)
is again a differential operator of order m (also u 7→ hP (u), trivially): One has, for
any f and u:

P (hfu)− fP (hu) = (P (hfu)− hfP (u))− (fP (hu)− fhP (u)).

But u 7→ P (hfu)− hfP (u) and u 7→ P (hu)− hP (u) are of order m− 1.

Proof. We prove Part (i) by induction. Suppose P ∈ Diff0(M;E), let f and
u be arbitrary as stated. Then

∂

∂τ
p(f, u, τ) = ie−iτf

(
P (feiτfu)− fP (eiτfu)

)
= e−iτf [P, f ](eiτfu)

(1.5)

which vanishes because u 7→ P (eiτfu) is a differential operator of order 0. Suppose
now that the statement is true for differential operators of order m − 1 for some
m > 0. The expression in the last line of (1.5) is a polynomial of degree m− 1, so
p(f, u, τ) is a polynomial of degree m. This completes the proof of (i).

For part (ii) note first that

pm(f, u) =
1

m!

dm

dτm
p(f, u, τ) =

m∑
k=0

1

m!

(
m

k

)
(−if)m−kP ((if)ku). (1.6)
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If h : M → C is arbitrary, then

pm(f, hu)− hpm(f, u) =

m∑
k=0

1

m!

(
m

k

)
(−if)m−kP ((if)khu)

− h

m∑
k=0

1

m!

(
m

k

)
(−if)m−kP ((if)ku)

=
1

m!

dm

dτm
e−iτf [P, h](eiτfu)

which vanishes because [P, h] is a polynomial of degree m− 1. Thus u 7→ pm(f, u)
is of order 0. A similar argument proves the second assertion of Part (ii).

For Part (iii) we show first:

if P ∈ Diffk(M;E), if f1, . . . , fk+1 vanish at x0, then
P (f1, . . . , fk+1u)(x0) = 0.

(1.7k)

This holds when k = 0. Suppose this holds for k = m− 1, let f1, . . . , fm be smooth
and vanish at x0 and let u ∈ C∞(M;E). The right hand side of

P (f1 · · · fm+1u) = fm+1P (f1 · · · fmu) + [P, fm+1](f1 · · · fmu)

evaluated at x0 vanishes because fm+1 does and [P, fm+1] is of order m− 1. Thus
P (f1 · · · fm+1u)(x0) = 0.

Observe now that p(f, u, τ)(x0) = p(f − f(x0), u, τ)(x0), so we may assume
f(x0) = 0. Keeping this assumption throughout, the assertion in Part (iii) is that

if f and f̃ agree to first order at x0, then pm(f)(x0) = pm(f̃)(x0). Suppose then
that f = f1 + f2 where f1 vanishes at x0 and f2 vanishes to first order. Using (1.6)
we have

pm(f, u)(x0) =
1

m!
P ((i(f1 + f2))

mu)(x0)

=
1

m!
P ((if1)

mu+ fm−1
1 hu)(x0)

=
1

m!
P ((if1)

mu) +
1

m!
P (fm−1

1 hu)(x0)

where h vanishes to order 2 at x0. The first term in the last line is pm(f1, u)(x0).
The second vanishes, because fm−1

1 h is a linear combination of products of m + 1
functions vanishing at x0. Thus pm(f, u)(x0) = pm(f1, u)(x0).

We leave the proof of Part (iv) to the reader. □

The principal symbol of a differential operator is defined only on ṪM = T ∗M\0
(on a zero covector it would be 0 anyway if the order of the operator is ≥ 1). Let

π̇ : Ṫ ∗M → M be the restriction of the projection.

Definition 1.8. Let P ∈ Diff(M;E), let ξξξ0 ∈ T ∗M, ξξξ ̸= 0, let f be smooth,
real valued, defined near x0 = π(ξξξ0) with df(x0) = ξξξ0. The principal symbol of P
is the homomorphism

σσ(P ) ∈ C∞(Ṫ ∗M; π̇∗E), σσ(P )(df(x0))(u) = pm(f, u), df(x0) ̸= 0, u ∈ Ex0 .

The operator P is elliptic if σσ(P )(ξξξ) is invertible for all ξξξ ∈ T ∗M\0.
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Part (ii) of Proposition 1.4 gives a practical formula for the primcipal symbol
of P : If ξξξ0 = df(x0) and u0 = u(x0), then

σσ(P )(ξξξ0)(u0) = lim
τ→∞

1

τm
e−iτf(x0)P (eiτfu)(x0). (1.9)

The property (1.7k) is equivalent to the statement that that P (fu)(x0) vanishes
if f vanishes to order k. With k = m it implies that P is a differential operator
of order m in the usual sense. To simplify the notation assume that P is a scalar
operator. Pick x0 ∈ M let x1, . . . , xn be coordinates in a neighborhood U of x0.
Let χ ∈ C∞

c (M) be supported in U , equal to 1 in an open set V where χ(x) = 1,
x0. Let u be an arbitrary smooth function. If x′ ∈ V, then

u(x) =
∑

|α|≤m

1

α!

∂|α|u

∂xα
(x′)χ(x)(x− x′)α

+ χ(x)Rm+1(u, x, x
′) + (1− χ(x))u(x).

As function of x, the functions on the second line vanish to order m + 1 or higher
when x = x′. Thus

P (u)(x′) =
∑

|α|≤m

1

α!
P (χ(·)(· − x′)α)

∂|α|f

∂xα
(x′).

The following characterization of differential operators is more relevant to us.

Theorem 1.10. If P : C∞(M;E) → C∞(M;E) is linear, continuous and local,
and satisfies the condition that for any smooth f : M → R and smooth section u of
E there is C > 0 such that

|p(f, u, τ)| ≤ C(1 + |τ |)m, (1.11)

then P is a differential operator of order m. In the estimate we use some Hermitian
inner product on E.

The proof below is a second proof that P is a differential operator in the usual
sense. Given that P is local, ifM is a compact manifold the estimate is not necessary
to conclude that P is a differential operator (of some order). If M is not compact,
then the conclusion without the estimate is still true, but the order of the operator
is finite only locally. Peetre’s theorem [24] is stronger: If P : C∞

c (M) → C−∞(M)
is linear and local, then P is a differential operator (locally of finite order); in
particular, continuity is not needed.

Proof. Let U ⊂ M be the domain of a system of local coordinates x1, . . . , xn,
so small that E is trivial over U . Fix local non-vanishing sections η of E and η∗

of E∗ over U (part of local frames). Let χ1, χ0 ∈ C∞
c (U) be such that χ1 = 1 on

suppχ0. The operator

C∞(M) ∋ φ 7→ Pχ1,χ0,η,η∗(φ) = ⟨θ∗, χ1P (χ0φη)⟩ ∈ C∞(M)

where the pairing is meant to be fiberwise so it produces a function, is still contin-
uous, linear, and local, and satisfies the same estimate as P : for any smooth f and
φ there is C > 0 such that

|e−iτfPχ1,χ0,η,η∗(e
iτfφ)(x)| ≤ C(1 + |τ |m).
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We will omit the reference to η and η∗ in the next paragraphs. Pχ1,χ0
acts on

functions and produces functions, and is local. Let

pχ1,χ0(x, ξ) = e−ix·ξPχ1,χ0(e
i(·)·ξ),

a smooth function bounded by C(1 + |ξ|)m, as is seen by writing ξ = |ξ|ξ̆, |ξ̆| = 1.

2. Local representation

We continue with the notation of the previous section.

Theorem 2.1. If φ ∈ C∞
c (U), then

1

(2π)n

ˆ
Rn
eix·ξpχ1,χ0(x, ξ)φ̂(ξ) dξ = Pχ1,χ0(φ)(x). (2.2)

The integral converges absolutely because pχ1,χ0
is tempered in ξ and φ̂ is

rapidly decreasing.

Proof. Indeed,

1

(2π)n

ˆ
Rn
eix·ξpχ1,χ0

(x, ξ)φ̂(ξ) dξ

=
1

(2π)n

ˆ
Rn
eix·ξ[e−ix·ξPχ1,χ0

(ei(·)·ξ)(x)]φ̂(ξ) dξ

=
1

(2π)n

ˆ
Rn
Pχ1,χ0

(ei(·)·ξφ̂(ξ))(x) dξ

= Pχ1,χ0

( 1

(2π)n

ˆ
Rn
ei(·)·ξφ̂(ξ)

)
(x) dξ

= Pχ1,χ0(φ)(x)

using linearity in the second equality, continuity and linearity in the third, and the
Fourier inversion formula in the fourth. (Since P is local, χ1 is not really relevant
here; later it will be useful). □

The operator φ 7→ Pχ1,χ0
(φ) has Schwartz kernel

Kχ1,χ0(x, x
′) =

1

(2π)n

ˆ
Rn
ei(x−x

′)·ξpχ1,χ0(x, ξ) dξ,

a distribution on U × U . (Since pχ1,χ0
(x, ξ) is tempered in ξ, the partial inverse

Fourier transform

p̌χ1,χ0(x, y) =
1

(2π)n

ˆ
Rn
eiy·ξpχ1,χ0(x, ξ) dξ

is well defined in the distributional sense; replace y = x − x′.) The kernel Kχ1,χ0

has te property that

⟨Pχ1,χ0
(φ), ψ⟩ = ⟨Kχ1,χ0

, ψ φ⟩, (v u)(x, x′) = v(x)u(x′)

for any u, v ∈ C∞
c (U). Consequently the distribution Kχ1,χ0

vanishes on finite
linear combinations of functions of the form v u with disjoint supports. In general
the space of finite linear combinations of functions of the form v u is dense in
C∞(U × U) (see Ehrenpreis [8, Lemma 1]). The conclusion is that Kχ1,χ0

vanishes
on functions on U × U whose support is disjoint from the diagonal in U × U . That
is, suppKχ1,χ0 ⊂ diag(U × U).
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The fact that suppKχ1,χ0
⊂ diag(U × U) ∩ supp(χ1 χ0) is compact implies

there are C and M such that

|⟨Kχ1,χ0 , w⟩| ≤ sup
(x,x′)∈S,|α|+|β|≤M

|(∂x − ∂x′)α(∂x + ∂x′)βw(x, x′)| (2.3)

We show (with a proof adapted from Hörmander [13, p. 12]):

if (∂x − ∂x′)αw(x, x′) = 0 for |α| ≤M on diag(U × U), then
⟨Kχ1,χ0

, w⟩ = 0.

