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Preface

The Weyl law is a formula that counts asymptotically the number of eigenstates
of a quantum system corresponding to energy levels below a given value of the
energy. The problem originated at the dawn of quantum mechanics, with papers
by Lorentz' [19] and Sommerfeld? [30], the first asking the question and suggesting
its answer, the second proposing the problem to mathematicians. The problem was
quickly taken up by H. Weyl [36] who analyzed the problem mathematically and
gave a complete answer to the problem modeling the case of electromagnetic waves
in the interior of a closed bounded chamber with perfectly reflection boundary in
the form of an asymptotic formula: For the problem

{Au+u2uo, divil =0 in €, o

$ normal on 992.

on an open set  C R? with C® boundary, one has [36, p.470, p. 479)
Vol(Q) 4
32 '

Since then there have been many variants, extension, refinements, and general-
izations by numerous authors. Extensions and variants include more general elliptic
operators, changing the domain €2 to a closed manifold, adding a potential, work-
ing out more terms (or the impossibility of such) in the asymptotic expansion, for
instance [12, 16, 20, 21, 29]. For more on the classical version of the problem as
described above, and references, see [15].

#{v : v? is an eigenvalue of (1) and v < u} ~

Our goal here is to discuss known proofs of Weyl’s formula using approaches by
Seeley [29] and Hormander [12]. The underlying differential-geometric set-up will
be a closed manifold M (compact without boundary) with a given smooth positive
density (a smooth measure) m and a Hermitian vector bundle £ — M with which
one has L2-spaces of sections. The operator P : C®°(M;E) — C®(M;E) is
differential (pseudodifferental and scalar in the case of Hormander), elliptic, and
non-negative, that is,

(Pu,u) >0 for all u € C°°(M; E).
Ellipticity of P and compactness of M ensures that the spectrum of P is discrete

of finite multiplicity, and positivity, that the spectrum consists of non-negative
numbers.

1Page 1248: “Here is the problem: to prove that the number of higher overtones between n
and n + dn is independent of shape of the cavity and is proportional only to its volume.”

2Page 1062: “The general and rigorous proof of this asymptotic behavior of eigenvalues seems
to me to be an important mathematical problem.”
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CHAPTER 1

The Weyl law

1. Set up and the formula

Throughout these notes we will denote by M a closed n-manifold, by m a
smooth density on M, and let £ — M be a Hermitian vector bundle of rank
r. Write (v,w), for the inner product of v,w € E, and |v|, for the norm. Let
m: T* M — M denote the canonical projection.

The space C°(M; E) of smooth sections of E is a pre-Hilbert space with the
inner product

(u, v)o = /M (@), v(z))e dm(z) w0 € C°(M; E).

Define L?(M; E) as the completion of C°°(M; E) with respect to the induced norm.
Suppose P : C°(M;E) — C°°(M;E) is an elliptic differential operator of
order m with the property that there is ¢ € R such that

(Pu,u)o = clull3. (L1)

Let
D={ucLl*(M;E): Puc L*(M;E)}
Then
P:DcC L*(M;E) — L*(M; E)

is an unbounded closed operator. The ellipticity of P implies that D is H™(M; E),
the Sobolev space of order m, and that spec(P), the spectrum of P, is is a dis-
crete subset of C without points of accumulation consists of eigenvalues of finite
multiplicity.

The semiboundedness property (1.1) implies spec(P) C [¢,00) C R. Let
{A\}22 be an enumeration of spec(P), let d,, be the multiplicity of A,. The eigen-
value counting function of P is

Ne(N) = Y 4y
{v:id, <A}
Let o(P) denote the principal symbol of P. This is for each £ € T*M\0 a
linear function o (P)(€) : E, — E,, where x = 7(x). The map
T:M>3€— o(P)(&) € End(E,)

is a homogeneous polynomial of degree m. Ellipticity means that a(P)(€) is invert-
ible. The property (1.1) implies that o (P) () is symmetric with non-negative (hence
strictly positive) eigenvalues. Therefore £ — tr(o(P)(£€)) is a smooth function of &,
strictly positive on T* M\0.

Finally, let d{ denote the Liouville density of T* M.

1



2 I. THE WEYL LAW

THEOREM 1.2 (Weyl’s Law). The function Np satisfies
~ Vol(B)
- (2m)n

Here B ={& € T*M : tr(ao(P)(§)) < 1} and Vol(B) is its volume relative to the
Liouwville density.

Np(\) AT/ @A/ m=L/m) (1.3)

2. Brief history

Weyl’s Law has a long history that we will not attempt to follow in detail. The
earlier versions were concerned with the Laplacian on bounded open sets in R™ with
Dirichlet or Neumann boundary condition (we will deal only with closed manifolds,
no boundary, which is simpler). When dealing with the Laplacian we will always
use the positive Laplacian,

10
A= ZD;, Dy =<5
J

on R" likewise with the Laplace-Beltrami operator on a Riemannian manifold.

The first reference to Weyl’s work gives the formula

ko Vol(Q)
lim — =
k—oo Ak 4

in the case of a planar domain 2 [35, Theorem X, p. 114]. (In the paragraph before
the statement of the theorem it is asserted that the same methods work in higher
dimension.) From that formula one derives
_ Vol(Q)
 4rw
To see that this matches the general formula note that the principal symbol of the
(positive) Laplacian in R? is |¢|?, so the region B C T*Q ~ Q x R? is

B={(z,&) € QxR*:|¢* < 1}.

Na(N)

A+ o(N). (2.1)

The Liouville density is |d{| = dx dy (Lebesgue measure on R? x R?), and

Vol(B)  mVol(Q)
(2m)2  4n?

which is the coefficient of A in (2.1); the exponent of A there is 1 = 2/2.

Weyl’s proof in detail appeared in [36]. Carleman’s paper [3] in 1935 is inter-
esting in that he is the first to apply the Wiener-Tkehara Tauberian theorem [38,
p. 44] (quoted here as Theorem 3.5 on page 5). Carleman’s method, different from
Weyl’s, has been applied in many cases as it became one of the preferred methods
of the theory. He considered the case of the Dirichlet problem for the Laplacian on
a bounded planar domain 2 whose boundary is reasonably good. Letting {\;} be
the sequence of eigenvalues, each repeated according to its multiplicity, and {¢x} a
corresponding orthonormal basis of real-valued eigenfunctions he lets

_ Pr(r)?
F(z,\) = 27rzk: M Ox =)




3. SOME DETAILS 3

the restriction to the diagonal of  x Q of the Schwartz kernel of P~ o (P — X)L
The )\i in the denominator ensures convergence of the series, and estimates of the
Green’f function of A + Al ensures the convergence of the line integral

. a+1i00
Y @) = —ﬁ/ Fa, VA~ dx
Y8
k a

—1300

when Rs is sufficiently large. Here a is positive and less than the first eigenvalue.
Integration yields
> en(z)®A;°
k
and integration over €2 gives the zeta function of the operator,
1
als) =) 5=
k k

(0 is not an eigenvalue) This function turns out to be holomorphic on fs > 1 with a
simple pole at 1, and (s—1)(a is continuous up to fs = 1. Wiener-Tkehara says that
the residue at 1 is the coefficient in the right hand side of the Weyl estimate. The
residue is the coefficient in the Weyl formula. Carleman dealt with a more general
second order elliptic operator in a domain in R? again with Dirichlet condition [4].
Later we say much more in connection with the zeta function.

Extending to compact Riemannian manifolds, Minakshisundaram and Plei-
jel [21] used Carleman’s approach via the zeta function for the Laplace-Beltrami
operator—Dirichlet or Neumann condition if there is a boundary—in using the
Wiener-Ikehara Tauberian theorem [38]. They showed
_ Vol(B)
- (@)

Avakumovié [1] improved the estimate of the error, still for the Laplace-Beltrami
operator with Dirichlet or Neumann condition to O()\”/ 2-1/ 2); his paper actually
deals with n = 3 but asserts the validity of the statement in any dimension. He
also shows that in the case of the sphere the estimate cannot be improved to a term
eA/2=1/2 4 o(A"/2=1/2) "0 in general there are no more terms in the asymptotics of
the eigenvalue counting function. The references in [1] and [21] are a good lead to
earlier work on the estimates. The paper of Ivrii [15], one of the movers of the field,
contains more recent references. Strichartz [31] has an exact formula for Na () on
spheres.

Na(\) A2 4 o(AM/2),

3. Some detalils

The above mentioned works actually establish estimates on the Schwartz kernel
of the resolvent of the operator. The most complete results in this respect are in
Hormander’s paper [12], which deals with arbitrary semibounded pseudodifferen-
tial operators rather than just differential, but requires scalar operators (no vector
bundle). His method extracts spectral information from the singularity at 0 of the
trace of the solution operator for the Cauchy problem

10
fa—?fpu:()on/\/l X R, u|t=g = ug (3.1)
i
when P is of first order. This approach works very well because —id; — P is of real
principal type, which fits the theory of Fourier integral operators perfectly. This



4 I. THE WEYL LAW

would not be the case for a general P of higher order because of possible presence
of characteristics of varying multiplicity.

Briefly, assuming P is elliptic of first order, scalar, bounded below (necessarily
pseudodifferential), and M closed, then the solution operator for (3.1) is

U= e'LtP,UJO7 eth _ 2 ez)\ytHAy
v

where IT,, : L2(M) — L?(M) is the orthogonal projection onto the eigenspace €,
corresponding to the eigenvalue \,. Since TrIly, = dim €, = d,, the trace of ¥
is

Trer = Z d,e” At (3.2)

v

On the other hand, the construction of e**"" as a Fourier integral operator shows that
Tr e is a distribution with ¢ = 0 as an isolated singular point (it may have other
singularities, but not near 0). This information gives the behavior as a distribution
of the sum (3.2) from which the estimate follows. Duistermaat’s book [6] is an
excellent introduction to the theory of Fourier integral operators.

A different approach uses the initial value problem for the heat equation. This
is the path used by Minakshisundaram and Pleijel motivated by Carleman’s tech-
nique in [3, 4] passing through the Wiener-Ikehara Tauberian theorem [38]. The
assumption is that ¢ > 0 in (1.1); the operator P can be differential or pseudodif-
ferential, of order m > 0, and need not be a scalar operator (i.e. act on sections of
a vector bundle). The technique is thus very robust. We keep the assumption that
P is a differential operator.

On the functional analysis side, the solution at time t > 0 of the initial value

problem

%: +Pu=0o0on M x (0,00), ult=0=ug (3.3)

is
u:e_tpuo, - E e_’\“tH)\V.
v

As above, II,, : L?(M;E) — L?*(M;E) is the orthogonal projection onto the
eigenspace €, corresponding to A, and the trace of H(t) is

Tre P = g d,,e*)‘”t
174

The Mellin transform of Tre~*" (removing the term corresponding to Iy if 0
is an eigenvalue) is

i dt
M(Tre ) (s) = / Tre 't "
0
Bue d 1 d 1
e t e t
/ e M — = — e 'ttt — =T(s)—
Thus omitting the eigenvalue 0 if necessary,

M(Tre™")(s) = T(s)Cp(s) (3.4)

with the notation
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This function, the zeta function of P, is shown to be holomorphic in Rs > n/m
with a simple pole at n/m. By the Wiener-Ikehara Tauberian theorem, the residue
at that pole is the coefficient of A™/™ in (1.3), since

oo

CP(S) = AP de()\)

o+

THEOREM 3.5 (Ikehara, in Wiener [38, p. 44]). Let a(x) be a monotone in-
creasing function, and let

flu) = / T da() = f(u)

converge for R(u) > 1. Let

) — 2 = g(w)

u—1"

converge uniformly to a finite limit as Ru — 1 over any finite interval of the line
R(u) =1. Then

A= lim a(N)'
N—oc0
To move beyond a merely abstract assertion one needs to do some work, for
instance construct a parametrix for the problem (3.3) and find the asymptotics at 0
of Tr(e=tf"). In the case of the Laplace-Beltrami operator Minakshisundaram and
Pleijel construct a parametrix for the problem whose Schwartz kernel has the form

1

—r(x,x’)? /4t /
(47rt)"/26 U(t,z,z")

Hl/(t7 x? x/) =

when z and ' are close enough, where U(t,z,2') = >, _, ax(z,2’)t" is a polynomial
in t of arbitrarily large order v with smooth coefficients. The coeflicients are chosen
so that

0

el N —
(at + A)Hl/(t7x7x )

1 ne
—r(z,x’)% /4t I\
(dmt)ni2© Vi (z, 2t

with U(0,z,z) = 1 and some V,,. Thus op(H,)(t) is a good approximation to e~*¥

for small ¢t. Restricting H, to x = 2’ and integrating in x produces

v

Trop(H,)(t) = kzzo katk, po = /M U(0,2,2) dm(z) = Vol(M).

These are the first few terms of the asymptotic expansion of Tr(e™*2) at ¢t = 0.
Let x € C*°(R) be supported in a neighborhood of 0 also equal to 1 near 0. The
convergence of the Mellin transform of x Tr(op(H,)),

MO |3
k=0

t

is controlled by the most singular term, k& = 0; it only requires Rs > n/2 the
remaining terms are holomorphic on Rs > n/2—1 or better. Multiplying by (s—n/2)
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get
(S*TI/Q)/‘OO _ /zdt 1 /OO d _ /2
— Tt — = —— t)y—t""dt
@, pox(t) r T @ pox(t)
-1 < _ dt
_ Hts n/24+1 %Y
(47r)n/2/0 poxX'(t) ;

Since x'(t) = 0 near 0, this is an entire function of s. So M(x Tre~F)(s) is mero-
morphic in s > n/2 — 1 with single simple pole at n/2 with residue

~ Vol(M)

B (47r)n/2

res, /o (M(x Tr e*tp))

Using (3.4) we thus have
The zeta function of the Laplacian on a closed n-manifold M,

is meromorphic on s > n/2 — 1, has a single simple pole at n/2
with residue

M(Tre 2)(s)

Vol(M)
(4m)"/?T'(n/2)
This is the coefficient in the asymptotics for the eigenvalue counting
function of the Laplace-Beltrami operator.



CHAPTER II

Examples

1. The standard torus

Consider the standard Laplacian on the n-torus T" = S* x --- x S,
10
A == D2,j, D:E - -
Zj x T 01

where the z7 is the angular variable in the j-th factor.!

orthogonal functions is given by
fo(x) = et 2 ”””Z, vezr
with corresponding eigenvalue ||v||? = 3~ [¢]?. Thus
NaN) =#{v ez |v)? <X} =#{rezd: INV2)2 <1}

The set {/\_1/21/ :v € Z"} C R™ is an orthogonal lattice of evenly spaced points,
Na(X) counts how many of these points there are within the the unit ball B™ C
R™. Since they are the centers of a tiling of R™ by cubes of side 1/A/2, the sum
of the volumes of those with center within B", of which there are Na()\), is an
approximation to the volume of the ball:

A complete system of

1 n
Thus (Tm ("
NA(A)ANJ VO( )VO( ))\71/2
(2m)™
2. The general flat torus
Let wy,...,w, € R™ be independent vectors. They generate a lattice

L= {ijwj :m? € Z}.
J

Let M = R"™/L with the measure m defined by the Lebesgue measure of R™. Since
the Laplace operator A = — > j 851 on R” is invariant under translations, it induces
a second order operator P on M. This operator is elliptic and non-negative. We will

find its eigenfunctions and eigenvalues and use them to find explicitly the coefficient
of Weyl’s law for P.

IThus P= -3 8;. Observe that

/R"Au(x)@dx = /Vu(x) - Vo(z) de :/ w(z) Av(z)dz, u,v € C(T™).

n
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The first task is to find a set of functions that are candidates to being eigen-
functions of P. View vectors in R™ as column vectors with respect to the canonical
basis eq,...,e, of R™. The map

1
6 (R" — Rn? /B(y) = %bya b= [W1 wz v wn}

maps the cube F' = [0,27]" onto the convex hull F of {37, m/w; : m? = 0,1},
which is a fundamental domain of R™ — M, since 3(27e;) = w;. Being linear, 3
sends the lattice £’ generated by the vectors 2me; onto £, therefore it induces a
diffeomorphism g : T* — M (with T = R™/L’) through the requirement that

Rr 2, g

il
™ — M

commutes.

Functions M — C lift to functions on R™ which are periodic with respect to
L. Soif u: M — C, then &4 = u o qo f3 is periodic with respect to £’ and if u is
smooth, then we have the standard Fourier series expansion

)= ¥ weSe)
vezZr

with suitable coefficients u, € C. Letting a be the inverse of b and defining a(x) =
2rax (thus if a’ is the f-th row of a then y* = 2ma’z = of(x) if z = B(y)) we have

u(n(z) = > e @eat@),
meZ
The functions
fy(x) — ei(z,g l/g(xl(l‘)), v E Zn7

satisfy f,(z 4+ w;) = f,(2), m € Z". Indeed, since o (w;) = 2785 (because a(w;) =
2me;),

Z v (z +w;) = Z veat (z) + 2mv;.
¢ ¢

We claim that the functions f, form a complete orthogonal system in L?(F).
Indeed, if u : F — C is continuous (or just in L!), then

|det b| wlr
[ wtren s = G [ o) ay

using the change of variables z = B(y). Since {f, o B}yezn = {e X))}, czm is a
complete orthogonal system on F', so is {f,},ez» on F. It also follows that

Vol(F) = |det b|.

Thus if m is the measure on M determined by the Lebesgue measure on F, then
Vol(M) = |det b|] and the functions ¢, : M — C defined by

1 % vt (x n
(¢V 077)(.'1:) = W@ (g vea’( )), vVETL s (21)
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form a complete orthonormal system of L?(M,m). Each of these functions is an
eigenfunction of P, with corresponding eigenvalue

A= (2m)2 Y O weay)?. (2.2)

i=1 ¢
Indeed,

n

Afy = Z(Qﬂ_ Z Vlaf)z fl/7
L

i=1
using of(r) = 2maz.
Now that we have an explicit formula for the eigenvalues of P we can estimate
Np(AN) =#{v eZ™: N\, < A}

The number A, is the square of the Euclidean norm of

2nva = 2w [1/1 e Vn}

aTL

Replacing a by its polar decomposition op, o orthogonal, p symmetric positive
definite, we rewrite the counting function in the form

Na(A) = ##{v € Z" : (2m)*||vop|* < A}

where we observe that because o is unitary, the elements 2wrvo with v € Z™ form
an orthogonal lattice £}. Consequently,

Na(A) = ##{w € L « |wpl* < A}

If X is positive, the condition on w € L} to be counted is that [[A\~*/2wp]|| < 1. Let
then

LY = (A2 we £}
The elements of £ are the centers of cubes of side length 27r/v/A. The union of
those cubes with ||wp| < 1 is an approximation to

E={weR": ||lwp| <1}.

So
2m)"
Vol(€) = NA()‘)(AT/L
Consequently
1

(2m)"
The approximation to Vol(£) by the volumes of the cubes improves as A — oo so
we have an asymptotic formula for the counting function of the eigenvalues of P.
It only remains to determine Vol(&).
Since p is symmetric positive definite, there is an orthonormal basis €], ..., e/, of
R™ consisting of its eigenvectors: pe;- = rje;. The eigenvalues are positive because

p is positive. Thus
&= {Z zj€l ZZJQTJQ <1}
J
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which shows that £ is an ellipsoid with semi-radii 1/rq,...,1/r,. Hence
Vol(B") _ Vol(B")
1Ty T det(p)
where B™ is the unit ball in R™ and we used that det p = |det a| = 1/|det b]. Thus
- Vol(B"™) Vol(M)
(2m)"

Vol(€) = = Vol(B™) Vol(M)

Np(N) A2 as X — 0.

3. Spheres

The Laplacian of R"*! in spherical coordinates, x = ry, (r,y) € [0,00) x S, is

1 0.2 0
A=—[lrg) +=1ro+As]

If f is a harmonic function on R"*! homogeneous of degree k, then f(rz) = r* f(z)
gives
0=r*Af=—[k*+(n—1)k+ Agn]f

gn is an eigenfunction of Ag» with eigenvalue Ay = k(k +mn — 1):
Agnf = M f.

This idea, applied to the space of harmonic polynomials on R™ of degree k gives all
eigenfunctions of Ag» with the above eigenvalue. For a very nice exposition see the
chapter on spherical harmonics in [22, Neri].

Let €, be the eigenspace. The dimension of €y, , the multiplicity of Ay, is

dim &y, — (k+n) B <k+n2)7 k> 2.
n

n

so f

&), consists of the constant functions and &y, of all linear functions (dimensions 1
and n + 1, respectively). Thus

Nag. (M) = Y dimé,,.
ki <A
Simplifying we get the estimate
2k+n—1)(k+n—2)  2k"!

dim &y, () = Hn 1) =D +O(k"?)

if k is large.
The condition that A\, < \ is

1
0<k< 5(—n+1+\/n2+4/\—2n+1)
which for large A essentially says 0 < k < A2 Thus

2 2
Nagn(A) ~ ——= Y k"1 = S22 L oA D/2),
asn (V) (n—1)! Z n! + 0 )
k<Al/?
We now verify that the coefficient is Vol(S™) Vol(B™). Consulting for instance
Treves [33, p. 74] we know
or(n+1)/2

VS = ST 072
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from which one gets

7Tn/2

I(n/2+1)
by integrating Vol(S™~1)r"~1 with respect to r from 0 to 1. The product of these
numbers is

Vol(B™) =

2 n
Vol(S$™) Vol(B") = 24 :;) .
Hence Vol(S™) Vol(B"
Nagn (A) ~ M)\H/Q + @()\(nfl)/2) as \ — 0o.

(2m)"

Avakumovié¢ [1] showed that in a Riemannian manifold with A the Laplace-
Beltrami operator, the same formula holds. He also answered in the negative the
question whether in general the bound O(A"/271/2) for the error can be improved
to o(A(®~1/2) by using the 3-sphere as a counterexample. Hérmander [12] gives the
same kind of estimate for the error for a general positive pseudodifferential operator.