For such w one has

w(x.x′) =
∑

|α|=M+1

wα(x, x
′)(x− x′)α

Let χ ∈ C∞
c be equal to 1 in a neighborhood of 0. With the function χε(x, x

′) =
χ(ε−1(x− x′)) we have

|(∂x − ∂x′)α(∂x + ∂x′)βχεw(x, x
′)| ≤ CεM+1−|α|.

Since Kχ1,χ0 is supported on the diagonal and χε is equal to 1 in a neighbor-
hood of suppKχ1,χ0

, we have Kχ1,χ0
= χεKχ1,χ0

. It follows that ⟨Kχ1,χ0
, w⟩ =

⟨χεKχ1,χ0
, w⟩ = ⟨Kχ1,χ0

, χεw⟩ and from this and (2.3) that

|⟨Kχ1,χ0
, w⟩| ≤ Cε.

Consequently, (x− x′)αK = 0 if |α| ≥M + 1. Indeed, with such α

⟨(x− x′)αKχ1,χ0
, w⟩ = ⟨Kχ1,χ0

, (x− x′)αw⟩ = 0

for any compactly supported smooth function w. But

(x− x′)αKχ1,χ0
=

1

(2π)n

ˆ
R
(x− x′)αei(x−x

′)·ξ pχ1,χ0
(x, ξ) dξ

=
1

(2π)n

ˆ
R
Dα
ξ e

i(x−x′)·ξ pχ1,χ0
(x, ξ) dξ

=
1

(2π)n

ˆ
R
ei(x−x

′)·ξ (−Dξ)
αpχ1,χ0

(x, ξ) dξ

Replacing (x− x′) = y, get

0 =
1

(2π)n

ˆ
R
eiy·ξ (−Dξ)

αpχ1,χ0
(x, ξ) dξ

The Fourier transform in y yields (−Dξ)
αpχ1,χ0(x, ξ) = 0 whenever |α| ≥ M + 1.

So ξ 7→ pχ1,χ0(x, ξ) is a polynomial of degree ≤M . Because of the estimate (1.11),
pχ1,χ0

(x, ξ) is a polynomial in ξ of degree (at most) m. Therefore, by (2.2), φ 7→
Pχ1,χ0

(φ) is a differential operator of order m. Since this is true for any χ0 and χ1

and local non-vanishing sections η of E and θ∗ of E∗, so P itself is a differential
operator of order m. □

The following proposition follows from the proof

Proposition 2.4. With the hypotheses of Proposition 1.10, suppose U is the
domain of a system of local coordinates x1, . . . , xn, so small that E is trivial over U .
Let η1 . . . , ηr be a frame of E over U . Then there are (scalar) differential operators

P kj (x,Dx)φ =
∑

|α|≤m

pkjα(x)D
α
xφ



3. ADJOINTS 65

such that
P (

∑
j

ujηj) =
∑
k,j

P kj (u
j)ηk.

The fact that if P is a differential operator, then suppPu ⊂ suppu implies: if
u = v near p0, then Pu = Pv near x0.

Let K ⊂ M be compact, let N ∈ N0. If P ∈ Diffm(M;E), then

℘P,K(u) = sup
x∈K

|Pu(x)|, u ∈ C∞(M;E),

is a seminorm. The topology of C∞(M;E) described at the beginning of this section
is the largest topology generated by the collection of seminorms of the form ℘P,K
with P ∈ DiffN (M;E) for any N and K ⋐ M.

We finish with an auxiliary result.

Lemma 2.5. Let P ∈ Diff(M;E). Then, for any u ∈ C∞(M;E), the operator
C∞ ∋ f 7→ P (fu) ∈ C∞(M;E) is a differential operator of order m.

Proof. By induction. This holds if P is of order 0. Suppose it holds for any
operator of order m− 1 and any u. Suppose P is of order m. Since

P (fu) = fP (u) + [P, f ]u,

we see that we need to show that f 7→ [P, f ]u is of order m. We do this by showing
that if h ∈ C∞(M), then

C∞ ∋ f 7→ [P, hf ]u− h[P, f ]u ∈ C∞(M;E) (2.6)

is of order m− 1 for any h ∈ C∞(M). Expanding the brackets we get

[P, hf ]u− h[P, f ]u = [P, h](fu).

Since [P, h] ∈ Diffm−1(M;E), the induction hypothesis gives that (2.6) is of order
m− 1. □

Locally, in coordinates x1, . . . , x
n and a local frame ηj of E on U ,

P (
∑
j

ujηj) =
∑
k

(
∑
α,j

pkj,αD
α
xu

j)ηk

and

P (
∑
j

ujηj)(fu) =
∑
k

∑
α,j

∑
α′+α′′=α

α!

α′!α′′!
pkj,α(D

α′

x f)(D
α′′

x uj)ηk

3. Adjoints

Suppose now that E → M is Hermitian and m is a positive density on M.
Define

(u, v)0 =

ˆ
M
(u(x), v(x))x dm(x), u, v ∈ C∞(M;E)

and let L2(M;E) be the closure of C∞
c (M;E) by the norm defined with this inner

product. The formal adjoint of P ∈ Diffm(M;E) is the operator P ⋆ : C∞
c (M;E) →

L2(M;E) such that

(P ⋆u, v) = (u, Pv)0 for all u, v ∈ C∞
c (M;E).

It exists because of the Riesz representation theorem; uniqueness holds because
C∞
c (M;E) is dense in L2(M;E).
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Theorem 3.1. If P ∈ Diffm(M;E), then P ⋆ ∈ Diffm(M;E).

The shortest argument is by using the local representation of Proposition 2.4
and integration by parts.

Lemma 3.2. For any P ∈ Diffm(M;E), σσ(P ∗)(ξξξ) = σσ(P )(ξξξ)∗.

Proof. Let f : M → R be real valued, u, v ∈ C∞
c (M). Then

(e−iτfP (eiτfu, v))0 = (u, e−iτfP ⋆(eiτfv))0

Assuming u and v with support in the set U where df ̸= 0, this gives

(σσ(P )(df)(u), v)0 = (u, σσ(P ⋆)(df)(v))0

after dividing m and letting τ → ∞. Hence

(u, σσ(P )(df)∗(v))0 = (u, σσ(P ⋆)(df)(v))0

for any u ∈ C∞
c (U). □

Example 3.3. A connection on E is a continuous operator

∇ : C∞(M;E) → C∞(M;E ⊗ T ∗M)

such that

∇(fu) = f∇u+ u⊗ df, f ∈ C∞(M), u ∈ C∞(M;E).

Connections are first order operators: u 7→ ∇(fu) − f∇u = u ⊗ df is evidently of
order 0. The principal symbol of ∇ is computed using (1.9): using

e−iτf∇(eiτfu) = ∇u+ u⊗ iτdf

get

σσ(∇)(ξξξ)(·) = lim
τ→∞

1

τ
e−iτf∇(eiτfu) = i(·)⊗ ξξξ.

For ξξξ0 ∈ Ṫ ∗
x0
, the mapping Ex ∋ u0 7→ iu0 ⊗ ξξξ0 is injective.

Now pick a metric g on T ∗M, use it together with the Hermitian form of E to
get an inner product on the fibers of E ⊗ T ∗M and with thia, the formal adjoint
of ∇. For ηηη,ξξξ ∈ T ∗M define ηηη ⌋ ξξξ = g(ηηη,ξξξ). Then

σσ(∇⋆)(ξξξ)(u⊗ ξξξ) = σσ(∇)(ξξξ)∗(u⊗ ξξξ) = (ξξξ ⌋ ξξξ)u = |ξξξ|2u.
This is, the principal symbol of ∇⋆∇ is |ξξξ|2I .
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Pseudodifferential operators

1. Symbols

Let M be a smooth manifold, not necessarily closed, E → M a vector bundle,
π : M× R+ → M the projection.

Definition 1.1. Letm ∈ R. The space Sm(M;E) of symbols on M of orderm
with values in E consists of all a ∈ C∞(M×R+;π∗E) such that for any seminorm
℘E of C∞(M;E) and k ∈ N0 there is C such that

℘E(
dk

dτk
a(·, τ)) ≤ C(1 + τ)m−k

The functional ℘E,k : Sm(M;E) → R given by

℘E,k(a) = sup
τ∈R+

℘E(d
ka/dτk(·, τ))

(1 + τ)m−k

is a seminorm on Sm(M;E). The topology of Sm(M;E) is the largest topology
generated by these seminorms.

A section a ∈ C∞(M× R+;π∗E) with the property that τ−mam(·, τ) is inde-
pendent of τ for large τ uniformly on compact subsets of M is said to be eventually
positively homogeneous of degree m. Let Smh (M;E) denote the space of such ele-
ments.

Definition 1.2. The space of classical symbols on M of order m with values
in E, denoted Smcℓ (M;E), consists of those a ∈ Sm(M;E) for which there is am ∈
Smh (M;E) such that

(i) a− am ∈ Sm−1(M;E)
(ii) a− am is classical of order m− 1.

The section
τm lim

τ→∞
τ−mam(·, τ)

is the principal part of a; often we write am also for this element.

If a ∈ Smcℓ (M;E) and am is its principal part, then a− am ∈ Sm−1
cℓ (M;E) has

a principal part am−1 and a− am − am−1 ∈ Sm−2(M;E). More generally:

Lemma 1.3. Let a ∈ Smcℓ (M;E). There are

am−j ∈ Sm−j
h (M;E), j = 0, 1, . . .

such that

for any N ∈ N0, a−
N∑
j=0

am−j ∈ Sm−N−1(M;E). (1.4)

67
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The am−j are essentially unique: if ãm−j ∈ Sm−j
h (M;E) also satisfy (1.4), then

am−j − ãm−j = 0 for large τ uniformly over compact sets.

The uniqueness is proved by induction beginning with

τ−mam(·, τ) = lim
s→∞

s−ma(·, s)

for large τ
If a ∈ Smcℓ (M;E) and am−j ∈ Sm−j

cℓ (M;E) are such that (1.4) holds for all N ,
then we say that a is asymptotic to

∑
am−j , written

a ∼
∞∑
j=0

am−j

2. Pseudodifferential operators

If A : C∞
c (M;E) → C∞(M;E) is linear and continuous, if f : M → R is a

smooth function and u a smooth section of E, then

a(f, u, τ) = e−iτfA(eiτfu)

is a smooth section of π∗(E). In the next definition we write C∞
¬0(U) for the subset

of C∞(U ,R) whose elements are real-valued and satisfy df(x) ̸= 0 for all x ∈ U . We
give C∞

¬0(U) the subspace topology. Also, EU means the part of E over U . The map
(f, u) 7→ a(f, u, τ) is continuous, but we need the asymptotic behavior as τ → ∞.
This is why we will require df nowhere 0 on supp(u).

Definition 2.1. Let A : C∞
c (M;E) → C∞(M;E) be a continuous linear

operator.

(i) A is a pseudodifferential operator of order m if for every open U ⊂ M,

a(f, u, τ) ∈ Sm(U , EU ) for all f ∈ C∞
¬0(U) and u ∈ C∞

c (U , EU ),

and additionally, for all f0 ∈ C∞
¬0(U), for all ε > 0, for all seminorms ℘E

of C∞(U ;EU ) there are seminorms ℘¬0 of C∞(M) and ℘′
E of C∞(U ;EU )

such that

℘E(
dk

dτk
(a(f, u, τ)− a(f0, u, τ))) ≤ ε(1 + τ)m−k℘′

E(u)

if ℘¬0(f − f0) < 1 and u ∈ C∞
c (U , EU ). The space of pseudodifferential

operators of order m is denoted Ψm(M;E).

In particular, a(f, u, τ) ∈ Sm(U , E). (If just ℘¬0(f − f0) < r, r ̸= 0, for a given
seminorm, then r−1℘¬0(f − f0) < 1, so we can adjust the seminorm according to
our convenience.) The estimates express the continuity of (f, u) 7→ p(f, u, τ) written
out explicitly.

(ii) An operator A ∈ Ψm(M;E) is a classical pseudodifferential operator,
denoted A ∈ Ψmcℓ(M ;E), if for every open U ⊂ M, any f ∈ C∞

¬0(U) and

u ∈ C∞
c (U ;EU ) there are am−j(f, u, τ) ∈ Sm−j

h (U ;EU ) continuous as a
map (f, u) 7→ am−j(f, u, τ) such that

u 7→ τ−(m−j)am−j(f, u, τ)
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is a differential operator of order j independent of τ for large τ uniformly
on compact sets of U , such that

a(f, u, τ)−
N∑
j=0

am−j(f, u, τ) ∈ Sm−N−1(U , EU )

for any N ∈ N0.

For an excellent short exposition on pseudodifferential operators, see Nirenberg
[23]. Much of this section is based on that paper.

We now define the principal symbol of A ∈ Ψmcℓ(M;E). Let x0 ∈ M, and

f, f̃ ∈ C∞(M) be real-valued with df(x0) = df̃(x0) ̸= 0. Let U be a neighborhood

of x0 where df and df̃ do not vanish. In general, as with differential operators,
a(f, u, τ)(x0) = a(f−f(x0), u, τ)(x0) for any u, so we may assume f(x0) = f̃(x0) =
0. The task is to show that τ−mam(f, u, τ)(x0) depends only of df(x0) and u(x0)
when τ is large.

First, if f̃ = f in some neighborhood V ⊂ U of x0, then a(f, u, τ) = a(f̃ , u, τ) if

suppu ⊂ V, so also am(f, u, τ) = am(f̃ , u, τ) for such u. Since u 7→ τ−mam(f, u, τ)
is of order 0 and independent of τ for large τ ,

τ−mam(f, ·, τ)(x0) = τmam(f̃ , ·, τ)(x0) for large τ.

Next, assume only that f̃ − f vanishes to first order at x0. Let χ ∈ C∞
c (U) be

equal to 1 near x0 and supported in a neighborhood V of x0, so small that

d
(
f + s(f̃ − f)χ

)
̸= 0 on V when s ∈ [0, 1].

Let h = χ(f̃ − f). We will show am(f, u, τ)(x0) = am(f + h, u, τ)(x0) for large τ .
From the previous paragraph we have

am(f + h, u, τ)(x0) = am(f + (f̃ − f), u, τ)(x0) for large τ

hence

τ−mam(f, ·, τ)(x0) = τmam(f̃ , ·, τ)(c0) for large τ if df(x0) = df̃(x0).

Inserting

eiτ(f+h) = eiτf (1 + iτh

ˆ 1

0

eiτsh ds)

in the definition of a(f +h, u, τ), then using linearity and continuity and reorganiz-
ing, yields

e−iτ(f+h)A(eiτf (1 + iτh

ˆ 1

0

eiτsh ds)u)

= e−iτ(f+h)A(eiτfu) + iτe−iτ(f+h)A(eiτfh

ˆ 1

0

eiτsh ds u)

= e−iτha(f, u, τ) + iτe−iτ(f+h)

ˆ 1

0

A(eiτfheiτshu) ds

= e−iτha(f, u, τ) + iτ

ˆ 1

0

e−iτ(1−s)ha(f + sh, hu, τ) ds
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Thus

am(f + h, u, τ)(x0) =

e−iτh(x0)am(f, u, τ)(x0) + iτ

ˆ 1

0

e−iτ(1−s)h(x0)am(f + sh, hu, τ)(x0) ds

Since u 7→ am(f + sh, hu, τ) is of order 0,

am(f + sh, hu, τ)(x0) = am(f + sh, h(x0)u(x0), τ) = 0.

Thus
am(f + h, u, τ)(x0) = pm(f, u, τ)(x0).

Definition 2.2. Given the covector ξξξ ∈ Ṫ ∗M at x0, let f : M → R be smooth
with df(x0) = ξξξ. For A ∈ Ψmcℓ(M;E) define

σσm(A)(ξξξ) : Ex0 → Ex0 , σσm(A)(ξξξ)(u0) = lim
τ→∞

1

τm
e−iτfA(eiτfu)(x0)

where u ∈ C∞
c (M;E) is any extension of u0 with support in {x : df(x) ̸= 0}. Thus

σσm(A)(ξξξ)(u0) = τ−ma(f, u, τ)(x0), τ large.

The symbol of A ∈ Ψmcℓ(M;E) is a smooth section of Hom(π̇∗E, π̇∗E), positively
homogeneous of degree m:

σσm(A)(sξξξ) = sm σσm(A)(ξξξ), s > 0

thus an element of

Smh (Ṫ ∗M;π∗E) = {a ∈ C∞(Ṫ ∗M; End(π̇∗E)) :

a is positively homogeneous of degree m}

Observe also that Ψm−1
cℓ (M;E) ⊂ Ψmcℓ(M;E) and that by the definition, σσm(A),

vanishes if A ∈ Ψm−1
cℓ (M;E). In fact:

Theorem 2.3 (Symbol sequence). The sequence

0 → Ψm−1(M;E)
ι−→ Ψm(M;E)

σσm−−→ Smh (Ṫ ∗M;π∗E) → 0

is exact.

Theorem 2.4. Let P ∈ Diffm(M;E), let A ∈ Ψm
′

cℓ (M;E). Then

(i) P ◦A and A ◦ P belong to Ψm+m′

cℓ (M;E);

(ii) σσm+m′(P ◦ A)(ξξξ) = σσm(P )(ξξξ) ◦ σσm′(A)(ξξξ) for all ξξξ ∈ Ṫ ∗M, likewise for
A ◦ P .

This also holds when P is a pseudodifferential operator under some mild condi-
tions, but the proof is more delicate. We will restate it after the proof for the sake
reference in the form we will use it, just adding the hypothesis that M is closed.
The issue in general is to have some control of supports.

Proof. Let U ⊂ M be open, f ∈ C∞
¬0(U), u ∈ C∞

c (u). Then

e−iτf (P ◦A)(eiτfu) = e−iτfP (A(eiτfu))

= e−iτfP (eiτfe−iτfA(eiτfu))

= e−iτfP (eiτfa(f, u, τ))
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But e−iτfP (eiτfv) =
∑
ℓ τ

m−ℓpm−ℓ(f, v) where v 7→ pm−ℓ(f, v) is a differential
operator of order ℓ; here the support of v or whether df may vanish in some sets is
not an issue. Using this,

e−iτf (P ◦A)(eiτfu) =
m∑
ℓ=0

τm−ℓpm−ℓ(f, a(f, u, τ)).