4. The general flat torus, again

Is the same as the first paragraph of the previous section, but we will use
Hormander’s approach in [12] which in this case works fairly easily. Later we will
consider the general case.

Recall that m is the measure on M = R"/L induced by the Lebesgue measure
on R™. The operator P : C*°(M) — C°°(M) has an extension

P: H*(M) C L*(M) — L*(M)

where H?(M) is the L?-based Sobolev space of order 2 on M. As such, P has a
non-negative square root defined abstractly via functional analysis, given explicitly
by

P2 w) =" A/ (u,60)0 (4.1)

veL™

in terms of the orthonormal basis of L?(M) consisting of eigenvectors {¢,} of P,
see (2.1), with corresponding eigenvalues {\,}, see (2.2), or by (a regularization of)
the formula

P2 = iﬁ/ AV2(P — AT)~dA (4.2)
r
where T' is the path obtained by traversing the negative real axis from —oo to
—e (e > 0 suitably small), followed once by the clockwise oriented path |A| = e,
then back to —oo along the negative semi-axis (see the figure on page 36). The
number ¢ is small enough that it does not enclose any element of spec(P) except
possibly 0. The formula as written does not converge in norm, but replacing the
power 1/2 by s € C with sufficiently negative real part, it does. Doing that gives a
holomorphic function of s which has a meromorphic extension which is regular at
1/2. This is part of Seeley’s work [29] who showed that in particular (4.2) defined
via a regularization is equal to (4.1) and a pseudodifferential operator with principal
symbol
o(PY?) = o(P)Y2

We will discuss Seeley’s paper later more fully. At the moment we only need to
know that P/2 is a pseudodifferential operator with principal symbol given by the
above formula.



12 II. EXAMPLES

Hormander’s approach applied to the situation at hand consists of analyzing the
singularity at ¢ = 0 of the trace of the solution operator U of the Cauchy problem

{Dtu—Pl/Qu:O in R x M, (4.3)

u=von {0} x M.

The fact that P'/? is a first order symmetric elliptic operator makes D; — P'/2 be
a scalar operator of real principal type (more on this later). It is for such operators
that the theory of Fourier integral operators applies very well and in the end why
the approach is successful.

The aim is to estimate the eigenvalue counting function of P/2,

Npij2(o) ={v e Z" : /A, <o}

which can also be written as

Npia(o)= > H(o—/A). (4.4)

vEL™

using the Heaviside function, H(c) = 0 if ¢ < 0 and = 1 otherwise. This series
converges in L (R). In fact it is polynomially bounded, as the previous section
shows and as we will also show independently later.

The strategy is to write Tr U(¢) in two ways, each complementing the informa-
tion the other naturally provides. The first formula for U(t) is

Uty =Y "™V (,6,)¢,.

veL™

The sum clearly converges in norm and shows that U(t) is unitary. The Schwartz
kernel of U(t) is

K(ta,a') = 3 6%, ()3, ().

veZ™
and the trace is

TcU(t) = /M K(t,xz,x)dm(x) = Z etV (4.5)
vezr

where the sum converges in the sense of distributions. That this sum converges as
a distribution requires proof, but it does. Further, as shown by Chazarain [5], and
Duistermaat and Guillemin [7], the singular support of Tr U is contained in

{t : t =0 or there is a closed geodesic of length ¢},

a discrete set. So for small ¢t # 0, Tr U is smooth. This will matter later.
The link between Tr U (t) and (4.4) is provided by the Fourier transform: from
(4.5) we get
— d
TrU(c) =27 EZZn 0o —+VA) = %Npl/z (o).
Accepting for now that (4.4) converges as a Schwartz distribution we at least know
that Tr U is well defined as a distribution.
For the second formula for Tr U (¢) Hormander begins by writing U as a Fourier
integral operator; below we follow and adapt the exposition in [11]. In our case
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here we lift all to R™ and view the diffeomorphism « : F — F' as providing local
coordinates on M (or F) and rewrite A. Using (y1,...,y") = a(z) we have

0 oyt 0 ;0
O zg: ari oyt " Zg: % gyt
hence

A = (27)? Z gleyk D,
ket

gt = Z afaﬁ.
J
The principal symbol of A (in fact its total symbol) in the y-coordinates is

a(A)m) = (27)° > ¢ mene
I,

with the definition

when =", m dy*, that of its square root is then

o(VA) ) = O_(2r) g  nne) />,
k.0
and thus

1 ol
A1/2u(y) = @) / etw—y") W(Z(QW)QQMWW)UQ u(y') dy' dn
R™ XR’!L k’,[

as an operator on L?(R™) (which by the way exhibits A'/? as a pseudodifferential
operator). This formula works because p(y,n) = @(A)(n) is actually independent
of y.

The solution to (4.3) in the coordinates y when M is replaced by R™ is

/ eil=v ) n/p(mly (o) diy dy’
R™ xR™

u(t,y) = G
if v is compactly supported (or just in L?(R™)). While this gives the exact solution
on R™, it does not yield a solution to (4.3), i.e., on the the torus, since it is not
periodic in y. Indeed, even if v is supported in the interior of a fundamental domain
then as soon as ¢t # 0 the solution need no longer be supported on F’ and is generally
not periodic.

However, the most singular part of the trace of the Schwartz kernel of the actual
solution operator U(t) at ¢t = 0 comes from

K(t,y,y) = 1 / e!ly=y)mtty/plyml gy
e 2m)" Jgn
We will take this as our starting point, set ¥ = ¢’ and integrate over F':
1 .
TrU(t) = 7o / / eVPWM) dn dy + €(t) (4.6)
(271') F! n
where € is a distribution defined in an interval around ¢ = 0 which is smooth for

t # 0. The singularity of e(¢) is weaker than that contributed by K; this is expressed
by the condition that

if p € C*°(R) has support in a sufficiently small neighborhood
of 0, then there is ¢ such that pg(o) = O(c™~2)
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To compute the integral, introduce spherical (ellipsoidal) coordinates:
n=sn, s€[0,00), €S, ={neR":p(y,n) =1}, ds= surface measure
(since p(y,n) does not depend on y, neither does S;). Get

1 > )
TrU(t) = (2%)"///3 /0 s" et ds ds dy + €(t)

= Vol(S,) / s" e ds + e(t) (4.7

using that the integrand is independent of ¥ and 7 € S,,.
Combining (4.5) and (4.7) gives

oo
Z etV = Vol(Sg)/ s" et ds + e(t); (4.8)
vEZL™ 0
this equality is valid only for |t| < d for some positive 4. To take this into account,
but more importantly, to isolate the singularity of TrU(¢) at 0 from the rest of
its singularities one multiplies both sides by a function p € C2°(R) supported in
(—0,8). The analysis then proceeds by taking the Fourier transform.

Following [12], multiply both sides of (4.8) by p and take the Fourier transform.
Get

S o~ /A = G (14 5) (o) + elo) (1.9

21
veznr

where sftfl = s""1H(s). The details for the following arguments will come later.
Assuming only that p € C°(R) is supported in (-4, §) and that p(0) = 1 one shows
that

(s % p)(o) = 2mat T + O(c™ ).
Hence

D blo— V) = Vol(8y)o" ™t + O(6" 1) as 0 — 0. (4.9

vEL™

The left hand side of this last formula is the derivative of p * Np1/2 (in the distri-
butional sense, so we need not bother about discontinuities). Therefore

(5% Npuya)(o) = / "N o~ V/A)do

since Np1/2(c) = 0 if ¢ < 0. Replacing the integrand by the right hand side of
(4.9') and integrating gives

(p* Np1s2)(o) = Ma" + 0" Y as o — o0
n

With a more careful choice of p (in addition to the above require p > 0) one can
upgrade the left hand side to

(5 * Np1j2)(0) = Npaja(0) + O(0"2),
which leads to

Vol(Sy)
n

Npij2(0) = o™ + O(e" ).
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It only remains to find Vol(Sy). This coefficient appears for the first time in
the passage from

TrU(t) = / / VPN dn dy + €(t) (4.6")
(271')” F! n
to
TrU(t s" e ds do dy + e(t) (4.7")

— Vol(S, / et ds 4 e(t)
0

through the change of variables. With the n in the denominator it is

dndy,
n:p(y,m) <1}

the volume of the region

{(y.,n):yeF, ply,n) <1} (4.10)

with respect to the measure dydn. This is the Liouville density, obtained from
6 =73 dy’ Adn; as

1
dL:7|9/\.../\9|:|dy1/\dnl/\--~/\---/\dy”’/\dnn|-
n times

To compute (4.10) recall that
=Y g mne g = (2m)?)_ dkaj
k.t J
It is natural to change variables setting

Zbky , & :27r2a§775
¢

(recall that we interpreted y = a(x) as coordinates on F). With this change of
coordinates

S da? ey = TS o) (S )
J ik
_ZZab]dy A dng = Zékdy Ndng =0

5./ 5 gy
(2m)"™ J F {n:p(ym)il} 27r {np(ﬂmf <1}

Vol B™) Vol(M
(271')”

since p(z, &) = |€]?. This is the coefficient in the last formula of the previous section.
What we have is for P1/2:

Np1/2(0') =

SO

Vol(B™) Vol(M)

e 0 PO
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Using now Npi,2(0) = Np(o?) we obtain
_ Vol(B™) Vol(M)

NP(/\) (277')”

/\n/2 + O(U(n—l)/Q)



CHAPTER III

Eigenvalues

1. Semibounded elliptic operators

Assume M is closed, m is a smooth density, ¥ — M is a Hermitian vector
bundle, and L?(M; E) is the closure of C°°(M; E) under the norm defined by the
inner product

(u,v)p = /M(u(x),v(a:))m dm(z), wu,v € C®(M;E).

DEFINITION 1.1. An operator P : C*°(M; E) C L*(M; E) — L*(M; E) is said
to be

(i) symmetric if (Pu,v) = (u, Pv) for all u,v € C*°(M; E);
(i) bounded below if
there is ¢ such that (Pu,u)o > c||ullp for all u,v € C°°(M; E); (1.2)

(#4i) non-negative if it is bounded below with ¢ > 0.

LEMMA 1.3. The operator P is symmetric iff (Au,u)o is real for all u €
C®(M;E).

PrROOF. If P is symmetric, then
23(Pu,u)o = (Pu,u)o — (Pu,u)y = (Pu,u)o — (u, Pu)o = 0 for all u € C°°(M; E).

Thus (Pu,u)o is real valued for each smooth w.

Conversely, suppose (Pu,u) is real valued for each smooth u. For any w,v €
C*°(M; E) we have

(Pu,v)o + (Pv,u)g = (P(u+v),u+v)y — (Pu,u)g — (Pv,v)g € R

therefore S(Pu,v) = —3(Pv,u) = I(u, Pv) using (Pv,u) = (u, Pv). Replacing v
by —iv in the same formula we have that since i(Pu,v)—i(Pv, u) is real, R(Pu,v) =
R(Pv,u) = R(u, Pv). It follows that (Pu,v) = (v, Pu). O

LEMMA 1.4. If P is symmetric, then

(P = ADullo = |SA[[[ullo, u e CF(M;E).

If in addition P is non-negative, then

(P = ADullo = [Al[[ullo i RA <0.

Before giving the proof we draw the conclusion we will use later. Let ¢y > 0
and let

Yoo = C\{X\: RA >0 and [S\| < coRA} (1.5)

17
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This is the complement of a closed sector 3¢ con-
taining the positive real axis in its interior. Com- e
bining both estimates (P non-negative) gives: for '

each cg > 0 there is ¢; such that
1P = Alyully = exAlllullo i A € Z (L.6)
Indeed, if ®A > 0 and |SA| > coRA then
AP < (14 (1/5))(SN)?

so the first assertion of the lemma gives that (1.6) holds for A € ¥, when R\ > 0,
with ¢ positive < 1/4/1+1/ c%. Together with the second assertion of the lemma
we get that (1.6) holds in ., with the constant ¢; = min{1,1//1 + 1/c}.

PROOF. Suppose P is symmetric. Starting with the Cauchy-Schwarz inequality
we have for arbitrary u € C*°(M; E),

1P = Ayullo llullo > (P — ATy, u)| = |(Puyu) — Au, )| > |SAJull
where in the last inequality we used |z| > |Sz| for any complex number z. Simpli-
fying we get the first assertion.
Suppose now that (Pu,u) is non-negative. Then
1P = XDyl = [Pull? + AP [ul}2 - 2RA(Pu, u).

If RA < 0, then —2RA(Pu,u) > 0, hence the right hand side is bounded from below
by |A|?||u]|3. This proves the second assertion. O

2. Maximal domain

To discuss the spectrum of P € Diff™(M; E) one has to specify a domain. The
initial definition of P is

P:C®(M;E) C L*(M;E) — L*(M; E). (2.1)

The maximal domain of this operator is the domain, momentarily denoted D, of
the Hilbert space adjoint of

P*: C®(M;E) C L*(M;E) — L*(M; E),
the formal adjoint of P (see Section VII.3). This means:
u € D if and only if the functional C*°(M; E) 3 v — (u, P*v)g € C

is continuous in the L2-norm.

With D as domain, P is closed (the graph of P is closed) and densely defined
(C*°(M; E) is a subspace of D which is dense in L?(M; E)). If D' C L*(M; E) is
a subspace containing C*°(M; F) with which P is a closed operator, then D' C D.
Indeed, Pu is always well defined as a distribution. The definition of D requires u
to be such that Pu, as a distribution, is an element of L?(M; E).

If P is elliptic, then D = H™(M; E) by part (ii) of Proposition 1.3. The Hilbert
space adjoint of P* is thus

P:H™(M;E) C L*(M;E) - L*(M; E), (2.2)

an extension of the operator (2.1). Since C*°(M; E) is dense in H™(M; E), (2.2)
is the closure of (2.1). (This is Corollary IX.1.6.)
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PROPOSITION 2.3. Suppose P € Dift™(M; E) is elliptic. The Hilbert space

adjoint of (2.2) is
P*: H™"(M;E) C L*(M;E) — L*(M; E).
PROOF. The domain of the Hilbert space adjoint of (2.2) is
D ={veL*M;E):D5>uwrs (Pu,v) is continuous in the L*norm}.
In particular, since C°(M; E) C D, if v € D then v belongs to the maximal domain
of P*. So ® C H™(M; E) (since P* is elliptic). We show that if v € H™(M; E),
then v € ®. For arbitrary u € H™(M; E) we have
(Pu,v)g = (u, P*v)g
by Corollary IX.1.10. But then
|(Pu, v)o| < Jlullo [P*vllo

gives that H™(M; E) 3 u + (Pu,v) € C is L?-continuous. So v € D. O

3. Selfadjointness, spectrum

PROPOSITION 3.1. If P € Diff"™(M; E) is elliptic and non-negative, see Part
(it) of Definition 1.1, then
(i) the operator (2.2) is selfadjoint;
(i) With this domain, spec(P) is a discrete subset of [0,00) without points of
accumulation;
(iii) each element of spec(P) is an eigenvalue of finite multiplicity.

PROOF. The property of being bounded from below includes the requirement
that (Pu,u) is real for any u € C*°(M;E). Hence P with domain C*°(M;FE)
is symmetric by Lemma 1.3, i.e. P* = P on smooth sections. Consequently, the
Hilbert space adjoint of (2.2) is itself (they have the same domain). This proves

Lemma 1.4 gives
(P — ADu|| > e1|M|lul|? for any u € C®(M; E) if X € 2,
via (1.6) with ¢; depending on ¢y > 0 (X, is defined in (1.5)). By continuity, the
estimate holds also when u € H™(M; E) and shows that if A € X, then
(P—X\): H"(M;E) C L*(M; E) — L*(M; E) (3.2)
is injective. The Hilbert space adjoint of this operator is
(P—XI): H"(M;E) C L*(M; E) — L*(M;E)
since (2.2) is selfadjoint. Since X, is closed under conjugation, also the above
operator is injective, therefore the closure of the range of (3.2) is L?(M; E). But
(3.2) has closed range by Corollary IX.2.7, so it is onto. It follows that spec(P) is
contained in the complement of ¥, for any c¢o > 0, hence spec(P) C [¢, 00).
Let (P — X))~ : L>(M;E) — L*(M;E) be the inverse of (3.2) for those A
for which it exists, certainly if A ¢ [0,00). Since P is elliptic, (P — A)~! is a
pseudodifferential operator of order —m (Proposition VIII.3.3) and is therefore a
compact operator (Corollary IX.2.8). When X is real, less than ¢, then (P — \)~1

is also selfadjoint.
Before continuing the proof we state a lemma which we prove later.
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LEMMA 3.3. Let H be a Hilbert space, T : H — H be compact, selfadjoint,
and positive. The spectrum of T is a subset of [0,]|T||] with only 0 as point of
accumulation. Fach nonzero k € spec(T) is an eigenvalue of T' of finite multiplicity,
and H is the closure of

ker T @ @em &, = ker(T — k).

r€spec(T)
K>0

If H = L*(M;E) and T is the inverse L>(M;E) — L?*(M;E) of a selfadjoint
elliptic differential operator, then ker T = {0}.

Fix some \, < 0. Then T' = (P — A\, I)~! satisfies the conditions of the lemma.
Thus
L*(M;E) = ct P e..
r€spec(T)
k>0
If u € €, then Tu = Ku = u = k(P — Asg)u so

1
Pu=(\.+ =
u= (A + K)u

and conversely. Therefore the eigenspaces of P — g are those of T, eigenspaces of
finite multiplicity with eigenvalues A, = (Ao + 1/, !) tending to co as v — co. [

The following proof uses parts of Kato [17, p. 185], Tréves [34, Theorem 48.1],
and Schatten [28, pp. 15-16].

PROOF OF THE LEMMA. Since T is positive, spec(T) C [0,00) and since T is
selfadjoint (normal), is spectral radius is equal to its operator norm. The number
0 belongs to the spectrum because, if the range is closed, it is finite-dimensional,
or else, T is not surjective. Thus spec(T') C [0, ||T]]]. Furthermore (see Rudin [27,
Theorem 12.25]), the norm of T is

ko = sup (Tu,u).
flull=1
Note that kg # 0, since T is not the zero operator. Pick a sequence {u,} C H be
such that [|u,| =1 and (T'u,,u,) — ko. Passing to a subsequence, assume {Tu, }
converges. We have

| Tuy, — kuy||? = |Tuy ||* — 260(Tuy, uy) + k3 < 285% — 20 (Tuy, uy)

which tends to 0 as v — co. Since {Tu, } converges, {u, } converges to some u and
we have Tu = kou with |lul| = 1.

Thus &,, = ker(T — kol) # {0}. If &, is infinite-dimensional, it has an
orthonormal basis {v,}. Compactness of T" implies {T'v, } has a convergent subse-
quence, that is {kov,} has a convergent subsequence, which is not possible since
ko # 0. Therefore €, is finite-dimensional.

Let H; be the subspace of Hy = H orthogonal to €. If u € Hy, then Tu € H;.
Indeed, if (u,v) = 0 for all v € &,,, then (Au,v) = (u, Av) = ko(u,v) = 0. The
restriction Ty = T'|p, : Hy — H; satisfies the same hypotheses as T. If |T'|| = |71 ||
then ko is an eigenvalue of T3, which is not possible. So k1 = ||T1|| < |T|| is an
eigenvalue of T" and &, = ker(Th — x1I) C H; is orthogonal to €, and there are
no eigenvalues of T between k; and k.
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Suppose we have obtained, for p = 1,...,v, T-invariant spaces H, C H,_1
such that H, 1 = H, ® €., , as an orthogonal, where &, = ker(T — x, 1) with
Ky =Tyl >0, Ty =T|n, : H, — H, if p <wv.

If T, #0, let k, = ||T,||, let €, = ker(T, — k), and let H, ;1 be the subspace
of H,, orthogonal to €,,. This process continues while T,, # 0.

If no T, = 0 we have a strictly decreasing sequence {k,}32, C [0, ||T"]|] which
converges to some k > 0. Pick, for each v, an element u, € &, , u, # 0. There is a
subsequence {u,, } such that T'u,, converges. Since (u.,,u, ) = 0if p # 4/,

H’%V;LU‘V;L - HV,L+1uV;L+1 ”2 = H?J + "{12/+1 — 2"{2 as p — 00,
for such p, p', while
1 Tup, — Tup,., ||> — 0 as p — oo,

therefore k = 0.

Or else, T, = 0 and then H, = kerT. In this case T has finite rank equal to
the direct sum of the finitely many spaces &, .

When T is the inverse L?(M; E) — L?(M; E) of a selfadjoint elliptic differential
operator, say of order m, then T : L?(M; E) — H™(M; E) is an isomorphism, so
ker T = {0}. O

Note that the spectrum of P and the eigenspaces are actually properties of P
itself, independent of the Hilbert space structure of L?(M; E) or H™(M; E).

PROPOSITION 3.4. Let P € C®°(M; E) be elliptic and non-negative (Definition
1.1, Part (i17)). Then
(P—XI): L*(M;E) = L*(M;E)
exists for \ ¢ spec(P) and as such, for any co There is ¢} such that
[(P=AD)7H =A™ for A € S (3.5)

This is a consequence of (1.6) and the fact that C°°(M; E) (which is where that
inequality holds) is dense in H™(M; E) (Corollary IX.1.5). We can take ¢} =1/¢;
where ¢ is the constant in (1.6).

We end the section with an example that illustrates that being elliptic does not
imply discreteness of the spectrum and a theorem with a sufficient condition for the
spectrum of an elliptic to be discrete.