But am−j(f, a(f, u, τ)) is an element of Sm−j+m′
(M;E) depending continuously on

(f, u), so P ◦A ∈ Ψm+m′
(M;E).

To show that P ◦A is classical, observe that

bm+m′−k(f, u, τ) =
∑
j+ℓ=k
ℓ≤m

τm−ℓpm−ℓ(f, am′−j(f, u, τ))

belongs to Sm+m′−k
h (U , EU ), that u 7→ τ−m−m′+kbm+m′−k(f, u, τ) is a differential

operator of order k, is independent of τ when τ is large, and that

m∑
ℓ=0

τm−ℓpm−ℓ(f, a(f, u, τ))−
N∑
k=0

bm+m′−k(f, u, τ) ∈ Sm+m′−N−1(U ;EU ).

The statement about the principal symbols follows from

bm+m′ = pm(f, am′(f, u, τ), τ).

This completes the proof of the theorem. □

Locally, the proof of Part (i) goes as follows. Suppose that A and A are scalar
operators. In the domain U of the local chart x1, . . . , xn, the operators are

Pu(x) =
∑

|β|≤m

pβ(x)D
β
xu(x), Av(x) =

1

(2π)n

ˆ
eix·ξa(x, ξ)v̂(ξ) dξ.

when u ∈ C∞(U) and v ∈ C∞
c (U). By the Leibniz rule,

Dβ
x

(
eix·ξa(x, ξ)) = eix·ξ

∑
α≤β

β!

α!(β − α)!
ξβ−αDα

xa(x, ξ)

=
∑
α

1

α!
∂αξ ξ

β Dα
xa(x, ξ)

So with p(x, ξ) =
∑

|β|≤m aβ(x), ξ
β we have

(P ◦A)(v) = 1

(2π)n

ˆ ∑
α

1

α!
∂αx p(x, ξ)D

α
xa(x, ξ)v̂(ξ) dξ. (2.5)

This is a finite sum because p(x, ξ) is polynomial in ξ. Note that

Pu(x) =
1

(2π)n

ˆ
eix·ξp(x, ξ)û(ξ) dξ.

when u is supported in U . The formula for the symbol representing the composition
of two pseudodifferential operators generalizes this. If b(x, ξ) gives B on U , then
(with some care about supports), the symbol c corresponding to B ◦A is

c(x, ξ) ∼
∑
α

∂αξ b(x, ξ)D
α
xa(x, ξ).
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Theorem 2.6. Let M be closed, let B ∈ Ψmcℓ(M;E) and A ∈ Ψm
′

cℓ (M;E).
Then

(i) B ◦A and A ◦B belong to Ψm+m′

cℓ (M;E);

(ii) σσm+m′(B ◦ A)(ξξξ) = σσm(B)(ξξξ) ◦ σσ(A)(ξξξ) for all ξξξ ∈ Ṫ ∗M, similarly for
A ◦B.

Proposition 2.7. If A ∈
⋂
N∈Z Ψ

N (M;E), then the Schwartz kernel of A is
a smooth section of E∗ E.

This will be proved later as part of Proposition 4.2. Let Ψ−∞(M;E) =⋂
N∈Z Ψ

N (M;E).

Theorem 2.8 (Asymptotic summability). Given Am−j ∈ Ψm−j(M;E), j =
0, 1, . . . , there is A ∈ Ψm(M;E) such that for each N ,

A−
N∑
j=0

Am−j ∈ Ψm−N−1(M;E). (2.9)

If A′ satisfies the same property, then A−A′ ∈ Ψ−∞(M;E).

One says that A is the asymptotic sum of the operators Am−j . We will show
later (Lemma 4.3) that the operators in Ψ−∞(M;E) are precisely the smoothing
operators, those whose Schwartz kernel is smooth. So operators with the same
asymptotic sum differ by a smoothing operator.

3. Parametrices of elliptic differential operators

Theorem 3.1. If P ∈ Diffm(M;E) is elliptic then there is A ∈ Diff−m(M;E)
such that

P ◦A = I −R′, A ◦ P = I −R′′

where R′′, R′ ∈ Ψ−∞(M;E) are pseudodifferential operators of arbitrary negative
order.

Proof. Ellipticity means that σσm(P )(ξξξ) is invertible for all ξξξ ∈ Ṫ ∗M. Let
a−m(ξξξ) = σσm(P )(ξξξ)−m; this is positively homogeneous of degree −m, so there is
A−m ∈ Ψ−m

cℓ (M;E) such that σσ(A−m) = σσm(P )−1. Then P ◦ Am ∈ Ψ0
cℓ(M;E)

and furthermore, σσ0(P ◦Am) = id ∈ C∞(Ṫ ∗M; End(π̇∗E)). Thus

σσ0(P ◦A−m − I ) = 0

because id = σσ0(I ), hence P ◦A−m− I ∈ Ψ−1
cℓ (M;E). Let R−1 = I −P ◦A−m, let

A−m−1 = A−m ◦R−1. Then A−m−1 ∈ Ψ−m−1
cℓ (M;E) and

P ◦ (A−m +A−m−1) = (I −R1) + (I −R−1)R−1 = I −R2
−1.

In general, let A−m−j = A−mR
j
−1. Then A−m−j ∈ Ψ−m−j

cℓ (M, E) and

P ◦
N∑
j=0

A−m−j = (I −R1)

N∑
j=0

Rj1 = I −RN+1
−1

Let A ∈ Ψ−m
cℓ (M;E) be such that (2.9) holds, let R′ = −I − P ◦A. Since

P ◦A− I = P ◦ (A−
N∑
j=0

A−m−j) + P ◦
N∑
j=0

A−m−j ∈ S−N−1
cℓ (M;E)



3. PARAMETRICES OF ELLIPTIC DIFFERENTIAL OPERATORS 73

for any N , R ∈ S−∞(M;E). Thus there is A ∈ Ψ−m(M;E) such that

P ◦A = I −R′.

Likewise there is AL such that AL ◦ P = I −R with R ∈ Ψ−∞(M;E). But

AL = AL ◦ (I −R′) +A ◦R′

= AL ◦ P ◦A+A ◦R′

= (I −R) ◦A+A ◦R′

= A− (R ◦A−A ◦R′)

Since (R ◦A−A ◦R′) ∈ Ψ−∞(M;E), also A ◦ P = I −R′′ with a suitable R′′. □

Example 3.2. ( Let M = S1, let P = eixD2
x, where x is the standard angular

variable. Then P is elliptic. Indeed, σσ(P )(ξ dx) = eixξ2, which is invertible (ξ ̸= 0).
We can construct a parametrix using Fourier series: the equation

eixD2
xu = f, f ∈ L2(S1), f =

∑
k

fke
ikx, f1 = 0

is solved by

u(x) =
∑
k ̸=0

1

k2
fk+1e

ikx.

In other words, if Π1 is the orthogonal projection on span(eix) (a smoothing oper-

ator, its Schwartz kernel is eixe−ix′
/2π), then

(Af)(x) =
1

2π

ˆ
S1

∑
k ̸=0

1

k2
eikx−i(k+1)x′

(f −Π1f)(x
′) dx′

solves
PAf = f −Π1f.

Thus A is a parametrix of P . Note that P has non-trivial kernel.

A left (resp., right) parametrix for P is an operator A such that A◦P−I (resp.,
P ◦A = I ) is a smoothing operator.

Proposition 3.3. Left or right parametrices of an elliptic differential operator
are pseudodifferential.

Proof. Suppose Q is a left parametrix of P , Q◦P = I −R with R smoothing.
Let A be a pseudodifferential right parametrix for P , so P ◦ A = I − R′. Then, as
in the proof above,

Q = A− (R ◦A−A ◦R′)

which says that Q is equal a pseudodifferential operator plus a smoothing operator.
But smoothing operators are pseudodifferental operators (of any order). Hence Q
is pseudodifferential. □

Suppose now that U is the domain of a local chart x1, . . . , xn of M over which
E is trivial. As in the case of a differential operator, using a local frame for E over
U we reduce the next few paragraphs to the case of a fixed scalar pseudodifferential
operator. Let then A ∈ Ψmcℓ(M), let χ0, χ1 ∈ C∞

c (M) be supported in U , define, as
before,

Aχ1,χ0
φ = χ1(x)A(χ0φ), aχ1,χ0

(x, ξ) = e−ix·ξAχ1χ0
(ei(·)·ξ).
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Then aχ1,χ0
is a smooth function. Writing ξ = |ξ|ξ̆ for ξ ̸= 0, the definition of A

being pseudodifferential gives:

For all K ⋐ U , for all multiindices α, β there exists C > 0 such
that

|Dα
x∂

β
ξ aχ1,χ0(x, ξ)| ≤ (1 + |ξ|)m−|β| if (x, ξ) ∈ K × Rn.

(3.4)

This property of aχ1,χ0
(x, ξ) expresses the fact that aχ1,χ0

∈ Sm(U ,Rn). Further,
the assumption that A is classical implies that

aχ1,χ0
(x, ξ) ∼

∞∑
j=0

aχ1,χ0,m−j(x, ξ)

where aχ1,χ0,m−j(x, ξ) is smooth and

|ξ|−(m−j)aχ1,χ0,m−j(x, ξ)

is independent of |ξ| for large |ξ|.

Theorem 3.5. If φ ∈ C∞(M), then

Aχ1,χ0
(φ)(x) =

1

(2π)n

ˆ
R
eix·ξaχ1,χ0

(x, ξ)φ̂(x′) dx′ dξ, φ ∈ C∞
c (U).

This is Theorem 2.1, now in the context of pseudodifferential operators; the
proof is the same.