EXAMPLE 3.6. Let M = S! let P = e~ D2 where x is the standard angular
variable. Then P is elliptic and spec(P) = C. For arbitrary A € C,

) =2 g
k>0
is an eigenfunction of P with eigenvalue A.
PROPOSITION 3.7. Let P : C°(M; E) — C*°(M; E) be an elliptic operator of
order m, extend it to its closure (i.e., give it its maximal domain):
P:H™(M;E) C L*(M;E) - L*(M; E)

Suppose spec(P) # C. Then spec(P) is a set without points of accumulation.
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PROOF. Let Ag be a point of the boundary of spec(P). Let K = ker(P — \g),
i K= LA(ME), e, : KT — L*(M;E)

be the inclusion maps. By K+ we mean H™(M; E) N K+, with K+ the subspace
of L?(M;E) orthogonal to K; since K C C°(M;E), the orthogonal projection
meL : L2(M; E) — L*(M; E) onto Kt is the identity on K1, so

H™(M;E)=Ka&K*.
Let R = rg(P — AoI). Let
7 : L*(M;E) = L*(M;E), ng.:L*(M;E)— L*(M;E)

be the orthogonal projections on the subspaces indicated by the subindex. Using
these inclusions and projections we rewrite (P — A1) as

K RE
Pii(A) Pia(A)] |
{7’21()\) 7’22()\)} ' ,gi - ;‘% '

For instance Paz(A) = mr(P — M )i, . Since Pay(Xg) is invertible, also Pay(\) is
invertible for A close to Ag. Indeed,

PQQ()\) = PQQ()\()) - ()\ - )\0)’/TR o L,&L
is invertible when A — Ag is small. The system

Pll(A)u + P12(>\)’U = f
{Pﬂ()\)u + Pa2(Mv =g (38)

is solved by the pair (u,v) if and only if
v ="Par(N) (g = Pii(N\)u
and u solves
(P11(A) = Pia(A) Pa2(A) " Par(N))u = f — PraPaz(N) g

in which case A lies in the resolvent set of P.

The operator on the left, call it Q()), depends analytically on A, maps the
finite-dimensional space K into the (finite-dimensional) space Kt. Since \g lies on
the boundary of spec(P), any disc centered at Ag will contain points where P_\; is
invertible. At such points where Q()) is invertible. It follows that dim K = dim R*.

The linear map @Q()\) is zero when A = Xg, but is not identically 0: as pointed
out already any disc centered at Ao will contain points where Q(A) is invertible.
Using bases on K and R* to write a determinant for Q(\) we see that det Q()\)
vanishes at A\g but not at nearby points. Since det Q(A) is holomorphic, only Ao can
be a zero in a sufficiently small disk centered at \g. Thus (3.8) can be solved in a
punctured disc about A9, which means that as an element of spec(P), Ag is isolated.
This proves the proposition. ([l
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4. Polynomial bounds

Let P : C®(M;E) — C®°(M;E) be an elliptic differential operator of order
m. Assume
(Pu,u) > ||ul|* for all u € C°(M;E).
The spectrum of P is a discrete subset of [0,00) consisting of eigenvalues of finite
multiplicity. Let {Az}72, be the sequence of eigenvalues, each eigenvalue repeated
according to its multiplicity, in non-decreasing. Let

Np(A) = #{k: A\ <A}
PROPOSITION 4.1. There are C' and so > n/m such that Np(X) < eA®.

The following proof is copied from Lesch [18, Prop. 1.4.7, available form the
arXiv] who in turn adapted it from Gilkey [10, Lemma 1.6.3], who credits the idea
to B. Allard.

PROOF. Let {¢y}72, be an orthonormal basis of L?(M; E) with Py, = \y¢y.

We need to estimate
Np(X) = llxll3-
{k: Ak <A}
We will write (v, w), for the inner product of v,w € E, and |v|, for the norm.
The immediate task is to show the pointwise estimate

there are £ € N and C > 0 such that
3 lon(@)2 < rC+ 2292 (Y [n(@)?)? forall A (4.2)

{k:)\k<)\} {k::>\k</\}
Here r = rk E. Simplifying and squaring yields
there are £ € N and C' > 0 such that

Z |pr(z)|> < r2C2%(1+ \*) for all A
{k:Ap <A}
which gives
Np(A) < 7r2C? Vol(M)(1 + \*) (4.3)
after integration over M.

We now prove (4.2). Fix some zo € M. Let 11,...,7n, be an orthonormal basis
of E,,. lf v e E,,, then

T s

|1) :2c0 = Z |(nj’v)|io = Z(m»”)xo(ﬂj,v)mo = Z (771'7 (773‘, v)ﬂfov)wo

j=1 j=1
where the first equality is by the Pythagoras theorem. Thus

Solono)lZ, =" S (05 (0 ér(w0)),, x(0)).,,

{k:dp <A} {kidr <A} j=1

=" (13 (13, du(a0)) ., 6xlx0)) ,,

J=1  {k:Ap<A}

<2120 (0566(20)) 68 (@0)

F=1{k: A <A}



24 III. EIGENVALUES

using Cauchy’s inequality in E,,. With our fixed z¢ and arbitrary x € M, let
wi() = > (mdx(0)),, (2);
{k: A <A}

These are smooth section of E with which the above is
2
> |ék(xo) Zlu] 20)| -
{k:Ar <A}

If ¢ € N is such that m¢ > n/2 then, combmmg the estimate in the Sobolev
embedding theorem (IX.3.2) and the a priori estimate (IX.1.4) yields

luj(z0)[7, < CP(I1P us 1§ + llu;5) (4.4)
with some C' > 0. Computing carefully, using that the ¢, are orthonormal, we have

1P us 1§+ lusllg = 1P (ngs dx(20)) o855 + 11> (n5, dr(20)) o %115

{k')\k<)\} {k')\k<)\}
= 1> M (s dr0) o SrlIE + 1D (15 dr(w0)) o 1113
{k )\k<>\} {k )\k<)\}
=D N0 0k (@0) o + D (s dk(w0)) o
{k )\k<)\} {k >\k<)\}
= Z(l + )‘lzce)| (nj» ¢k(m0))0|2
{k:Ap <A}
< Z(l + AQZ)| (771', ¢k(x0))0|2
(kAR <A}

= (1+X) Juy 3.
But
‘U‘JHO_Z|77J7¢IC xO <Z Z|77Jv¢k xO Z|¢k (o |a:0
{k:A\p <A} {k:ixg <A} J’ {k:\p <A}
using the Pythagoras theorem in E,, again in the last equality. So
(L Nyl < (14X D |on(@o) 2,
{E:Ap <A}
thus each term in (4.4) is bounded by

1/2
Juj (20) 2o < C(L+NOV2(S [dn(z0)I2,) ",

{k:Ap <A}
Hence
2 1/2
Z’%xo ZWJ o)y < TC(L+ N2 (D (o) ]2 )/
{k: A <A} j=1 {k:A <A}
This completes the proof of (4.2) and of the proposition. O

In the proof, ¢ is chosen so that mf > n/2. If we could use arbitrary powers ¢
and arbitrary real order Sobolev spaces, not just integer powers and integer Sobolev
orders as we are constrained to do here, then (4.3) would give

Np(X) < r2C2(1 4 A/m+e) (4.5)
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with arbitrary € > 0, C' depending on the choice of €. But as it is, the smallest
integer ¢ we can take is £ = (|n/2] 4+ 1)/m, so the best bound of Np(A) we have so
far is CA\2(n/2]+1)/m The Weyl estimate is of course better and more precise. We
will get this later.

COROLLARY 4.6. The series
1
C(s) = Z s
k k
converges absolutely and uniformly on compact subsets of
{s€C:Rs>2([n/2] +1)/m}.
Thus ¢(s) is holomorphic in that set.
PROOF. Suppose N(A) < cA¥. In

#{k: Mg <A} <e

replace A = A;. The set consists of all k£ such that Ap < Aj;, which, since Ay is
monotone, has j elements. Thus

j< ey
which gives \; > (j/c)'/*, so
1 C§)‘Es/rn
<
x| =

Thus the series converges if s/p > 1.






CHAPTER IV

Hormander’s estimate

1. The Cauchy problem

Let P: C®(M) — C*(M) be a classical first order elliptic pseudodifferential
operator with real-valued principal symbol. We will discuss the solution operator
of the problem

1
;%—Pu:o in Rx M
ult=0 = ug on {0} x M

for small ¢t. The ansatz is that in a neighborhood (—¢, &) xU of (0, z), in coordinates
(t,z), the problem is solved by

Quo(t,z) = /ei(‘b(t’gﬂ’e)*“”/'e)q(t,m,x’,@)uo(x’) dx’ df. (1.1)

1
(2m)™
where g is a classical symbol and the phase ¢ : Y x R™ — R is, in principle, also a
first order symbol (homogeneous of degree 1 in 6 for large |0|). Setting ¢ = 0 should
produce the identity operator, thus

¢(0,2,0 —2'-0) = (x —2') -0 and ¢(0,z,2',0) = 1;

that is,
$(0,2,0) =20

and we add to the ansatz that ¢ is of order 0 but ¢(0,x,2’, ) is equal to 1 only in
some compact subset K x K and otherwise 0 in U x U x R™. This would reflect
the use of partitions of unity in the construction of the parametrix for the Cauchy
problem. This justifies some integration by parts we will carry out later.

Letting P € U!,(M) be the operator

Po(z) = (2717)” /ei(xfxl)fp(x,f)v(x')da:’ d¢
one gets
(PQU)(t,z) = (271r)" /ei(‘p(t’x’e)_x”'e)(p og q)(t, 2", 0)ug(z") dz"" do
where

/Ci(m_a:/)'g_i[(b(t’xﬁ)_¢(t7w/79)]p(1’,g)q(t,l'/,ZL’”&) dx’ de.

27
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That (p o ¢) is a symbol of order 1 is essentially proved by the following
argument. The expression in brackets in the phase can be written as

¢(t,$,0) - ¢(t,$/,9) = Z¢j(f,x,$l,9)($j - x/j)
J

by way of the first order Taylor expansion at x = z’; the coefficients satisfy

’o . 0¢ /
¢j(t 2’ 2",0) = @(l’"g)

Defining ® = (¢4, ..., ¢n), the phase is
(x—2)-&—(x—2") ®(t,z,2',0)
Introducing the change of variables
¥=x+y, E=n+d(t,x,x—1y,0)
we get

1 o
(pog q)(t,z,2",0) = @ /6 Yp(z,m + @)q(x +y, 2", 0) dy dn.

Replacing the Taylor polynomial with remainder (expansion in n at n = 0),

plan+®) = > ———(x,(t,z,x+y,0))n"+ D> Pnvan®
' la|=N+1

in the integral and integrating by parts yields a sum of terms

11,00 .
Wa/e v 6§a (xaq’(t79€79€+y79)>77 Q(x+y7$//79) dydn

1 1 . lex]
= 7*/(*1%)&6’1’“‘”’&(% O(t,z,x +y,0))q(x +y,2",0) dydn

(2m)™ ol o€e
S U A L
_ Wg/e iwnpo | agap(%‘l)(t,a:,ﬁyﬂ))qw+y7x”,9)} dy dn
1 @ @ab "
=~/ Pyl 9E (z,®(t,, 2 +y,0)q(x +y,z",0)6(y)] dy
1, alelp ,
= 1050 G (e + 9. O))ala + .27 6)]

plus the remainder. The last expression is a classical symbol of order 1 — |a|. A
similar expression results also from the remainder term. The highest order term
(order 1) has o = 0 and comes from the principal parts of p and ¢:
b1 (33, (D(tv Z,T, 9))q0(xa x/l7 0) =D (Z‘, qub(t, z, 9))QQ($, 33”, 0)
(since p; is homogeneous of degree 1, we must ensure V,¢(x, &) # 0).
Thus
19 i(p(z,0)—x'-0) ’ ’
(;a —P)Quo= [ e ' (61q + Drg — p oy q)uo(z') da’ d

where (¢.g—Dig—pogq) is a classical symbol of order 1 which is required to vanish.
The term of order 1 is

(¢t(tu x, :UN7 9) — D1 (.’L’, vm¢(t7 x, LL'”, 9)))(]0
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Thus the phase ¢ should satisfy

¢t(t7 x, 9) — D1 (xa V:E¢(t7 x, 9)) =0
?(0,2,0) =2 -6.
Since V,¢(0,2) = 6, the condition V,¢(x, &) # 0 is guaranteed as long as ¢ is small
(0 = 0 is not relevant). This first order equation has a unique solution for that
exists for small t. Thus
¢(t7 z, 9) =x-0+ tp(x, 0) + t2¢2(t7 z, 0)

with some h(t,z,0). The term of order 0 in is a first order differential equation
—iLqgo + cqo = 0 in which gy appears linearly. The coefficients of £, a vector field
with real coefficients, depend p; and its first order derivatives, and ¢ depends on pyg.
This equation, called the first transport equation comes with the initial condition
q0(0,z,2"”,0) = 1. The rest of the terms p_; are solutions of —iLq; + cq; = v; with
g; = 0 at t = 0 where v; depends on py,...,p; and qo,...,qj—1.

2. The trace

In setting 2’ = « in (1.1) the phase becomes
¢(t71'7 9) —x-f0= tp(.’b, 9) + t2¢2(t,$,0)
so the trace of @ for small ¢ (set = ') is (with m = mpdz in coordinates)
1 .
Q) = iz | Ot 55, 0) o (o) d,
(2m)" Juxrn

a distribution.

LEMMA 2.1. The distribution Tr(Q) is smooth in some punctured neighborhood
of 0

PRrROOF. The function

w(ta &€, 0) = p(l‘, 6) + t¢2(t7 &€, 0)
is homogeneous of degree 1 in 6, smooth (when 6 # 0) and nonzero for small ¢ since
p(z,0) # 0. With such ¢ as a parameter let
Syt =08y ={(z,0) e UxR":9y(t,x,0) =1}

this is a cylinder with axis ¢ and section diffeomorphic to the n — 1 sphere in R".
Define

o RT xSy, = UxR™, s, x,0) = (z, s0).
Then
of (modz" A--- Adx™ AdOy A -+ Ndb,,) = " rds A dO

where d© is surface measure on 0By ¢. Then
1 > A
Tr(Q)(t) = 771/ e“ts"_l/ q(t,z, s0)dO ds
(271—) 0 OBy 1

The inner integral is a smooth function a(t, s), a symbol of order 0 with ¢ as space
variables and s as phase variable.
Choose some y € C°(R) with x(s) =1 then s is close to 0. Then

/ et (s)a(t,s)s" *ds
0
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is smooth. And if ¢t # 0, then for arbitrary N € N one has

/000 et (1 — x(s))a(t,s)s" tds = tiN /OOO tN et (1 — x(s))a(t,s)s" L ds

= v [T EDDN A= shatt )5t ds

exhibits Tr(Q)(t) as a C* function of ¢ once N > n + k + 1 since the amplitude is
bounded by ¢(1 — x(s))s~*~2 then. O

We now write a global formula still valid only for small ¢. The subbundle of
T*(Mx M) ~ |, . Ty M @ T;; M conormal to diag(M x M), denoted Ao for
convenience, is

{€on) €T oy (Mx M)z eM, S (§+n)=0}
where ¢ : M — M x M is the diagonal map. Thus
Ao ={(E & (=£)) € T(, (M x M) :zeM, £ € T;M}
Pick an auxiliary Riemannian metric g on T*M. The restriction to Ag of the
exponential map of T*(M x M) is
TiM 3 € (exp, & exp,(—€)) € M x M

using & in place of (£ ® (=£)) to identify Ag with T*M. This is a diffeomorphism
of a neighborhood B of 0 in T*M to a neighborhood W of the diagonal; for the
sake of concreteness pick B as the bundle of balls radius equal to half the injectivity
radius. Let (z,2’) : W — B be the inverse of g — (exp,n/2,exp,(-n/2)). This
map plays the role of x — 2’ in the coordinate version: if the metric is Euclidean,
the first map is

(y,m) = (2,2") = (y +n/2,y = n/2)
and the inverse is  — 2/ = ) (omitting y = (z + 2’)/2). Define
ST*M={(z,2",§) e WX T*M: £ € TyM, y = md(x,2")}
where 7 : T* M — M is the canonical projection. Define ¢g : §*T* M — R by

¢0($,$/,§) 29(5(1‘,1‘/),6) (22)
In this formula, 6(x,2") € Ty M and thus £ € T;; M, so the pairing is well defined.
This function plays the role of (x — 2’) - §&. (For more on global representations
of pseudodifferential operators see Widom [37], Plaum [25].) The phase ¢, the
solution of the problem

dip — o (P)(dz¢) =0
Pli=0 = ¢o
has the form
¢0($, x/7§) + t@'(P)(dd)()(.’E, x/aé‘)) + t2¢2(t7 xz, xlvé)'
Along the diagonal, ¢g = 0 and o (P)(d¢o(z,2,€)) = a(P)(£), which gives
d)(t,x,x,§) = tp(é) =+ t2¢)2(1‘,$,§), T = 7T(§)
Let
¥(t,€) = o (P)(§) + ta(z, 2§).
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The global statement is:

TQ(t) = —

(2m)" /T*M etw(t’g)Q(f) dL(§)

where ¢ = 1 4+ g_1 where ¢; is a symbol of order —1. Taking advantage of this last
fact,

TQU) = o [ O dse) +etr)

where €(t) is smooth when ¢ # and a weaker singularity at 0 than the main term.

3. The asymptotic formula

Let ¥ = {o%}72, be a nondecreasing sequence of positive numbers such that
Ns(o)={reNy:0, <o}

is polynomially bounded. Equivalently, using the Heaviside function,
Nx(o) = ZH(U —0y,)
v=0

is polynomially bounded, which implies that Ny is a Schwartz distribution, and so
is its derivative,

dNsy, >
W(O’) = ;6(0 —0,).
Consequently
Z eitau
v=0

converges as a Schwartz distribution.
Let ¢ : (—0,0) x T* M — R be smooth, strictly positive, homogeneous of degree
1in & (¥(t, 7€) = (¢, €) if 7 > 0), let dL be the Liouville density.

THEOREM 3.1 (Hormander, [12]). Suppose

3 et = (Qi)n /T N O dL(E) e(t)  if [t < 6 (3.2)
v=0

where € is a distribution defined in (—9,9) which is smooth for t # 0 and satisfies
pe(o) = O(a"?)
for any p € C*°(R) with support contained in (—9,6). Then
Na(0) = V‘zgg‘gO)a" +O(o)"!
where

By ={§eT"M:4(t,€) <1},

PROOF, TAKEN FROM [11]. We begin by introducing a change of coordinates

in the integral in (3.2) similar to spherical (or rather cylindrical) coordinates. Let
0By + be the boundary of By ¢,

OBy ={€€T"M:y(t,§) =1}
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Define g, : RT x 0By — T*M by 01(s,€) = s€. The Liouville density d{ trans-
forms to

@ (dL) = s""t|ds A dO|

where dO is surface measure on 0By ;. To clarify this, choose local coordinates
bt ..,z let &, .., &, be the dual coordinates, so & = Zj §jdx?. Then

aBﬂMt = {(l’,f) : 1/’(757%5) = 1}

Write ; for the restriction of &; to By ;. These functions together with the z7
provide local coordinates on 9B, ;. The map g, in these coordinates (and s) is

oi(s,z,9) = (... 2" s01,...,50,)
and thus
©*(dL) = |dz* A--- Adx™ A (91ds + sdr) A -+ A (Opds + sdiy,)|
=[dzt A Ada A (5" s A (=1 doy A Ay A A dd)]
where as usual the caret means to omit that term. This formula says
dO = [dx" A+ Ada™ A (D (=1)7TNd0y A AdD; A A dd)]

in coordinates. (When 1(¢,&) = (3. €2)'/2, the part in parenthesis gives the density,
the element of surface area, of the sphere.)
With this change of variables, the integral is

/ / sV ett 4O ds
o JoBy.

in which the inner integral produces a smooth function of ¢,
/ de = dO + tu(t) = Vol(0By,0) + tu(t).
OBy ¢+ 0By .0

Hence

/ / s""te't dO ds = Vol(0By o) / s" et ds + tu(t) / s" et ds.
o JoBy., 0 0

Now (3.2) reads

et \W / s" et ds 4 e(t) if [t] < 6 (3.2)
0

v=0

with a different function € however with the same properties of smoothness and
regularity because of the factor t.

Pick some p € C2°(R) supported in (—4,d) with [ p(t)dt = 1. Keep in mind
that p is a Schwartz function. Multiply both sides of (3.2") by p and take the Fourier
transform. Get

5o 0,) = YR o) + elo) (33
v=0

where s/ 7! = s""1H(s).
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Since 31_1 vanishes when s < 0, 51_1 * p is rapidly decreasing as 0 — —oo (we
do not need this). To estimate the convolution when o > 0, we proceed as follows.

o) = [ o=t ds

o n—2 o
=1 / p(s) + Z Cn—1,k ak/ s" R 15(s) ds
with some constants ¢, 5. We have
ot / p(s)ds = o1 / p(s)ds — o1 /ﬁ(s) ds = o™ + (o)
with ¢ (o) rapidly decreasing as ¢ — oo. Similarly we get

|O'k/ sV (s) ds| < Co*

— 00

for k=0,...,n— 2 and some C if ¢ > 0. By hypothesis
pe(o)] < Co™ 2.

In conclusion, (3.3) gives (see [11, Ch 6, formula 8.11])

> 1
Z[}(U —0,) = Monfl + 00" 1) as 0 — 0. (3.3)
s (2m)"
As was pointed out earlier, the left hand side is the derivative of p * Ny, so
Vol(0B
(px Nx)(o) = Mo’" +0(c" ) as o0 — (3.4)
n(2m)»

We now want to rewrite the left hand side as Nx(o) plus a “small” error:
assuming [ pds =1 we have

Ny (o) = (5 Ns)(o) + /15(3) (Ns(0) - Na(o — 5)) ds. (3.5)

For the first term on the right we already have a formula. To estimate the integral
we will need an estimate in the difference in parenthesis. Here a more careful choice
of p comes in.