4. Schwartz kernel

Being continuous operators, pseudodifferential operators have a Schwartz ker-
nel, in general a distribution on M×M with singular support on the diagonal.

Lemma 4.1. The Schwartz kernel of Aχ1,χ0 is

Kχ1,χ0(x, x
′) =

ˆ
Rn
ei(x−x

′)·ξaχ1,χ0(x, ξ) dξ

If m < −n− k, then Kχ1,χ0
is Ck function.

The lemma is proved using integrability in ξ and estimates of derivatives based
on the fact that aχ0,χ1 is a symbol.

Proposition 4.2. If suppχ0 ∩ suppχ1 = ∅, then there is a smooth function
Kχ1,χ0

such that

χ1(x)A(χ0φ)(x) =

ˆ
U
Kχ1,χ0

(x, x′)φ(x′) dx′.

Let K be the Schwartz kernel of A . Then sing-supp(K) ⊂ diag(M × M). If
m < −n − k then K is of class Ck. In particular, if A ∈ Ψ−∞(M;E), then K is
smooth.

Proof. The hypothesis about the supports of χ0 and χ1 implies that for each
multiindex α there is cα > 0 such that

cα < |(x− x′)α| when x ∈ suppχ1, x
′ ∈ suppχ0

hence
1

(x− x′)α
aχ1,χ0

(x, ξ)
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is smooth and an element of Sm(U ;Rn) for any α. Using this and

Kχ1,χ0(x, x
′) =

ˆ
Rn

(x− x′)αei(x−x
′)·ξ aχ1,χ0

(x, ξ)

(x− x′)α
dξ

=

ˆ
Rn
ei(x−x

′)·ξ (−Dξ)
αaχ1,χ0

(x, ξ)

(x− x′)α
dξ

shows that Kχ1,χ0 is Ck for any k since we can take α such that |α| > m+ n+ k.
Suppose now (x1, x0) /∈ diag(M × M), that is, x1 ̸= x0. We may assume

x0, x1 ∈ U (the domain of our local chart of M). Let χ0, χ1 ∈ C∞
c (M) be supported

in U , have disjoint supports but with χ0(x0) and χ1(x1) both different from 0. Let
K be the Schwartz kernel of A. Then χ1(x)K(x, x′)χ0(x) = Kϕ0,ϕ1

(x, x′). By
the first part, χ1(x)K(x, x′)χ0(x) is smooth. So K is smooth in the open set
{(x, x′) : x0(x′) ̸= 0, χ1(x) ̸= 0}.

Suppose now m < −n − k, let x0 be arbitrary. Again assuming x0 ∈ U , let
χ1 = χ0, with χ(x0) ̸= 0. Then χ1(x)K(x, x′)χ(x0) is of class Ck. and thus so is
K in a neighborhood of x0. □

Lemma 4.3. Let A : C∞
c (M) → C∞(M) be linear and continuous with smooth

Schwartz kernel. Then A ∈ Ψ−∞(M)

Proof. Let K be the Schwartz kernel of A. Suppose that U is the domain of
a local chart as above, let f ∈ C∞

¬0(U) and φ ∈ C∞
c (U) be arbitrary. We will show

that a(f, φ, τ)(x) is an element of S−∞(U ,Rn). The vector field

L =
1

|∇′
xf(x

′)|2
∇′
xf(x

′) ·D′
x

has the property that τ−1Leiτf(x
′) = eiτf(x

′). Here ∇ means the gradient in coor-
dinates. Thus (writing dm = µdx for the density dm in coordinates),

a(f, φ, τ)(x) =

ˆ
U
eiτ(f(x

′)−f(x))K(x, x′)φ(x′)µ(x′)dx

= τ−N
ˆ
U
LN (eiτ(f(x

′)−f(x)))K(x, x′)φ(x′)µ(x′)dx

= τ−N
ˆ
U
eiτ(f(x

′)−f(x))(L′)n(K(x, x′)φ(x′))µ(x′)dx

The integrand is smooth, compactly supported, and bounded independently of τ .
So

|a(f, φ, τ)(x)| ≤ C(1 + τ |)−N℘(φ)
□

The trick of using the property of L and integration by parts is standard in the
theory.

Corollary 4.4. Let A ∈ Ψmcℓ(M;E), let W be a neighborhood of the diagonal
in M × M. There is A′ ∈ Ψmcℓ(M;E) whose Schwartz kernel is supported in W
such that A−A′ ∈ Ψ−∞(M;E).
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Proof. Let χ ∈ C∞(M×M) be supported in W and equal to 1 in a neigh-
borhood of the diagonal. Split the Schwartz kernel K of A as

K = χK + (1− χ)K

and let A′, A′′ have, respectively, Schwartz kernel χK, and (1−χ)K. Since (1−χ)K
is smooth, A′′ ∈ Ψ−∞(M, E), hence A′ = A − A′′ is a pseudodifferential operator
of order m. □

In particular, sing-suppK ⊂ diag(M×M).

A convenient decomposition of A is as follows. Pick an open cover U = {Uκ}
of M by domains of local charts, perhaps chosen so E is trivial over the open
sets of the cover. Let {χ0,ν} be a partition of unity subordinate to U, say with
supp{χ0,ν} ⊂ Uρ(ν). Pick, for each ν, χ̃1,ν ∈ C∞

c (Uρ(ν)) be strictly positive on
suppχν,0. Let

χν,1 =
1∑

ν′ χ̃ν′,1
χ̃ν,1

These functions give another partition of unity subordinate to U with the advantage
that χν,0 and χν,1 have support on the domain of the same local chart. So we
can define aν(x, ξ) = aχ0,µ,χ1,µ(x, ξ) (with the local chart depending on ν). Each
operator Aν thus defined has Schwartz kernel Kν with suppKν ⊂ suppχν,1 χν,0.
The sum of these kernels is a distribution supported near the diagonal andK−

∑
Kν

is smoothing.

5. Extension to C−∞
c

Proposition 5.1. Pseudodifferential operators extend to continuous operators
C−∞
c (M;E) → C−∞(M;E).

Proof. That A is continuous means that for any K ⋐ M, its restriction to
C∞
c (K;E) = {u ∈ C∞

c (M;E) : suppu ⊂ K} is continuous. To establish continuity,
one only needs to verify continuity on all C∞

c (K;E) where the K are arbitrary
compact subsets of the elements of an open cover of M. We conveniently take the
open cover to be a collection of domains of local charts. Also, as above, we may
assume A is a scalar operator.

Let U be the domain of a local chart x1, . . . , xn, let K ⋐ U , let χ0 ∈ C∞
c (U) be

such that χ0(x) = 1 in a neighborhood of K, and let χ1 ∈ C∞
c (U) be equal to 1 in

a neighborhood of suppχ0. If φ ∈ C∞(K), then

A(φ) = χ1A(χ0φ) + (1− χ1)A(χ0φ)

because φ = χ0φ. The Schwartz kernel of (1− χ1)Aχ0 is (1− χ1) χ0K, which is
smooth because supp((1− χ1) χ0) ∩ diagM = ∅. Consequently,

C∞
c (M) ∋ φ 7→ (1− χ1)Aχ0 ∈ C∞(M)

extends to a continuous operator C−∞
c (M) → C−∞(M)

With aχ0,χ1
(x, ξ) and Aχ0,χ1

as defined above we have

Aχ0,χ1(φ) =

ˆ
U×Rn

ei(x−x
′)·ξaχ0,χ1(x, ξ)φ(x

′) dx′ dξ

for φ ∈ C∞
c (M) where the integration in x′ is to be done first. The proof exploits

that if φ is a distribution with support in U , then |φ̂(ξ)| ≤ c(1 + |χ|)M for some c
and M , so if A is of order < −n−M then the formula above makes sense.
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Let

Q =
1

1 + |ξ|2
(1 +

∑
j

ξjDxj ),

note that Qei(x−x
′)·ξ = ei(x−x

′)·ξ. Using

Q(ei(x−x
′)·ξ)aχ0,χ1

= ei(x−x
′)·ξ aχ0,χ1

−
∑
j ξjDxjaχ0,χ1

1 + |ξ|2
+
∑
j

Dxj
(
ei(x−x

′)·ξ aχ0,χ1ξj
1 + |ξ|2

)
= ei(x−x

′)·ξa′χ0,χ1
+
∑
j

Dxj
(
ei(x−x

′)·ξa′′χ0,χ1,j

)
we can rewrite the above formula for Aχ0,χ1

as

op(aχ0,χ1
) = op(a′χ0,χ1

) +
∑
j

Dxj op(a
′′
χ0,χ1,j)

with symbols a′χ0,χ1
, a′′χ0,χ1,j

in Sm−1(U). Using this repeatedly we get that for any

N there are symbols aχ0,χ1,α in Sm−N (U), |α| ≤ N , such that

Aχ0,χ1
=

∑
|α|≤N

Dxα op(aχ0,χ1,α)

If φ ∈ C−∞
c (M) is of finite orderM , take N > n+M+m let φε ∈ C∞

c (U) converge
to φ in C−∞

c (U) as ε → 0. Then op(aχ0,χ1,α)(φε) converges in Cc(M) and thus
Aχ0,χ1

(φε) converges in C
−∞
c (M). □

Theorem 5.2. Pseudodifferential operators are pseudolocal: that is, for any
A ∈ Ψmcℓ(M;E) and u ∈ C−∞

c (M;E), sing-supp(Au) ⊂ sing-supp(u).