To construct a convenient function p (see [11, p. 377]), choose py € C°(R)
non-negative, even, with p2(0) = 1/27 and supported in (—§/2,5/2), so [ po # 0
and pg is real-valued. Let p = pg * pg. Then

swpp(p) © (<6.0), [ ole)ds=1. p=p =0, 50)=([ >0
The key estimate comes now:
LEMMA 3.6. There is ¢ such that
Nx(0") = Ns(0') < c(6” 4+ ") 10" — o)

whenever o > o' > 0.
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ProoF. Pick k > 0 such that
Ip(o)] > p(0)/2  if |of < K/2. (3.7)

For arbitrary o, the first inequality in

> plo—0,) 2> plo—0,)> @#{y €z |o—o,| <k/2}
v=0 veNg
|o—0|<r/2

follows from the non-negativity of p, the second from (3.7). In conjunction with
(3.3') this gives

#veNy:|o—o,| <K/2} <co™h (3.8)
Let m = [(¢” — 0’)/k] be the smallest integer greater than or equal to (6" —o’)/k,
let K = (¢ — ¢')/m. The numbers oy = o' + ¢k’ partition [0/,0"], £ =0,...,m

into m subintervals of length x’, with respective midpoints
o+ (+1/2)x', £=0,...,m—1.
The estimate (3.8) gives the first inequality in
#{veNy:0, € [os,001]} < clo’ + (£ +1/2)x")" !
<c(o' + o)L,
the second just because oy < o if £ < m. Consequently
#{veNy: 0, €los,00:1]} < em(o’ + o)1
=c(o’ + """ Yo" - o)
which completes the proof of the lemma. O

If o/ <0 < o then
Nx(0) — Nx(o') < co™ !

because Ny (o) = 0 = Nx(0).

We take advantage of the lemma by splitting the integral in (3.5) as

/ p(s)(Nx (o) — Nx(o —s)) ds + / p(s)(Nx(0) — Nx(o —s)) ds
The integrand in the first integral is bounded by
ep(s)(20 — )" Us| < exo™ (1 +1s) TV, s<o
while that in the second is bounded by
cp(s)o"t <eno™ YA+ |s|)7N, s>0
which gives the bound ¢/0”~! for the sum of the two integrals. Using this in (3.5)
gives
Ns(0) = (p* Npij2)(o) + O(c" ™)

which replaced in (3.4) produces

Nx(o) = V;(léil)’)’s)

But Vol(9B,)/n = Vol(B,). O

o+ (9(0”71)



CHAPTER V

Complex powers

1. Motivation

All this chapter is based on Seeley’s paper [29]. The principal aim is to get
the residue of the first pole of the zeta function of P. The Wiener-Ikehara theorem
(see Theorem 1.3.5 or [38, p. 44]) then gives the Weyl asymptotics of the operator.
Seeley’s paper is more general in that it handles pseudodifferential operators with
positivity replaced by existence of a ray of minimal growth. By dealing only with
non-negative elliptic differential operators we avoid some technical complications
that would only obscure the technique.

As before M is a closed manifold with smooth density m and £ — M is
a Hermitian vector bundle. We let P € Diff(M; E) be a non-negative elliptic
operator. From Proposition II1.3.1 we know that
P:H™(M;E) C L*(M;E) - L*(M; E)

is selfadjoint with discrete spectrum contained in [0, 00) consisting only of eigen-
values of finite multiplicity. Let {\r}2, be the sequence of eigenvalues as a non-
decreasing sequence with each eigenvalue repeated according to its multiplicity.

LEMMA 1.1. The series
)= Y 55 (12)
Ar>0 Tk
converges in {s € C: Rs >n/m+¢c} (for some e > 0) to a holomorphic function.
PROOF. From Proposition I11.4.1 we know that the eigenvalue counting func-
tion of P,
Np(A) =#{k : \p < A}
is bounded by CA"/™*¢ for A > 0 (see (I11.4.3)) for some C depending on e.
Evidently
#{k‘ A < /\ko} = ko,

so for any k we have k < C’/\Z/ ™FE . This gives

1 C 1/(”/””""6)
— <[ Z
Ak T <k>

and so (1.2) converges absolutely and uniformly on compact subsets of C with
Rs > n/m + ¢ for any € > 0. O

Following Seeley [29], we extract more information about (p using the formula
¢p(s) :ﬂi/A—S(P—M)—ldA, (1.3)
2 r

35
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which is valid, as we shall see, if m¥®s > n, where

T" is the path obtained by traversing the negative — A\\

real axis from —oo to —e (¢ > 0 suitably small), - W'

followed once by the clockwise oriented path |A| = ¢,

then back to —oo along the negative semi-axis. The number ¢ is small enough that
it does not enclose any element of spec(P) except possibly 0. The function A — A®
is defined in the complement of the real negative semiaxis using the principal branch
of the logarithm. Along the first part of the path (A < 0), A™° = |\| ¢~ %™ and
along the third, A% = |\|~%¢’*™. The motivation for the formula comes from

i
S=— [ AS(n—=XN)"tdA
n o7 ;. (n—=2A)

if n € (e,00], Rs > 0. Used with

1
-1 _
(P=A)"' = ) ﬁﬂn,
nespec(P)
where II,, : L?(M; E) — L?(M; E) is the orthogonal projection on &, and proceed-
ing formally we get

Te(P- A" = ) LTer

néespec(P) N
from which one gets the relation between (p(s) an the trace of

P =" [ x=s(P—X)"'dx. (1.4)

2 Jp
Because of the estimate in Proposition II1.3.4, this integral converges in norm if
Rs > 0. We will see later that P~* is a pseudodifferential operator of order —m¥s.
Given this, it is trace class when its Schwartz kernel is, which by Lemma VIII.4.1
will happen if its order is less than —n. Thus P~* is trace class for sure if Rs > n/m.

Incidentaly, the factor ¢ in the numerator in (1.4) takes into account that we
wrote (P — M)~ instead of (A\I — P)~ L.

2. Complex powers of P

Since the aim is to count eigenvalues, we may assume that P is strictly positive
by replacing it with P 4 I, for instance, if 0 is an eigenvalue.
The simplest way to define the integral (1.4) is by appealing to the theory of
line integrals for holomorphic functions. Recall form Proposition I11.3.4 that
/

I(P =D ullo < hllulo, we IPOMIE), A€ %,
for any ¢o and some ¢j = 1/¢y. The region ¥, was defined in (IIL1.1.5). If u,v €
L*(M; E), then
A= AT (P =AM )
is a holomorphic function in C\(spec(P) UR_), bounded by
AT (P = M) "M, v) < AT fullolollo.

in ¥.,. Therefore: if Rs > 0, then the line integral

i —s _ —1
27r/p)\ (P = XI)" u,v) dA
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with I" as in the previous section converges absolutely and is bounded by
Csllullollvllo
with
Cs = c/ A 7R aN.
r
In particular, the functional

LQ(M;E)BUH%/)\_S((P—/\I)_lu,v)d)\e(c
T Jr

is linear continuous. Via the Riesz representation theorem it defines an element
of L?(M;E), naturally denoted P~*u. This element depends linearly on u and
satisfies

[P~ %ullo < Csllulfo-

Thus we do have a continuous operator P~* : L2(M; E) — L?(M; E) whose norm
is < Cy. Alternatively one can use that

A= AP = X)) "tu e L}*(M; E)

is continuous and the extension of the theory of Riemann integrals (in this case,
improper) to continuous functions with values in a Hilbert (or Banach) space.

In any case, the definition of P~° as an integral works only when Rs > 0. It
gives a family of operators depending holomorphically on s (has a Taylor expansion
around any sg with sy > 0 with continuous operator coefficients that converges in
operator norm if |s — sg| is small enough).

The following proposition justifies the notation, but more importantly, it will
allow for the extension of the definition of P~° to arbitrary s € C. Recall that we
are assuming that P is invertible.

PROPOSITION 2.1. If s,s" € C have positive real part, then
P—S o P—S, — P—S—S/.

If Rs > 1, then Po P=% = P~ If s is a positive integer, then P~° is the s-th
power of the inverse of P.

PROOF. Because of the holomorphicity, the precise path used to define P~ is
immaterial, only its general behavior matters. Keep I' as the original path and let
and let T be similarly described as follows. Choose
¢’ > e but < minspec(P), pick d positive < &’. The M
path TV consist of the segment parallel to the real
axis in the second quadrant with imaginary part 0
until meeting the circle of radius &', then the arc of this circle traversed clockwise
until it meets the line segment $z = —4¢ in the third quadrant, and from there to
—o0 + 16 parallel to the real axis.

To get a formula for (P~* o P~%')(u), u € L*(M; E) use the definition of then
integral

i
—s P—ul —1
o | (P —pl)” (u)dp
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in the previous section to deduce
(P -any ([ (=) ) d)

— [P AD o (P D) (w dn

This gives
7

(P~%o P_S,) = (%

)Z/F 5 A= (P = M) Yo (P — )~ dpd.
Once we reach this conclusion the order of integration becomes immaterial. Now
use
(P-XMD)'—P—-pu)'=P-A)"to(P—pl —(P—X))o(P—pul)™?
— A= w)(P =AD" o (P — pul) ™!
to obtain

—s —s’'\ i 2 )‘75“75/ —1
(P~*oP )7(%) /F/ o (A dud

Rewrite the first term on the right as

(if/r [/F Au—u du])rS(P—M)*l X

and observe that in the integral in brackets we can change the path of integration,
I, to a new one, I';, defined in the same way as 7' but with r in place of &', still
r > €, because A is constrained to lie in the path I'; the spectrum of P does not
obstruct this deformation. Using the estimate

5=
A\ —

| < Ol
I
with fixed A and letting » — oo we conclude that this integral vanishes, since Rs’ > 0
and |p| >ronT,.
Rewrite the second term on the right hand side of (2.2), including the sign, as

() L e

Here the integral in brackets is equal to

562 A d)\+/ A
A—ul=p A~ o A

where T is defined as I" was, but with parameter
e’ > 2|u| so that p and the circular (counterclockwise
oriented) path |A — p| = p with 0 < p < p lies in the
interior of the circular part of I'"’. The second integral
is then 0 by the same argument as above, while the
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first is

A—S
% d\ = 2mip~*
N—pl=p A 1
because the circle is contained in the complement of the negative real axis. Thus
Z’ 2 )\78 ’
— (= A (P~ 1)~ d
() [ el e -t

i 1 A8 ,
= — A\ u= (P =pul)~td
2w T/ |:27TZ ff}\—u—p A — 12 j|’u ( H ) H

1

(=)= (P = pI) ™ dp p (P — ) dp,

- 2 T/ o 2T T/

. _ _ ’ e ’
In conclusion, P~ o P7% = P757%,
To prove the second assertion of the proposition we use

A Po(P=-X)"t=X35(P-X)o(P-X)"'+ A5t (P-XI)"!
= AT+ AP - )T

and argue that because |A\~*| < |A|7% and Rs > 1,

/)\*Sd)\:()
r

by the same argument as in the first part of the proof.
If s is a positive integer, the limits

lim A™°%,  lim A™°
A= Ao A— Ao
SIA>0 IAL0

with A\g < 0 are equal. This gives a cancellation in the integral defining P~° to

p = AP — M) "Ld

27 [A|=e

If s = 1, this evaluates (P — A)~! at A = 0. (Again, keep in mind that P is
invertible). If s > 1 (integer), we use the second statement of the proposition. O

We use the second assertion of the proposition to extend the defintion of P+ to
the whole complex plane.

COROLLARY 2.3. The family s — P~° has an extension as en entire map.

PROOF. Let k be a positive integer and let Q) = {s : Rs > —k + 1}. The
map s — P~*"F is defined and holomorphic for s € Q. Then also the new map

5 (;; = P¥P~5=k is holomorphic in Q. By the proposition, if R(s — k) > 1,

then PkP=5=% = P=%_ That is, P(;)S is a holomorphic extension of P~°. We extend
P~% to Q defining P~% = P(;)S. a
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3. The resolvent as a pseudodifferential operator

If P € Diff"™"(M; E) is elliptic then any of its parametrices is a pseudodif-
ferential operator (in ¥~ (M;E)). In particular, the resolvent of (P — AI) is a
pseudodifferential operator. To construct a good parametrix we need to investigate
(P — AI) in more detail.

We fix once and for all an auxiliary Riemannian metric on 7*M and write €],
or just ||, for the norm of £ € T M.

First, o(P)(&o) : Bz, — Ezy, o = m(€0), is selfadjoint non-negative for each
&0 € T*M. We prove this using (VIL1.9). Pick f € C°(M) real-valued, df (z¢) =
&o. Given u € C*°(M; E) with support on the set where df does not vanish, the
positivity of P implies

(Pe ™, e u) > 0.
But
1 ) . 1. .
T—m(Pe”fu, e’ fu) = (T—me i petmfu, u)
— (o(P)(df)(u),u) cuando 7 — oo,

S0
(o (P)(df)(u),u) > 0.
Now choose local coordinates z', ..., 2" centered at zg, say, on U and x € C°(R)

with x(0) = 1. In place of u tale kn/2e=F 12"y, with v € N. Writing the density as
dm = mg(z) dx we get

(U( )( )(kn/2 —k2|x|? )kn/2e—k2\m|2u)

[ (o)) @2 R utw), k2 e ua)) mo o) de

M

/k"e_% 1 (a(P)(df (2)) (u(@)), (@) mo(x) da

M
= [ P ) /).l ), ol )

after a change of variables. The limit as £ — oo is

(o(P)(df (x0))(u(0)), u(zo)),, m(o) / ol g

R
Thus

(@(P)(&o)(w),w), > 0.

where w = u(xg) € Ey, is arbitrary.
This immediately implies that (o(P)(§) — AI) € Hom(E,) is invertible when
A € Xg,- We can in fact get better information.

LEMMA 3.1. Let ., be defined as in (1.5), pick some Riemannian metric on
T* M, write |£| for the norm of £&. There is ca such that

for all € € T*"M and A € S, : |(@(P)(€) = AL)(w)[2 = c2(J€*™ + [A*)wl?
forallw e E, — E,, x =m(£).
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PROOF. Fix &, write o(P)(€) = p. As we just saw, p : E, — E, is selfadjoint
and non-negative: there is an orthonormal basis eq, ..., e, of E, and positive num-
bers o1,...,0r such that p(e;) = pje;. Let m; be the orthogonal projection on e;.
Let A = a+ i8 with « and B real. With arbitrary w € E, we have

p(w) = dwlz =Y (0 — a)* + %) | ()
J
To get a bound from below we show that for a general ¢ > 0 there is £ > 0 depending
only on ¢y such that

(0—a)* + 2> k(0> +a?+p%) foralla+ifcX,,.

To see this let ) )
Fla,B) = w
0* + a2+ (2
This is a smooth function of (a, ) € R? (since o > 0). It has critical points only at
(0,0) and (—p, 0); the former is a minimum (in the complement of ¥, ), the latter is
a maximum. This implies that the minimum of F' on the closure of 3., is attained
on the boundary of 3., (or the infimum, 1, at c0). Replacing 8 = +cpa in F and
differentiating with respect to @ we get an expression whose numerator is

20((1 + c)a” — 0%)
This vanishes when ag = g/1/1 4 3 (the negative solution does not correspond to

a point on 9%.,). That this is a minimum is verified using the second derivative
test. Replacing (ag, 5o), Bo = tcoap in (3.2) yields

1+c(2)7\/1+c(2) s
1+ ¢t B

(Since k < 1, this is the absolute minimum value) Consequently

(3.2)

F(Oéo,ﬁo) =

[p(w) = Ml > 8 Y (0f + [A*)|mjwl3.

J

For any & let omin(§) be the smallest eigenvalue of @ (P)(£). This is a continuous
function of £, homogeneous of degree m, strictly positive for & # 0. With the chosen
Riemanniann metric on T*M, pick ¢ between 0 and 1 such that cl€|™ < gmin(§)-
Then

| (P)(€)(w) — Awl; > cr(|€[*™ + [A?)[w]s-

This completes the proof of the lemma. O
The mapping
T"M x X, 3 (§,A) = (a(P)(§) — AI)
is smooth, anisotropically homogeneous of degree m: If 7 > 0, then
(@(P)(r§) — 7" M) = 7" (o (P)(§) — M)
because (§,A) — (a(P)(&) — M) is of degree m. Rather than working with this
anisotropy, we will replace A by v™. The function
o(P)¢)—v™ onT*MxC
is then smooth (m is a positive integer), homoge-

neous of degree m for the action 7-(§,v) = (7€, Tv). z
We will restrict v to belong to the sector ‘
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Eil{m:{veC:v#O, Oo/m < arg(v) < (2m — 6y)/m} (3.3)
where 6 is smallest positive number with re*® = (1 + icy) to ensure v™ € X,

ifve Ei({”. We will write ¥ in place of 2(1;({m, the reference to ¢y and m will be

omitted. The lemma then gives
c(lEf® + 02 < |a(P)(€) — 0" 1l., (€,0) € T*M X B, o= 7(§).
where | |, denotes the operator norm in End(F,,), with some other constant c. The

immediate consequence of the lemma is:

COROLLARY 3.4. Define b_y, : T*M x 3 — End(E) by
1

bom(&,v) = (a(P)(E) —v™I) .
This function is smooth on its domain and homogeneous of degree —m. With the
operator norm on Hom(E), there is cs > 0 depending only on ¢y such that

|b-n (€ 0)ls < cs(i€ + )72, z=n(€), vel.
(The constant c3 is 1/c.)
The corollary motivates the following local definition:

DEFINITION 3.5. Let 4 C R™ be open and p € R. Then S*(U,R™ x X)) is the
space of smooth functions a : U x R™ x ¥ such that for all € U, for all k and
indices «, 8,7,7’, there is C such that

\8;‘8?838%Ia(x7§,v)| <O+ g+ [u)*7 forallz € K, (&v) € R" x X.
The space S%,(U, R™ x X) consists of those a such that there are
4 € C®WUR" x ), j=0,1,...
positively homogeneous of degree p— j in (€, v) such that if x € C°(R) is equal to

1 in a neighborhood of 0, then
N
a= 31— x(E)au; € SN TUR" x %)
j=0
In the definition any open sector ¥ would work, by of course for us the one
defined above is the relevant one. The point (0,0) is not in R™ x X since 0 € C is
not in the sector, so smoothness of homogeneous functions with the given domain

sis not an issue.
If a € SH(U,R™ x ¥), then

A(v): CU) = C=(U)
is the operator

Aw)(w) = op(@)(0)(1) = g [ ale.&.0)ie) de

This operator depends on v € 3 as a parameter. If xo, x1 € C(U), and p < 0, then
0P (@yg.x1 ) (V) (1) = x1 0p(a)(xou) defines a continuous operator L?(U) — L?(U) and
there is C' > 0 such that

| op(ayo )l < C(1 + [o])*
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for v in any subsector X' @ 2(1;({ .

Y ={veC:v#0,0p/m+e <argv < (2w —by/m) — ¢}

defined with small enough € > 0; C' depends on €.
On M and the vector bundle E — M one constructs operators

A(v) € U4 (M, S E)

using local coordinates and trivializations. The principal symbol is now obtained
as

1 , )
0, (A)(df (20), v)(u) = — (7T A(rH0)) (' ) ()
T
when df(zg) # 0 and u has support in the set where df # 0. This symbol is
homogeneous of degree p:
@-M(A)(T€7 TU) = TH U(A)(€7 U)‘
The space of such symbols is
SIT*M x 5; E).
An element a of this space is a smooth section a : T*M x ¥ — Hom(n§ E) where
s T*M x ¥ — M is the canonical projection. It is “elliptic with parameter” if
the pointwise inverse exists. If it does, it is an element of S, " (T*M x X; E).
For instance if A = P — p™1 with P differential of order m, elliptic, positive,
then A € U7(M,%; E) and
o(A)(§ v) =a(P)(E) —v™I.
As we saw above, this is invertible.
The space of residual operators is

U2 (M, 5 E) = [ U5 (M, 5 B).
"
If R(u) is residual, then ||R(p)||, its norm as an operator on L?(M; E), decreases
rapidly as |v| — oo uniformly on subsectors ¥/ € X.
THEOREM 3.6. There is an exact sequence
0— U (M, S E) 5 U1 (M, 33 E) 25 SHT*M x 5 E) — 0. (3.7)
If A € U (M, E) is elliptic with parameter, that is, there exists
be S, M (T*"M x 3, E)
such that ab = I, then there is B € V"H(M,3; E) such that Ao B =1 — R, where

R is residual.

The proof runs along the same lines as those of Theorems VIII.2.3 and VIII.3.1.
We apply the theorem in the case of P — AI, P € Diff"(M; E) elliptic and
strictly positive. We obtain an operator B(u) with principal symbol

o(B)(§v) = (a(P)(§) —v™I)
such that (P —v™I)B(pn) = I — R, where R,, is smoothing with norm tending to 0

rapidly as g — oo uniformly in a subsector ¥’ € X. The principal symbol of B(u)
is

1



44 V. COMPLEX POWERS

We now replace v = A'/™ using the inverse of the bijection ¥ — X, given by
v+ v™ and write B()\) in place of B(A/™) and R()) in place of R(AY/™).

Since ||Ry|| decreases as |A| — oo uniformly in any subsector ¥’ € X, once
[|R(p)|| < 1 we can use the Neumann series

(I —R(X Z R(A for large enough ||

to invert I — R(X). Then B(\)(I — R()\))fl inverts P — A for large |A|.

4. Local calculations

To show that the operators P~* are pseudodifferential operators of order —sm
we resort to local constructions. After fixing local coordinates x', ..., z™ with suffi-
ciently small domain over which F is trivial transfer all to an open set &/ in R™ and
deal with matrix valued operators and symbols. The density m is mg(z)dz. We use
an orthonormal frame of F so the Hermitian product looks like the canonical one.
Thus P is now an r X r matrix of differential operators of order m, strictly positive
(with respect to m = mg dz), the principal symbol of P is a positive r X r matrix

pm(2,8) (€ =3¢ do? € T:U) and

(I for the identity = x r matrix) is invertible for A not an eigenvalue of the matrix
p(x, &) (of course).

Eventually we will restrict A to a sector X, (union a small neighborhood of 0)
because the need to have bounds from below. But for the moment we can proceed
formally.

As at the end of the previous section, instead of using v as parameter, we will
use A = v™. Homogeneity will be with respect to 7 - (§,\) = (7€, 7™\).