Proof. Suppose x0 /∈ sing-supp(u), Suppose u is smooth in some open set U ,
let x0 ∈ U , and let χ1 ∈ C∞

c (U ;E), χ1(x) = 1 for x near x0. Let χ− ∈ C∞
c (U),

χ0(x) = 1 for x ∈ supp(χ1). Since χ1u is smooth, so is A(χ0u), then also χ1A(χ0u).
The Schwartz kernel of χ1A(1− χ0) is smooth, so χ1A(1− χ0)u is smooth. Hence
Au is smooth on the set where χ1 ̸= 0. □

Using locally finite partitions of unity one can reconstruct A using the Aχ1,χ0 .
The latter can be expressed using the symbols pχ0,χ1

. and allow linking the principal
symbol if A with the local representation via:

σσ(Aχ0,χ1
)(df(x)) = aχ0,χ1

(x,∇xf(x)).

This is the main tool in the proofs of Theorems 2.3, 2.4, and 2.8.

6. Continuity of pseudodifferential operators

Assume M closed with smooth density m, let E → M be a Hermitian vector
bundle, define L2(M;E).

Theorem 6.1. Let A : C∞(M;E) → C∞(M;E) be a (classical) pseudodiffer-
ential operator of order 0. Then A extends to a continuous operator L2(M;E) →
L2(M;E).
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We already know that A has an extension as a continuous operator

C−∞(M;E) → C−∞(M;E),

so part of the statement is that if u ∈ L2(M;E) ⊂ C−∞(M;E), then also Au ∈
L2(M;E). The other part of the statement is that the resulting operator is contin-
uous.

The proof below is from Taylor’s book [32, p. 49] (based on [14, p. 510]);
he deals with a more general class than the one we are discussing here. The most
general theorem on the continuity of pseudodifferential operators is due to Calderón
and Vaillancourt [2].

Proof. We take advantage of the decomposition given at the end of Section
4. We assume the sets of the cover so small that E is trivial over any one of them
to reduce the problem to scalar operators. Let then U be the domain of a local
chart x1, . . . , xn, let A ∈ Ψ0(U) have Schwartz kernel with support contained in
K K ⊂ U × U for some K ⋐ U . As before, define

a(x, ξ) = e−ix·ξA(ei(·)·ξ).

Then a is smooth with support contained in K×Rn and satisfies (3.4). By Theorem
3.5, if u ∈ C∞

c (U), then

Au(x) =
1

(2π)n

ˆ
a(x, ξ)eix·ξû(ξ) dξ

The key is to interpret this in a convenient form as a family of pseudodifferential
operators with constant coefficients. Let

â(η, ξ) =
1

(2π)n

ˆ
U
e−ix·ηa(x, ξ) dx.

Then with fixed η we have |â(η, ξ)| ≤ c(η) soˆ ∣∣ˆ â(η, ξ)eix·ξû(ξ) dξ∣∣2dx ≤ c(η)2∥u∥20

using Plancherel’s theorem twice. We will prove in a moment that there is an
integrable bound c(η). If we admit this, then the above estimate and Minkowski’s
inequality give

∥Au∥0 =
1

(2π)n
[ˆ ∣∣ˆ eix·ηˆ â(η, ξ)eix·ξû(ξ) dξ dη ∣∣2dx]1/2

≤ 1

(2π)n

ˆ [ˆ ∣∣ˆ â(η, ξ)eix·ξû(ξ) dξ ∣∣2dx]1/2dη
≤
ˆ
c(η)∥u∥0 dη = C∥u∥0.

This shows continuity, since C∞
c (U) is dense in L2(U),

To find a good estimate for â(η, ξ) we use

(1 + |η|2)â(η, ξ) = 1

(2π)n

ˆ
U
[(1 +

∑
D2
xj )

Ne−ix·η]a(x, ξ) dx

=
1

(2π)n

ˆ
U
e−ix·η(1 +

∑
D2
xj )

Na(x, ξ) dx
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using integration by parts, taking advantage of the fact that a(x, ξ) vanishes if
x /∈ K. It follows that

|â(η, ξ)| ≤ 1

(2π)n
supx,ξ |(1 +

∑
D2
xj )

Na(x, ξ)
∣∣

(1 + |η|2)N
=

1

(2π)n
℘N (a)

(1 + |η|2)N
.

The numerator is a seminorm of a ∈ S0
cℓ(U,Rn). Let c(η) = ℘N (a)/(1 + |η|2)N .

Then c(η) is integrable if N > n/2 and we conclude

∥Au∥0 ≤ C

(2π)n
℘N (a)∥u∥0 (6.2)

□

Lemma 6.3. Let U be the domain of a local chart of M, let K ⋐ U . Suppose
A ∈ Ψ0(U) and a ∈ S0(U ,Rn) are as in the proof above. Let χ ∈ C∞(Rn) be such
that χ(ξ) = 1 if |ξ| < 1 and let χk(ξ) = k−1ξ). If u ∈ L2(U), then

wk =

ˆ
eix·ξa(x, ξ)(1− χk(ξ))û(ξ) dξ

tends to 0 in L2(U) as k → ∞.

Proof. If u ∈ L2(U) (view U as as subset of Rn), then the functions v̂k(ξ) =
(1− χk(ξ))û(ξ) form a sequence tending to 0 in L2(Rn), therefore the same is true
of the vk ∈ L2(Rn) (again using Plancherel). Because of the control on the support
of the Schwartz kernel of A it makes sense to view wk as equal to Avk. But then
by the previous proof,

∥wk∥0 ≤ C∥vk∥0
for some C and thus ∥wk∥0 → 0 as k → ∞. □





CHAPTER IX

Sobolev spaces

1. Definitions

Suppose M is a closed n-manifold with smooth measure m and E → M a
Hermitian vector bundle (a complex vector bundle with Hermitian metric). Write
(v, w)x for the inner product of v, w ∈ Ex and |v|x for the norm.

The space C∞(M;E) of smooth sections of E is a pre-Hilbert space with the
inner product

(u, v)0 =

ˆ
M
(u(x), v(x))x dm(x) u, v ∈ C∞(M;E).

Define L2(M;E) as the completion of C∞(M;E) with respect to the induced norm.
We will actually need L2-based Sobolev spaces of any real order s. This can be

done using local coordinates and partitions of unity. On the other hand a definition
that “only” depends on differential operators is cleaner but restricts us to Sobolev
spaces of integer order. The statements below with s or s′ are correct even when
these are not in N0.

With the Hermitian metric of E and some Riemannian metric on T ∗M get a
Hermitian metric on E ⊗ T ∗M, make C∞(M;E ⊗ T ∗M) into a pre-Hilbert space
following the above recipe and pass to its completion. Pick a connection

∇ : C∞(M;E) → C∞(M;E ⊗ T ∗M).

Connections have injective principal symbol (see Example VII.3.3), therefore ∆ =
∇⋆∇ is elliptic.

Define

H0(M;E) = L2(M;E).

Proceeding inductively (thus m is a non-negative integer), once H2m(M;E) with
inner product (·, ·)2m has been defined for any vector bundle over M, define

H2m+1(M;E) = {u ∈ H2m(M;E) : ∇u ∈ H2m(M;E ⊗ T ∗M)}
(u, v)2m+1 = (u, v)2m + (∇u,∇v)2m

and

H2m+2(M;E) = {u ∈ H2m(M;E) : ∆u ∈ H2m(M;E)}
(u, v)2m+2 = (u, v)2m + (∆u,∆v)2m.

The condition ∇u ∈ H2m(M;E ⊗ T ∗M) means

there is f ∈ H2m(M;E ⊗ T ∗M) such that

(u,∇⋆v)2m = (f, v)2m for all v ∈ C∞(M;E ⊗ T ∗M).
(1.1)

81



82 IX. SOBOLEV SPACES

where

∇⋆ : C∞(M;E ⊗ T ∗M) → C∞(M;E)

is the formal adjoint of ∇, similarly for the meaning of ∆u ∈ H2m(M;E).
When m = 0, (1.1), expresses the fact that H1(M;E) is the domain of the

Hilbert space adjoint of

∇⋆ : C∞
c (M;E ⊗ T ∗M) ⊂ L2(M;E ⊗ T ∗M) → L2(M;E).

Since the Hilbert space adjoint of an operator is closed, i.e. the graph is closed,
H1(M;E) with the given inner product is complete. The same argument applies
to the higher order spaces. They all contain C∞(M;E) as a dense subspace.

The inner products can also be written as

(u, v)2m =

m∑
j=0

(∆ju,∆jv)0,

(u, v)2m+1 = (∇∆mu,∇∆mv)0 +

m∑
j=0

(∆ju,∆jv)0;

By definition, Hm(M;E) ⊂ Hk(M;E) for k = 0, . . . ,m with continuous inclusions.
(The inclusions are in fact compact except when k = m, of course.)

As we will see in a moment, this works because ∇ is a first order differential
operator with injective symbol, which makes ∆ an elliptic operator:

σσ(∆)(ξξξ) = σσ(∇)(ξξξ)⋆ ◦ σσ(∇⋆)(ξξξ)

(see Lemma VII.3.2).
Let A2 ∈ Ψ−2

cℓ (M;E) be a parametrix for ∆:

A−2 ◦∆ = I −R2, R2 smoothing.

Then A−1 = A2 ◦ ∇⋆ ∈ Ψ−1(M;E ⊗ T ∗M, E) is a parametrix for ∇:

A−1∇ = A2∆ = I −R2.

In general, let A−2j = Aj−2 and A−2j−1 = A−2j−2∇⋆. Denote

Q2m = ∆m, Q2m+1 = ∇∆m

Then A−ℓ is a parametrix for Qℓ. For example

A−2jQ
j
2j = Aj2∆

j = Aj−1
−2 (A−2∆)∆j−1 = Aj−1∆j−1 −Aj−1R1∆

j−1

and by induction

A−2jQ2j = I −R2j

with R2j smoothing.
We will only consider Sobolev spaces of non-negative integer order; s, s′, t will

denote such integers. However, the statements are all true for general real orders.
We will write E for the vector bundle even when occasionally (because of the self-
imposed restriction to integers) the correct bundle is E ⊗ T ∗M. In the case where
M is not compact, the statements typically require hypotheses concerning compact
support or local behavior. We do not need this generality.