‘We have
P= Z Pa(x)DY

la|<m

with smooth matrix valued functions p, (). Let
p(z, &, N) me iz, &N,

where

Pn(@,6,0) = P (2,€) = ALy P (2,6,0) =Y aa(@)€* for j > 0.

la|=m—j

Suppose b(x,£,\) € S, (U, X,R") is an r x r matrix of symbols,

b(2,6,7) ~ D b k(@6 0),
k=0

b_m—k(x,&, A) homogeneous of degree —m — k:

bk (2, TET™A) = 7R g, € N).
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If u:U — C" is compactly supported and smooth and

B(\u(z) = (271)” / =€ € Nula') mo (2! )da dE,
then
PoB(\)(u)(x) = (2710”/61‘(1—5)'5 Z é@g‘p(m,g)l)gb(x,f, AMu(x) mo(x)dx d§

as in (VIIL.2.5). So (P — AI) o B(\) is the operator

(P — X))o B(\)(u) = ﬁ / e =2, € Nu(x) mo(z)da dE

with

€)= 3 208 (e, Db, £V

[e'e] oo 1
~Y Y S0P (@ E MDD k(.6 )

£=0 j+k+|o|=¢

= Z C,g(x, g, )‘)
£=0

The condition that (P — AI) o B(\) = I suggests setting
CO('va7 /\) = Ir
c_p(z,&,N)=0if >0

(this procedure is the same as when finding a pseudodifferential parametrix of an
elliptic operator). These become explicit conditions on the b_,,_j:

(pm(zvf) - )\Ir)b_m(l',f, /\) = I,

1
> a(')gqom,j(:c,g)D;;b,m,,f@c,g, A =0, £>0.
JHk+|al=t

(4.1)

The index j runs from 0 to m, since P is a differential operator but the formulas
look simpler if we set pp,—;(z,§) = 0 for j > m. (If P is pseudodifferential then
Pm—; need not vanish when j > m but the formulas are still true). Subject to these
conditions, the b_,,_j are found iteratively, starting with

-1
then observing that for ¢ > 0

¢
a@weN =Y Y S0P (& NDIb k(€ N)

k=0 j+|a|=0—k
= (pm(x, E) - )\Ir)b*m*k(xa g, )‘)

-1
1
Y 08 Dm (2,6 \) Db i1, €, )

k=0 j+|a|=0—k
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so the vanishing of ¢, gives b_,,_; in terms of b_,,,_; with k < £:

b—m—f (l’, 57 A) =

-1
@Y Y L E DD k(6N (43)

k=0 j+|a|=t—k

The set of eigenvalues of p,,(x,£), £ # 0, is a finite set sp(z, &) C (0,00) with
the property that sp(z, 7€) = 7"sp(z, £). Thus if £ is close to 0 the singularities (in
A) of by, (x,&,\) are also close to 0. Unless we do something this will be a problem
later.

We modity py, (z,€) to pm(x, &, A) so that the spectrum of p(z, £) remains above
an arbitrary threshold when ¢ is small. We will do this in a global fashion. Using
the notation leading to 1V.2.2, let

¢0 20T M — R

be the phase function defined there. We used this in Chapter IV to represent scalar
pseudodifferential operators (rather, their Schwartz kernels) in the neighborhood W
of the diagonal of M x M. Her we will use it to define an operator on C*°(M; E).

Pick a smooth non-negative function py € C°(R) supported in |¢| < r/3, equal
to 1 if |t| < r/4 (r is the injectivity radius of the metric used in the definition of
¢0). Then po(|d(x,2’)|) is supported in W, equal to 1 near the diagonal, and is
symmetric:

po(0(2,2)) = pol6(a',2)).

Next, pick a Hermitian connection on E. View the identity homomorphism
E — F as a section of F ® E*. This section can be lifted to a smooth section
T of EX E* along the diagonal in M x M. Using the connection on E and the
induced connection on E*, extend Z to a section of EXIE* over W by using parallel
transport along the curves

t— (expy(tn/2),expy(—tn/2)), te[0,1],|n] <r/2

Continue to denote this extension by Z. It defines a homomorphism E,, — E, for
each (x,2") € W which again we continue to denote by Z.

Let x € C°(R) be another smooth function, strictly positive when |7| < 1
equal to 1 in |7| < 1/2, 0 when |7| > 1. Recall form the proof of Lemma 3.1 that
Omin (&) is the smallest eigenvalue of or(P)(§). This function is continuous, strictly
positive for £ # 0, and positively homogeneous of degree m. Let

c= min gmin(€)/[€™.
geTM

Finally, let

Kelo) = o [ e O () oSl a )T dg

(2m)™ TE oM

where d€ refers to integration along the fiber (use an orthonormal basis of the fiber
to identify with R™, then use the Lebesgue density). This is the Schwartz kernel
of an operator C*°(M; E) — C*°(M; E), in fact a smoothing operator, symmetric
with small norm if € is small. Thus, with small enough ¢ > 0, P 4 op(K_) is again

strictly positive, essentially P again.
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We view

p=(€) = (a(P)(§) +ecx(|€D]) : BEx = By, @ =m7(£)

as the principal symbol of P + op(K.) (this is just a device); po is absent because
d(z,z) = 0. The eigenvalues of p.(£€) are all no less than

Cmin = Min{omin(§) +ecx(|€]) : € € T* M} > crglzig(T’” +ex(7));

The effect of this is that we can make the curve I' in the functional-analytic definition
of A™* have the circular part of radius < ¢y, thus ensuring there is no singularity
of b_,,, on the closed disc with that radius, eventually allowing us to make a change
in the order of a certain integral.

We now replace b_,,, (€, \) by

bom (&) = (a(P)(€) + (ecx(§) = NI) 7,

which satisfies the same estimates as the original symbol, and redefine all successive
local b_,,—r(x,&, \) using the redefined b_,,. We will not indicate in the notation
that the symbols gave been redefined. For the record, we point out that

pe(€A) =a(P)(E N if €] > 1 (4.4)

In coordinates this reads
Pe(@,8) = pm(,€) if > gF(2)¢& > 1. (4.4')

ik
We will write
P =P+ op(K,) (4.5)
and regrad

PE) = o (P)(§) +ecx ()] (4.6)

as its principal symbol.

5. Pseudodifferential resolvent

We now assemble the pseudodifferential parametrix of (P — AI). Pick an open
cover M by domains of local charts over which F is trivial and a partition of unity
subordinate to this cover. Since M is compact, we may take the cover to be finite,
and the functions in the partition to be indexed by the same index as the cover:
on U;, the function ¢g; € C°(U;). Next, take for each i, a function 1, € C(U;)
such that ¢; ; =1 in a neighborhood of supp ¢ ;.

On U, let b; _pm—e(x, &, A) be the symbols obtained iteratively as in (4.1) on U;
but for °P (see (4.5)), let b; € S~ (Uy, Xc,,R™) be such that

bi~ > it (5.1)
¢
and finally, let

1
(2m)"

Bi(Nu(z) = / €, (2, €, Nu(a!) da d,

thus
(FP—MA)oB;=1-R;(\
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where Ry € U—>(U;,R™,3.). We will leave implicit the dependence on e of these

symbols. Define
= 1iBi(N) (o).

We now show that B()) is a parametrix for A — AI.
Pick 29 € M. Let J,, be the set of indices i such that z¢ € supp g ;. There is
a neighborhood V C U, of xg such that for each ¢ € J,,: ¢1;, =1 on V. If

x € V, then on V,
[P = AD) 0 p1.:B: (N (o.0))(2) = [(P = M) 0 Bi(\) (w0,00)](x)
(1 = Ri)(M)(o,iu)](2)
= (o,iu)(x) — [p1,:R:(N) (0,:)](u) (2)

€34,

because ¢1; =1 on V Thus
(P —Al)o Z P1,:Bi(A) o) =1 — ( Z ©1,:Ri(A)o.i)
1€T05, €T,

in a neighborhood of xy.
Continuing with xg, the open set ﬂigj (M\ supp ;) contains an open neigh-
Bl
borhood of xg. For i ¢ J,,, B; is smoothing near xg. Thus

(°P + op Ke — Al )p1,iB(N)po,;i = —Ri(N)

is also smoothing with R(\) smoothing. Thus, in a neighborhood of zy we have

(°P — \I) Z‘PU Nego,i) =1 — R(\)

with R(A) smoothing. We conclude that
(P — A)o B(\) = I — R(\)
globally with R(\) € ¥_N(M; E) for any N.

6. Estimates

We continue with the notation of the previous section. The symbols b; ¢
are smooth on U; x R™ x X since Py, (z,€) — A (defined in (4.6)) is non singular
when A ¢ [0,00). So in the asymptotic sum (5.1) we may take arbitrarily (finitely)
many terms as the actual b; _,,_,. Since

bi—m—t € Sy (Us, R™ X S¢,)
satisfies estimates such as
3§3§bz‘,m—e($,§a A) < C,ai(l + [€] + [A[Y/m)y=m=t=1A]
when z € K € UY; and £ € R™ and X € ¥, see Definition 3.5, we also have
03 0¢ bim—e(w,€,3) < Crcpai (L4 [A) (1 4 [¢)) 7

which exhibits b; _,,—¢ as an element of SSZ (U; x R™) with a bound that depends
on |Al. By Theorem VIIL.6.1 and according to (VIII.6.2), we have the bound

5,1 0D(bi,—m—e) Npoill < CA+A)TH™ X e %,
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for the norm of
©i.10D(bi,—m—e)(N)@o.i : L*(M; E) — L*(M; E).
The same observation holds for
i1 0p(bi)(\)po,i : L*(M; E) = L*(M; E)

(the asymptotic sum of the b; _,,,—¢) and for

N
i1 0p(bip0,i)(A) = Y i1 0D(bi,—m—e)(N)po,i : L (M; E) = L*(M; E)
=0

for the same reason. Thus

BT <CA+ADT! A€, (6.1)
and
N
IBO) =Y BomeW[| < CA+ AT FDm N e s, (6.2)
=0
where
B_m—t(\) = 01,5 0D(bi,—m—)(A\)@0.i- (6.3)
The norm of this operator is estimated by
IBm—e(N)II < CA+ANTY™, X € e, (6.4)

One consequence of this and (6.2) is:
PROPOSITION 6.5. The remainder
R(\) : L*(M;E) — L*(M; E)

s a smoothing operator with norm rapidly decreasing in A € X, : for each N there

are C, M > 0 such that
IR < Cn(1+AY™) 7N, A€ S, (A > M.

7. The analytic group of operators

This section’s is the same title as the corresponding section [29, p. 299] of
Seeley’s paper.

THEOREM 7.1. Let I' be the path defined in Section 1. The family of operators

7

s P, = A" B(\) dA

2r Jy

is well defined and holomorphic on Rs > 0. Further, the family

N .

1
Poy—Y o [ A B\
5 ;%/F ey

is holomorphic in s > —(N + 1)/m. If Rs > 1 then
FPofP_g—°P_s11

is an entire family of smoothing operators. If s and Ns' are positive, then
PSP o —P s o

is also an entire family of smoothing operators.
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PROOF. The first two statements are simply consequence of analyticity and the
estimates (6.1) and (6.2).
The formula
‘PoB(AN) =P —A)oB(A)+AB(\) =1-R(\)+AB(N),
gives
&

i
FPo®P_g—°P_ 411 = AT5dAN)T — — [ AT°R(A\) dA.
° 1 (277/1“ ) 27T/F ()
The first operator on the right vanishes: there are no poles and s > 1. For the
second term, by Proposition 6.5, the operator involving the remainder is an entire
(in s) smoothing family.
For the last statement we use
BAMNo(*P—-X)+ RN =1
and the corresponding formula with p instead of A to get
B(A) = B(i) = B\ o [(P — uI) o B(w) + R(w)] — [B(\) o (P — AI) + R(N)] o B(n)
= (A= p)B(A) o B(p) + B(A) o R(p) — R(A)B(p)
then proceed as in the case of “P~* in the proof of Proposition 2.1 O

COROLLARY 7.2. The holomophic family *P_, initially defined for Rs > 0,
extends to an entire family.

The proof is the same as that of the corresponding statement in Proposition
2.1, starting with P o °P_; = ¢P_,, 1+ entire smoothing. In some detail: If & > 0
is a positive integer, then the left hand side of

Py —ProP =Rk

is holomorphic when fs > 0. But Ry is entire and smoothing, so since “P_,_j, is
holomorphic in s > —k, °P_j, initially defined and holomorphic in s > 0, has a
holomorphic extension to s > —k, namely

Py ="PFoP__j+Ryp.

We next extract information from these families by once again writing them as
families of pseudodifferential operators.

Let U be one of the sets U, let b € S;™ (U, R™ x ) be one of the symbols
associated with the index i.

LEMMA 7.3. Suppose Rs > —(m + £). The operator
1

-2 /F A B (M) (1) dA (7.4)

is a pseudodifferential of order —m¥®s — £ depending holomorphically on s in Rs >
—4/m.

Ep—ms—f (u)

PROOF. That °P_,,s_¢ is holomorphic in s > —¢/m follows from the estimate
(6.4).

In view of (6.3), to prove the statement about the pseudodifferential order of
€P_ms—¢ we only need to argue with

/ i (& Nula') d dE.
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Let the metric be 37, ¢7* (2)€;& in the coordinates we are using on U;, write [€], .
for the norm of & - dz. By (4.4") the singularities of b; _,,,—¢(x, &, A) lie in [§5 . > ¢,
so if the circular part of the path I' has sufficiently small radius we can exchange
the order of integration:

[ [ e g At d
F n

:/ e"("”*z')f//\*Sbiy_m_g(x,g, Nu(z") dX d€

n r

Let )
7

Epz',—s,—ms—é(xa 5) = %

/ A7 —m—e(x, &, N) dA (7.5)
We show that '

st @) = 5ol [N E NN el 21, (76)
where £ = €/1€|g,»- Because of (4.4"), b; —m—e¢(x,&, X) has the homogeneity property

bi,fmfl(xv 7—57 Tm)‘) = Tﬁmiebi,fmff(xa 57 >‘)
if both |¢],,» and 7 are > 1. Therefore

bi,fmfl(x,ga )‘) = |€|;;niebi,fmff(xaév >‘) lf |£‘g,m Z ]-
Keeping |{|g,» > 1, we thus have

/ b g, €, A) A = [€] / b e, €, M JE]T) dA
T I

=1¢

;,le7£ / - Aisbi,—m—f(x7 éa >‘) dA
l€lga'T

where the last integral is just a redefinition of the path of integration. When |£|g , >
1, the paths [¢] ' and T are homotopic within the region where A™*b; _,,—¢(, €, )
is holomorphic, so the last integral is

gf;mst /F N "bi e, €, 0) dA

This proves (7.6) and that °P_,,,s_ is a pseudodifferential operator of order —ms—~.
The estimate
[bim—e(2,6,2) S C(L+ AT N e %,

shows that the integral defining ®p; _s _s—¢ converges absolutely if —Rs—¢/m < 0,
)

Pi,—s,—ms—¢ is holomorphic in Rs > —¢/m. (7.7)

|

COROLLARY 7.8. °P_; is a classical pseudodifferential operator of order —mRs
depending holomorphically on s, Rs > 0. For any N,

N
Epfs - Zapfmsff = Epfs,mfol (79)
=0

is of order mRs — (N + 1), holomorphic in ®s > —(N + 1)/m.
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We will write P_,,5 for the holomorphic family (s € C) defined by ¢P_;. When
needed, we will write P_,,s_¢ for the first operator (¢ = 0) in (7.9).

Parametrize I' as

t ift < —¢
v(t) = < e(cosmt/e, —sinmt/e) ift € [—¢,¢]
—t ift>e.

If |t| > €, then for general s € C,

() = [t|=%e~"™s  ift < —e
7 C et if > e

therefore with our small € and large enough Rs,

/A—Sbi,,m,e(m,g,A)dA :75 At by e, €, X) dA
T A

[A|=e

—e [es)
+/ [t~ tr b _me(, &, 1) dt—/ [t] ™5™ tr by _pmo(z, &, —t) dy(2)
€

= §1§ AT0tr b —p—e(2,€, X)) dX — 2isin(7s) / [t]° trbi, —m—e(x, &, —t) dt
|A|=¢ €
Thus
gpi,—s,—ms—é(zyf) = L% ATF trbi,—m—é(l'vfa/\) 2%
A

2 |=¢
1 (oo}
+ Lsin(rs) / 7t by o2, €, —t)dt (7.10)
™ 15

In this decomposition of °p;_s _ms—¢, the first term, the clockwise oriented
integral along the circle, is an entire function of s. Both terms are homogeneous of
degree —ms — A when [{]g . > 1.

We now argue that the %; s _,,s—¢ are actually entire functions of s. Define

ENi’,Sm : CEO(UZ,EUJ — C‘X’(u“EUI)

by
CX(Uy; By,) D u e EP_msu‘u € C™(U; Ey,).
The open set U; is the domain of a local chart as well as of an orthonormal frame of

E. Decompose PZ _sm as a matrix of scalar operators EP“ according to that frame.
Let ¢; € C°(U;) be equal to 1 in a neighborhood of supp ¢1 ;, define

¥ (2,6) = e Py (e ey ()

pVS—’I’TLS

and let ; _s _ms be the matrix with these coefficients. This is, for each s € C, a
classical symbol of order —ms (really —m¥s) depending holomorphically on s. It
has an asymptotic expansion

pz ,8,—Mms JC 6 Z Di 8, —MS— Z z f)
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Pi,s,—ms—e(x, &) (complex-) homogeneous of degree —ms — ¢, and with the pseudo-
differential operators operators °F; _,,, it defines one has that

P_pps — Z ©1,i P_ms0,i
i

is smoothing (and entire). Replacing the original %p; s _ms by the %; 5 _ps Wwe can
then assume that the %p; s s are entire, rather than just as stated in (7.7), and
redefine (7.4):

*Di,—s—ms—e¢ 1S entire, and
Epi,fsfmsfﬁ(xa Tf) = T_ms_espi,fsfmsfﬁ (.’I}7 g)

if [£]4,» and 7 are > 1. Furthermore (7.11)

E-mesfé = Z P1,i OP(EP—S,—ms—Zsﬁo,i)-

7

Consequently, in (7.10) both terms on the right are entire, and in (7.9), all
operators are entire in s.






CHAPTER VI

The ¢ function

1. Pseudodifferential definition of (p

We continue with the notation and assumptions of the previous chapter, still
following Seeley [29] very closely.

Let Kep__ be the Schwartz kernel of °P_g, a distribution whose singular set
is contained in the diagonal of M x M. Since *P_, € V" S(M; E), Kep- is
continuous when m®Rs > n. For such s, K-p__ is trace class and we can use the
pseudodifferential version of (V.1.3) to define the ¢ function:

C(s) = Tr(°P-y)
In view of Corollary V.7.8,
N

Te(P-y) =) Tr(Kep_,,. )+ Tr(K.p
=0

(1.1)

'anfol)

with Tr(*P_,,s—¢) holomorphic in s > —¢/m and Tr(sp_ms_N_l) holomorphic in
Rs > —(N +1)/m.

2. Poles and residues of the zeta function

We now analyze the individual contributions of ®p; _s _ms—¢, see (V.7.11), to
the trace of P_,,s_ys. We have

1 i(x—a')- 5
Kep_,,, _,(x,2') = @) ;/W el )5901,1(»’5) Di,—s,—ms—e(x, &) po.i(x') dE
SO

Tr(EP—S,m—E) = Z @ /Z,{l /n tr Epi,—s,—ms—f(xag)cpo,i(m) df mz(x) d.’ﬂ,

here m = m;(x) dz in the coordinates of ;. We used that ¢;; = 1 on the support
of p14 80 p1.4(x)poi(x) = pos(x) when o’ = .
Fix xo € C(R) with xo(7) = 1 neat 7 = 0 and xo(7) = 0 if || > 1. Define
x1(1) =1 xo(1/7), so
Di s mo—t(@,€) = X0 (1€l ) Pirs,-mo—e(@,€) + X1 (€175 i, —ms—e (@, €).
In this spliting, the first term is

i —s
0lllo) g [ Ao €N A
T Jr

see (V.7.11), which is entire in s: the eventual contribution of this term to the trace
is though a smoothing operator (so trace class already) that is an entire function
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of s. To get the contribution of the second term we introduce polar coordinates,
¢ = r~1¢ (bringing oo to 0),

geSyt ={&: [y =1}

and recall that %p; _s _s—¢ is (complex-) homogeneous (in & for large &) of order
—ms — {:

Epi,—s,—ms—f(xag) 7‘€|g e Z/ Aisbi,—m—f(xaéi >‘) dA
T

and entire, see (V.7.11) The contribution of this to the trace is thus
- e dr
o L [ emetn  demis [ e
7T S'n 1 0 T
with d€ the surface measure of Sn=1. Keep in mind that yi(r) vanishes for large r.

LEMMA 2.1. The radial integral converges absolutely if Rs > (n — £)/m but
extends as a meromorphic function on all of C with a single simple pole at s =
n/m — £/m with residue 1/m (independently of x1).

PRrROOF. We have

> dr 1 [~ d
— _ ms+€—n 2"~ @ mst+i—n
(5= 0= /m) [yt = [ S

_ 1 ()i
N mOXITdrT

ms+-€—n dT

using integration by parts. Since x1(r) is contant when 7 is small or when r is large,
the integral converges for any s and thus defines am entire function of s. Its value
at s = (n — £)/m is the residue. This is

1 [ 1

The value s = (n — £)/m lies in the set {s € C: Rs > —¢/m} where

1 A

is holomorphic, so Tr(°P_,,s—¢) is meromorphic on Rs > —¢/m with a pole at
n/m — ¢/m and residue

i —(n—4£)/m F £
Cn—)/m = mz/rj-/s"—l/r)\ (n=)/ trb; —m—e(z, & A) dAdE my(z)da

at that point.

PROPOSITION 2.2. If (n — £)/m is an integer < 0, then c,—g)/m = 0.

PRrROOF. In (7.10), if s = (n —¢/s) is an integer, the term involving the integral
over [g,00) vanishes simply because sin(ms) = 0 because e~*™® = '™ in that case.
If in addition the integer s is non-positive, then the closed integral vanishes because

there is no pole at 0. ]

In view of (1.1) we have:
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THEOREM 2.3. The function %(s) is meromorphic on C with simple poles on
the set

{s:s=(n—-20/m, LNy}
The residue at (n — £)/m is
Res(C, (n = £)/m) = c(n—t)/m

which vanishes if (n — £)/m is an integer < 0.
By the Ikehara Tauberian theorem (Wiener [38, p. 44]),

COROLLARY 2.4. Let {\;}72, be the sequence of eigenvalues of P, as a mono-
tone sequence with eigenvalues repeated accodring to their multiplicity. Let
Np(A\) = #{k : My < A}
Then
Np(A) ~ cn/m)\”/m as A — oo.






CHAPTER VII

Differential operators

1. Definition, characterization

Let £ — M be a vector bundle. Viewing E as a smooth manifold on its own,
it makes sense to speak about the set of smooth maps M — FE and its topology. In
particular there is a topology on C*°(M; E).

Let B, F — M be complex vector bundles. Differential operators are defined
as follows, inductively on the order:

DEFINITION 1.1. Let P : C®°(M;E) — C*°(M;F) be a continuous linear
operator.
(i) P is a differential operator of order —1 iff P = 0.
(#) If m > 0, then P is of order m iff for every f € C°°(M), the operator

C®(M;E) 3 uws P(fu) — fP(u) € C®°(M; F) (1.2)
is a differential operator of order m — 1.

For the sake of simplifying the notation we will assume F = F and write
Diff " (M; E) for the space of differential operators C°(M; E) — C*°(M;E) of
order at most m. Also, write [P, f] for the operator (1.2). (If F # FE then this is
not a commutator but the expression still makes sense.)

The advantage of this definition, later the characterization of differential op-
erators in Theorem 1.10, and the definition of pseudodifferential operators, is that
it is independent of coordinates. So any conclusion that can be drawn in some
coordinate system will also hold when done in a different coordinate system. We
mostly follow Hormander [14] and Nirenberg [23]

If P e Diff°(M;E), then the condition [P, f] = 0 implies P is given by a
smooth map p : F — FE such that p(z) maps FE, — E, linearly. In terms of this
homomorphism, P is given by

If u € C*°(M; E) then Pu € C*°(M; E) is the section = — p(z)(u(z)).
This implies that P(u) vanishes on any open set on which u vanishes. By induction
this will hold for P € Diff™(M; E): for such P suppose u vanishes on the open set
U. Let f € C°(M) be such that f = 0 in an open subset ¥V C U but f =1 in the
complement of . Then u = fu, hence
P(u) = P(fu) = fP(u) + [P, f](u).
Since [P, f] is of order m — 1, [P, f](u) vanishes in . And fP(u) vanishes in the

set where f vanishes, which includes V. So P(u) vanishes in any subset of I, hence
inl.

PRrROPOSITION 1.3. Differential operators are local: supp Pu C supp u.

59
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Since P is local, it can be analyzed on arbitrary open sets. From this and some
more work one gets that P is a differential operator in the familiar sense, a matrix
of differential operators.

PROPOSITION 1.4. If P € Diff™(M; E) then:
(i) for any smooth f: M — R and section u of E,

p(f,u,7) = e_”fP(e”fu)

is a polynomial in T of degree < m with values in C°(M; E). Let
p(fa u, 7_) = Zp/(f7 U)TE'
=0

(ii) The leading coefficient of p(f,u,T),

P (f,u) = lim Ltf”fP(e”fu),
T—o0 TM
18, as a function of u, a differential operator of order 0, thus defines a
homomorphism p,, (f) : E — E. In general, u — pe(f,u) is a differential
operator of order m — £.
(i) For any f : M — R and o € M, this homomorphism depends only on
df (z0) € Ty M.
() If pm(f) =0, then P is a differential operator of order m — 1.

The point of view in this proposition is that of Hérmander [14], already men-
tioned, who uses it to motivate the definition of pseudodifferental operators later.
We will also use his approach when defining the latter. (One can take f to be
complex valued, but that will not be convenient.)

Observe that if P is of order m and h is a smooth function, then u — P(hu)
is again a differential operator of order m (also u — hP(u), trivially): One has, for
any f and u:

P(hfu) = fP(hu) = (P(hfu) = hfP(u)) — (f P(hu) — fhP(u)).
But u— P(hfu) — hfP(u) and v — P(hu) — hP(u) are of order m — 1.

PROOF. We prove Part (i) by induction. Suppose P € Diff"(M; E), let f and
u be arbitrary as stated. Then

) = i (P ) — [P 0)

or | | (L.5)
= e "IP, fl(e" u)

which vanishes because u — P(e'"fu) is a differential operator of order 0. Suppose
now that the statement is true for differential operators of order m — 1 for some
m > 0. The expression in the last line of (1.5) is a polynomial of degree m — 1, so
p(f,u,7) is a polynomial of degree m. This completes the proof of (7).

For part (ii) note first that

pulf) = o ntfonn) =30 () PG . 1)

k=0



1. DEFINITION, CHARACTERIZATION 61

If h: M — C is arbitrary, then

) = o700 = 3 o () (i) )

_» L (7:) (=if)™ " P((if)*u)

1 an
m!dr™ c
which vanishes because [P, h] is a polynomial of degree m — 1. Thus u — pp,(f, u)

is of order 0. A similar argument proves the second assertion of Part (ii).
For Part (4ii) we show first:

if Pe Diffk(M;E), if f1,..., fka1 vanish at zg, then
P(f17 e >fk+1u)(‘r0) =0.

This holds when k& = 0. Suppose this holds for k = m — 1, let f1,..., fi, be smooth
and vanish at z¢ and let uw € C°°(M; E). The right hand side of

P(fi- - fmaru) = fmer P(fr - fmu) + [P, frga](fr - frw)

evaluated at xg vanishes because f,,+1 does and [P, f,+1] is of order m — 1. Thus
P(fi-+ fm1u)(wo) = 0.

Observe now that p(f,u,7)(x0) = p(f — f(z0),u,T)(x0), SO we may assume
f(zg) = 0. Keeping this assumption throughout, the assertion in Part (i) is that
if f and f agree to first order at o, then P (f)(20) = pm(f)(xo). Suppose then
that f = f1 + fo where f1 vanishes at zg and f; vanishes to first order. Using (1.6)
we have

(1.75)

p(Fu)(w0) = P + F2)) ") wo)

1 - m m—
= PRt 7 ) o)
1 v 1 _
= PR )+ — PO ) o)
where h vanishes to order 2 at xo. The first term in the last line is p,, (f1, u)(zo).
The second vanishes, because f{"_lh is a linear combination of products of m + 1

functions vanishing at xg. Thus p,,(f, u)(xo) = pm (f1,u)(z0).
We leave the proof of Part (iv) to the reader. O

The principal symbol of a differential operator is defined only on TM = T*M\0
(on a zero covector it would be 0 anyway if the order of the operator is > 1). Let
7 T* M — M be the restriction of the projection.

DEFINITION 1.8. Let P € Diff(M; E), let £, € T*M, € # 0, let f be smooth,
real valued, defined near zo = m(&p) with df (z¢) = €. The principal symbol of P
is the homomorphism

o(P) € C®(T*M;7*E), o(P)(df(x0)) (1) = pm(f,u), df(zo) #0, u € Ey,.
The operator P is elliptic if o(P)(€) is invertible for all £ € T* M\0.



62 VII. DIFFERENTIAL OPERATORS

Part (ii) of Proposition 1.4 gives a practical formula for the primcipal symbol
of P: If &y = df (x0) and up = u(xg), then

: 1 —iTf(x 1T

o(P)(6o) (o) = Tim ™70 P! u) (). (19)
The property (1.7) is equivalent to the statement that that P(fu)(zo) vanishes
if f vanishes to order k. With k£ = m it implies that P is a differential operator
of order m in the usual sense. To simplify the notation assume that P is a scalar
operator. Pick g € M let x',..., 2™ be coordinates in a neighborhood U of zy.
Let x € C°(M) be supported in U, equal to 1 in an open set V where x(z) = 1,

zo. Let u be an arbitrary smooth function. If 2’ € V, then

laly,
u@w)= Y O @ @) o)

la|<m

+X(@) R (u, 2,27) + (1 = x(2))u(z).

As function of z, the functions on the second line vanish to order m + 1 or higher
when z = 2’. Thus

]
Pa)a) = 3 ZPaOC -5 @)

o] <m

The following characterization of differential operators is more relevant to us.

THEOREM 1.10. If P : C*°(M; E) — C*°(M; E) is linear, continuous and local,
and satisfies the condition that for any smooth f: M — R and smooth section u of
E there is C > 0 such that

Ip(f,u,7)| < C(L+|r))", (1.11)

then P is a differential operator of order m. In the estimate we use some Hermitian
inner product on E.

The proof below is a second proof that P is a differential operator in the usual
sense. Given that P islocal, if M is a compact manifold the estimate is not necessary
to conclude that P is a differential operator (of some order). If M is not compact,
then the conclusion without the estimate is still true, but the order of the operator
is finite only locally. Peetre’s theorem [24] is stronger: If P : C°(M) — C~>°(M)
is linear and local, then P is a differential operator (locally of finite order); in
particular, continuity is not needed.

PROOF. Let U/ C M be the domain of a system of local coordinates z!,...,z",
so small that F is trivial over U. Fix local non-vanishing sections 7 of F and n*
of E* over U (part of local frames). Let x1,Xx0 € C2°(U) be such that x; = 1 on
supp xo. The operator

COO(M) 3 ¢ = Py, xomm* () = <9*7X1P(X09077)> € COO(M)

where the pairing is meant to be fiberwise so it produces a function, is still contin-
uous, linear, and local, and satisfies the same estimate as P: for any smooth f and
® there is C' > 0 such that

‘e_inPXLXmmn*(ein@)(xﬂ <O+ |7™).
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We will omit the reference to n and n* in the next paragraphs. P,, ,, acts on
functions and produces functions, and is local. Let

Pxroo (:6) = €77 Py, (e')9),
a smooth function bounded by C(1 + [¢])™, as is seen by writing £ = |¢[€, |€] = 1.

2. Local representation
We continue with the notation of the previous section.

THEOREM 2.1. If ¢ € C°(U), then

(271)” /]R" emfp)(h)(o (I, 6)@(5) d§ = le,XO(‘P)(I)~ (22)

The integral converges absolutely because py, ., is tempered in { and ¢ is
rapidly decreasing.

ProoOF. Indeed,

@ /R € P o (2, ) (€) €
— 1 ezwf efzwg e € )16
(2m)" /R [ Pyixo )(@)]|p(§) d€
_ O ES(EV) (2
— g L Panele 0l w)de
- ! SO0 (2
— thXo((Qﬂ_)n /n 80(5))( )df
= PX17XO (L,O)(.’E)

using linearity in the second equality, continuity and linearity in the third, and the
Fourier inversion formula in the fourth. (Since P is local, x1 is not really relevant
here; later it will be useful). O

The operator ¢ — Py, y,(¢) has Schwartz kernel

1 o
(27-(-)71 / ez(ac ) 5pX1:X0($7£) df,

a distribution on U x U. (Since Py, v, (z,§) is tempered in &, the partial inverse
Fourier transform

KXhXo (x’ x/) =

§ 1 iy
Px1,x0 (xv y) = (277)” A" et nghXU (:C, 5) df

is well defined in the distributional sense; replace y = « — z’.) The kernel K, ,
has te property that

<PX17X0 (90)) ¢> = <KX17X0’ Y <)0>7 (U X u)(x’ x,) = v(x)u(a:’)
for any u,v € C¥(U). Consequently the distribution K, ,, vanishes on finite
linear combinations of functions of the form vXwu with disjoint supports. In general
the space of finite linear combinations of functions of the form v Xl is dense in
C*>(U x U) (see Ehrenpreis [8, Lemma 1]). The conclusion is that K, ,, vanishes
on functions on U x U whose support is disjoint from the diagonal in & x U. That
is, supp Ky, o C diag(Uf x U).
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The fact that supp K, , C diag(Ud x U) N supp(x1 K xo) is compact implies
there are C' and M such that

[{Exs 00 )] < sup (02 = 02)* (0 + 0r) (") (2.3)
(z,z")€S,|al+]B|<M

We show (with a proof adapted from Hérmander [13, p. 12]):

if (0 — 0y )*w(x,2’") = 0 for |a] < M on diag(U x U), then

(K1 xow) = 0.
For such w one has

w(r.a') = Z we (2, 2" ) (x — 2")*
|a|=M+1
Let x € C$° be equal to 1 in a neighborhood of 0. With the function y.(z,z’) =
x(e71(z — 2')) we have
(82 — 8) (D + D )P xcw(z, a)| < CeMFL=lel]

Since K, y, is supported on the diagonal and x. is equal to 1 in a neighbor-

hood of supp Ky, x,, we have Ky, v, = XeKy,.xo- It follows that (K, y,, w) =

(Xe K1 x0r W) = (K1 xo» Xew) and from this and (2.3) that

‘<KX1,X07w>| S Ce.

Consequently, (z —2')*K =0 if |a] > M + 1. Indeed, with such «
<($ - x/)aKXhXo’ w> = <KX17X0’ (‘7j - x/)aw> =0

for any compactly supported smooth function w. But

1 "
(x — x’)ale,xo = (27T)n /R(x _ x/)aez(ac )nghXO(J?,f) dg
1 ().
~ @2 /RD?W " Prxo (2, ) dE
1 i(x—a')- a
= @ /Re T (= De) Py o (,€) €

Replacing (x — 2') =y, get

1 .
(2m)m /R@Zy'ﬁ (=De)*Pxrxo (7€) dE

The Fourier transform in y yields (—Dg)*py, o (2, &) = 0 whenever |a| > M + 1.
S0 & = Py o (@, §) is a polynomial of degree < M. Because of the estimate (1.11),
Dy, (@, €) is a polynomial in § of degree (at most) m. Therefore, by (2.2), ¢ —
Py, vo () is a differential operator of order m. Since this is true for any xo and x1
and local non-vanishing sections 77 of E and 6* of E*, so P itself is a differential
operator of order m. O

The following proposition follows from the proof

PROPOSITION 2.4. With the hypotheses of Proposition 1.10, suppose U is the
domain of a system of local coordinates x*,. .. x", so small that E is trivial over U.
Letny ...,n, be a frame of E over U. Then there are (scalar) differential operators

Pf(z, D)= Y ph,(z)D5e

la|<m
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such that

Py uin;) = PF(u)m
i ki

The fact that if P is a differential operator, then supp Pu C supp u implies: if
u = v near pg, then Pu = Pv near x.
Let K C M be compact, let N € Ny. If P € Diff"(M; E), then

ppi(u) = sug |Pu(z)], wuweC®(M;E),
re

is a seminorm. The topology of C°°(M; E) described at the beginning of this section
is the largest topology generated by the collection of seminorms of the form pp

with P € Diffy (M; E) for any N and K € M.
We finish with an auxiliary result.

LEMMA 2.5. Let P € Diff(M; E). Then, for any u € C*°(M;E), the operator
C® > f P(fu) € C®°(M; E) is a differential operator of order m.

PRrROOF. By induction. This holds if P is of order 0. Suppose it holds for any
operator of order m — 1 and any u. Suppose P is of order m. Since

P(fu) = fP(u) + [P, flu,
we see that we need to show that f — [P, f]u is of order m. We do this by showing
that if h € C°°(M), then

C>® > f [P hflu— h[P, flue C®(M;E) (2.6)
is of order m — 1 for any h € C*°(M). Expanding the brackets we get
[P, hf]u — h[P, flu = [P, h)(fu).

Since [P, h] € Diff ™ *(M; E), the induction hypothesis gives that (2.6) is of order
m — 1. |

Locally, in coordinates 1, ...,z" and a local frame n; of £ on U,
Py ulng) =3 (O pfaDsu)m
J ko aj

and

PO i) () =YY 3 ok (05 (05w

k o, o'+a'’'=a

3. Adjoints

Suppose now that £ — M is Hermitian and m is a positive density on M.
Define

(u,v) = / (u(z),v(x))s dm(z), wu,v € C®(M;E)
M
and let L?(M; E) be the closure of C2°(M; E) by the norm defined with this inner

product. The formal adjoint of P € Diff "™ (M; E) is the operator P* : C°(M; E) —
L?(M; E) such that

(P*u,v) = (u, Pv)g for all u,v € C°(M; E).

It exists because of the Riesz representation theorem; uniqueness holds because
C°(M; E) is dense in L?(M; E).
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THEOREM 3.1. If P € Diff"™(M; E), then P* € Difi"™"(M; E).

The shortest argument is by using the local representation of Proposition 2.4
and integration by parts.

LEMMA 3.2. For any P € Diff™"(M; E), o(P*)(€) = o(P)(£)*.
PROOF. Let f: M — R be real valued, u,v € C°(M). Then
(e=" P u,v))o = (u,e” T P* (e )
Assuming u and v with support in the set U where df # 0, this gives
(o(P)(df) (1), v)o = (u, a(P*)(df)(®))o
after dividing m and letting 7 — oco. Hence
(u, @ (P)(df)*(v))o = (u, @ (P*)(df)(v))o
for any u € C°(U). O
EXAMPLE 3.3. A connection on F is a continuous operator
V:C®(M;E) = CC(M; EQT*M)
such that
V(fu) = fVu+udf, feC®M), ueC®M;E).

Connections are first order operators: u — V(fu) — fVu = u ® df is evidently of
order 0. The principal symbol of V is computed using (1.9): using

eIV (e ) = Vu 4 u @ itdf
get
o(V)E)() = lim e TIV(e ) = i() BE.

T—00 T
For & € T;O, the mapping F, > ug — iug ® & is injective.
Now pick a metric g on T* M, use it together with the Hermitian form of E to
get an inner product on the fibers of F ® T*M and with thia, the formal adjoint
of V. For n,€ € T*M define n | £ = g(n,€). Then

o(V)(E)(u) =a(V)(€)* (uet) = (€] u= ¢ u
This is, the principal symbol of V*V is [¢|2].



CHAPTER VIII

Pseudodifferential operators

1. Symbols

Let M be a smooth manifold, not necessarily closed, £ — M a vector bundle,
7w M x RT — M the projection.

DEFINITION 1.1. Let m € R. The space S™(M; E) of symbols on M of order m
with values in E consists of all @ € C*°(M x RT;7*E) such that for any seminorm
pr of C°(M; E) and k € Ny there is C such that

dk m—k
o5(za(. 7)) < O(1+7)
The functional pg 5 : S™(M; E) — R given by

pe(dta/dr" (-, 1))
a) = su
S o
is a seminorm on S™(M; E). The topology of S™(M; E) is the largest topology
generated by these seminorms.

A section a € C®°(M x RT;*E) with the property that 77™a,, (-, 7) is inde-
pendent of 7 for large 7 uniformly on compact subsets of M is said to be eventually
positively homogeneous of degree m. Let S}*(M; E) denote the space of such ele-
ments.

DEFINITION 1.2. The space of classical symbols on M of order m with values
in E, denoted ST} (M; E), consists of those a € S™(M; E) for which there is a,, €
St (M; E) such that

(i) a—am € S"HM;E)
(ii) a— an, is classical of order m — 1.
The section

T Tli_}rrolo T "any (-, 7)

is the principal part of a; often we write a,, also for this element.
If a € ST} (M; E) and ay, is its principal part, then a — a,, € Sg_l(./\/l; E) has
a principal part a,, 1 and @ — a,, — apm_1 € S™2(M; E). More generally:
LEMMA 1.3. Let a € SIy(M; E). There are
am—j €SP (M;E), j=0,1,...

such that
N

for any N € Ny, a — Zam,j € Sm N LM E). (1.4)

=0

67
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The ap,—; are essentially unique: if Gpm—; € S}T_j(M;E) also satisfy (1.4), then
Am—j — Gm—j = 0 for large T uniformly over compact sets.

The uniqueness is proved by induction beginning with
T " (-, 7) = lim s™™a(-s)
S§—00

for large 7 '
If a € STH(M; E) and ay,—; € S.,”7(M; E) are such that (1.4) holds for all N,
then we say that a is asymptotic to > ap,—;, written

o0
a ~ E Am—j
Jj=0

2. Pseudodifferential operators

If A: CP®(M;E) - C®°(M;E) is linear and continuous, if f : M — R is a
smooth function and u a smooth section of E, then

a(f,u,7) = e A )

is a smooth section of 7*(F). In the next definition we write C'°Q(Uf) for the subset
of C*°(U,R) whose elements are real-valued and satisfy df (x) # 0 for all x € U. We
give C(U) the subspace topology. Also, Ey; means the part of E over . The map
(f,u) = a(f,u,7) is continuous, but we need the asymptotic behavior as 7 — oo.
This is why we will require df nowhere 0 on supp(u).

DEFINITION 2.1. Let A : C®*(M;E) — C*°(M; E) be a continuous linear
operator.

(i) A is a pseudodifferential operator of order m if for every open U C M,
a(f,u,7) € S™U, Ey) forall f e CGU) and u € CZU, Ey),

and additionally, for all fo € C(U), for all € > 0, for all seminorms pg
of C*°(U; Ey) there are seminorms p_g of C*°(M) and @’ of C°(U; Ey)
such that
dk m—k 1/
aoxalf,u,7) —alfo,u,7))) < e(1+7)" i (u)
if po(f — fo) < 1and u € C*(U, Ey). The space of pseudodifferential
operators of order m is denoted ¥™(M; E).
In particular, a(f,u,7) € S™(U, E). (If just p-o(f — fo) < r, r # 0, for a given
seminorm, then 7~ 1p_o(f — fo) < 1, so we can adjust the seminorm according to
our convenience.) The estimates express the continuity of (f,u) — p(f, u, T) written
out explicitly.

o(

(i) An operator A € U™(M; E) is a classical pseudodifferential operator,
denoted A € U7 (M; E), if for every open U C M, any f € C°(U) and
u € CX(U; Ey) there are ap,_j(f,u,7) € S/ (U; By) continuous as a
map (f,u) — am—;(f,u, ) such that

U T_(m_j)am,j(f, U, T)
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is a differential operator of order j independent of 7 for large 7 uniformly
on compact sets of U, such that

N
a’(fvuaT) - Zam,—j(f7u77—) S SmiN?l(uaEu)
j=0

for any N € Np.