Proposition 1.2. If u ∈ Hs(M;E) and B ∈ Ψ−s′ then Bu ∈ Hs+s′(M;E).
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Proof. From u = (I −Rs)u+Rs = A−sQsu+Rsu get

Bu = BA−sQsu+BRsu.

Since BA−s ∈ Ψ−s−s′(M;E), QtBA−s is pseudodifferential of order ≤ 0 if 0 ≤ t ≤
s+ s′. Since Qsu+Rsu ∈ L2(M;E),

Qt(BA−sQsu+BRsu) ∈ L2(M;E)

for such t. Thus Bu ∈ Hs+s′(M;E). □

Similarly to (1.1), in the following, the statement u ∈ L2(M;E) and Pu ∈
Hs(M;E) means

there is f ∈ Hs(M;E) such that (f, v) = (u, P ⋆v)0 for all v ∈ L2(M).

Proposition 1.3. Let P : C∞(M;E) → C∞(M;E) be a differential operator
of order s′.

(i) If u ∈ Hs(M;E) and s′ ≤ s, then Pu ∈ L2(M;E). The map P :

Hs(M;E) → Hs−s′(M;E) is continuous.
(ii) If P has injective principal symbol, then

u ∈ L2(M;E) and Pu ∈ Hs(M;E) =⇒ u ∈ Hs+s′(M;E),

and there is C such that

∥u∥s+s′ ≤ C(∥Pu∥s + ∥u∥0). (1.4)

Proof. Let u ∈ Hs, let P ∈ Diffs
′
, s′ ≤ s. Using u = A−sQsu+Rsu we het

Pu = PA−sQsu+ PRsu

Since PA−s ∈ Ψs
′−s and PRsu is smooth, the right hand side belongs to Hs−s′

and then so does Pu. In addition, since s′ − s ≤ 0, PA−s : L
2(M;E) → L2(M;E)

is continuous and PRs is smoothing,

∥Pu∥s−s′ ≤ c1∥Qsu∥0 + c2∥u∥0 ≤ c∥u∥s.

Suppose now that P has injective principal symbol. Then P ⋆P is elliptic so has
a pseudodifferential parametrix B′ of order −2s′, and B = B′P ⋆ ∈ Ψ−s′(M;E) is
a parametrix for P : BP = I − R with R smoothing. With u as in the statement,
A−sQsPu = Pu−RsPu gives

BA−sQsPu = BPu−BRsPu = u− (R+BRsP )u.

In the leftmost member, QsPu ∈ L2(M;E) and BA−s is pseudofifferential of

order −s − s′, so BA−sQsPu ∈ Hs+s′(M;E) by Proposition 1.2. The term
(R + BRsP )u in the rightmost member of the last displayed formula is smooth.

So u ∈ Hs+s′(M;E). Writing that formula as

u = BA−sQsPu+ (R+BRsP )u

gives

∥u∥s+s′ ≤ c1∥Pu∥s + c2∥u∥0.
This completes the proof of the proposition. □
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The combination of Parts (i), (ii) gives

u ∈ Hs(M;E) ⇐⇒ Pu ∈ L2(M;E) for all P of order ≤ s.

It also gives that the spaces are independent of the connection used to define them;
the inner products may depend, but the norms with different connections are equiv-
alent. In fact, for example, any elliptic second order can be used in place of ∆: for
such P , if u ∈ H2(M;E), then

∥u∥2 ≤ C(∥Pu∥0 + ∥u0∥0) ≤ C ′∥u∥2
so the norm of H2(M;E) we defined is equivalent to the graph norm defined using
P . Likewise, any first order operator with injective symbol can be used to define
H1(M;E). And even the smooth density on M and the Hermitian product on E
can be changed without changing the spaces; the inner products change, but the
resulting norms are equivalent.

Corollary 1.5. C∞(M;E) is dense in Hs(M;E).

Proof. Let u ∈ Hs(M;E). As above, u = A−sQsu + Rsu. The term Rsu
is smooth. We show that A−sQsu lies in the closure of C∞(M). As in the proof
of Theorem VIII.6.1 we use a partition of unity subordinate to an open cover by
domains of local charts over each of which E is trivial.

The problem becomes: if v ∈ L2(M) (playing the role of Qsu) and A ∈ Ψ−s(U)
has with Schwartz kernel supported in K K ⋐ U × U , then

Av(x) =
1

(2π)n

ˆ
e−ix·ξa(x, ξ)v̂(ξ) dξ

lies in the closure of C∞(M) in the norm of Hs(U).
Let χ(ξ) ∈ C∞

c (Rn) be such that χ(ξ) = 1 if |ξ| < 1, let χk(ξ) = χ(ξ/k). The
function

wk(x) =
1

(2π)n

ˆ
e−ix·ξa(x, ξ)χk(ξ)v̂(ξ) dξ

which is smooth because the integrand is compactly supported. For any multiindex
α with |α| ≤ s, ξαa(x, ξ) is a symbol of order −s+ |α| ≤ 0. By Lemma 6.3,

Dα
x

(
w(x)− wk(x)

)
=

1

(2π)n

ˆ
eix·ξξαa(x, ξ)(1− χk(ξ))v̂(ξ) dξ,

tends to 0 in L2(U) as k → ∞. □

Corollary 1.6. If P ∈ Diffm(M;E) is elliptic, then

P : Hm(M;E) ⊂ L2(M;E) → L2(M;E). (1.7)

is the closure of

P : C∞(M;E) ⊂ L2(M;E) → L2(M;E). (1.8)

Proof. If {uν} is a sequence in C∞(M;E) such that uν → u and Puν → u,
then uν converges in Hm(M;E) (to u), which follows immediately from (1.4). Thus
the closure of

G = {(u, Pu) : u ∈ C∞(M;E)} ⊂ L2(M;E)× L2(M;E)

is contained in

G′ = {(u, Pu) : u ∈ Hm(M;E)}
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Conversely, if u ∈ Hm(M;E) and uν ⊂ L2(M;E) converges to u in Hm(M;E),
then {(uν , Puν)} is a sequence in G converges to (u, Pu) in L2(M;E)×L2(M;E).
Thus G′ ⊂ G, hence these spaces are equal. □

Corollary 1.9. If u ∈ Hs(M;E) and f ∈ Hs(M), then fu ∈ Hs(M;E) and

∥fu∥s ≤ c∥f∥s∥u∥s.

with c independent of f and u.

This holds for any real s ≥ 0, but as usual we assume s is a non-negative integer.

Proof. Fix u ∈ C∞(M;E). From Lemma VII.2.5 we know that C∞(M) ∋
f 7→ Qs′(fu) ∈ C∞(M;E) is a differential operator of order s, so Part (i) of
Proposition 1.3 gives (assuming s′ ≤ s)

∥Qs′(fu)∥0 ≤ C1∥f∥s′ ≤ C1∥f∥s
for some C1 > 0. Also, for fixed f ∈ C∞(M), u 7→ Qs(fu) is of order s, so also

∥Qs′(fu)∥0 ≤ C2∥f∥s
Any f ∈ Hs(M) and u ∈ Hs(M;E) are limits of smooth elements. For these the
above inequalities lead to the corresponding inequalities for each s′ ≤ s. This shows
that fu ∈ Hs(M;E) and

Hs(M)×Hs(M;E) ∋ (f, u) 7→ fu ∈ Hs(M;E)

is separately continuous. Since Sobolev spaces are complete, the separate continuity
of the bilinear form implies the joint continuity, see Rudin [27, p. 52]. □

The corollary allows for localization.

Corollary 1.10. If P ∈ Diffm(M;E), then

(Pu, v)0 = (u, P ⋆v)0 for all u, v ∈ Hm(M;E).

Proof. If {uν} and {vν} are sequences in C∞(M) with uν → u and vν → v
in Hm(M;E) as ν → ∞, then Puν → Pu and P ⋆vν → v, since by Part (i) of
Proposition 1.3 P, P ⋆ : Hm(M;E) → L2(M;E) are continuous. So

(Pu, v)0 = lim
µ,ν→∞

(Puν , vµ)0 = lim
µ,ν→∞

(uν , P
⋆vµ)0 = (u, P ⋆v)0.

□

2. Rellich’s lemma

We continue to assume M closed. Rellich’s lemma is the key to showing that
the spectrum of an elliptic operator is discrete and unbounded; this, which was
know already then, is shown by Rellich for the Laplacian with Dirichlet condition
as an application of his result. The Sobolev embedding theorem gives that the
eigensections of an elliptic operator are smooth, i.e, hypoellipticity.

In the original version of Rellich’s lemma [26], the dimension is 2 and the
statement concerns C1 functions. The following statement is the modern version of
Rellich’s result; we will prove a more restricted with nonnegative Sobolev orders.
The statements are correct for arbitrary real orders. Recall that M is closed.
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Theorem 2.1 (Rellich’s lemma). If s′ < s, then the inclusion

Hs(M;E) ↪→ Hs′(M;E)

is compact.

Suppose s′ < s are non-negative integers. We need to show that every bounded
sequence in Hs(M;E) has a subsequence that converges in Hs′(M;E). Using a
partition of unity, trivializations, and local coordinates we only need to deal with
the scalar case and with indices s′ = s− 1; we will assume s′ = 0. This is closer to
Rellich’s original statement. For the proof in the general setting (after localization
and trivialization) see Folland [9, p. 304].