For an excellent short exposition on pseudodifferential operators, see Nirenberg
[23]. Much of this section is based on that paper.

We now define the principal symbol of A € ¥ (M;E). Let g € M, and
fif € C®(M) be real-valued with df (z¢) = df(xg) # 0. Let U be a neighborhood
of xg where df and df do not vanish. In general, as with differential operators,

a(f,u,7)(xo) = a(f — f(xo),u, 7)(x0) for any u, so we may assume f(xg) = f(xg) =
0. The task is to show that 7= ™a,(f, u,7)(z¢) depends only of df (z¢) and u(zg)
when 7 is large.

First, if f = f in some neighborhood V C U of zg, then a(f,u,7) = a(ﬂuﬁ) if
suppu C V, so also an,(f,u,7) = am(f,u,T) for such w. Since u +— 7™ a,, (f,u, 7)
is of order 0 and independent of 7 for large 7,

T (f,,7)(x0) = T am (f, -, 7)(x0) for large 7.

Next, assume only that f — f vanishes to first order at zo. Let y € C°(U) be
equal to 1 near xy and supported in a neighborhood V of xg, so small that

d(f+s(f—f)x) # 0 on V when s € [0, 1].

Let b = x(f — f). We will show @y, (f,u,7)(20) = am(f + h,u,7)(x0) for large 7.
From the previous paragraph we have

am (f + B, 7)(@0) = am (f + (F = f),u,7)(x0) for large 7
hence
T (f, - T (@0) = T™am (f, -, 7)(co) for large 7 if df (zo) = df (20).
Inserting

1
e TUTR) — il (1 4 Z'Th/ el ds)
0

in the definition of a(f + h,u, 7), then using linearity and continuity and reorganiz-
ing, yields

1
e mEHM A (1 4 iTh/ e ds) u)
0
1
= e UM A ) + iTefiT(erh)A(e”fh/ e ds )
0

1
= e_”ha(f, u,T) + ire T(f+h) / A(e”fheiTShu) ds
0

1

=e ha(f u,T) + iT/ e*”(lfs)ha(f + sh,hu,7) ds
0
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Thus
am(f + hyu, 7)(z0) =
1
e_”h(x“)am(f,um)(xo) + z'T/ e_”(l_s)h(”“)am(f + sh, hu, 7)(x0) ds
0

Since u — @, (f + sh, hu, T) is of order 0,
am (f + sh, hu, 7)(x0) = am (f + sh, h(zo)u(xo), ) = 0.
Thus
am (f + hyu, 7)(20) = pm(f, u, 7)(20)-

DEFINITION 2.2. Given the covector & € T* M at z, let f : M — R be smooth

with df (zg) = €. For A € U7(M; E) define
on(A)E): Buy = Erpy on(A)E) (o) = Tm e A(e™u) (o)
where u € C°(M; E) is any extension of ug with support in {z : df (x) # 0}. Thus
om(A)(E)(uo) =7 "al(f,u,7)(xg), 7 large.

The symbol of A € ¥} (M; E) is a smooth section of Hom(7* E, 7* F)), positively
homogeneous of degree m:

o)) = 5" on(A)E), s>0
thus an element of
ST (T*M; m*E) = {a € C%(T* M; End(7*E)) :
a is positively homogeneous of degree m}

Observe also that U7 ' (M; E) C U7 (M; E) and that by the definition, @,,(4),
vanishes if A € U7~ (M; E). In fact:

THEOREM 2.3 (Symbol sequence). The sequence
0= U™ HM;E) 5 U™ (M; E) =2 S (T* M; 77 E) = 0
18 exact.

THEOREM 2.4. Let P € Diff™(M; E), let A € U™ (M; E). Then

(i) Po A and Ao P belong to \I/me/ (M; E);
(1) @ (P o A)(E) = 0 (P)(&) 0 0 (A)(E) for all € € T* M, likewise for
AoP.

This also holds when P is a pseudodifferential operator under some mild condi-
tions, but the proof is more delicate. We will restate it after the proof for the sake
reference in the form we will use it, just adding the hypothesis that M is closed.
The issue in general is to have some control of supports.

PROOF. Let U C M be open, f € CQU), u € CX(u). Then
e I (PoA)(eu) = e T P(A(e' u))
— e—i'rfP(eine—inA(einu))
=e TP a(f,u,T))
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But e " P(e'"fv) = Y, 7™ pp_e(f,v) where v =5 pm_o(f,v) is a differential
operator of order ¢; here the support of v or whether df may vanish in some sets is
not an issue. Using this,

m

72Tf(POA ”—f ZTm épm £ fv (f,U,T))-
£=0
But a,,_;(f,a(f,u,7)) is an element of S™~ ™' (M; E) depending continuously on
(f,u), s0 Po A€ Umt™ (M; E).
To show that P o A is classical, observe that

bintme k(f,u T Z (i Kpm E(faam 7j(f’u T))

jHl=k
<m

belongs to SL”J”"’/_’“(U, Ey), that u — T*m’m'+kbm+m/_k(f, u,7) is a differential
operator of order k, is independent of 7 when 7 is large, and that

m N
ZTm épm l fa (fvuvT)) - meer/,k(f,u,T) S S'm-i-m/—N—l(u; EZ/I)
=0 k=0

The statement about the principal symbols follows from

berm’ - pm(f7 Amy! (fa u, 7)7 7—)‘

This completes the proof of the theorem. O
Locally, the proof of Part (i) goes as follows. Suppose that A and A are scalar
operators. In the domain U of the local chart 2!, ..., 2", the operators are
1 X
Pu@) = 3 ppl@)Diuta). Av(e) = oo [ e Sale o) e
1Bl<m

when v € C*°(U) and v € C°(U). By the Leibniz rule,

D (" Salz. ) = ¢ 3 —

a<p

Zai 02¢P D2 a(x,€)

[0}

So with p(z,€) = X 51<m a[g(x),fﬁ we have

(PoA)0)= o [ X qoipe O Diatw i@ e (25)

e Dhata

This is a finite sum because p(z, ) is polynomial in . Note that
1
P _ ix-&
ua) = e [ €Sl i) .

when w is supported in U. The formula for the symbol representing the composition
of two pseudodifferential operators generalizes this. If b(x,&) gives B on U, then
(with some care about supports), the symbol ¢ corresponding to B o A is

2,6) ~ Y 0¢b(x,€) Dya(x, §).
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THEOREM 2.6. Let M be closed, let B € U7 (M;E) and A € 97 (M; E).
Then
(i) Bo A and Ao B belong to \IIZEJ””,(M; E);
(i) Oy (B o A)(€) = om(B)(€) o a(A)(€) for all &€ € T*M, similarly for
Ao B.

PROPOSITION 2.7. If A € \yez YN (M; E), then the Schwartz kernel of A is
a smooth section of E*X E.

This will be proved later as part of Proposition 4.2. Let U~*°(M;E) =
Nyez TN (M; E).
THEOREM 2.8 (Asymptotic summability). Given A,,—; € V"I (M; E), j =
0,1,..., there is A € U™ (M; E) such that for each N,
N
A=Ay € OV MSE). (2.9)
§=0
If A’ satisfies the same property, then A — A’ € U=°(M; E).

One says that A is the asymptotic sum of the operators A,,_;. We will show
later (Lemma 4.3) that the operators in ¥~°°(M; E) are precisely the smoothing
operators, those whose Schwartz kernel is smooth. So operators with the same
asymptotic sum differ by a smoothing operator.

3. Parametrices of elliptic differential operators

THEOREM 3.1. If P € Diff™"(M; E) is elliptic then there is A € Diff 7™ (M; E)
such that
PoA=I-R, AoP=I-R"

where R, R’ € U=°°(M; E) are pseudodifferential operators of arbitrary negative
order.

PRrROOF. Ellipticity means that @,,(P)(£) is invertible for all £ € T*M. Let
a—m (&) = @, (P)(&)~™; this is positively homogeneous of degree —m, so there is
A_,, € U™ (M;E) such that o(A_,,) = @,,(P)"'. Then Po A,, € ¥, (M;E)
and furthermore, @o(P o A,,) = id € C=(T* M; End(7*E)). Thus

@'Q(POA_m*I):O

because id = @(I), hence Po A_,, — I € V' (M;E). Let R_y = —PoA_,, let
A 1=A_,,oR_y. Then A_,,_; € \I'c_em_l(./\/l;E) and

Po(A,,+A ,1)=I—-R)+(I—-R_1)R_,=1-R%,.
In general, let A_,, j=A_, R’ . Then A_,,_; € \I'C_em_j(/\/l, E) and

N N
PoY Ay j=(-R)> R{=1I-R"M
Jj=0 j=0
Let A € ¥_™(M;E) be such that (2.9) holds, let R" = —I — P o A. Since
N N

PoA—I=Po(A=> A j)+Po> A ;€SN Y (ME)

=0 =0
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for any N, R € S™°°(M; E). Thus there is A € U~ (M; E) such that
PoA=1-R.
Likewise there is Ap, such that Ay, o P =1 — R with R € U~>°(M; E). But
AL=Apo(I—R)+AoR
=A,0PoA+AoR
—(I-R)oA+AoR
—A—(RoA—AoR)
Since (RoA— Ao R') € U~°(M; E), also Ao P =1 — R" with a suitable R”. O
EXAMPLE 3.2. ( Let M = S1, let P = ¢ D2, where x is the standard angular

variable. Then P is elliptic. Indeed, o(P)(¢ dz) = €'*£2, which is invertible (£ # 0).
We can construct a parametrix using Fourier series: the equation

e"Diu=f, feL*(S"), f=) fre™ f1=0
k

is solved by
1 .
U(ﬁf) = Z ﬁfk+1elkw.
k#0
In other words, if IT; is the orthogonal projection on span(e®®) (a smoothing oper-
ator, its Schwartz kernel is e“* e~ /27), then

_ 1 L ika—i k+1)z’ / /
n@=s5- [ D e - )
solves
PAf=[f—1Lf.
Thus A is a parametrix of P. Note that P has non-trivial kernel.

A left (resp., right) parametrix for P is an operator A such that Ao P—1T (resp.,
P o A=1)is a smoothing operator.

PRrROPOSITION 3.3. Left or right parametrices of an elliptic differential operator
are pseudodifferential.

PROOF. Suppose Q is a left parametrix of P, Qo P = I — R with R smoothing.
Let A be a pseudodifferential right parametrix for P, so Po A =1 — R’. Then, as
in the proof above,
Q=A-(RoA—-AoR)
which says that @ is equal a pseudodifferential operator plus a smoothing operator.
But smoothing operators are pseudodifferental operators (of any order). Hence @
is pseudodifferential. O

Suppose now that U is the domain of a local chart z1,...,x, of M over which
E is trivial. As in the case of a differential operator, using a local frame for E over
U we reduce the next few paragraphs to the case of a fixed scalar pseudodifferential
operator. Let then A € UT;(M), let xo, x1 € C°(M) be supported in U, define, as
before,

Axixo® = x1(2)AX09)s Ay x0 (7,6) = e_m‘éAme(ei(‘)'g)
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Then ay, , is a smooth function. Writing & = |¢|€ for € # 0, the definition of A
being pseudodifferential gives:

For all K € U, for all multiindices «, 8 there exists C' > 0 such

that (3.4)
D20,y o (2, €) < (14 €)™ 1P if (2,€) € K x R™.

This property of a,, v, (z,§) expresses the fact that a,, ,, € S™(U,R"™). Further,
the assumption that A is classical implies that

o0
Ax1,x0 (z,8) ~ Z aXhXo,m—j(x)f)
7=0

where @y, yo,m—j(2,€) is smooth and

|§|_(m_j)a’X1,X0,mfj (‘T7£)
is independent of |£| for large |£].

THEOREM 3.5. If ¢ € C®(M), then

1 1T ~ e’}
AX17X0 (90)(1') = To\n € 5axhxo (I,f)(p(l‘l) dx’ d§7 pE Cc (Z/[)
2m)" Jr
This is Theorem 2.1, now in the context of pseudodifferential operators; the
proof is the same.

4. Schwartz kernel

Being continuous operators, pseudodifferential operators have a Schwartz ker-
nel, in general a distribution on M x M with singular support on the diagonal.

LEMMA 4.1. The Schwartz kernel of Ay, , 15

KXhXo(xax/) :/ ei(m_r,).ga)(h)(o(x’g) dg§

If m < —n—k, then K, y, is C* function.

The lemma is proved using integrability in £ and estimates of derivatives based
on the fact that a,, , is a symbol.

PROPOSITION 4.2. If supp xo Nsuppx1 = @, then there is a smooth function

K such that

X1,X0

i (@) Alxop) () = /M Ky o (@2 )p(a') .

Let K be the Schwartz kernel of A . Then sing-supp(K) C diag(M x M). If
m < —n — k then K is of class C*. In particular, if A € W=°(M; E), then K is
smooth.

PROOF. The hypothesis about the supports of x¢ and x; implies that for each
multiindex « there is ¢, > 0 such that

Co < |(x—2")*| when z € suppx1, ¥’ € supp xo
hence

(@ = 2o G (2,€)
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is smooth and an element of S™(U; R™) for any «. Using this and

Kyixo (@, 2) = / (x - :c’)“e“r*z’)-é%mi(zvf) d¢

n (x — ')
:/ ei(wfw')-f (_Df)aa’XI,Xo(xvé-) df
n (x —a")e

shows that K, ,, is C* for any k since we can take o such that |a| > m +n + k.

Suppose now (x1,z9) ¢ diag(M x M), that is, 1 # x9. We may assume
xo, o1 € U (the domain of our local chart of M). Let xo, x1 € C3°(M) be supported
in U, have disjoint supports but with xo(zo) and x1(x1) both different from 0. Let
K be the Schwartz kernel of A. Then xi(z)K(z,2")xo(x) = Kgy4,(z,2"). By
the first part, xi(2)K(z,2")xo(z) is smooth. So K is smooth in the open set
{(z,2") : zo(2') # 0, x1(x) # 0}.

Suppose now m < —n — k, let xg be arbitrary. Again assuming xy € U, let
X1 = Xo, with x(xg) # 0. Then xi(z)K (z,2")x (7o) is of class C*¥. and thus so is
K in a neighborhood of zg. O

LEMMA 4.3. Let A: C°(M) = C°(M) be linear and continuous with smooth
Schwartz kernel. Then A € ¥~=°(M)

PrOOF. Let K be the Schwartz kernel of A. Suppose that U is the domain of
a local chart as above, let f € C2(U) and ¢ € C°(U) be arbitrary. We will show
that a(f, ¢, 7)(x) is an element of S™>°(U,R™). The vector field

]‘ / / /
ET LR )

has the property that 7~ !Le?™f (") = ¢i7f(") Here V means the gradient in coor-
dinates. Thus (writing dm = p dx for the density dm in coordinates),

a(f,¢,7)(x) :/u€iT(f(I,)_f(r))K($7x/)w(l“')u(ﬂ?/)dﬂﬁ
= TfN/ LN (U@ K (2, 1Yo (2') (') dae
u

=N / TSN (LY (K (2, 2'Ypl(')) pla’)da
u

The integrand is smooth, compactly supported, and bounded independently of .
So

la(f, ¢, 7)(@)] < CA+ 7)™V p()
O

The trick of using the property of L and integration by parts is standard in the
theory.

COROLLARY 4.4. Let A € U (M; E), let W be a neighborhood of the diagonal
in M x M. There is A’ € ¥7(M;E) whose Schwartz kernel is supported in VW
such that A— A’ € U=°(M; E).
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PROOF. Let x € C®°(M x M) be supported in W and equal to 1 in a neigh-
borhood of the diagonal. Split the Schwartz kernel K of A as

K=xK+(1-x)K

and let A’, A” have, respectively, Schwartz kernel x K, and (1—x)K. Since (1—x)K
is smooth, A” € U=°(M, E), hence A’ = A — A” is a pseudodifferential operator
of order m. O

In particular, sing-supp K C diag(M x M).

A convenient decomposition of A is as follows. Pick an open cover i = {U,;}
of M by domains of local charts, perhaps chosen so E is trivial over the open
sets of the cover. Let {xo,} be a partition of unity subordinate to {l, say with
supp{xo,,} C Up,w). Pick, for each v, X1,, € C&(U,,)) be strictly positive on

supp Xu,0- Let
1

Xv,1 = waN%/’l

Xv/,1
These functions give another partition of unity subordinate to £l with the advantage
that x,,0 and x,,1 have support on the domain of the same local chart. So we
can define a, (z,§) = ay, , v, (7,&) (with the local chart depending on v). Each
operator A, thus defined has Schwartz kernel K, with supp K, C supp X1 X Xuv.0-
The sum of these kernels is a distribution supported near the diagonal and K- K,
is smoothing.

5. Extension to C_ >

PROPOSITION 5.1. Pseudodifferential operators extend to continuous operators
Co®°(M;E) —» C~>®(M;E).

PROOF. That A is continuous means that for any K € M, its restriction to
CX(K;E) ={u e C*(M;E) :suppu C K} is continuous. To establish continuity,
one only needs to verify continuity on all C°(K; E) where the K are arbitrary
compact subsets of the elements of an open cover of M. We conveniently take the
open cover to be a collection of domains of local charts. Also, as above, we may
assume A is a scalar operator.

Let U be the domain of a local chart a!,... 2", let K €U, let xo € C°(U) be
such that xo(z) = 1 in a neighborhood of K, and let x1 € C°(U) be equal to 1 in
a neighborhood of supp xg. If ¢ € C*°(K), then

A(p) = x1A(xop) + (1 = x1)Alxop)
because ¢ = xo@. The Schwartz kernel of (1 — x1)Axo is (1 — x1) X x0K, which is
smooth because supp((1 — x1) K xo) N diag M = (). Consequently,

CP(M) 3 p— (1—x1)Axo € C®(M)

extends to a continuous operator C; (M) — C~°(M)
With ay, v, (z,€) and A, y, as defined above we have

Ao (9) = / @€ €)pla!) da de
U XR™

for ¢ € C°(M) where the integration in z’ is to be done first. The proof exploits
that if ¢ is a distribution with support in U, then |4(€)] < ¢(1 + |x|)™ for some ¢
and M, so if A is of order < —n — M then the formula above makes sense.
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Let
1
Q= W(l + ;@Dw‘),

note that Qe"(””’“”/)'5 = eilz=a)E, Using

Q(dﬁriw )'g)ax(),xl

_ N =& Dyia : nea &
_i(z—a')-£ X0X1 3 S1wI Pxo, X1 (pi(z—a")-£ PXo,X157
=e =+ Dx e

1+ g2 2 Dui T+ (e

_ ei(xfm’)-ga/ + Z D, (ei(zfz')-ga/l
J

J
X0,X1 mehj)

we can rewrite the above formula for A as

X0,X1

Op(aXle) = Op(a;(()le) + Z Dy Op(a;levj)
J

with symbols @, ,ay  in S™=1(1{). Using this repeatedly we get that for any

N there are symbols ay, v, .o in S™ N (U), |a| < N, such that

Axorxa = § Do op(ayg,x;,a)
la|<N

If o € C7°°(M) is of finite order M, take N > n+ M +m let . € C°(U) converge
to ¢ in C,°(U) as ¢ = 0. Then op(ay,,y,,a)(p:) converges in Co(M) and thus
Ay xa (@) converges in C*°(M). O

THEOREM 5.2. Pseudodifferential operators are pseudolocal: that is, for any
A e U (M;E) and u € C;°(M; E), sing-supp(Au) C sing-supp(u).

PROOF. Suppose zg ¢ sing-supp(u), Suppose u is smooth in some open set U,
let g € U, and let x1 € C°(U; E), x1(z) = 1 for x near zy. Let x_ € CU),
Xo(x) =1 for x € supp(x1). Since xju is smooth, so is A(xou), then also x1 A(xou).
The Schwartz kernel of x1A(1 — xo) is smooth, so x1A(1 — xo)u is smooth. Hence
Aw is smooth on the set where x; # 0. (]

Using locally finite partitions of unity one can reconstruct A using the Ay, y,.
The latter can be expressed using the symbols p, ,. and allow linking the principal
symbol if A with the local representation via:

o (Ayo ) (df (7)) = axo.x, (2, Va f ().
This is the main tool in the proofs of Theorems 2.3, 2.4, and 2.8.

6. Continuity of pseudodifferential operators

Assume M closed with smooth density m, let £ — M be a Hermitian vector
bundle, define L?(M; E).

THEOREM 6.1. Let A: C®°(M; E) — C®(M; E) be a (classical) pseudodiffer-
ential operator of order 0. Then A extends to a continuous operator L?(M; E) —

L*(M;E).
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We already know that A has an extension as a continuous operator
C™®(M;E) —» C7(M; B),

so part of the statement is that if u € L2(M; E) C C~°°(M; E), then also Au €
L?(M; E). The other part of the statement is that the resulting operator is contin-
uous.

The proof below is from Taylor’s book [32, p. 49] (based on [14, p. 510]);
he deals with a more general class than the one we are discussing here. The most
general theorem on the continuity of pseudodifferential operators is due to Calderén
and Vaillancourt [2].

PrROOF. We take advantage of the decomposition given at the end of Section
4. We assume the sets of the cover so small that F is trivial over any one of them
to reduce the problem to scalar operators. Let then U be the domain of a local
chart ! ... 2" let A € UO(U) have Schwartz kernel with support contained in
KXK CcU x U for some K € U. As before, define

a(,€) = e TEAE ).