Proposition 2.2. Let {uν}∞ν=1 be a sequence inH
1(Rn) with support in (0, 2π)n.

Suppose there is C > 0 such that

∥uν∥20 +
n∑
j=1

∥∂xjuν∥2 ≤ C2

Then there is a subsequence {uνk}∞k=1 that converges in L2(Rn).

Rellich indicates that the statement can be proved using Fourier series, but uses
a different method. We take his comment as a hint to produce a proof using Fourier
series.

Proof. With the notation

uν(x) =
∑
α∈Zn

uν,αe
iα·x

then the hypothesis is that∑
α∈Zn

(
|uν,α|2 +

n∑
j=1

|αjuν,α|2
)
≤ C2

for all ν. Let ûν denote the element of ℓ2(Zn) with components uν,α, α ∈ Zn.
We construct a succession of subsequences of subsequences of {ûν}. For N = 1

we observe that trivially {uν,0}∞ν=1 (this is the component with α = 0) is a bounded
sequence, so it has a convergent subsequence: there is κ1 : N → N strictly increasing
such that {uκ(ν),0} converges. Adjusting κ1 we arrange that

|uκ1(µ),0 − uκ1(ν),0|
2 < 1 for all µ, ν.

This gives the subsequence {uκ1(ν)}∞ν=1. Suppose now we have found strictly in-
creasing functions κ1, . . . , κN−1 : N → N with the property that κk(N) ⊂ κk−1(N)
(κ0 : N → N is the identity function) and∑

α∈Zn
max |αj |<k

|uκk(µ),α − uκk(ν),α|
2 <

1

k2
for all µ, ν. (2.3)

The vectors (uκN−1(ν),α)max |αj |<N , ν = 1, 2, . . . with components indexed by the
elements of IN = {α : max |αj | < N} form a sequence in the ball of radius C in
CIN . So a subsequence of these converges and again choosing κN : N → κN−1(N)
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strictly increasing we arrange that (2.3) holds with k = N . This produces the
sequence {uκN (ν)}∞ν=1 as a subsequence of {uκN−1(ν)}∞ν=1. In particular,∑

α∈Zn
max |αj |<m

|uκk(ν),α − uκk(µ),α|
2 <

1

m2
for all µ, ν if m ≤ k.

Now diagonalize: consider the sequence {ûκν(ν)}∞ν=1 ⊂ ℓ2(Zn). If ν ≤ µ, then∑
α∈Zn

max |αj |<ν

|ûκν(ν),α − ûκµ(ν),α|
2 <

1

ν2
(2.4)

since both ûκµ(µ) and ûκµ(ν) are terms of the same sequence {ûκν(ρ)}∞ρ=1.

Lemma 2.5. If b = {bα} ∈ ℓ2(Zn) is such that∑
α∈Zn

n∑
j=1

|αjbα|2

converges, then

∥b∥2ℓ2 ≤
∑
α∈Zn

max |αj |<N

|bα|2 +
1

N2

∑
α∈Zn

n∑
j=1

|αjbα|2 (2.6)

for any N ∈ N.

Applying (2.6) with bα = vν,α − vµ,α with arbitrary ν < µ gives

∥ûκν(ν) − ûκµ(µ)∥
2
ℓ2 ≤

∑
α∈Zn

max |αj |<ν

|ûκν(ν),α − ûκµ(µ),α|
2

+
1

ν2

∑
α∈Zn

n∑
j=1

|αj(ûκν(ν),α − ûκµ(µ),α)|
2

≤ 1

ν2
+

2C2

ν2
.

Thus the subsequence {ûκν(ν)} converges in ℓ2(Zn). □

To prove the lemma, begin with∑
αn∈Z

|bα|2 =
∑

|αn|<N

|bα|2 +
∑

|αn|≥N

|bα|2

=
∑

|αn|<N

|bα|2 +
1

N2

∑
|αn|≥N

N2|bα|2

≤
∑

|αn|<N

|bα|2 +
1

N2

∑
|αn|≥N

|αnbα|2

≤
∑

|αn|<N

|bα|2 +
1

N2

∑
αn∈Z

|αnbα|2.

Next, in ∑
αn−1,αn∈Z

|bα|2 ≤
∑

αn−1∈Z

∑
|αn|<N

|bα|2 +
1

N2

∑
αn−1,αn∈Z

|αnbα|2
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use ∑
αn−1∈Z

∑
|αn|<N

|bα|2 ≤
∑

|αn−1|,|αn|<N

|bα|2 +
1

N2

∑
|αn−1|≥N

∑
|αn|<N

N2|bα|2

≤
∑

|αn−1|,|αn|<N

|bα|2 +
1

N2

∑
αn−1,αn∈Z

|αn−1bα|2,

to get ∑
αn−1,αn∈Z

|bα|2 ≤
∑

|αn−1|,|αn|<N

|bα|2 +
1

N2

∑
αn−1,αn∈Z

|αn−1bα|2 + |αnbα|2.

Continuing by induction gives (2.6).

Corollary 2.7. Let P ∈ Diffm(M;E) be elliptic. Then P , as an unbounded
operator

P : Hm(M;E) ⊂ L2(M;E) → L2(M;E)

has finite-dimensional kernel and closed range of finite codimension. The kernel is
a subspace of C∞(M;E).

Proof. Let {uν}∞ν=1 ⊂ L2(M;E) be a bounded sequence in kerP . Using Part
(ii) of Proposition (1.3) we get u ∈ Hm(M;E) and from (1.4), that

∥uν∥m ≤ C∥uν∥0.

Thus, since {uν} is bounded in L2, it is bounded in Hm(M;E), therefore has a
convergent subsequence. Consequently, kerP must be finite-dimensional.

That the kernel consists of smooth sections is a consequence of Corollary 3.3,
whose proof is independent of the statement we are proving. It follows that if
w ∈ Hm(M;E) and v is the the orthogonal projection of w on kerP , then u = w−v
is orthogonal to kerP and still an element of Hm(M;E).

Suppose now {fν}∞ν=1 is a sequence in rgP that converges to f in L2(M;E).
For each ν let uν ∈ Hm(M;E) be orthogonal to kerP and such that Puν = fν .

If {uν} is not bounded in L2(M;E), pass to a subsequence whose norms increase
to ∞. Relabeling, let {uν} be that sequence and let ũν = ∥uν∥−1uν . Then Pũν =

f̃ν = ∥uν∥−1fν → 0 as µ→ ∞. The estimate (1.4) gives

∥ũν∥m ≤ C(∥uν∥−1
0 ∥fν∥0 + ∥ũν∥0)

which is bounded. By Rellich’s lemma, there is (a further) subsequence of {uν}
that converges in L2(M), to some ũ. Relabeling, let {ũν} itself be that sequence.
The property

uũν → ũ, P ũν = f̃ν → f̃ in L2(M;E) as k → ∞

implies that Pũ = f̃ . But f̃ = 0, so ũ ∈ kerP , which is impossible, since each ũν is
orthogonal to the kernel and of norm 1.

Consequently, the original sequence {uν} was bounded in L2(M;E) to begin
with. Since also fν is bounded in L2(M;E) (it converges), {uν} is a bounded
sequence in Hm(M;E), so has a subsequence that converges in L2(M;E) to some
u. Then u ∈ Hm(M;E), consequently f ∈ rgP .

To see that the orthogonal of rgP is finite-dimensional, observe that it is the
kernel of the adjoint of P . □
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Corollary 2.8. Let A ∈ Ψ−s(M;E), s > 0. Then A, as an operator on
L2(M;E), is compact.

View A : L2(M : E) → L2(M : E) as the composition

L2(M;E)
A−→ Hs(M;E)

ι
↪−→ L2(M;E)

of continuous operators, where ι, the inclusion, is compact.

3. Sobolev embedding theorem

Theorem 3.1. If s > n/2 + k, then Hs(M;E) ⊂ Ck(M;E) and the inclusion
is continuous.

The norm in C0(M;E) is

∥u∥L∞ = sup
x∈M

hx(u(x), u(x))

so the continuity of the embedding is that there is c such that

∥u∥L∞ ≤ c∥u∥s. (3.2)

Proof. We use the notation of the previous section. If u ∈ Hs then Qsu ∈ L2

and u = (A−sQsu+Rs)u: u is in the image of a pseudodifferential operator of order
−s. Passing to local coordinates and trivializations, we need to show: Suppose
A ∈ Ψ−s

cℓ (U) with Schwartz kernel supported in K × K, K ⋐ U . If v ∈ L2(U) then
u = Av ∈ Ck(U).

We have

u(x) =
1

(2π)n

ˆ
eix·ξa(x, ξ)v̂(ξ) dξ

with a ∈ S−s(U ,Rn). The functions ξ 7→ ξαa(x, ξ)v̂(ξ) is integrable on Rn when
|α| ≤ k so

wα(x, y) =
1

(2π)n

ˆ
eiy·ξξαa(x, ξ)v̂(ξ) dξ.

is continuous. Since u = w0(x, x), u is of class Ck. (Derivatives of a with respect
to the xj don’t change decay in ξ.) □

Corollary 3.3. Let P ∈ Diffm(M;E) be elliptic, u ∈ L2(M;E), f = Pu (as
distribution). If f ∈ C∞(M;E), then u ∈ C∞(M;E).

Proof. Since f ∈ C∞(M;E), f ∈ Hs(M;E) for any s. Then, by Part (ii) of
Proposition 1.3, u ∈ Hs+m(M;E). Given k, take s such that s +m > k + n/2 to
conclude u ∈ Ck(M;E). □

Thus, elliptic operators are hypoelliptic.
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