Then a is smooth with support contained in K x R™ and satisfies (3.4). By Theorem
3.5, if u € C°(U), then

@ / a(z, €)¢Ea(E) de

The key is to interpret this in a convenient form as a family of pseudodifferential
operators with constant coefficients. Let

a _ ! e~ gz T
80.6) = G [ € Va(w.€)da.

Then with fixed n we have |a(n,£)| < ¢(n) so

/ | /é(n,ﬁ)e”fﬂ(f) de[2dz < e(n)|lull?

using Plancherel’s theorem twice. We will prove in a moment that there is an
integrable bound ¢(n). If we admit this, then the above estimate and Minkowski’s
inequality give

1 Aullo = ﬁ[ / l/ / a(n, €)' Ca(€) de dn |*da]
< o U1 a0 caterde ] e
< / e(n)ullo dn = Clullo.

This shows continuity, since C°(U) is dense in L*(U),
To find a good estimate for a(n, &) we use

L0+ 3 D2 (o, €) da

e~ (1 + Z D2 Na(z,¢) dx

Au(z) =

1+ )i €) = o

1
(2m)"

Il
S~

u
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using integration by parts, taking advantage of the fact that a(x,£) vanishes if
x ¢ K. It follows that

la(n,&)] < SUPz,¢ |1+ ZD?M)NG(%@‘ 1 on(a)

1
(2m)" (14 [nl*)¥ —@m)r (L )N
The numerator is a seminorm of a € S%(U,R™). Let c¢(n) = pn(a)/(1 + n|*)V.
Then ¢(n) is integrable if N > n/2 and we conclude

| Aulo < (Qf)nma)num (6.2)

]

LEMMA 6.3. Let U be the domain of a local chart of M, let K € U. Suppose
A€ VOU) and a € S°(U,R™) are as in the proof above. Let x € C*°(R™) be such
that x(&) = 1 if |¢] < 1 and let xx(&) = k~1E). Ifu € L2(U), then

wn = [ a1 - ()€ de
tends to 0 in L?>(U) as k — oo.

ProOOF. If u € L?(U) (view U as as subset of R™), then the functions 9 (£) =
(1 — xx(£))0(€) form a sequence tending to 0 in L?(R™), therefore the same is true
of the v, € L?(R") (again using Plancherel). Because of the control on the support
of the Schwartz kernel of A it makes sense to view wy as equal to Avg. But then
by the previous proof,
[willo < Cllvkllo
for some C' and thus ||wg|lo — 0 as k — oo. O






CHAPTER IX

Sobolev spaces

1. Definitions

Suppose M is a closed n-manifold with smooth measure m and £ — M a
Hermitian vector bundle (a complex vector bundle with Hermitian metric). Write
(v, w), for the inner product of v,w € E, and |v|, for the norm.

The space C°(M; E) of smooth sections of E is a pre-Hilbert space with the
inner product

(u,v)g = /M(u(:y),v(ac))g3 dm(z) wu,v € C®(M;E).

Define L?(M; E) as the completion of C°°(M; E) with respect to the induced norm.

We will actually need L2-based Sobolev spaces of any real order s. This can be
done using local coordinates and partitions of unity. On the other hand a definition
that “only” depends on differential operators is cleaner but restricts us to Sobolev
spaces of integer order. The statements below with s or s’ are correct even when
these are not in Nj.

With the Hermitian metric of £ and some Riemannian metric on T*M get a
Hermitian metric on F ® T*M, make C*°(M; E ® T*M) into a pre-Hilbert space
following the above recipe and pass to its completion. Pick a connection

V:C®(M;E) —» C®(M; E® T*M).

Connections have injective principal symbol (see Example VIL.3.3), therefore A =
V*V is elliptic.
Define
HY(M;E) = L>(M;E).
Proceeding inductively (thus m is a non-negative integer), once H?™(M; E) with
inner product (-, -)a,, has been defined for any vector bundle over M, define

H* ™ Y M, E) = {u € H*™(M;E) : Vu € H*™(M;E @ T*M)}
(U, V)am+1 = (U, 0)am + (Vu, VU)o,
and
H*" (MG E) = {u € H"™(M;E) : Au€ H*™(M; E)}
(U, v)amae = (U, 0)2m + (Au, Av)op,.
The condition Vu € H*™(M; E ® T* M) means
there is f € H*™(M; E @ T* M) such that
(u, V*0)am = (f,v)2m for all v € C°(M; E @ T*M). (1.1)

81



82 IX. SOBOLEV SPACES

where
V*:C*(M; EQT* M) = C®(M; E)
is the formal adjoint of V, similarly for the meaning of Au € H?™(M; E).

When m = 0, (1.1), expresses the fact that H'(M; E) is the domain of the
Hilbert space adjoint of

V*: COP(M;E@T*M) C L*(M; EQT*M) — L*(M; E).

Since the Hilbert space adjoint of an operator is closed, i.e. the graph is closed,
H'(M; E) with the given inner product is complete. The same argument applies
to the higher order spaces. They all contain C°°(M; E) as a dense subspace.

The inner products can also be written as

(U, V) 2m = Z(Aju, Alv),
j=0
(U, V)ami1 = (VA" u, VA™v)o + Z(Aju, Alv)o;
j=0

By definition, H™(M; E) C H*(M; E) for k = 0,. .., m with continuous inclusions.
(The inclusions are in fact compact except when k = m, of course.)

As we will see in a moment, this works because V is a first order differential
operator with injective symbol, which makes A an elliptic operator:

o(2)(§) = a(V)(§)" ca(V)(£)

(see Lemma VII.3.2).
Let Ay € U_*(M; E) be a parametrix for A:

A 50A=1-Ry, Rssmoothing.
Then A_y = A2 0V* € U= M; E® T* M, E) is a parametrix for V:
AV =AA=1—Rs.
In general, let A_o; = Aj_2 and A_g;_1 = A_5;_oV*. Denote
QQm = Amv Q2m+1 =VvA™
Then A_, is a parametrix for Q;. For example
A_p;Qh; = AJN = AT N (AL A) AV = ATTI AT — AT R AT
and by induction
A_2jQ2; =1 — Ry
with Ry; smoothing.

We will only consider Sobolev spaces of non-negative integer order; s, s’,t will
denote such integers. However, the statements are all true for general real orders.
We will write E for the vector bundle even when occasionally (because of the self-
imposed restriction to integers) the correct bundle is £ ® T* M. In the case where
M is not compact, the statements typically require hypotheses concerning compact
support or local behavior. We do not need this generality.

PROPOSITION 1.2. Ifu € H*(M;E) and B € U~* then Bu € H*"*' (M; E).
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PROOF. From u = (I — Ry)u+ Rs = A_sQsu + Rsu get
Bu=BA_,Q.,u+ BR,u.

Since BA_, € U=~ (M; E), Q;BA_, is pseudodifferential of order < 0if 0 < ¢ <
s+ s'. Since Qsu + Rsu € L?*(M; E),

Qi«(BA_,Q.u+ BRsu) € L>(M; E)
for such t. Thus Bu € H*t¥ (M; E). O

Similarly to (1.1), in the following, the statement u € L?*(M;E) and Pu €
H*(M; E) means
there is f € H*(M; E) such that (f,v) = (u, P*v) for all v € L*(M).

PROPOSITION 1.3. Let P : C®(M; E) — C*°(M;E) be a differential operator
of order s'.

(i) If u € H*(M;E) and s’ < s, then Pu € L*(M;E). The map P :
H¥(M; E) — H* (M; E) is continuous.
(i) If P has injective principal symbol, then
ue L*(M;E) and Pu € H*(M; E) — u € H*"™ (M; E),
and there is C such that
[ulls+s < C([Pulls + [[ullo)- (1.4)
PROOF. Let u € H*, let P € Diff*, s’ < s. Using u = A_,Q,u + R,u we het
Pu=PA_,Qsu+ PRsu

Since PA_, € ¥*' = and PR,u is smooth, the right hand side belongs to H~*
and then so does Pu. In addition, since s’ —s <0, PA_, : L>(M; E) — L*(M; E)
is continuous and PRy is smoothing,

[Pulls—s < crll@sullo + eaflullo < effulls.

Suppose now that P has injective principal symbol. Then P*P is elliptic so has
a pseudodifferential parametrix B’ of order —2s', and B = B'P* € =% (M; E) is
a parametrix for P: BP = I — R with R smoothing. With u as in the statement,
A_QsPu= Pu— R;Pu gives
BA_;QsPu= BPu— BR;Pu=u— (R+ BR;P)u.

In the leftmost member, Q;Pu € L*(M;E) and BA_, is pseudofifferential of
order —s — s, so BA_,Q.,Pu € H*™(M;E) by Proposition 1.2. The term
(R 4+ BRsP)u in the rightmost member of the last displayed formula is smooth.
So u € H*"'(M; E). Writing that formula as

u=BA_;QsPu+ (R+ BR;P)u

gives
[ullsts < callPulls 4 cal[ullo-

This completes the proof of the proposition. O
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The combination of Parts (i), (i) gives
u€ H*(M;E) <= Pu € L*(M;E) for all P of order < s.

It also gives that the spaces are independent of the connection used to define them;
the inner products may depend, but the norms with different connections are equiv-
alent. In fact, for example, any elliptic second order can be used in place of A: for
such P, if u € H?(M; E), then

lull2 < C([[Pullo + lluollo) < C*lull2

so the norm of H%(M; E) we defined is equivalent to the graph norm defined using
P. Likewise, any first order operator with injective symbol can be used to define
H'(M;E). And even the smooth density on M and the Hermitian product on E
can be changed without changing the spaces; the inner products change, but the
resulting norms are equivalent.

COROLLARY 1.5. C®(M; E) is dense in H*(M; E).

PRrROOF. Let u € H*(M; E). As above, u = A_;Qsu + Rsu. The term R,u
is smooth. We show that A_;Qsu lies in the closure of C*°(M). As in the proof
of Theorem VIII.6.1 we use a partition of unity subordinate to an open cover by
domains of local charts over each of which F is trivial.

The problem becomes: if v € L?(M) (playing the role of Qsu) and A € U—5(U)
has with Schwartz kernel supported in XXX € U x U, then

@ /e_m'ga(l”»f)@(f) d¢
lies in the closure of C*°(M) in the norm of H*(U).

Let x(§) € C°(R™) be such that x (&) = 1if [€] < 1, let xx(&) = x(¢/k). The
function

Av(z) =

1 —1x: ~
@) = o / e €a(, ©)yu(€)i(€) de

which is smooth because the integrand is compactly supported. For any multiindex
a with |a] < s, £%a(x, &) is a symbol of order —s + |a| < 0. By Lemma 6.3,

D (w(z) - wi(@)) = (;r)n / e €%a(x, €) (1 xk(€))0(€) de,
tends to 0 in L?(U) as k — oco. O
COROLLARY 1.6. If P € Diff™(M; E) is elliptic, then
P:H™(M;E) C L*(M;E) — L*(M; E). (1.7)
is the closure of
P:C®(M;E) C L*(M;E) — L*(M;E). (1.8)

ProoF. If {u,} is a sequence in C*°(M; E) such that v, — v and Pu, — u,
then u, converges in H™(M; E) (to u), which follows immediately from (1.4). Thus
the closure of

G = {(u, Pu) : u € C®°(M; E)} C L*(M; E) x L*(M;E)
is contained in
G ={(u,Pu):ue H"(M;E)}
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Conversely, if u € H™(M; E) and u, C L*(M;E) converges to u in H™(M; E),
then {(u,, Pu,)} is a sequence in G converges to (u, Pu) in L?(M; E) x L>(M; E).

Thus G’ C G, hence these spaces are equal. O

i

COROLLARY 1.9. Ifu € H*(M; E) and f € H*(M), then fu € H*(M;E) and

[fulls < el Fllsllulls-
with ¢ independent of f and u.

This holds for any real s > 0, but as usual we assume s is a non-negative integer.

PrROOF. Fix u € C®°(M; E). From Lemma VIL.2.5 we know that C*°(M) >
f = Qu(fu) € C®(M;E) is a differential operator of order s, so Part (i) of
Proposition 1.3 gives (assuming s’ < s)

1Qs (fu)llo < Cullflls < Chllfls
for some C7 > 0. Also, for fixed f € C°(M), u+— Qs(fu) is of order s, so also

1Qs (fu)llo < Callfls

Any f € H*(M) and u € H*(M; E) are limits of smooth elements. For these the
above inequalities lead to the corresponding inequalities for each s’ < s. This shows
that fu € H*(M;E) and

H(M) x H* (M, E) > (f,u) — fue H*(M; E)

is separately continuous. Since Sobolev spaces are complete, the separate continuity
of the bilinear form implies the joint continuity, see Rudin [27, p. 52]. ([

The corollary allows for localization.
COROLLARY 1.10. If P € Diff"™"(M; E), then
(Pu,v)g = (u, P*v)q for all u,v € H™(M; E).

Proor. If {u,} and {v,} are sequences in C*°(M) with u, — v and v, — v
in H™"(M; E) as v — oo, then Pu, — Pu and P*v, — v, since by Part (i) of
Proposition 1.3 P, P* : H™(M; E) — L*(M; E) are continuous. So

(Pu,v)g = “’Llinm(Puy, vy)o = #ngloo(ul,,P vu)o = (u, P*v)o.

2. Rellich’s lemma

We continue to assume M closed. Rellich’s lemma is the key to showing that
the spectrum of an elliptic operator is discrete and unbounded; this, which was
know already then, is shown by Rellich for the Laplacian with Dirichlet condition
as an application of his result. The Sobolev embedding theorem gives that the
eigensections of an elliptic operator are smooth, i.e, hypoellipticity.

In the original version of Rellich’s lemma [26], the dimension is 2 and the
statement concerns C! functions. The following statement is the modern version of
Rellich’s result; we will prove a more restricted with nonnegative Sobolev orders.
The statements are correct for arbitrary real orders. Recall that M is closed.
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THEOREM 2.1 (Rellich’s lemma). If s’ < s, then the inclusion
H*(M;E) < H¥ (M;E)
18 compact.

Suppose s’ < s are non-negative integers. We need to show that every bounded
sequence in H*(M; E) has a subsequence that converges in HS’(M; E). Using a
partition of unity, trivializations, and local coordinates we only need to deal with
the scalar case and with indices s’ = s — 1; we will assume s’ = 0. This is closer to
Rellich’s original statement. For the proof in the general setting (after localization
and trivialization) see Folland [9, p. 304].

PROPOSITION 2.2. Let {u, }52; be a sequence in H' (R™) with support in (0,27)".
Suppose there is C' > 0 such that

n
s 13+ D 100,01 < C2

j=1
Then there is a subsequence {u,, }32., that converges in L*(R™).
Rellich indicates that the statement can be proved using Fourier series, but uses

a different method. We take his comment as a hint to produce a proof using Fourier
series.

ProOOF. With the notation
uy(x) = Z u%aem'm
aEZ™

then the hypothesis is that

Z (|uV,a|2 + Z \aju,,7a|2) < (?

agn j=1

for all v. Let 1, denote the element of ¢2(Z™) with components u, o, o € Z".

We construct a succession of subsequences of subsequences of {&,}. For N =1
we observe that trivially {u, ¢}52, (this is the component with o = 0) is a bounded
sequence, so it has a convergent subsequence: there is k1 : N — N strictly increasing
such that {u,,) 0} converges. Adjusting x; we arrange that

|un1(,u)70 - uﬁl(y),o|2 <1 forall g,v.

This gives the subsequence {u,,)};2;. Suppose now we have found strictly in-
creasing functions ki, ...,ky—1 : N = N with the property that x(N) C rg_1(N)
(ko : N — N is the identity function) and

1
Z U (1),0 — u,w(l,),oj2 < = for all p,v. (2.3)
a€eZ™
max |aj|<k
The vectors (uxy_,(v),a)max|a;|<N> ¥ = 1,2,... with components indexed by the

elements of Zy = {a : max|o;| < N} form a sequence in the ball of radius C' in
CI~. So a subsequence of these converges and again choosing kx : N — ry_1(N)
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strictly increasing we arrange that (2.3) holds with ¥ = N. This produces the
sequence {uy () }pe1 as a subsequence of {u,, _,(,)}p2;. In particular,

1
<W for all p,v if m <k.

2
> tee)a = U)o

a€eZ™
max |o|<m

Now diagonalize: consider the sequence {., () }oe; C 2(zZM). If v < p, then

" . 1
Z |unu(l/)7a - un“(u),a|2 < ﬁ (24)

i
max |a;|<v

since both @ and 1, ,(,) are terms of the same sequence {1, (p)}521-

K (p)
LEMMA 2.5. If b= {b,} € £*(Z") is such that

3> lasbal®

a€eZm™ j=1
converges, then

bl < 37 ol + 5z 3D lasbal? (26)

aeZ™ a€eZ™ j=1
max |a;|[<N

for any N € N.
Applying (2.6) with by = vy, o — v, o With arbitrary v < p gives

[t () = Ty 72 <D ity )00 = B ().l
aceZ™
max | |[<v

1 u . X
+ 2 Z Z |O‘j(uny(u),a - U;{“(ﬂ),a)|2

aeZm™ j=1
1 202
< 2 + e
Thus the subsequence {i, ()} converges in (?(Z"). O

To prove the lemma, begin with

Z ‘ba‘2: Z |ba|2+ Z |ba|2

an €7 | |[<N |an|>N
1
- Y g X
lan|<N lan| 2N
1
< Z |ba|2+ﬁ Z |nbal?
lon |<N lan[>N
1
< Z |ba|2+m Z |Oénba|2-
|an | <N an€Z

Next, in

S el XY bl X lanhal

Qn—1,an€ZL On—1€7Z |y | <N Qn—1,an€ZL
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use
1
> bals D balrgm D D Nl
an—1€Z |an|<N [an—1];|an|<N lan—1|=N |an <N
1
< Z |bo¢|2 + ﬁ Z |an71ba|2>
[an—1],lan|<N On—1,0n €L
to get

)ORUNCER DI NCREEC S N

Qp—1,0n€Z lan—1],|an|<N Qn—1,00n€Z
Continuing by induction gives (2.6).

COROLLARY 2.7. Let P € Diff™"(M; E) be elliptic. Then P, as an unbounded
operator
P:H™(M;E) C L*(M;E) = L*(M; E)
has finite-dimensional kernel and closed range of finite codimension. The kernel is
a subspace of C°(M; E).

PrOOF. Let {u,}2; C L?(M; E) be a bounded sequence in ker P. Using Part
(#) of Proposition (1.3) we get u € H™(M; E) and from (1.4), that

[ [l < Clluwo-

Thus, since {u,} is bounded in L2, it is bounded in H™(M;E), therefore has a
convergent subsequence. Consequently, ker P must be finite-dimensional.

That the kernel consists of smooth sections is a consequence of Corollary 3.3,
whose proof is independent of the statement we are proving. It follows that if
w € H™(M; E) and v is the the orthogonal projection of w on ker P, then u = w—wv
is orthogonal to ker P and still an element of H™(M; E).

Suppose now {f,}52; is a sequence in rg P that converges to f in L?(M;E).
For each v let u, € H™(M; E) be orthogonal to ker P and such that Pu, = f,.

If {u, } is not bounded in L?(M; E), pass to a subsequence whose norms increase
to co. Relabeling, let {u,} be that sequence and let @, = ||u,|"‘u,. Then P, =
fu = lluy||='f, — 0 as p — co. The estimate (1.4) gives

17y [l < C(lluwllg £ llo + N1 o)

which is bounded. By Rellich’s lemma, there is (a further) subsequence of {u,}
that converges in L?(M), to some 7. Relabeling, let {7, } itself be that sequence.
The property

ull, = @, Piy, =f, — fin L*(M;E) as k — oo

implies that Pu = f But f =0, so u € ker P, which is impossible, since each u, is
orthogonal to the kernel and of norm 1.

Consequently, the original sequence {u,} was bounded in L?(M; E) to begin
with. Since also f, is bounded in L?(M;E) (it converges), {u,} is a bounded
sequence in H™(M; E), so has a subsequence that converges in L?(M; E) to some
u. Then u € H™(M; E), consequently f € rg P.

To see that the orthogonal of rg P is finite-dimensional, observe that it is the
kernel of the adjoint of P. O
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COROLLARY 2.8. Let A € V=*(M;E), s > 0. Then A, as an operator on
L?(M; E), is compact.

View A: L*(M : E) — L?*(M : E) as the composition
L*(M;E) 2 H(M; E) <= L*(M;E)
of continuous operators, where ¢, the inclusion, is compact.

3. Sobolev embedding theorem

THEOREM 3.1. If s > n/2 + k, then H*(M; E) C C*(M; E) and the inclusion
18 continuous.

The norm in C°(M; E) is
[ulloe = sup hq(u(z),u(z))
reEM
so the continuity of the embedding is that there is ¢ such that
[ulloe < cflulls. (3.2)

PROOF. We use the notation of the previous section. If w € H® then Q,u € L?
and u = (A_;Qsu+ Rs)u: wis in the image of a pseudodifferential operator of order
—s. Passing to local coordinates and trivializations, we need to show: Suppose
A € ¥_5(U) with Schwartz kernel supported in K x K, K € Y. If v € L*(U) then
u= Av e CkU).

‘We have )

G / e Sa(w, )0(&) d

with a € S75(U,R™). The functions £ — £%a(z,§)v(§) is integrable on R™ when
la| < k so

u(x) =

1 £ o .
wa(w.9) = oy [ S Al () de
is continuous. Since u = wo(z, ), u is of class C*. (Derivatives of a with respect

to the 27 don’t change decay in &.) |

COROLLARY 3.3. Let P € Diff™(M; E) be elliptic, u € L>*(M; E), f = Pu (as
distribution). If f € C°(M; E), then u € C°(M; E).

PRrOOF. Since f € C*°(M;E), f € H*(M; E) for any s. Then, by Part (i) of
Proposition 1.3, u € H**™(M; E). Given k, take s such that s +m > k +n/2 to
conclude u € C*(M; E). O

Thus, elliptic operators are hypoelliptic.
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